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Organization & QOuthine

+ Spiritus Movens: the surprising simplicity of QFT

+ Loop Integrands
» generalized unitarity (generally speaking)
» building bases big-enough (for e.g. the Standard Model)
» non-planar power-counting (a modest proposal)

+ Loop Integration: what makes an integral easy?
» integration polemics (what constitutes being integrated?)
» direct integration (made easy)

+ Loop Integrals: their generic analytic structure
» a bestiary of Feynman integral Calabi-Yau geometries

2



Spiritus Movens

the Surprising Simplicity
of Scattering Amplitudes



Traditional Description of QFT

+ Quantum Field Theory: the marriage of (special)

relativity with guantum mechanics

+ Theories (can be) specified by Lagrangians—or
equivalently, by Feynman rules tor virtual particles
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+ Predicted probabﬂlty (amplztudes) from
path integrals (over virtual “histories’):
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Perturbation Theory and Loops

+ Predictions (often) made perturbatively,

according to the loop expansion: o ~1/137.036
197
gghy 2 + | CS — 7 10% ‘|‘ Ca - Tl
s 72 [Dlrac (1933)]
— 2.00231930435801. . | Feynman; Schwinger; Tomanaga (1947)
xP_ 9 00231930436146. Peternan
Ye | Kinoshita (1990)

+ the most precisely tested idea in all of science!



Explosions of Complexity

+ While ultimately correct, the Feynman expansion
renders all but the most trivial predictions—

involving the fewest particles, at the

lowest orders of perturbation—
computationally intractable a L = ;3% ?Kf
gluon _.2{‘.&

or theoretically inscrutable R
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Maybe unifying the forces of nature isn’t quite ETETEETE

as hard as phy51<:1sts thought it would be = = = ¢

By Zvi Bern, Lance J. Dizon and David A. Koso EEEE

EEI EZT

| Bern, Dixon, Kosower, Sczentzﬁc American (2012)] ERET=




Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders

Supercollider physics | Roy Mod.Phys. 56 (1984)]

E. Eichten

Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, Illinois 60510

1. Hinchliffe
Lawrence Berkeley Laboratory, Berkeley, California 94720

K. Lane
* The Ohio State University, Columbus, Ohio 43210

C. Quigg
Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, Illinois 60510

Eichten et al. summarize the motivation for exploring the 1-TeV (=10!2 ¢V) energy scale in elementary
particle interactions and explore the capabilities of proton-(anti)proton colliders with beam energies between
1 and 50 TeV. The authors calculate the production rates and characteristics for a number of conventional
processes, and discuss their intrinsic physics interest as well as their role as backgrounds to more exotic
phenomena. The authors review the theoretical motivation and expected signatures for several new phe-
nomena which may occur on the 1-TeV scale. Their results provide a reference point for the choice of
machine parameters and for experiment design.
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+ Once considered computatioally intractable
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The cross sections for the elementary
two—four processes have not been calculated, and their
complexity is such that they may not be evaluated in the
foreseeable future. It is worthwhile to seek estimates of
the four-jet cross sections, even if these are only reliable in
restricted regions of phase space.



Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders
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220 diagrams —thousands of terms

+ Once considered computationally intractable

The cross sections for the elementary
two—four processes have not been calculated, and their
complexity is such that they may not be evaluated in the
foreseeable future. It is worthwhile to seek estimates of
the four-jet cross sections, even if these are only reliable in
restricted regions of phase space.



Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders

THE CROSS SECTION FOR FOUR-GLUON PRODUCTION
BY GLUON-GLUON FUSION

Stephen J. PARKE and T.R. TAYLOR
Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510 USA

Received 13 September 1985

The cross section for two-gluon to four-gluon scattering 1s given in a form suitable for fast
numerical calculations.

| Nucl.Phys. B269 (1985)]
+ Once considered computationally intractable

The cross sections for the elementary
two—four processes have not been calculated, and their
complexity is such that they may not be evaluated in the
foreseeable future. It is worthwhile to seek estimates of
the four-jet cross sections, even if these are only reliable in
restricted regions of phase space.



a2 .J. Parke, T.R. Taylor / Four gluon production

gluons. The cross section for the scattering of two gluons with momenta p,, p, into
four gluons with momenta ps, ps, ps, ps is obtained from eq. (5) by setting I =2 and
replacing the momenta s, Pa, Ps, Ps bY —Ps, —Par —Ps, —Pe-

As the result of the computation of two hundred and forty Feynman diagrams,
we obtain

A 0 (P1s P2s P, Pas Ps» Po)
6]

K K, K, K\ [2
—(a 9t 9t o .|Ke K K K| [D
=@ 99090 | kK k|la| ©)
K, K, K, K 2./,
@

where 9, 9, 9, and 9, are 11-component complex vector functions of the momenta
P1, P2y Ps, P, Psand pg, and K, K,, K, and K, are constant 11 x 11 symmetric matrices.
The vectors 9,, 9, and P, are obtained from the vector & by the permutations
(2> Ps), (Ps > pg) and (p; +» ps, ps +» py), respectively, of the momentum variables
in 9. The individual components of the vector & represent the sums of all contribu-
tions proportional to the appropriately chosen eleven basis color factors. The
matrices K, which are the suitable sums over the color indices of products of the
color bases, contain two independent structures, proportional to N*(N?~1) and
N*(N*-1), respectively (N is the number of colors, N =3 for QCD):

K={g"' N (N* =DK@ +ig" NN - ) K. ™

Here g denotes the gauge coupling constant. The matrices K and K® are given
in table 1. The vector @ is related to the thirty-three diagrams D%(I =1-33) for
two-gluon to four-scalar scattering, eleven diagrams D*(I =1-11) for two-fermion
to four-scalar scattering and sixteen diagrams DS(I=1-16) for two-scalar to
four-scalar scattering, in the following way:

nC® - DY = dsiutinsE(ps+pe, p)C" - DY

~2514G(ps+ P, ps+ ) C* - D},
9= 0. pg, ()
m
where the constant matrices C%(11x33), C"(11x11) and C%(11x 16) are given in

table 2. The Lorentz invariants s, and t, are defined as s,=(p+p), tu=
(p+p,+ pi)? and the complex functions E and G are given by

E(pa ) =H(pP)P2) = (P12 )(B,P) ~ (i) (PiPA) + ieuupn PEPYPTPEY (PP
G(py p,) = E(po PS)E(Pp P6) » ©
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DS©) =——{[(pi~ps+ )P+ Ps—PIE (0, ps)
$1583612s

=[P =P2+ P5)(Pa=Ps+ P)IE(Ps, Pe) + [Pa(Ps = P6)1E (ps, P2~ Ps)}
4
DF(10) = == {{(ps+ P2~ Ps)(P4=Ps+ P E (P2, P)
2584stias

=[P =P2+ Ps)(Pa=Ps+ PO)IE(Ps, Pe) + (Pi(P2 = P5)IE(Ps = Pes Po)}»

