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What is a chiral gauge theory?

• In 3+1 dimensions, can write all fermions as LH Weyl spinors 

• They transform as some representation R of the gauge group 

• If R is complex ► “chiral gauge theory” 

•  Fermion masses break gauge symmetry 

• Constrained by anomalies: Tr({Ta,Tb}Tc)L-R = 0. 

• In d=1+1: Tr (TaTb)L-R = 0 

• Nielsen-Ninomiya escape involves {γ5,D} ≠ 0… can this be 
consistent with gauge invariance?

• SM is a chiral gauge theory!  No known nonperturbative regulator! 

• Unknown: is any anomaly-free χGT possible?
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If all a lattice chiral gauge theory can do is reproduce SM perturbation 
theory at great computational cost, not so interesting! 

My own motivation: might we have completely missed interesting 
and bizarre nonperturbative physics in the SM?
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A chiral gauge theory is the square root of a Dirac theory:

Δ(R) = Euclidian fermion determinant for ΧGT with fermions in 
representation R:

�(R)�(R⇤) = |�(R)|2 = det /DR =) �(R) ⇠
q

det /DR

Is there a natural way to take the square root? Eg, take product of 1/2 of 
Dirac eigenvalues?Chiral symmetry

A
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A
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Fig. 1.3 The eigenvalue flow of the Dirac operator as a function of gauge fields, and two

unsatisfactory ways to define the Weyl fermion determinant detDL as a square root of det /D.

The expression
q��det /D

�� corresponds to the picture on the left, where detDL is defined as the

product of positive eigenvalues of /D; this definition is nonanalytic at A⇤. The picture on the

right corresponds to the product of half the eigenvalues, following those which were positive

at some reference gauge field A0. This definition is analytic, but not necessarily local. Both

definitions are gauge invariant, which is incorrect for an anomalous fermion representation.

Z
[d ][d ] e�

R
 DL = det

mn
hm,R|DL|n,Li . (1.54)

However, the answer we get will depend on the basis we choose. For example, we could
have chosen a di↵erent orthonormal basis for the L space |n0,Li = Un0n|n,Li which
di↵ered from the first by a unitary transformation U ; the resultant determinant would
di↵er by a factor detU , which is a phase. If this phase were a number, it would not
be an issue — but it can in general be a functional of the background gauge field, so
that di↵erent choices of phase for detDL lead to completely di↵erent theories.

We do know that if DR is the fermion operator for RH Weyl fermions in the same
gauge representation as DL, then detDR = detD⇤

L and that detDR detDL = det /D.
Therefore the the norm of |detDL| can be defined as

detDL =
q��det /D

��eiW [A] (1.55)

where the phase W [A] is a functional of the gauge fields. What do we know about
W [A]?

1. Since det /D is gauge invariant, W [A] should be gauge invariant unless the fermion
representation has a gauge anomaly, in which case it should correctly reproduce
that anomaly;

2. It should be analytic in the gauge fields, so that the computation of gauge field
correlators (or the gauge current) are well defined.

3. It should be a local functional of the gauge fields.

In Fig. 1.3 I show two possible ways to define detDL, neither of which satisfy the
above criteria. The naive choice of just setting W [A] = 0 not only fails to reproduce
the anomaly (if the fermion representation is anomalous) but is also nonanalytic and
nonlocal. It corresponds to taking the product of all the positive eigenvalues �n of /D
(up to an uninteresting overall constant phase). This definition is seen to be nonan-
alytic where eigenvalues cross zero. Another definition might be to take the product

eigenvalue flow of Dirac operator as function of gauge field

Will generally lead  
to  a nonlocal  
and/or non-analytic  
theory
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Alvarez-Gaume, Della Pietra2    Phys. Lett. B 166 (1986) 177  :

�(R) = |�(R)|ei�[A]

• |Δ(R)| = positive real square root of the Dirac operator 
• What is the phase φ?

For an anomaly free theory,

η is the “eta-invariant” of an operator = sum of signs of eigenvalues

⌘ = lim
s!0+

X

�

�

|�| |�|
�s

Here: operator is 
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because we want to explicitly show that the answer 
we will get reproduces the standard answer one gets 
by computing Feynman diagrams. After this has been 
done, we can take our expressions as a non-perturba- 
tire definition of the imaginary part of the effective 
action, in the same way that the ~-function method 
of computing determinants [10] can be taken as a def- 
inition of the effective action in those cases where 
perturbation theory is not viable, even in the zero in- 
stanton sector. Let us first state the main result, and 
then proceed to the proof. If we denote by W[A] the 
effective action one obtains after integrating out the 
fermions, there are two distinct pieces we can distin- 
guish in W[A] : the real part Re W[A] and the ima- 
ginary part lm W[A]. It is well known [11] that 
Re W[A] is purely vector-like, i.e., it is given up to ir- 
relevant local counterterms by one-half the effective 
action one would obtain if one had Dirac fermions in 
the representation r. The chiral nature of the fermions 
is reflected in the imaginary part Im W[A]. In the re- 
cent topological analysis of  anomalies [12-14] one is 
interested in the variation of Im W[A] under a gauge 
transformation g(x) which can be reached continu- 
ously from the identity by some path g(x, u) with 
g(x, O) = 1 ,g(x, 1) = g(x). The answer turns out to be 
the Wess-Zumino lagrangian [ 1.5] : 

Im W[Ag] - Im W[A] = 21rO°(g-ldug+ Ag), (1) 

where Q50 is the Cern-Simons form 

1 
QO _ 1 f doTrA(odA Jr 02A2) 2 , (2) 

(2n) 32! 0 

and Ag = g-1 (A + d)g. In spite of the beauty of the 
topological arguments [12-14] which reproduce (1), 
they only provide information about three Feynman 
diagrams in four dimensions. If the theory is non-anom- 
aloes, then (1) vanishes identically. On the other 
hand, we know that higher graphs will nonetheless 
contribute to Im W[A] and this is what we want to 
compute. The answer turns out to be rather simple, 
and it is basically given by the ~invariant introduced 
by Atiyah, Patodi, and Singer in their study of the in- 
dex theorem for manifolds with boundary [16]. The 
r/-invariant is defined for any self-adjoint operator H 
by the following equivalent expressions: 

rl(S) = TrH(H2) -(S+1)/2 
o o  

1-'((1 /2) dflfl 5 Tr exp(-f l2H 2) 

