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Critical scaling (W,K,F,W)
f(t,h) ~ t2-agf(h/| t| D)
x ~ t-n gx(h/| t| D)
t = (T-Tc)/Tc

Universality

Kolmogorov 
f(k,Re) = Ce2/3k-5/3  f(kh)
<Dur

2> = (er)2/3 g(r/h)

Wall-layer scaling
dU/dy = (1/k)(ut/y) f(yut/n)

ESS

<Dur
3> =-(4/5)er

<Dur
p> ~ <Dur

3>zp

Normal scaling
<Dur

p> = Cn(re)
p/3 in IR

Anomalous scaling

<Dur
p> ~ rzp

with <Dur
3> = -(4/5)er (in IR)





The CMB is a snapshot of the oldest light in our Universe, imprinted on the sky when the 
Universe was just 380 000 years old (it is now about 13.7 billion years old). It obeys 
blackbody radiation accurately (with a mean value of about 2.7K).



with A. Bershadskii



Clustering exponent
(with Bershadskii)
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Stipulation: Circulation around a 
contour plays an important role in 
aerodynamics, and can be an 
interesting property to examine in 
turbulent flows (with K.P. Iyer & P.K. Yeung )

u. dl =     w.n dS

r = sqrt A  

c
òò

Circulation around a contour of area A

GA =
area A A



Previous work on the subject of scaling of circulation in 3D turbulence

Theory
Å MigdalAA (1994) Int. J. Mod. Phys. A 9:1197ς1238 
Å MigdalAA (1995) in a Summer School Proceedings published by Gordon and 

Breach (ed. V.P. Mineev), pp. 177ς204 

Experiment (using PIV)
Å SreenivasanKR, JunejaA, SuriAK (1995) Phys. Rev. Lett. 75:433ς436. 

Wake behind a cylinder: Re = VD/n= 190 - 4540 
Å Zhou et al. (2008)  J. Fluid Mech. 598: 361-372. Rayleigh-Bènardconvection

Direct numerical simulations 
Å UmekiM (1993) J. Phys. Soc. Jpn. 62:3788ς3791. DNS, 1283

Å Cao N, Chen S, SreenivasanKR (1996) Phys. Rev. Lett. 76:616ς619. DNS, 2563 and 
5123

Å BenziR, BiferaleL, StrugliaMV, TripiccioneR (1997) Phys. Rev. E 55:3739ς3742. 
Kolmogorov flow, DNS 1603

Present
Box size 5123 ς81923, Rl= 200 ς1300 
The 81923 simulations are discussed in Yeunget al. (2015) PNAS112: 12633; resolution 
about h. (Preliminary data from 163843 cube will not be discussed.)



¼ million processors, some preliminary calculations using a grid of size 163843 



Circulation statistics depend 
onlyon the area of the loop, 

not on its shape
(as long as the largest dimension is contained 

within the inertial range) 
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A=30x128

A=32x120

A=40x96

A=64x60

A=80x48

Lx and Ly are within the inertial range



L 2

L 1

L 1 =   

Scalar area rule: <GA
2> ~ A2/3

Vector area rule: <GA
2> ~ A1/3



Scalar area rule holds, not vector area rule

A1

A2/3
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