8;
DE(11) =~ [s35= 55+ s34].,
S36t12e

—85;
DF(12) =[5~ 520~ 534],,
S36tias
o S
DS(13) = [si2= sadlls3s = s+ 556]
S148360124

5
DP(14) =—=2—[s15= sus]ls23= 526~ 5361,
S1a836t1as

8.
DS(15) = —2—(p,—p)(Ps=po)
S1a836

4
DF(16) = ———[s35=ss6+ 536]E (P2, P2) ,
S2Ss6tize

4
DF(T) = ———[s533= 526~ 536)E(Ps, Ps) ,
S36Sastras
-4
DF(18) = ———[2(py+p2)(ps = Pe) = $36) E (P2, ps)
$1253654s

-2
D?(l?):’TNE(pz,p;—ﬂ.),
1

2
D§(20)=—— E(ps=pe,Ps).»
Sa65es

-4
o (s sset 51 E(ps, p3)

DF(21)
$2553ah13a

4
DE(22) = ————[s13= 535~ 525 E(Pe, Pe) »
S1652st1a6

4
DF(23) = ———[2(p+ Pe)(p2~ ps) + 5251 E (P, P3)
S16525534
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TasLe 1
Matrices K(L, J){1=1-11, J =1-11]

Matrix K@ Matrix K@
8 4-2 2-1 20 0 0-1 0 00 0000 0 3 3-3
4 8-1 1-1 0 2 0 1 -1 000000003 30
2-1 8 4 4112212 00000000000
21 48 2-1-1 11 00000000000
-1 4 2 8 1 2 4-2-1 4 00000000000
2 0 1-1 1 8 4 010 00000000330
02 1-1 2482000 00000000330
112 4 8a-1-2 8-1-1 2 00000000000
002 1-200-1 8 4-2 33000330000
01 11 10 4 8- 330003 30000
1-1 2 1 400 2-2-138 3 0000000000
Matrix K
000 0 1 1 01 1 0-1 33030003000
0000201 1 21-2 33000000000
00000 1 1 1011 00300300330
0000 1 002010 30000300000
1201 01 2200 2 0000 000O0O03 3 0
101 01 4200 0-1 00330000330
01 102240002 00000000030
11122004000 30000000300
120 00000 0 2-1 0 03 03303000
01 1 10000 2 40 0 03 03 330000
42 10 2-1-2 0-1 0 4 00000000000
Matrix K& Matnx K&
4 2020101000 0 0 0 0 0 0 00 3 0-3
24010011010 00003003000
00 4 2 2 1 1 1 210 0 0000030000
212 01 210100 0000000 O0O0O0 O
0 0 21 00 00 4 2 2 03 000030000
101 20000120 00000 3 300 0-3
01 1 10000240 00303330000
1110000 0 2 01 03 000003000
00 2 1 4 1 2 2 0 0-4 30000000000
01 102240002 0000000003 0
0000200 1-4-2 4 3000 0-3 00000
Matrix K& Mateix K
0 1-1-1 1101 200 33000330000
10-2-1 201 1420 33000330000
-2 000 1 1 1-110 00333003000
41010210 110 00333003003
1200 1-1-1 02 2 1 00333003000
101 2-1 0 1-2 2 8-1 330003300 0-3
0 1 1 1-1 1 0-1 4 8-1 33000330000
1110 0-2-1 0 2-20 00 3 3 3 00 3 00 0
2 4.1 12 2 4 21 0-2 00000000330
02 1-1 2482000 00000000330
000 0 1-1-1 0-20 2 0003 0-3 00000
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DS(24)=——E(p=ps, p3),
25834
o 2
DF(25)=~——E(ps P2=Ps) »
16525
. -2
DF(26) =——— E(p2, 2~ ps)»
Siatas
- 2
DF(27)=——E(ps=Pe Ps) »
Sushias
o 2
DF(28)= E(ps, P2=ps)
S1stas
. -2
DF(29)=~——E(ps—pe P3)
S3atizs
- 4
DF(30) = ————[(Ps+P2=Ps)(ps+Ps=Ps) ~ ti2s) E (P2, ),
S12Satas
4
[P+ P2=Ps)(Pa= s+ Pe) + 112s) E(P2, P) »
1250025
4
DS(32) =————[(p1= P2+ ) (Pa+ Ps=Pe) + 125)E(Ps, P3)
SisSaatizs
4
DF(33) = ————[(p1= P2+ ps)(Ps=Ps+Pe) — as]E(Ps, Po) » an

S1sSashias

where 8,=1.

The diagrams D§ are obtained from DS by replacing 5 by 8, =0and the functions
E(p. p) by G(p. p)-

The diagrams Df are listed below:

= {F(ps, P6)E (s, ps) = F(ps, p) E (ps, Ps)

+[F(per P3) + s3] E(ps, o)},

-4
Df(2) = ———{[F(pe, P2)+1516]E(p3, s)
S16525534
+[F(p2, 2) +153]E (pes ps) = F(pe, P)E (P2, ps)} s
4
Di(3)= vt (5 POE (5 ps) = F(ps p2) E Py ps)

=[F(ps, pe) ~ 35161534+ 1506 E (P, P)}
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. 4
D(4) =————{F(ps, s) E(Ps, ps) ~ F(Ps, ) E(pz, Ps)
SasSatizs

+LF(ps, pa) ~is2s—Isia+ 115 E(pa, p)}

2
Di(5) =————T[sss= 523+ 525)E(Pe, Ps) »
Si6S2stuas

2
D5(6) = ————[ss6= 526~ 525)E(P3, Ps) »
S25834t134

4
F(7) = ——— ([ F -1
Di(7) Sm”‘m([ (ps p2) =325

+F(p2, pa) +3t12s)E(ps, ps) [ F(ps, p2)+it1as]E (P2, ps)}

b1+ 35151 Eps, ps)

1
—— E(ps—
Py (Ps=Per Ps) »

Di(8

2
D{(9) = ——— 535 Sss+ 516)E(P2, Ps) »
S1aS36t124

2
D§(10) = ———[523~ 526~ 536) E(ps, Ps) »
SuuSrstuas

1
Fracers {23+ 835 = 526 = 5561 E (P2~ P, Ps)

D§(11

~ 23+ 526 = 535 5561 E(Ps— Py Ps) = [s23°+ $36 = $35= 526 E (P2 + P, Ps)} -
12)

The diagrams D§ are listed below:

1
Di(1) =————[s534= Sus+ S26]ls12~ 515~ 5],
S$25836th2s

1
D3(2) = ———[512= S0~ S1allsrs = 556+ 536]
S1aS361124

1
D3) = ————[s15= Ses+ sualls23 = 526 536] »
S1aSisties

1
D@ =~ ——[sis+ 525~ suallssu st 3]s
158atias

1
Di(s)= S 13507 515 Sellsn = 2= ),

1
D3(6) = ———— 516~ $2a~ S26l[s12= 525~ 5151,
SisSratizs

Indices I and J specify row numbers and column numbers, respectively.