= ~ sgnh IXl -s . (3) 
h 

The X are the eigenvalues of  the operator H. Eq. (3) 
makes sense for Re s large and positive, and it can be 
analytically continued to a meromorphic function in 
the complex s-plane [16]. For Dirac-like operators, 
the value of*7 at s = 0 turns out to be f'mite. Our claim 
is that if we consider an interpolating path between 
some fiducial configuration A 0 and our configuration 
A, A t - oo < t < oo and define the five-dimensional 
Dirac operator 

H = i5' 5 ~[~t + ~(At) ,  (4) 

then 

Im(W[A] - W[A0] ) = nn(0) - Q°5(At). (5) 

(Q5 will be defined more explicitly below.) If the 
theory is anomaly-free, the Q-term drops out, and 
Im W[A] is fully given by 7/(0). As a simple consis- 
tency check, we should verify that 7/(0) vanishes for 
real representations of  fermions. That this is true fol- 
lows from the fact that for real representations A* = 
S-1AS (A is antihermitian), and that the 5,-matrices 
are unique up to unitary transformations. If  • is an 
eigenfunction of H with eigenvalue h, then ~ '  = 
B-1S -1~* (B is essentially the charge conjugation 
matrix), has eigenvalue -X.  Consequently r/(s) = 0 for 
any s. 

We deffme the fermion determinant for a single 
Weyl fermion along the lines of ref. [13] through the 
operator 

I) = is'u(~ u + AuP.),  e± = (1 + 3,5)/2. (6) 

We regulate W[A ] by means of two Pauli-Villars (PV) 
fields (the same result is obtained using ~'-function re- 
gularization, but the arguments are a bit more involv- 
ed). Choosing suitable PV coefficients, the free propa- 
gator becomes 

SM(P) = Q~/p2)M2/(p2 +M2) ,  (7) 

thus regulating both the real and imaginary parts of 
W[A]. I fS  M denotes the regulated propagator, the 

178 

Where At(x) interpolates from A0(x) at t= -∞, to A(x) at t= +∞

�[A]� �[A0] = ⇡⌘[H]
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H:

At:

η: Tr ✏(H)

Anomalous  
theory:

interpolating field in 5th dimension (t) 

additional contribution to φ from 5d  
Chern-Simons operator for At

…this all looks sort of familiar from the discussion  
of the overlap operator!

Hold onto that thought!
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1. Decouple them by breaking gauge  
symmetry and giving them a mass;  
restore gauge symmetry in continuum limit

M. Golterman, Y. Shamir, Phys. Rev. D70, 094506 (2004)

Gauge fix 
Give mass to mirrors 
Try to tune toward continuum

This has been worked out in  
perturbation theory

Excellent physicists…nice work…ugly theory
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Old: E. Eichten, J. Preskill, Nucl. Phys. B268 (1986) 179 

Recent: M. DeMarco, X.-G. Wen, arXiv:1706.04648 

Current:  D. Schaich, S. Catterall, “Phases of a strongly coupled four fermion theory”, 
arXiv:1710.08137

Very nice idea…but will dynamics cooperate? 
How does theory fail when anomalous? 
Popular in the CM community 
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3. Hide the mirror fermions around us 
without making them heavy

…the subject of the rest of this talk, 
motivated by DWF/overlap

M. Grabowska, DBK  
Phys. Rev. Lett. 116 (2016) 211602 
Phys. Rev. D94 (2016), 114504

Why domain wall fermions? 

★Must explain why anomalous gauge symmetries fail to have a 
continuum limit 

★Domain wall fermions “know” about anomalies via bulk Chern-
Simons currents 

★η-invariant makes extra dimension look natural…with 5d-dependent 
gauge fields
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LH 

RH ➠

➠

X

What is special with DWF when the chiral 
zero modes at the two walls have 
independently canceling gauge anomalies? 

There is no charged Chern Simons 
current in the bulk

Aside: In condensed matter systems -  
Kane-Mele model for Quantum Spin Hall Effect (2004)

★  Charge +1 and -1 chiral fermions at each wall, or charge +1 Dirac

★  No charged bulk U(1) current (conventional Hall current)

★  There is a bulk U(1)A current (“Spin Hall Current”)
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Simplest example(s): have a Dirac fermion live at each surface

Two ways to achieve? 
• 2 5d fermions Ψ with same charge q, but opposite sign mass ±Λ 
• 2 5d fermions Ψ with opposite charges ±q but same sign mass Λ 

This is exactly the Kane-Mele model for QSHE
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Can’t	we	just	“cut	away”	the	RH	fermions	
and	keep	the	LH	ones??		

No:	RH	fermions	appear	at	the	new	
boundary

Can	we	just	localize	the	gauge	fields	near	
the	LH	fermions?	

No:	The	5d	kine:c	term	allows	fermions	to	
“hop”	in	the	extra	dimension;	localizing	the	
gauge	field	would	explicitly	(or	
spontaneously)	break	gauge	symmetry.

RH 

LH 

localized 
gauge 
fields
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Proposal:  “localize” gauge fields using gradient flow

Ricci flow:

Gradient flow smooths out fields by evolving them 
classically in an extra dimension via a “heat equation”

➟
t

Dorota Grabowska, D.B.K.   
• Phys.Rev.Lett. 116 211602 (2016) [arXiv:1511.03649] 
• Phys.Rev. D94 114504 (2016) 
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Āµ(x, t)

covariant flow eq.

boundary condition

4d w
orld



D. B. Kaplan ~ ICTS Bangaluru~ 2/2/18

New proposal:  “localize” gauge fields using gradient flow
4d

 w
or

ld

➟
t

lives in 5d bulk
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Āµ(x, t)

covariant flow eq.

boundary condition

4d w
orld

lives on the LH 4d boundary of 5d world,  
along with the fermions.
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= �D⌫ F̄µ⌫

Āµ(x, 0) = Aµ(x)

Āµ(x, t)

covariant flow eq.

boundary condition

4d w
orld

lives on the LH 4d boundary of 5d world,  
along with the fermions.

