Near zone physics: Motion of
extended fluid bodies

Matter variables:

rescaled mass density : p* = pv/—g(u"/c)
proper pressure : p

internal energy per unit mass : I1

four — velocity of fluid element :u* = u”(1,v/c)

Valpu®) =0 <= %it + V(p*v) =0

Slow-motion assumption v/c <« 1:
T /T ~v/e, TI% )T ~ (v/c)?
hY /R0 ~ v /e, h* /RO ~ (v/c)?




Post-Newtonian approximation: Near zone

Recall the action for a geodesic
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Post-Newtonian approximation: Near zone

Conversion between h and g
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(—g)=1—h+ 5h? = 5 b + O(G?),
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To 1PN order:
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Post-Newtonian limit of general relativity

B 1 ) &
900:—1+C—2U+C—4(¢‘|‘§attX—U>+O(C %

4 5
Jgoj = —C—ng +0(c?),

2
gjk = 5jl<; (1 = C_2U> o F 0(6_4),

p*/ i
Ut =G d
(t, ) /|a:—:13’| o

*/3/2 / / / */
—U +1I"+ 3
(6.2 G/ p'/p*)

d3 /
— o W

X(t, ) ::G/p*’|w—w'|d3az’,

>|</ /j
I(t, x) G/ A3z’
|z — x|

XAH<>P®
N @

) >oHmOTT
)




Post-Newtonian Hydrodynamics
From V 5Ta5 =0

Post-Newtonian equation of hydrodynamics
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N-body equations of motion

Main assumptions:

» Bodies small compared to typical separation (R << r) .
= “isolated” -- no mass flow
= ighore contributions that scale as R"
= assume bodies are reflection symmetric T
mass : my = / o*d3x
A
1 ra(t)
position : 7r4(t) = —/ prxd’x
ma A
1 dTA —
elocity : wva(t) = — i e A
gelpcitr L D= /A p = %
1 d
acceleration : a4(t) = —/ prad’x = sl
ma Ja dt et s
r=7s(t)+x
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N-body equations of motion

Dependence on internal structure?

1
TAE—/p*@2d35:, PAE/pd?’:U,
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Use the virial theorem:

274+ Q4+ 3P4 =0

Then all structure integrals can be absorbed into a single "total” mass:

1 :
M 4 EmA—I—C—2 (TA—I—QA—I—EJTJG) —I—O(C_4)

This is a manifestation of the Strong Equivalence Principle, satisfied
by GR, but not by most alternative theories.

The motions of all bodies, including NS and BH, are independent of
their internal structure - in GR!
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N-body equations of motion
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Post-Newtonian limit of general relativity
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Post-Newtonian geodesic equation

2,.x B “
d-r o dr”dr 0 A = proper time (timelike)

_|_ =
dX2 P dx dA - affine parameter (null)
Use O component d?t/dA? to change from A to t

id”t_ Hi (Fg,y % ?_rgh)wm v = (c.v)
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Timelike test body v ~ U
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Post-Newtonian geodesic equation

Lightlike test body v ~ ¢?
2 2 .
A5y =) = (1 —=U.+ O(c—4)) cdt® + (1 A 5 0(0_4)) vidt? — éUﬂvjdt2
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Geodesic equation with v ~ ¢

dv? Ik qe . %
E — (1 i C_2>63U e - —U]/UkakU—l_ O(C 3)

2

J I iy .
ddit sl E(5Jk o njnk)(‘?kU—l— 0(6_2)

These will be used for the deflection of light, Shapiro time delay and
gravitational lenses




PN 2-body equations of motion

Define: h =L 0% m = M; + M,
V=V — V2 X M1 Ms
a=aj;— as 77:(]\414-]\42)2

n=r/r

r=dr/dt=mn-wv

~ Gm Gm e el Gm
B ol 02r2{l(1+3n)v 57 2(2+n) : ]n

SR n)f«v} + O(c™%),

[ Geodesic equation: m = 0, more general potentials U, g, X
[ PN 2-body equation: general masses, ighore moments




PN 2-body equations of motion:
conserved quantities

Conserved energy: dot v info the equation of motion
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PN 2-body equations of motion:
conserved quantities

Conserved energy: dot v info the equation of motion
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PN 2-body equations of motion:
conserved quantities

Conserved angular momentum: cross x with the equation of motion
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PN circular orbits
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