Needs (Once) Beyond Our Reach

+ Background amplitudes crucial for e.g. colliders

S.J. Parke, T.R. Taylor | Four gluon production a15

where ¢ is the totally antisymmetric tensor, &y, =
one more function,

For the future use, we define

F(po ) ={(P1p)(pp)+ (P12 (P,2) = (1 2)(PPIY (PrP4) - (10)

Note that when evaluating A, and A, at crossed configurations of the momenta,
care must be taken with the implicit dependence of the functions E, F and G on
the momenta py, pa, ps, Pe.

The diagrams DS are listed below:

DE(1) 16:;5» (P2~ p)(Ps =PI (Pr = Pa)(Ps + P6)] = [(P2 = Ps)(Ps+ Po)]
X[(p1 = Pa)(Ps = )1+ [(P2+ Ps)(Py = Pe) )Py = Pa) (P2~ P5)]}
D(2)=—— QE(ps=ps,py=P) ~2E(ps = 1= p)+ 8001~ p)ps o)

Sas8
DEO) == {((py + 1= P s+ s~ POIE (s )

SasSetias

=[P+ P2=Ps)(Ps= s+ P6)1E (P2, Ps)

=[Py =P2+P)(Ps+ Ps=Pe)1E(Ps, p3)

1Py = P2+ P)(Pa =3+ P)JE (Ps, Ps)

=[P1(P2=PS)IE(Ps = P P+ Pe) ~ [P(ps = P)IE P2+ ps, P2~ ps)

+8:[pi(p2=p)pulps = o)1},

-2

DF(4)=—"—{E(ps=p, s+ ps) = 8:LPaPs = p6)]} ,
Saohias

DS(5) = —={E(ps+ps, p2=ps) = &:[pr(p2=ps)]} ,
Sashias
DS =22,
s
4
DE(7) {l(pr+ P2~ P)(pat Ps = P)IE (P2, p3)

S12836t12s

=[(P1+P2=Ps)(Pa=Ps+ PO)IE (P2, Ps) = [Pa(ps = P)IE (P2, P2 = P5)}
4
st Wpi+ p2= p) (Pt Py = PO E (2, )
2482sthas

=L(py=P2+P5)(Pa+ Ps = POIE (Ps, P3) = [Ps(P2 = PE Py = Pes P2)}

DS(8)

S.J. Parke, T.R. Taylor / Four ghuon production a19

o [sse st ss)lsi2= 515 = 5251,
S2553hizs

1
D3(8) =———[s25+ 835— Su3][514~ Sas + 516,
5= s Lo 5= sl st 5]
1
DY9) = i et s sllsae = ssetsas)s

D}(10)= :; P2=ps)(ps=po) s
2553

Dg(ll)=i(h =P)(P:=Ps)
3

D) =—— (= p)ps=ps).

Si6825

D303 == (s=p0 (=1,
1554

1
525534

Di(15) L {L(p2+ p)(ps= Pl (p1 ~ ) (P2 = s)]

14825836

(14

(P2=Ps)(Ps=Pa)

+[(P2=Ps)(Ps=Pe) (P~ P)(Ps+ Pe)]

+[(pi+Pa) (P2 = p)N(P1 =~ Pa) (3= Po)} s
2

1682425

+1(p1+pe)(ps = PN (P1 — Po) (P2 = P5)]
+ (1 =p6)(P2+P)I(Ps = p) (P2~ )]} - (13)

The preceding list completes the result. Let us recapitulate now the numerical
procedure of calculating the full cross section. First the diagrams D are calculated
by using egs. (11)-(13). The result is substituted to eq. (8) to obtain the vectors 9,
and 9,. After generating the vectors @, @, Do, @5, @5, and D, by the appropriate
permutations of momenta, eq. (6) is used to obtain the functions A, and A,. Finally,
the total cross section is calculated by using eq. (5). The FORTRAN 5 program
based on such a scheme generates ten Monte Carlo points in less than a second on
the heterotic CDC CYBER 175/875.

Given the complexity of the final result, it is very important to have some reliable
testing procedures available for numerical calculations. Usually in QCD, the multi-
gluon amplitudes are tested by checking the gauge invariance. Due to the specifics

D3(16) =

(2= P)(ps+ PN (P1 = P) (Ps = Po)]
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gluons. The cross section for the scattering of two gluons with momenta p,, p; into
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Tanie 1 where & is the totally antisymmetric tensor, £ = 1. For the future use, we define
four gluons with momenta ps, pa, Ps, P is obtained from eq. () by setting I =2 and Matrices K (1, ){1 =111, J=1-11], scceccc~csoe cccscccs~oco one more function,
replacing the momenta ps, Pa, s, Ps bY —Ps, —Pas —Ps, Ps. P e K eceenmcccccs ~poeornccos
As the result of the computation of two hundred and forty Feynman diagrams, cce~-coccocoe F(po p)={(P1p)(p.p)+(P1p) (B2 =~ (P12 PPV (Prpd) (10)
we obtain 8 4-2 2-1 2 0 0 0-1 000000003 3-3 eenoqocosoo
481 110 21 0 1-1 00000000330 °ereesseses Note that when evaluating A, and A, at crossed configurations of the t
A 0,(P1, P2, 3, Pay Ps, Pe) 2-1 8 4 411 212 00000000000 co~o~co0oo00 eeee-eecee~ N B.n s 8u I&?nso 0 momenta,
@ 21 4 8 2-1-1 1 000000 00O0O0CO0O coccccocmno care must be taken with the implicit dependence of the functions E, F and G on
K K K K\ [2 IRREREREREE 0000000033 ceee-ce-cee 7 the momenta py p, ps -
" 02 1.1 2482000 00000000330 coc-scoe-css ~jeec~rccce The diagrams DS are listed below:
_@alanay, | K K K|9 ©® P2 daa s 00000000000 S
=(2', 2}, 9}, 97) . 002 120 0-18 4-2 53000330000 com-cccsso commnoo-coo
o |k kK kK K||9 T
M ’ 01 11 10 4 8 -1 330003 30000 8.
K, K, K, K @, @ 1-1 21 00 2-2-1 8 30000000000 coooccocco~~o|Uloa fo-cseo-so DS(1) X’S {[(P2=Ps)(Ps = P)I[(P1 — Pa)(Ps+ Pe))— [(P2—Ps)(Ps+ Po)]
t T £ 25536
Matrix K& = i|ecocccocco~o - ~ ~ - ~
where 9, @,, @, and 9, are 11-component complex vector functions of the momenta 5 I PR (2= P (ps =P 1+ P2 ps) (P = PP = P (P2 =)}
P, P2y P3, Pay Psand p,and K, K, K, and K, are constant 11 x 11 symmetric matrices. H vrea O g 0 . .
The vectors 9, @, and @, are obtained from the vector @ by the permutations 0 1o 00300300330 2 ccoo~coccos DS(2) EUE(P:’P»P:‘Ps)‘ZE(I’.v’ﬂo.l’z-m]+6;[(pz—p))(p;>pa]]}.
(24 P3), (ps +* pe) and (p; +> ps, ps +» ps), respectively, of the momentum variables H R HE RIS 3 cococccccooo~
in 9. The individual components of the vector @ represent the sums of all contribu- 1 00 0-1 00330000330 z po3y =4 N
tions proportional to the appropriately chosen cleven basis color factors. The o 0002 EEEEEEEEEN 3 seeenmeogese ) st P+ PP it Ps=POIE P2, o)
matrices K, which are the suitable sums over the color indices of products of the 1 00 21 90303303000 s eeces-gocce [P+ Pa=ps)(Pa—ps + PO E
color bases, contain two independent structures, proportional to N*(N*~1) and 0 02 40 00303 330000 S (Pr+P2= ps)(Ps— P+ Pe)1E(p2, pe)
3N? ’ ) - -1 0-1 0 4 00000000000 $i |z -jeeececccs
(N?—1). respectivel s the number of = LE —[(p— .+ 2)(put p= ) E(pep
= i oy 4 oy RO e - i < S ) S - =

£ Furthermore, we hope to obtain a simple analytic
$form for the answer, making our result not only an experimentalist’s, but also a §

ttheorist’s delight.