Aµ(x) = Āµ(x, 0) A?
µ(x) = Āµ(x,1)

lives on the RH 4d boundary, 
along with the mirror fermions

Gradient flow smooths out fields by evolving them in extra dimension via a “heat” equation

➟
t



D. B. Kaplan ~ ICTS Bangaluru~ 2/2/18

What does gradient flow do?  
Example: U(1) gauge theory, 3d bulk, 2d boundaries

@Āµ(x, t)

@t
= �D⌫ F̄µ⌫ Āµ(x, 0) = Aµ(x)
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What does gradient flow do?  
Example: U(1) gauge theory, 3d bulk, 2d boundaries
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Solutions:  
★ Gauge degree of freedom does not flow: 

★ Physical degree of freedom damps out:
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What does gradient flow do?  
Example: U(1) gauge theory, 3d bulk, 2d boundaries

Write 2d gauge field as curl + div: Aµ ⌘ @µ! + ✏µ⌫@⌫�

★  This will allow λ(p) to be localized near t=0 while maintaining gauge invariance

★  RH wall has to be at t=∞ for this to make sense in Minkowski spacetime
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@t!̄ = 0 , @t�̄ = ⇤�̄Flow equations for ω, λ:

Evolution in t damps out high momentum modes in physical degree of freedom only

�̄(p, t) = �(p)e�p2t

!̄(x, t) = !(x)
Solutions:  
★ Gauge degree of freedom does not flow: 

★ Physical degree of freedom damps out:
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The big questions:  

★Anomaly-free representations: Can we obtain the effective 4d theory 
for the fermions, at nonzero lattice spacing & infinite extra dimension  (à 
la overlap operator)?

★Anomalous representations: Can we show this fails? 

★Do we get a chiral gauge theory plus noninteracting mirror fermions in 
the anomaly-free case? 

★Can we continue to Minkowski spacetime?

Maybe?

Yes!

No!

Great question!
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Anomalous representations: Can we show no (local) 4d EFT?  

LH 

RH ➠

➠

Yes! integrating out bulk fermions leads  
to CS operator that depends on the nasty  
nonlocal Aµ(x,t) 

Do not get a 4d (2d) field theory 

The algebraic condition for the coefficient  
of this bad operator to vanish?  

☛ Independent gauge anomaly 
cancellation of LH, RH fermions.

—
t = extra dimension
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Example: 3d ► 2d U(1) gauge theory without anomaly cancellation:

Integrating out bulk modes generates a nonlocal term:

boson modes satisfy p ≫ μ, where μ can be made arbi-
trarily small, then in the appropriate sequence of limits of
vanishing μ and infinite volume, the mirror fermions can be
made to decouple from the physical gauge field plane
waves completely. We will refer to the mirror fermions as
“fluff” because of their soft form factor [34].
Even if we decouple the fluff, we still must ask whether

the fermions in the bulk make contributions to the action
which do not look d-dimensional. Naively it would seem
that the heavy bulk fermions and Pauli-Villars fields would
decouple, only contributing local operators to the effective
action suppressed by powers of their mass Λ, but that is
incorrect; we know from the analysis of Callan and Harvey
[35] that these modes generate a Chern-Simons term when
integrated out, a marginal operator that depends on the sign
of Λ but not its magnitude. This operator in the presence of
an arbitrary ðdþ 1Þ-dimensional background gauge field
Āμ is, for ðdþ 1Þ ¼ 3 , 5,

Sbulk3 ¼ c3
Λ
jΛj

Z
½ϵðsÞ − 1&Tr

!
F̄ Ā−

1

3
Ā3

"
;

Sbulk5 ¼ c5
Λ
jΛj

Z
½ϵðsÞ − 1&

× Tr
!
F̄2 Ā −

1

2
F̄Ā3 þ 1

10
Ā5

"
; ð5Þ

where we are using p-form notation with Ā ¼ Āa
μTadxμ,

F̄ ¼ dĀþ Ā2 , μ ¼ 1;…; dþ 1, and

c2 nþ1 ¼
in

2 nþ1πnðnþ 1Þ!
; ð6Þ

and our convention for γ matrices is Trγ1 ' ' ' γ2 nþ1 ¼ ðiÞn.
We now restrict these gauge fields Āμ to the solution of
Eq. (2), with vanishing component in the dþ 1 direction, in
which case only terms that involve one derivative with
respect to s contribute to the above expression. Note that as
ð−sgnΛÞ is the chirality of the zeromode at s ¼ 0 and Ta

are generators in the same representation of the gauge
group as the zeromode, the sum of contributions to Sdþ1

will cancel under the same algebraic condition as the
vanishing of the d-dimensional gauge anomaly among
the zeromodes at s ¼ 0 .
The variation of the above operators under gauge trans-

formations are total derivatives with respect to s, and
integration over s yields the consistent anomaly on the
surfaces s ¼ 0 and s ¼ L after integration by parts, using
the fact that ∂sϵðsÞ ¼ 2½δðsÞ − δðs − LÞ&. In particular, for a
gauge transformation Ω ¼ exp iεðxÞ, we find

∂Sbulk3

∂ε ¼ ic3
Λ
jΛj

ϵμν∂μĀν

####
s¼L

s¼0

∂Sbulk5

∂ε ¼ ic5
Λ
jΛj

ϵμνρσ∂μ½̄AνĀρĀσ þ 2 Āν∂ρĀσ&
####
s¼L

s¼0

ð7Þ

which has exactly the right structure to cancel the anoma-
lies of the chiral modes at s ¼ 0 and at s ¼ (L, each with
the correct local gauge field ĀμðsÞ, which is precisely what
is needed to account for the overall gauge invariance of Δ.
The existence of the Chern-Simons operators Eq. (5) in

the effective action precludes interpreting the theory Eq. (1)
as a local d-dimensional field theory. To illustrate this
we return to the simple Uð1Þ example in d ¼ 2 given in
Eq. (4). In this case

Sbulk3 ∝
Z

d2 x
Z

ds½1 − ϵðsÞ&ϵabcĀa∂bĀc

¼ 2

Z
d2 xd2 y

!∂μ∂α

□

AαðxÞ
"
Γðx − yÞ

×
!∂μ∂β

□

ϵβγAγðyÞ
"

ð8 Þ

with ΓðrÞ ¼ ½δ2 ðrÞ − ðμ2 =4 πÞe−μ2 r2 =4&, where we used the
decomposition Eq. (3) and solutions Eq. (4). Because of
the inverse Laplacian factors, the only way we can have
the effective action behave like a local 2-dimensional
theory is if either Γ or the prefactor of S3 vanishes. If
we take the limit ξ→ 0 to turn off the gradient flow, then
μ ¼

ffiffiffiffiffiffiffiffiffiffiffi
Λ=ξL

p
→ ∞, ðμ2 =4 πÞe−μ2 r2 =4 → δ2 ðrÞ, and Γ van-

ishes. In this limit the gauge field has neither an s
component nor s dependence and so cannot contribute
to the Chern-Simons action. This is the limit in which one
recovers the conventional application of domain wall
fermions to d ¼ 2 QED: one has a local, 2-dimensional
theory of a massless Dirac fermion and vanishing Chern-
Simons action. However, in the case we are interested in
with ξ¼ 1, then Γ does not vanish in the limits μ ¼ffiffiffiffiffiffiffiffiffi
Λ=L

p
→ 0 as L → ∞, and the only way to recover an

effective action with a local 2-dimensional description is to
have the contributions of the various species of bulk
fermions to the Chern-Simons action cancel, which is
precisely equivalent to requiring the fermion representation
of the target chiral gauge theory in two dimensions to be
free of gauge anomalies. With the Chern-Simons operator
vanishing, the remaining bulk fermion contributions to the
effective action are suppressed by powers of Λ and
irrelevant. This argument holds for the construction of
chiral gauge theories in four dimensions as well.
Up to this point we have only discussed a continuum

model. There are no apparent obstacles to discretizing the
theory using an action similar to the one commonly used
for domain wall fermions [36], only with gauge fields
defined by Eq. (2). The extra dimension and the required
large volume limits will pose computational challenges, but
the biggest obstacle will likely be the sign problem that is
generic for chiral gauge theories due to the phase of the
integration measure in the continuum [37].
Topology.—Up to this point our analysis has focused on

gauge field flow to the trivial fixed point of Eq. (2), where Āμ
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“fluff” because of their soft form factor [34].
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action suppressed by powers of their mass Λ, but that is
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[35] that these modes generate a Chern-Simons term when
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and our convention for γ matrices is Trγ1 ' ' ' γ2 nþ1 ¼ ðiÞn.
We now restrict these gauge fields Āμ to the solution of
Eq. (2), with vanishing component in the dþ 1 direction, in
which case only terms that involve one derivative with
respect to s contribute to the above expression. Note that as
ð−sgnΛÞ is the chirality of the zeromode at s ¼ 0 and Ta

are generators in the same representation of the gauge
group as the zeromode, the sum of contributions to Sdþ1

will cancel under the same algebraic condition as the
vanishing of the d-dimensional gauge anomaly among
the zeromodes at s ¼ 0 .
The variation of the above operators under gauge trans-

formations are total derivatives with respect to s, and
integration over s yields the consistent anomaly on the
surfaces s ¼ 0 and s ¼ L after integration by parts, using
the fact that ∂sϵðsÞ ¼ 2½δðsÞ − δðs − LÞ&. In particular, for a
gauge transformation Ω ¼ exp iεðxÞ, we find
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which has exactly the right structure to cancel the anoma-
lies of the chiral modes at s ¼ 0 and at s ¼ (L, each with
the correct local gauge field ĀμðsÞ, which is precisely what
is needed to account for the overall gauge invariance of Δ.
The existence of the Chern-Simons operators Eq. (5) in

the effective action precludes interpreting the theory Eq. (1)
as a local d-dimensional field theory. To illustrate this
we return to the simple Uð1Þ example in d ¼ 2 given in
Eq. (4). In this case
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with ΓðrÞ ¼ ½δ2 ðrÞ − ðμ2 =4 πÞe−μ2 r2 =4&, where we used the
decomposition Eq. (3) and solutions Eq. (4). Because of
the inverse Laplacian factors, the only way we can have
the effective action behave like a local 2-dimensional
theory is if either Γ or the prefactor of S3 vanishes. If
we take the limit ξ→ 0 to turn off the gradient flow, then
μ ¼

ffiffiffiffiffiffiffiffiffiffiffi
Λ=ξL

p
→ ∞, ðμ2 =4 πÞe−μ2 r2 =4 → δ2 ðrÞ, and Γ van-

ishes. In this limit the gauge field has neither an s
component nor s dependence and so cannot contribute
to the Chern-Simons action. This is the limit in which one
recovers the conventional application of domain wall
fermions to d ¼ 2 QED: one has a local, 2-dimensional
theory of a massless Dirac fermion and vanishing Chern-
Simons action. However, in the case we are interested in
with ξ¼ 1, then Γ does not vanish in the limits μ ¼ffiffiffiffiffiffiffiffiffi
Λ=L