. . % < e - ) NSRS j 4 = N = e . = . -3 NROR =2 =
Suasse Dg’(ﬂ)‘x—m[(Pn’P:‘*‘P:)(m‘*l’s—ﬂa)*"ns]E(Px-P:)v R D(15) = o, W2t ) (P2 =p)N(pr =) (2= p5)]
X _ 15834 535 = S2e— 55  E(pa— 14523536
DE0)= (s suctsulB (P 4 B 0T 7B R0 +(pa= P pr= Py~ POpr+p)]
1aSshiae DE(33) = ————[(p1= P2+ Ps)(Pa=Ps+ Pe) — 251 E(Ps, Ps) an
B SisSushias U+ 526 835 $36] E(ps = oy P9) = [8257+ $36= 535~ 52 E(pa+ s, p5)} - o+ ) Br= P Pr— ) Bs— T}
DET) = ——— s~ 526~ 53] E(Ps, Ps) , where 8,=1 . 12 2
365ashias 2= 1. The diagrams Dj are listed below: )3, - - - -
. The diagrams DS are obtained from DS by replacing 6 by 8, = 0 and the functions grem o Da(16)= oy, P2 P23+ PNy = p) (P = p0)]
DE(18) = ———[2(p, + —pe) =536 E(p2, ps) » E(p, p)) by G(p, ). D§(1) = ————[$34= sag+ S36][512— 15— 825,
) = s PP PP sl E P s tisted below: = st (0wt sl 15 s H+p s~ (pr =0 2 p2))
- 1 +l(pi— + - ~po)l}. 13
DS(19)= —= E(p2, ps=Po) 4 D32 = [su=sumsllsn = sut . [(P1=P6)(P2+ P)[(Ps = Pa)(p2= )T} 13)
$12836 m(F(ps. Ps)E(ps, ps) = F(ps, ) E(ps, Ps) 14S26h2e The preceding list completes the result. Let us recapitulate now the numerical
2 1 procedure of calculating the full cross section. First the diagrams D are calculated
6(20) = ——— - $(3) = ———— [515— —$26— 3 .
DF(20) ,“s“E(p; PerPs) +[F(ps, p3) + s34 E(ps, ps)} Di(3) P 15— sus+ 510)0523 = 526 = 5361 » by using eqs. (11)-(13). The result is substituted to eq. (8) to obtain the vectors 9
e DD == ((F(pu 0+ ) E ) . and 9. After generating the vectors o, @a,, @, ,, 9, and @, by the appropriate
DF@D) = ——— (51— ssst 551 E(Ps, Ps)» o) S esmssa (U Por P2 F 251615 (P, Ps. DS(4) = ———— [515+ 525 — 51200534 = Sag+ 5361 » permutations of momenta, eq. (6) is used to obtain the functions Aq and A;. Finally,
25834h34 SisSastias the total cross section is calculated by using eq. (5). The FORTRAN S program
. A +[F(p2, p3) +153] E(Ps, Ps) = F(Ps, P3)E (P2, Ps)} 1 based on such a scheme generates ten Monte Carlo points in less than a second on
DF(22) = m[aw:»—m]ﬂm.ml , 4 DSy =5 ——[sss=sis~suellsn = 5= ss4], the heterotic CDC CYBER 175/875.
D§(3) ==~ —{F(p5, POE(p5, )~ F(ps, P2 Epis Ps) 1s%elise Given the complexity of the final result, it is very important to have some reliable
DF(23) = —2— [2(py+ P)(p1—ps) + 5251 E P ) » 1t DY6) = ——— [54s= 534 ssql[ 12— $23— Sus]» testing procedures available for numerical calculations. Usually in QCD, the multi-
S1625524 ~[F(ps, po) ~ 416 =434+ 1ss) E(ps, p3)} SisSuatizs gluon amplitudes are tested by checking the gauge invariance. Due to the specifics
— e — ——— —ee— L —




Discovery of Shocking Simplicity

+ Within six months, Parke-Taylor stumbled on a
simple guess—unquestionably a theorist’s delight:

3
%

(12)(23)(34)(45) - --

n

Amplitude for n-Gluon Scattering |PRL 56 (1986)]

Stephen J. Parke and T. R. Taylor

Fermi National Accelerator Laboratory, Batavia, Illinois 60510
(Received 17 March 1986)

A nontrivial squared helicity amplitude is given for the scattering of an arbitrary number of
gluons to lowest order in the coupling constant and to leading order in the number of colors.

(n 1)

P, = Uga)‘g}v‘g
(a b) = det(Ag, Ap)
[ab] = det(\g, \p)

| van der Waerden (1929) ]
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Perturbations of Parke-Taylor

+ What about beyond the leading order?
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Perturbations of Parke-Taylor

+ What about beyond the leading order?

| Bern, Dixon, Dunbar, Kosower (1994) ]

3
2 . 4 g <1 2>4 &
3 : (12)(23)(34){45) --- (n1)
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Perturbations of Parke-Taylor

+ What about beyond the leading order?

| Vergu (2009) ]

complexity of the computations. 1t has also been useful to use the results for the cuts

already computed when computing the coefficients of integrals detected by new cuts. In this

way, one can insure the consistency of results from different cuts and reduce the mumnber of
unknowns at the same time,

Let us make a further comment about our computation procedure. The conformal inte-

grals with pentagon loops have numerators containing the loop momenta. in combinations
like (k + 0)?, where [ is the loop momentum and k is an external on-shell momentum. If
the propagator with momentum [ is cut then, on that cut, one cannot distinguish between
(k+1)? and 2k 1. However, it is easy to see that one can choose to cut another propagator

and in that case this ambiguity does not arise and the numerator factor is uniquely defined.