p
→ 0 as L → ∞, and the only way to recover an

effective action with a local 2-dimensional description is to
have the contributions of the various species of bulk
fermions to the Chern-Simons action cancel, which is
precisely equivalent to requiring the fermion representation
of the target chiral gauge theory in two dimensions to be
free of gauge anomalies. With the Chern-Simons operator
vanishing, the remaining bulk fermion contributions to the
effective action are suppressed by powers of Λ and
irrelevant. This argument holds for the construction of
chiral gauge theories in four dimensions as well.
Up to this point we have only discussed a continuum

model. There are no apparent obstacles to discretizing the
theory using an action similar to the one commonly used
for domain wall fermions [36], only with gauge fields
defined by Eq. (2). The extra dimension and the required
large volume limits will pose computational challenges, but
the biggest obstacle will likely be the sign problem that is
generic for chiral gauge theories due to the phase of the
integration measure in the continuum [37].
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3d gauge  

fields

2d gauge  
fields

µ =
p

⇤/L3

Not a local 4d theory
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If gauge anomalies cancel:  

Can we get (chiral gauge theory) + (free, non-interacting mirror 
fermions) with an infinite extra dimension? No!

★ Gradient flow doesn’t damp out instantons, which can induce 
interactions between matter & mirrors😳

➟
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@Āµ(x, t)

@t
= �D⌫ F̄µ⌫

Exact	solu.ons	to	Euclidian	eqs	of	mo.on	don’t	flow
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Exact	solu.ons	to	Euclidian	eqs	of	mo.on	don’t	flow

For each winding number ν there are an infinite number of exact  
solutions with ν instantons arranged in different locations…

…but not for ν+n instantons plus n anti-instantons.

Expect these to be attractive fixed points of gradient flow
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quarks see ν instantons + 
ν* anti-instantons in 

our world…

MaBer-fluff	interacFons?
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Fluff quarks only see 
(ν-ν*) instantons in 

the mirror world 

quarks see ν instantons + 
ν* anti-instantons in 

our world…

MaBer-fluff	interacFons?



D. B. Kaplan ~ ICTS Bangaluru~ 2/2/18

A	crude	calculaFon	(e.g.,	guess!):		
when	maBer	sees	10001	instantons	and	10000	anF-instantons,	the	
one	instanton	that	fluff	sees	is	not	spa.ally	correlated	with	them.
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Z
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A	crude	calculaFon	(e.g.,	guess!):		
when	maBer	sees	10001	instantons	and	10000	anF-instantons,	the	
one	instanton	that	fluff	sees	is	not	spa.ally	correlated	with	them.

AcFon	induced	by	instantons:

S = ln

" 1X

n=0

 
nX

n̄=0

O
n
Ō

n̄

n!n̄!
F

n�n̄ +
1X

n̄=n+1

O
n
Ō

n̄

n!n̄!
F̄

n̄�n

!#

= ⇤8�6Nf

Z
d4x det q̄LqR(x)

Z
d4y

V
det '̄L'R(y) + h.c.+ ...
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fluff

’t Hooft operators:
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= ⇤8�6Nf

Z
d4x det q̄LqR(x)

Z
d4y

V
det '̄L'R(y) + h.c.+ ...

maBer fluff

⇄
no	transfer	of	energy	or	momentum

The fluff operator looks like a conventional coupling constant for ordinary 
matter…but it is a dynamical quantum variable; reminiscent of Coleman’s 
wormholes. 

(follows	from	no-spaFal-correlaFons	guess)
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= ⇤8�6Nf

Z
d4x det q̄LqR(x)

Z
d4y

V
det '̄L'R(y) + h.c.+ ...

maBer fluff

⇄
no	transfer	of	energy	or	momentum

The fluff operator looks like a conventional coupling constant for ordinary 
matter…but it is a dynamical quantum variable; reminiscent of Coleman’s 
wormholes. 

Does this make sense? Does it even have correct volume 
scaling?? Can this be simulated for a vector gauge theory?

(follows	from	no-spaFal-correlaFons	guess)
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These strangely interacting mirror fermions get a name: Fluff

flqua
rks?

What	happens	with	colored	fluff	in	SM?

(fluff	partners	of	SM	quarks)

Does	it	confine?	Interact	with	quarks?

Is massless colored fluff a solution to the strong CP problem??
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Is colored fluff confined?

Confinement is thought to be due to (color) magnetic disorder
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Is colored fluff confined?

Confinement is thought to be due to (color) magnetic disorder

Toy model for confinement of ordinary quarks:  

Consider a random (abelian) magnetic field Bz = b(x,y) and a Wilson loop  
in x-y plane

where

1

I. NOTE ABOUT FLUFF CONFINEMENT

A. Confinement with unflowed U(1)

1. Magnetic disorder

Consider a Wilson loop in the {x1, x2} plane with a Gaussian random B = b(x)ŝ field with Fourier transform

b(x) =

Z
d2p

(2⇡)2
eip·x b̃(p) , (1)

where the expectation value of a function F [b̃(p)] is given by the path integral
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where A is the area of the surface S. Thus we see an area law in units of ��2.
The interpretation of the Wilson loop is that hWCi ⇠ e�E(L)T where LT = A and E(L) is the interaction energy

of a particle/anti-particle pair of infinitely massive quarks pulled apart a distance L, and so the area law eq. (5) gives
E(L) ⇠ �2L. We will interpret
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For flu↵ we want to compute the expectation of the Wilson loop using the flowed field. I take the flowed B field to
be B̄ = �(x, s)ŝ where �(x, s) has Fourier transform �̃(p, s) and we have the boundary conditions
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Is colored fluff confined?
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Same toy model for colored fluff:  

At extra dimension coordinate s,  random magnetic field has flowed to 

2

Then the Wilson loop at s is

W̄C(s) = Pei
H
C Ā·d` = ei

R
S d2x �(x,s) = e

i
R d2p

(2⇡)2
�̃(p,s)g(p)

(8)

For the flow we have

⇤@sĀµ = @⌫ F̄⌫µ . (9)

Thus for the field configuration with just a nonzero B3 we have

⇤@sĀ1 = @2F̄21 , @sĀ2 = @1F̄12 (10)

which on di↵erentiating gives

⇤@sF̄12 = (@2
1 + @2

2)F̄12 , (11)

or

�̃(p, s) = b̃(p)e�p2s/⇤ . (12)

Thus we find at the mirror wall at s = L, with µ2 ⌘ ⇤/L as in our paper,

W̄C(L) = e
i
R d2p

(2⇡)2
b̃(p)g(p)e�p2/µ2

(13)

so that the only di↵erence between WC and W̄c is the substitution g(p) ! g(p)e�p2/µ2

.
It follows that

hW̄C(L)i = e
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2�
2 R d2p

(2⇡)2
|g(p)|2e�2p2/µ2

= e
� 1

2�
2 R d2p

(2⇡)2

R
S d2x

R
S d2x0e�ip·(x�x0)e�2p2/µ2

= e
� 1

2�
2 R

S d2x
R
S d2x0

h
µ2

8⇡ e�
1
8
(x�x0)2µ2i

(14)

Assume that the curve C is a `⇥ t rectangle. Then there are three scenarios of interest:

Z

S
d2x

Z

S
d2x0 µ

2

8⇡
e�

1
8 (x�x0)2µ2

!

8
>>>>>><

>>>>>>:

R
S d2x

R
S d2x0�2(x� x0) = `t, `µ ! 1, tµ ! 1

R
S d2x

R
S d2x0 µ2

8⇡ = (`t)2 µ2

8⇡ , `µ ! 0, tµ ! 0

R
S d2x

R
S d2x0 µp

8⇡
�(t1 � t01) =

µp
8⇡

`2t, `µ ! 0, tµ ! 1

(15)

C. Discussion

The three cases ineq. (15) correspond to:

1. If the loop is large compared to the flu↵ scale in every dimension, then we get conventional scaling for the Wilson
loop and there is no sign of the e↵ects of the flu�ness;

2. If the loop is smaller than the flu↵ scale in every dimension, then the scaling law is weakly area2 set by the
energy scale

p
µ⇤qcd;

3. If ` ⌧ µ�1 but t � µ�1 we are testing for the static energy of a flu↵ anti-flu↵ pair separated by a distance

` less than the flu↵ scale, and we find an energy E(`) =
µ⇤2

qcdp
8⇡

`2, so it looks like a harmonic oscillator with

spring constant k = µ⇤2
qcd. The separation that would result in energy E(`?) = ⇤qcd is `? =

p
8⇡/(µ⇤qcd). For

example, if we had ⇤qcd = 1 GeV and µ = 10�3 eV, then `? ' 1nm ' (200 eV)�1.

If there were flu↵ quarks with masses like ordinary quarks, with µ ⌧ ⇤qcd the flu↵ meson spectrum would look like
that of a 3d nonrelativistic SHO spectrum:

En ⇠ 2m+ n
q

µ⇤2
qcd/m . (16)

s is the extra  
dimension

form factor  
due to flow

Average over random b, and find 

★ Area law (confinement) if  quarks are separated by distance 

★Perimeter law (deconfinement) for smaller r. 

★As L5 becomes infinite, no confinement 

Λ sets speed of gradient flow

separation  
between  
domain walls

r �
r

L5

⇤
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 ★Dχ has the desired long wavelength expansion

D� =

✓
0 �µDµ(A)

�̄µDµ(A?) 0

◆
+O(a)

…LH chiral fermion that sees gauge field A  
+ RH chiral fermion that sees the flow fix point gauge field A★

★ Dχ obeys the Ginsparg-Wilson eq, correctly accounts for anomalies 
of global chiral symmetries 

Good features: 

★ Ambiguities in index theorem due to abrupt flow from A to A★ 
★ Ambiguities from flow of ν on the lattice

Bad feature:
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Eχ ¼ lim
L→∞

EðLÞ
χ ;

EðLÞ
χ ¼ 1−

Q
sTðsÞ

1þ
Q

sTðsÞ
¼ tanh

!
L
2
log

"Y
s
TðsÞ

#1
L
$
; ð25Þ

and the logarithm is well defined as TðsÞ is positive. If one
regards the logarithm in the above expression as a sort
of averaged Hamiltonian with finite eigenvalues in the
large L limit then E2

χ ¼ 1, which ensures that D χ obeys the
Ginsparg-Wilson equation. This is analogous to the vector
case where EV ¼ ϵðH Þ.
To allow for explicit analysis we consider the special case

shown in the right panel of Fig 1. The flow time τðsÞ in
Eq. (7) is a function of s such that the gauge field A remains
roughly constant over a region of OðLÞ near the s ¼ 0
boundary, then makes a quick transition to the fixed point
gauge fieldA⋆, which remains roughly constant over a region
of size OðLÞ near the s ¼ L surface. There are potential
problems with this simplification which we will address
below. The simplification allows us to construct the corre-
sponding chiral overlap operator D̂χ by simply replacing

TL → TL=2
⋆ TL=2 ð26Þ

in Eq. (19) before taking the L → ∞ limit. The transfer
matrices T and T⋆ correspond to Hamiltonians with gauge
fields A and A⋆ respectively. Therefore we have

D̂χ ¼ ð1þ γ5ÊχÞ; ð27Þ

where the hats on D̂χ and Êχ signify the assumption of an
abrupt transition from A to A⋆, distinguishing them from the
more general formulas of Eqs. (24) and (25).We see that Êχ is
defined as the limit

Êχ ¼ lim
L→∞

ÊðLÞ
χ ¼ lim

L→∞

"
1−TL=2

⋆ TL=2

1þ TL=2
⋆ TL=2

#
: ð28 Þ

The matrix TL=2
⋆ TL=2 in the above expression has positive

definite real eigenvalues, being the product of two positive
definite Hermitian matrices. Thus the eigenvalues of the
matrix ÊðLÞ