IV. RESULTS

We use dual variable notation (see Ref. [48]) for the integrals. The external dual variables

are listed in clockwise direction. To the left loop we associate the dual variable x, and to

the right loop we associate the dual variable z,. We use the notation r;; =

We introduce the following notation which will be uscful in the following

PR

The sign  above takes info account the signature of the permutation of {a’.¥,...}. It

abe
= e @)
ax lnbe),

For s topeloe,the expansion of the | ] ol yields tns that would cancel

= (permutations of {a’..,...}). ()

is easy to show that

propagators. For those cases we make the convention that all the terms that would cancel
propagators are absent. Tn fact, as we will see, terms that would cancel propagators of the
double pentagon topologies naturally yield coefficients for some of the topologies with a

smaller number of propagators.

I

T4

a atlb-
(53)
brle—1 ¢

H

B. Kissing double-box topologies

Ufaastb=10f 1l a avif [ b be1f
tlobsta-1a) 4p-1 b |[a=1 a
e 2 2

TP S C
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(56)

42

tfaarro=1] 1] a ata]| s be1]
i (57)
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¢|s
aat1lb-1b a att][ ¢ ett
! - (59)
wl¢ Hleerrd-1df 4p-1 b ||d-1 d

E

A. Double box topologies

y X}

In the ease of the double box topologies the massive legs attached to the vertices incident

with the common edge have to be a sum of at least three massless momenta. The cases

where these massive legs are the sum of two massless momenta are treated separately in the

subsection. IV A 7. This distinction only arises for the double box topologies.

L. Nolegs attached

TN T

a

. Box-Pentagon topologies

No legs attached

One massless leg attached

5 B

One massive leg attached
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5. Two massless legs attached
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4. One massless, one massive leg attached
s
0 (68)
. 1 a at+lbb+1l
(69)
s Thr2e-1c¢ ¢

Note that in the previous formula we suppress the terms containing 3, , which would

otherwise cancel a propagator of the underlying topology. When expanded out, the expres-

1la—2a-Taa+1
- (70)
Tat2b-15 4

sion above has 12 terms

e

In the previous formula we suppress the terms containing 2., which would otherwise
cancel a propagator of the underlying topology:
5. Two massess legs attached
: 1| e avib-10
()
. st vs2a-14

In the previous formula we suppress the teruus containing 2, , which would otherwise

cancel a propagator of the underlying topology

R

JECHY

mtmemAmimant
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We have written down this formula to emphasize how nontrivial it is. We suppress

2 pq and a2

the terms containing o2, 2

respectively. These terms would otherwise cancel a

propagator of the underlying topology. We will see helow that the box-pentagon topologies

with massless legs attached to the vertices of the edge common to both loops can in fact be

seen to originate in double-pentagon topologies, by cancelling some propagators

D. Double pentagon topologies

No legs attached

1aatlb=10p
(13)
JL btla-1la J

In the expansion of the above formula we drop terms that would cancel propagators (in

this case, the terms containing 72,

expanded.

o #2,). This expression has 6 terms when

|

pmEmTE;

(33)
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(35)

(36)

atlb-1 b }

bobila-

0
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2 2 ) 2 (30)
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_Ljer (10)
dlp+16+20a-

0 (1)

I

One massless leg attached

1fattas2b10y)
L ’ ()
T b btta-tag

g

In the formula above we drop terms that would cancel propagators (in this case, the

terms are o3, o, and 12,). This expression has 15 terms when expanded.

One massive leg attached

1aarib-1bp
o bste-teq

In the formula above we drop terms that would cancel propagators (in this case, the

terms containing 42, %, or «2,). This expression has 16 terms when expanded

Tuwo massless legs attached

atlat2b-1bp
_! v (76)
Hb+1b+2a-1aq

g

In the formula we drop terms that would eancel propagators (in this case, the terms

containing +2,). This expression has 64 terms when expanded

5. One massless, one massive leg attached

1] a at1b-10bp]
o1 b42c-1cq
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ENH
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I —

In the formula above we drop terms that would cancel propagators (in this case, the

terms containing #2,). This expression has 78 terms when expanded,

6. Two massive legs attached

watlb-1bp
L ’ (78)
Heetrd-1dq

In the formula above we drop terms that would cancel propagators (in this case, the terms

containing o2,). When expanded, the above expression contains 96 terms. The number of

conformal dressings is 160 (the number of coefficients unrelated by symmetries is lower)

E. Assembly of the result

As explained in Sec. T1, for the MHV amplitudes the ratio between the (-loop amplitude
and the tree-level amplitude can be written as a sum between parity even and parity odd
contributions

MO = A0 4 py0a ()
Then, the even part can be written

”41\‘/47”.,‘1/".,,X > salk (80)

M@ = g
where the first sum runs over cyclic and anti-cyclic permutations of the external legs, the
second sum runs over all the topologies, s; is a symmetry factor associated to topology i
¢, is the numerator of the topology i, as listed in Sec. IV and I is the denominator or the
product of propagators in the topology i

Apart from the parity odd part which we have not computed, there is also a contribution
which s not detectable from four-dimensional cuts, denoted by M. This part of the
result is such that its integrand vanishes in four dimensions, but the integral itself can give
contributions to the divergent and finite parts. Tn Ref. [32], for n = 6 case, this part of the
result was found to be closely related to O(c) contributions at one loop, MW

Based on previons computations we expect that the odd part and the 1 integrals will

not be needed in order to compare with the Wilson loop results. The odd parts could be
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What About After Integration?

+ Integrate the Parke-Taylor 2-to-4 amplitude in sYM

» divergences exponentiate, leaving a finite remainder

+ Heroically computed by Del Duca, Duhr, Smirnov
in 2010, in terms of “Goncharov’ polylogarithms

The Two-Loop Hexagon Wilson Loop in N =4 SYM

Vittorio Del Duca

PH Department, TH Unit, CERN CH-1211, Geneva 23, Switzerland
INFN, Laboratori Nazionali Frascati, 00044 Frascati (Roma), Italy
E-mail: vittorio.del.duca@cern .ch

Claude Duhr
Institute for Particle Physics Phenomenology, University of Durham
Durham, DH1 SLE, U.K.
E-mail: claude.duhr@durham.ac.uk

Vladimir A. Smirnov
Nuclear Physics Institute o f Moscow State University
Moscow 119992, Russia
E-mail: smirnov@theory .sinp.msu.ru

| Del Duca, Duhr, Smirnov (2010)] 10



What About After Integration?

+ Integrate the Parke-Taylor 2-to-4 amplitude in sYM

» divergences exponentiate, leaving a finite remainder
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What About After Integration?