χ are bounded to lie in the interval ð−1; 1Þ. Since
the eigenvalues of both TL=2

⋆ and TL=2 become either zero or
infinite in the infinite L limit, the eigenvalues of TL=2

⋆ TL=2

will also become either zero or infinite in this limit except at
possible exceptional gauge field configurations for which the
spectra of H and H ⋆ are related. This implies that the
eigenvalues of Êχ will equal %1. As an example of how this
conclusion could fail, suppose there exists a vector ψ
satisfying Hψ ¼ −H ⋆ψ ¼ Eψ ; in this case Êχ has a zero
eigenvalue. This will not happen for generic gauge fields, nor
will it occur in perturbation theory.
A more useful form for Êχ can be found by making use of

the limits

lim
L→∞

1−TL

1þ TL ¼ ϵ; lim
L→∞

1−TL⋆
1þ TL⋆

¼ ϵ⋆; ð29Þ

where

ϵ≡ ϵðH ½A'Þ; ϵ⋆ ≡ ϵðH ½A⋆'Þ; ð30Þ

and H is the Wilson Hamiltonian in Eq. (13). By manipu-
lating the matrices carefully at finite L before taking the
L → ∞ limit we arrive a central result of this paper,

Êχ ¼
h
1−ð1−ϵ⋆Þ

1

1þ ϵϵ⋆
ð1−ϵÞ

i
; ð31Þ

with chiral overlap operator D̂χ ¼ 1þ γ5Êχ.
The above expression requires some care in its interpre-

tation since the denominator ð1þ ϵϵ⋆Þ can have zero
eigenvalues. In fact, as we show in Appendix A, the
denominator has zero eigenvalues whenever gradient flow
destroys topology. However, the numerator also vanishes in
this case and soEq. (31) is consistentwith the boundwehave
placed on the eigenvalues of Êχ . We return to this case in the
next section but first we exhibit the key properties of D̂χ for
the case ν ¼ ν⋆, where ν and ν⋆ are integers defined as

ν≡ 1

2
Trϵ; ν⋆ ≡ 1

2
Trϵ⋆; ð32Þ

and both ϵ and ϵ⋆ have even dimension. In the continuum
limit, ν and ν⋆ can be identified as thewinding number in the
gauge fields A, A⋆ respectively. For the case ν ¼ ν⋆ that we
are considering here, 1þ ϵϵ⋆ is generically invertible and Êχ

well defined.

A. The continuum limit of D̂χ

In order for D̂χ to be the Euclidean fermion operator for
Weyl fermions, it must have the expected continuum limit,
i.e. the negative and positive chirality Weyl fermions must
decouple. The continuum limit should be as given in
Eq. (6). The operator ϵðH Þ has the continuum expansion

ϵ ¼ γ5ð−1þ D ðAÞ þ O ðaÞÞ;
ϵ⋆ ¼ γ5ð−1þ D ðA⋆Þ þ OðaÞÞ; ð33Þ

where we have set m ¼ 1. For the vector theory this
expansion leads to the continuum limit

DV ¼ D þ OðaÞ; ð34Þ

the proper normalization occurs because with m ¼ 1, the
zeromodes are completely confined to the four-dimensional
surfaces at s ¼ 0 and s ¼ L to leading order in perturbation
theory. Performing the same expansion for D̂χ in Eq. (31)
we find
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Expect: 

While Eq. (41) is not particularly useful for deriving D̂χ , the
cyclic arrangement of the four jΩnihΩnj factors in the
numerator—which follows from the compact nature of
the fifth dimension in the domain wall formulation—makes
this expression for the chiral partition function both
manifestly complex and independent of any phase con-
vention for the ground states jΩni. This is to be contrasted
with earlier attempts to define the chiral determinant on a
noncompact fifth dimension [9,22] which suffered the same
phase ambiguity encountered in defining the chiral fermion
determinant in the four-dimensional continuum, namely
that the right and left Hilbert spaces are subject to
independent phase conventions.

V. THE INDEX OF THE CHIRAL
OVERLAP OPERATOR

The Uð1ÞA anomaly for the vector overlap operator can
be expressed by the index theorem

−
1

2
Trγ5DV ¼ −ν ¼ ðNþ − N−Þ; ð42Þ

where N% are the number of exact zeromodes of DV and ν
is defined in Eq. (32). Only the fact that DV satisfies the
GW equation is required to prove this relation [8]. In the
continuum limit and for smooth gauge fields, the integer ν
as calculated from ϵ can be equated to the usual topological
winding number of the gauge fields, proportional toR
TrF ~F. In this case Eq. (42) coincides with the continuum

index theorem for a Dirac fermion [49–51].
To understand what to expect for the index equation

for Dχ analogous to Eq. (42) we first consider the
continuum operator, Eq. (6). From the properties of the
Dirac operator in a background gauge field A with winding
number ν, we know that there are 1

2 ðjνjþ νÞ normalizable
two-component solutions to the differential equation

D μðAÞσμϕ ¼ 0; ð43Þ

and 1
2 ðjνj − νÞ normalizable solutions to

ðD μðAÞÞ†σμϕ ¼ 0: ð44Þ

Here we are ignoring “accidental zeromode” solutions for
special gauge field which are not mandated by topology.
Analogous equations hold substituting A → A⋆ and
ν → ν⋆. Since σ̄μ ¼ σ†μ if follows that Dχ in Eq. (6) has
n% right zeromodes with chirality %1 and n̄% left zerom-
odes with chirality %1, where

nþ ¼ jν⋆j − ν⋆
2

; n− ¼ jνjþ ν
2

;

n̄þ ¼ jνj − ν
2

; n̄− ¼ jν⋆jþ ν⋆
2

; ð45Þ

giving rise to nonzero matrix elements of the generic form

hψ̄ n̄−
R ψ̄ n̄þ

L ψnþ
R ψn−

L i ð46Þ

which violates the chiral charge by

ΔQ5 ¼ −

 

ðn− − n̄þÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
ν

þ ðn̄− − nþÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
ν⋆

!

¼ −ðνþ ν⋆Þ: ð47 Þ

Thus we expect the analogue to Eq. (42) for the chiral
operator should be

−Trγ5Dχ ¼ −ðνþ ν⋆Þ ¼ 2ðNþ − N−Þ; ð48Þ

where

n− ¼ n̄− ¼ N−; nþ ¼ n̄þ ¼ Nþ: ð49Þ

We now compute the lattice version of Eq. (48) directly
from our expression for D̂χ, understood as the limit in
Eq. (28). Since D̂χ obeys the GWequation, it too obeys the
chiral anomaly equation

−Trγ5D̂χ ¼ −TrÊχ ¼ 2ðNþ − N−Þ; ð50Þ

with

Êχ ¼
"
1 − ð1 − ϵ⋆Þ

1

1þ ϵϵ⋆
ð1 − ϵÞ

#
: ð51Þ

What remains to do, then, is to show that TrÊχ ¼ ðνþ ν⋆Þ.
This is easy to do for the case of topology preserving flow,
where ν ¼ ν⋆. As discussed in Appendix A, for this case
ð1þ ϵϵ⋆Þ is invertible and the trace can be trivially
computed using the form in Eq. (38) with the desired
result that

TrÊχ ¼ 2ν for ν ¼ ν⋆: ð52Þ

For unconstrained ν and ν⋆, relevant for when the lattice
gradient flow equation causes topology to vanish, the
analysis is more complicated since ð1þ ϵϵ⋆Þ is no longer
invertible and Êχ must be defined as the limit in Eq. (28). In
Eq. (B8) this trace is computed with the result

TrÊχ ¼ ðνþ ν⋆Þ þ
Xjν−ν⋆j

i¼1

ξi; ξi ¼ %1: ð53Þ

In the above expression the first term is the contribution
from eigenstates of U ¼ ϵϵ⋆ with eigenvalue þ1, and the
second term is the contribution from eigenstates of U with
eigenvalue −1. This second term vanishes when the flow
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Êχ ¼
"
1 − ð1 − ϵ⋆Þ

1

1þ ϵϵ⋆
ð1 − ϵÞ

#
: ð51Þ

What remains to do, then, is to show that TrÊχ ¼ ðνþ ν⋆Þ.
This is easy to do for the case of topology preserving flow,
where ν ¼ ν⋆. As discussed in Appendix A, for this case
ð1þ ϵϵ⋆Þ is invertible and the trace can be trivially
computed using the form in Eq. (38) with the desired
result that

TrÊχ ¼ 2ν for ν ¼ ν⋆: ð52Þ

For unconstrained ν and ν⋆, relevant for when the lattice
gradient flow equation causes topology to vanish, the
analysis is more complicated since ð1þ ϵϵ⋆Þ is no longer
invertible and Êχ must be defined as the limit in Eq. (28). In
Eq. (B8) this trace is computed with the result
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as calculated from ϵ can be equated to the usual topological
winding number of the gauge fields, proportional toR
TrF ~F. In this case Eq. (42) coincides with the continuum
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and 1
2 ðjνj − νÞ normalizable solutions to
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where
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We now compute the lattice version of Eq. (48) directly
from our expression for D̂χ, understood as the limit in
Eq. (28). Since D̂χ obeys the GWequation, it too obeys the
chiral anomaly equation
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Êχ ¼
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What remains to do, then, is to show that TrÊχ ¼ ðνþ ν⋆Þ.
This is easy to do for the case of topology preserving flow,
where ν ¼ ν⋆. As discussed in Appendix A, for this case
ð1þ ϵϵ⋆Þ is invertible and the trace can be trivially
computed using the form in Eq. (38) with the desired
result that

TrÊχ ¼ 2ν for ν ¼ ν⋆: ð52Þ

For unconstrained ν and ν⋆, relevant for when the lattice
gradient flow equation causes topology to vanish, the
analysis is more complicated since ð1þ ϵϵ⋆Þ is no longer
invertible and Êχ must be defined as the limit in Eq. (28). In
Eq. (B8) this trace is computed with the result

TrÊχ ¼ ðνþ ν⋆Þ þ
Xjν−ν⋆j

i¼1

ξi; ξi ¼ %1: ð53Þ

In the above expression the first term is the contribution
from eigenstates of U ¼ ϵϵ⋆ with eigenvalue þ1, and the
second term is the contribution from eigenstates of U with
eigenvalue −1. This second term vanishes when the flow
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If ν = ν★ (flow preserves winding number) we get the expected result.   

If  ν ≠ ν★ (flow violates winding number) find 0/0 because (1+εε★) is not 
invertible
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★ Problem with sudden flow approximation 

A ► A★ suddenly in middle of bulk, so fermions with local 
interactions can couple simultaneously to both gauge fields… 

then the gauge invariant field (A - A★) can be generated in the 
effective theory as bulk modes are integrated out — can give rise 
to strange nonlocal interactions for matter
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A ► A★ suddenly in middle of bulk, so fermions with local 
interactions can couple simultaneously to both gauge fields… 

then the gauge invariant field (A - A★) can be generated in the 
effective theory as bulk modes are integrated out — can give rise 
to strange nonlocal interactions for matter

Would like an overlap operator for gradual flow…but do not 
know a closed form expression.
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Summary:

★ Global chiral symmetry in lattice theories is well understood, with 
lots of different suitable approaches available for different 
applications & budgets

★ Chiral gauge theory: various approaches, no canonical solution.

★ A new weird option available with unusual nonperturbative 
physics

Does fluff make sense? To-do list:

★ Need an explicit construction of correct & usable chiral overlap 
operator

★ Simulate in a vector gauge theory?

★…if that all goes well, what is the phenomenology of fluff?
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Aimed for:  
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Found: 
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Future goal: see if there exists a way for the overlap operator to more closely 

reproduce Alvarez-Gaumé et al. paper (lattice realization of the η-invariant)