+ Integrate the Parke-Taylor 2-to-4 amplitude in sYM

» divergences exponentiate, leaving a finite remainder

+ Heroically computed by Del Duca, Duhr, Smirnov
in 2010, in terms of ‘Goncharov” polylogarithms

Classical Polylogarithms for Amplitudes and Wilson Loops

A. B. Goncharov,! M. Spradlin,?2 C. Vergu,? and A. Volovich?

! Department of Mathematics, Brown University, Box 1917, Providence, Rhode Island 02912, USA
“Department of Physics, Brown University, Box 1843, Providence, Rhode Island 02912, USA

We present a compact analytic formula for the two-loop six-particle maximally helicity violating
remainder function (equivalently, the two-loop lightlike hexagon Wilson loop) in N/ = 4 supersym-
metric Yang-Mills theory in terms of the classical polylogarithm functions Li, with cross-ratios of
momentum twistor invariants as their arguments. In deriving our formula we rely on results from

the theory of motives- | Goncharov, Spradlin, Vergu, Volovich (2010)]
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Amplitudes: a Virtuous Cycle

; Compute Something

= — beyond the reach of
/ / recent imagination

Exploit Simplicity W ) : .
to build more powerful o : Discover Slmp llClty

computational technology —~ beyond expectations

Understand Why e R

study, understand, explain it, TR A

& explore its consequences Soh Al s
11



Constructing Integrands
for Loop Amplitudes
(constructively)



Novel Representations of Integrands

+ Powerful new tools now exist for understanding
and computing integrands in perturbation theory

Recursion Relations (-cuts and Forward Limits

AR TAY

Prescriptive Unitarity Correflator Bootstraps

\ * ° \}

N
v "N 43




Novel Representations of Integrands

+ Powerful new tools now exist for understanding
and computing integrands in perturbation theory

Prescriptive Unitarity

13



The Cuts of Loop Amplitudes

+ On-Shell Functions: scattering amplitudes, and
functions built thereof—as networks of amplitudes

Jole!

+ Locality: amplitudes independent, so multiplied
+ Unitarity: internal particles unseen, so summed

fr=1] (hz / dd‘lLIPSi) |1 A

1€1 veV

14



The Cuts of Loop Amplitudes

+ On-Shell Functions: scattering amplitudes, and
functions built thereof—as networks of amplitudes

Jole!

+ defined for all all quantum field theories—
exclusively in terms of physical (observable) states

+ can be used to reconstruct all loop amplitudes

fr=1] (hz / dd‘lLIPSi) |1 A

1€1 veV

14



General, Generalized Unitarity

| Bern, Dixon, Kosower; Dunbar; ... |

+ Integrands are rational functions—so may be
expanded into an arbitrary (but complete) basis:

AL =N "0, I T,e®

5 g
il Ilglll
o/ )
—_—

= Inéi}ul e <
./47%:2 = E fﬁ In ul 3 :
& T S
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General, Generalized Unitarity

| Bern, Dixon, Kosower; Dunbar; ... |

+ Integrands are rational functions—so may be
expanded into an arbitrary (but complete) basis:

AL =N "0, I T,e®

+ Once an independent basis is chosen, coefficients
are determined by (evaluations/cuts on) cuts
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expanded into an arbitrary (but complete) basis:
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General, Generalized Unitarity

| Bern, Dixon, Kosower; Dunbar; ... |

+ Integrands are rational functions—so may be
expanded into an arbitrary (but complete) basis:
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General, Generalized Unitarity

| Bern, Dixon, Kosower; Dunbar; ... |

+ Integrands are rational functions—so may be
expanded into an arbitrary (but complete) basis:

AL =N "0, I T,e®

+ Once an independent basis is chosen, coefficients
are determined by (evaluations/cuts on) cuts
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General, Generalized Unitarity

| Bern, Dixon, Kosower; Dunbar; ... |

+ Integrands are rational functions—so may be
expanded into an arbitrary (but complete) basis:

AL =N "0, I T,e®

+ Once an independent basis is chosen, coefficients
are determined by (evaluations/cuts on) cuts

: What makes a basis a good basis?

15



A Basis “Big Enough”
for Integrands in the
Standard Model



Building a Basis ‘Big Enough’

+ WLOG: write loop-dependent numerators as sums
of products of (translates of) inverse propagators:

(O1Qmi= (£+Q)*=m?+ie  ((|Q):= ((|Qm=o
()= span{((|Q)] rank([é]):(d+; )k d+k-1
—span{(® (-k;, 1} rank([(") :( 2 )*( d )
[Z]k:: sparn

Q{H (ng')} Al clgic---cle

e e T SN e T L S

o=\ ['=1e['e[)*e---®[]? ,



Building a Basis ‘Big Enough’

+ WLOG: write loop-dependent numerators as sums
of products of (translates of) inverse propagators:

Q)= (£+Q)*-m+ie  (|Q):= ((|Q)m=0

():= span{((1Q)} =02 e
:Span{€2,€°ki, 1} 62( — KQ_UQ)E[Z]

= spa%Z{H (Mzz—)} Ncltclg?Pc---clge

e e T SN e T LS

o=\ ['=1e['e[)*e---®[]? ,



Building a Basis ‘Big Enough’
+ In terms of these, define a generalized propagator:

o
Uk

=

OB~
TATARAT

(would include gravitons)



Building a Basis ‘Big Enough’
+ In terms of these, define a generalized propagator:

- %f{ ~—~——

RO = - (would include gravitons)

DuGuGnga
Yo X ey o<C)
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Building a Basis ‘Big Enough’

+ In terms of these, define a generalized propagator:

o i [ﬁ D{ —_— e 1}
el — 9 — , — , o )
! { { {
£)°
RO — (would include gravitons)
4

+ The loop-dependent part of any SM integrand will
be spanned by the basis of ”O-ion '—at L loops(')

%0:{1’ ¢ $ A IZ{
%0 D @ m | Feng, Huang (2012) |
18



Reducibility and Completeness

| Ossola, Papadopoulos, Pittau; Vermaseren, van Nerveen; Forde, Kosower |

+ In any dimension, the 0-gons reduce to finite size:

{0 A T3 ]

e p{ (1P - (1P, }
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Reducibility and Completeness

| Ossola, Papadopoulos, Pittau; Vermaseren, van Nerveen; Forde, Kosower |

+ In any dimension, the 0-gons reduce to finite size:

{0 A T3 ]

e p{ (1P - (1P, }

e e e e e e e
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Reducibility and Completeness

| Ossola, Papadopoulos, Pittau; Vermaseren, van Nerveen; Forde, Kosower |

+ In any dimension, the 0-gons reduce to finite size:

{0 A T3 ]

e p{ (A1Py) - (EP,) }

e e e e e e e

Bo=T0PILIPI2RILPILPIEPIEPIIP- - -

alp):= rank([6]) = (d;p) : (C”Z 1)
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Reducibility and Completeness

| Ossola, Papadopoulos, Pittau; Vermaseren, van Nerveen; Forde, Kosower |

+ In any dimension, the 0-gons reduce to finite size:
%O:{]‘7 Q 7$7A7 }Z{?ﬁ?%?g?"'}
BT 4 9 16 25 36 49 64

5 1 5 14 30 55 91 140 204

d=4 1 6 20 50 105 196 336 540

alp):= rank([6]) = (d;p) : (CHZ 1>
=t Dalp] + i (?)@[pj]

total rank=top rank+contact terms 20



Reducibility and Completeness

| Ossola, Papadopoulos, Pittau; Vermaseren, van Nerveen; Forde, Kosower |

+ In any dimension, the 0-gons reduce to finite size:

QAT ]

1
1+
7= i 5 14 30 55 91 140 204
1+0
=4 1 6 20 50 105 196 336 540
1+0

alp):= rank([6]) = (d;p) : (CHZ 1>
=t Dalp] + i (?)@[pj]

total rank=top rank+contact terms 20



Reducibility and Completeness

| Ossola, Papadopoulos, Pittau; Vermaseren, van Nerveen; Forde, Kosower |

+ In any dimension, the 0-gons reduce to finite size:

qRystass

1+0 3+1 247 0+16 0+25 0+36 0+49 0+64

d=3 1 5 14 30 55 91 140 204
1+0 4+1 549 2+28 0+55 0+91 0+140 0+204
d=4 1 6 20 50 105 196 336 540

1+0 5+1 9+11 7+41 2+103 0+196 0+336 0+540

alp):= rank([6]) = @p) : (CHZ 1>
=t Dalp] + i (?)@[pj]

total rank=top rank-+contact terms 20



Integrand Reduction at 1 Loop

+ Re-considering one-loop bases in four dimensions

| Ossola, Papadopoulos, Pittau; Vermaseren, van Nerveen; Forde, Kosower |

e o A I e

@[ |[A°=b0| [4'=b10- | [A7=by---| [@°=bB- | [4'=bGo--| [4°=b3
|| 1=1| 6=5 20=9 50="7 105=2 196 =
0] 4=b; | [@'=bio-| [P=bso-| [P=bic--| [4*=bs
i . 1=1 6=4 20=5 50=2 105=
%#Q, [4°=b3 4" =b; [4*=b; [4°="b5

e
¢ 1=1 6=3 20=2 50=
B@ f [°=b3 [ =b; [*=b3
e
i =1l b= 20—
B ( [4°=b, Ul
4
g =] B

21



Integrand Reduction at 2 Loops

+ At two loops, all loop integrands can be labeled by:
| Gluza, Kajda, Kosower]
81 €2 |JB, Herrmann, Langer, Trnka (2020) ]

Ea,b,c]@a< y b  (C
\
I < d) Ip1,0,4) & W Ii4,1,3 @—m
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Integrand Reduction at 2 Loops

+ At two loops, all loop integrands can be labeled by:
| Gluza, Kajda, Kosower]
¢, €2 |JB, Herrmann, Langer, Trnka (2020) ]

r z \
\\I/.)

El,l,l] — d) E4,0,4] e W E47173] @m
%03{1,...,>®,...,m,...}

e MNla, b, cl:= [£1]°[1-€9]°[£5)°

S8

Ea,b,c]@a<
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Integrand Reduction at 2 Loops

+ At two loops, all loop integrands can be labeled by:
| Gluza, Kajda, Kosower]
¢, €2 |JB, Herrmann, Langer, Trnka (2020) ]

lopceals bt e Na,b, = [6]* -] [6)]°

5 a, b, c| + Z ( )( )(k) 0gqla—1t,b—7,c—k]
(2,7,k)>(0,0,0)

total rank=top rank+contact terms

22



Integrand Reduction at 2 Loops

+ At two loops, all loop integrands can be labeled by:
| Gluza, Kajda, Kosower]
¢, €2 |JB, Herrmann, Langer, Trnka (2020) ]

lopceals bt e Na,b, = [6]* -] [6)]°

Nplaba) =  Ip(Lab,a)

top-level numerators

PLalQay) - (€alQu)][(L51Q5) - (L1Rs)|[UlSer) -+ - (€| Ser) | Tp(Tiaipic—1)

(i,5,k)>0

_J/

contact-term numera tors

22



Integrand Reduction at 3 Loops

|JB, Herrmann, Langer, Trnka (2020)|
+ We can obviously continue this to higher loops—

e.g. at 3 loops, we have the integrand topologies:
| Gluza, Kajda, Kosower]

: 1
W(%;ll Z; gjg{:} a1< é e L(a1,a2)7(b1,62)<:>a1< : VSao byl : : \bo.

(c1,c2) ' ; . :
a \ y, \ /
l, : ‘é e -OL,
\ \Lbi S B
'0' (@] N
A & as s
"D

s .
\V)

w(ar, . ba) =rank  [(1]" (2] (6] [ls— )" [~ (5] (-]
1 e rank([él]‘“ [0, —05]92[05]c1+e2 [£] [zg—@]@) .
:Can someone derive these formulae? 23



A (modest) Proposal for
non-Planar Power-Counting



Stratifying Theories by Unitarity

|JB, Herrmann, Langer, Trnka (2020)|

+ QFTs can be (partially) ordered by the scope of
the integrands needed to represent amplitudes

AL =N "0, I T,e®

(Standard Model) > (SM\ Higgs) > (QCD) > (Yang-Mills)
(N =2 sYM)>(N =4 sYM)>(planar N'=4 sYM)
> (fishnet theory)> - -

%SM & %N:2 3 %N:él

This reflects UV behavior (“power-counting”) of
theories; can be used to stratify integrand bases

;Can we define BV =47
—a basis of just the best UV-behaved amplitudes? 25



Power-Counting when Planar

+ For a planar graph, there is a natural routing of the
loop momenta associated with its dual graph.

+ A planar integrand 1L has “p-gon power-counting” if
. 2
EEEI;O(I) — BE, (1+0O(1/£2)) for all ¢;
+ Let B, denote the complete basis of integrands
with p-gon power-counting.

0

26



Power-Counting when Planar

+ For a planar graph, there is a natural routing of the
loop momenta associated with its dual graph.

+ A planar integrand 1L has “p-gon power-counting” if
. 1 2
E}grgo(f) — BE, (1+0O(1/£2)) for all ¢;
+ Let B, denote the complete basis of integrands
with p-gon power-counting.

B OB DB, DB, OB, DOB:-D- -

P

Byi= %p\%pﬂ B, = gp@gp—l—l@ s
+ An amplitude is “p-gon constructible” if A C ‘B,
A= ANB, A=AsPAs 1D




(Optimality of Dual-Conformality?)

+ For planar N =4 sYM, we know that amplitude
integrands are dual-conformally invariant

| Drummond, Henn, Smirnov, Sokatchev;
Drummond, Korchemsky, Henn;

Alday, Maldacena;... ]

27



(Optimality of Dual-Conformality?)

+ For planar N =4 sYM, we know that amplitude
integrands are dual-conformally invariant
%4 D %DCI D % N =4 | Drummond, Henn, Smirnov, Sokatchev;

Drummond, Korchemsky, Henn;

But even DCI is far from strong enough! Aldy:Maldacena.. |

+ doesn’t ensure UV finiteness :%7

+ doesn’t ensure maximal transcendentality

+ it forces a topological over-completeness and

non-triangularity ot bases i i e m
27



Power-Counting Strata at 1-Loop

. [J B, Herrmann, Langef, Trnka (2020)]
+ Recall how “0-gon” integrands could be defined:

%01:

A

"9 A T b

V

28



Power-Counting Strata at 1-Loop

[JB, Herrmann, Langer, Trnka (2020)]

+ Recall how “0-gon” integrands could be defmed

n=(s 0.0 AL T 23320
(0.0 A Ty 4325
%éAﬁﬁ%w>
%Aﬁﬁﬁw
WG oot

V

B:
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Power-Counting Strata at 1-Loop

|JB, Herrmann, Langer, Trnka (2020)|

+ Recall how “0-gon” integrands could be defined:

S G TR
RPN acecE

04[p]:== rank([(]5 %)

i 50

total rank=top rank+contact terms 28
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Power-Counting Strata at 1-Loop

|JB, Herrmann, Langer, Trnka (2020)|

+ Recall how “0-gon” integrands could be defined:

o AT Trat )
140 5+1 9+11 7+41 2+103 0+]96 0+336 04540
{90 A T{ {425

1+0 4+2 5+15 2+48 0+105 0+196 0+336

{9 K H oty 4535

1+0 343 2+18 0+50 0+105 0+196

(A A )

1+0 2+4 0+20 0+50 0+105

{5 r4-2L 1 g

1+0 1+5 0+20 0+50

\



Power-Counting Beyond Planar?

+ With no preferred routing of loop momenta, the
earlier notion of “power-counting” is ill-defined

> <) @

Recall: planar inteqrand I has p-gon power-counting if

lim (Z) = (1+O(1/¢67)) for all ¢,

o) T (@)ezv

29



Power-Counting Beyond Planar?

+ With no preferred routing of loop momenta, the
earlier notion of “power-counting” is ill-defined

m> @ <)
&y EN T 5 &

ly+£y
Recall planar zntegrand 7 has p-gon power-counting if

KIEI;O(I) == (82)‘1>p (1+0O(1/¢7)) for all ¢,

29



Proposal: Graph Power-Counting

+ What would make sense independent of routing
WOUld be: t() deﬁne A [JB,Herrmann,Langer, Trnka (2020)]
the power-counting

relative to some

oraph (or graphs) i
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Proposal: Graph Power-Counting

+ What would make sense independent of routing
Would be: tO deﬁne - [JB,Herrmann,Langer, Trnka (2020)]
the power-counting

relative to some

graph (or graphs) —<f>- }j>.-
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Proposal: Graph Power-Counting

+ What would make sense independent of routing
Would be: tO deﬁne [JB,Herrmann,Langer, Trnka (2020)]
the power-counting

relative to some

graph (or graphs) M
<]
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Proposal: Graph Power-Counting

+ What would make sense independent of routing
Would be to deflne R |JB, Herrmann, Langer, Trnka (2020)]
the power-counting

relative to some

graph (o graph5><*> jj>~ M
33> {1> 331 ¢<(
- XX <

201l =9] L [Li= Qé
69[1 [1]



Proposal: Graph Power-Counting

+ What would make sense independent of routing
Would be tO deflne - |JB, Herrmann, Langer, Trnka (2020)|
the power-counting

relative to some

graph (o graph5><*> jj>~ M
33> {1> 331 ¢<(
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Proposal: Graph Power-Counting
+ What would make sense independent of routing
Would be: to deﬁne |JB, Herrmann, Langer, Trnka (2020) |
the power-counting
relative to some {OO}
oraph (or graphs)

Definiti |
a secarllolzrl (;)or-lgon is {1><[ -<I>.}
a graﬁh }?f giﬁth | |
that 1t N |
Zc?gg Con’?raiticl)r?s {% J:D: —<*>_
LA

|
have girth <p {IEXI } :



Proposal: Graph Power-Counting

+ What would make sense independent of routing
Would be: to deﬁne . |JB, Herrmann, Langer, Trnka (2020)|
the power-counting %OD_{IEQI}

B (or srapi ™~ 13X T X XTX} {8



Proposal: Graph Power-Counting

+ What would make sense independent of routing
Would be: to deﬁne . |JB, Herrmann, Langer, Trnka (2020)|
the power-counting %03_{1321}

Graeh (or sraphey ™~ AL JX o IHX) {8



Graph Power-Counting @ [.=3

|JB, Herrmann, Langer, Trnka (2020)|
+ At 3 loops, the 3-gon power-counting scalars are:

N

3,0)(0,3 (3,0)(0,3) L(S 0)(1,2) £(3 0)(2,2) £(2 1)(1,2) £(2 1)(2,2
/

_/\

(1 2) (0 3)

+ What would be the numerator for £%7%5”= II}- ?
| \\ ] jc\l .

L@t )t Hag byt b

WS e ay




Graph Power-Counting @ [.=3

|JB, Herrmann, Langer, Trnka (2020)|
+ At 3 loops the 3-gon power-counting scalars are:

O AA DA b O AT <]

111 3003 3003 30 12 3022 2,1) 12 2,1 22
E111) 12) (03 ( )( ) ( )( )L( ( ) L( )

A

/
>

+ What would be the numerator for £(3 (11)%2) = II}- ?

12] 12] [3] & 12[2]2 @ 222—359 1223 E'é [1]
o !
I><I> l>$— W ~<(>
361%2 - ‘IR R-3eN Be N’

|m3 ( £(3 e, 2))

= r32r14k([1—2] 22-3lo1-22Be -2 e [][212-3@ 128 [1] [2]3)
—084=232 07", (3.7)



What Goes Wrong at Five Loops?

- [J B, Herrman.n, Lan,g;er, Trnkz.t (2020)]
+ Unfortunately, the “p-gon power-counting” basis

proposed for non-planar is not compatible with
planar power-counting (at high loops): B;'¢ B5*

e
L

< v

o8 - cBl g

¢ Can someone propose a better definition?
ey



Room for Improvement:
Building Better (Wiser) Bases



Normalizing Integrands Wisely

+ [t is often a good idea to normalize as much of the
basis as possible on places in loop-momentum
space where many amplitudes vanish

+ This works well for nice amplitudes: those with

low multiplicity, low loops, or low NXMHV-degree
(i.e. where polylogs abound)

For example, two-loop MHV amplitudes in sYM:

|JB, Herrmann, Langer, McLeod, Trnka (2019)|

.
o ¢ o 0 o
) ' ° [} (] o
coo Y S ) i
S hES Pid - : \r
o o ¥ “ o I
0" 0" ‘: :"
. . .
\ ) 1,9 ) )
... o 'Ilc o‘\‘
(] (]
o ! .




What is ‘Purity” Beyond Polylogs?

+ When the basis is dlog and all ‘evaluations” are
(residues) on poles, then diagonalization ensures
each basis integrand is in canonical form (UT/etc.)

¢ What about when no dlog form exists?

35



What is ‘Purity’ Beyond Polylogs?

+ When the basis is dlog and all ‘evaluations” are
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Great Room for Improvement

+ Prescriptive unitarity has made great progress,
but the results raise (or sharpen) bigger questions

A=ADA1 D B, =B,0B,.P

Better integrand bases would:

+ trade evaluations tor periods on all topologies
(does this ensure “purity”?)

+ stratify integrands by more refined criteria—e.g.
» actual UV behavior (do finite bases exist?)
» transcendental weight (what does this mean?)
» dim-reg partitioning of numerator monomials
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