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Theoretical background

Theory of nonlinear dynamical systems

* Henri Poincaré

probably the first one to understand
how a system can be both

Deterministic & unpredictable at long term



Theoretical background

@ lorenz system [ X=o(y—x) 1
' y=-xz+px-y  x()
2=Xy-p12 l

N

The Phase Space (or State space)

a space that provides the complete solutions

x0 yo(t)



Theoretical background

Theory of nonlinear dynamical systems

* Henri Poincaré

* E.N. Lorenz-1963, 15t chaotic system
Simple systems, unpredictable at long term :
Followed by Rdssler-76, Rossler-79 .. Malasoma-2000

J-M Malasoma




Theoretical background

ﬂ Takens Theorem [ x=o(y-X) |

L (1981) VY =—X2+ px—y X(t)
F. Takens

X(t), y(t), z(t)

X0 yo(t)

Nonlinear invariants are conserved



Theoretical background

Global modeling

e multivariate %. is observed
i

()'(1=f1(X1’X2""Xn) _ b

X, = fz(XvX X )
<

2101 A

P, .
. Equations from one
%= £ (%, X0 X, ) ——> d

[ 2001 single observed variable?

J. Crutchfield

Crutchfield & McNamara (1987)


http://csc.ucdavis.edu/~chaos/

Theoretical background

Global modeling

° . . - - . VA Y
multivariate o univariate G Gouesbet
(% = - 1991
X = f,04, %, %,)  (— (% =X, Gouesbet (1991)
X, = 1tz(Xsz’"’Xn) X, =X,
<
X = f (X, %000 X, ) E—) X =F(x, X, X,)




e multivariate

X =

LN

(%, = f,(X, X000y X))
X, = f,(X, Xy,.r X, )
J

fo (%0 X %)

Theoretical background

Global modeling

. e univariate
X; IS observed

2

 —
x x3
—>

1 C. Letellier

Xp0 X,

Polynomial
approximation

F(x,X,,.., X, )=P(x, X,,.., X))

Good results for some variables of some systems / but not all ...




Theoretical background

Global modeling

C. Letellier

L. Aguirre

e multivariate

().(1 = fl(xl’XZ""Xn)
X, = fz(XvX X )

<

211 n

X =T (X, X,y X )

LMn n

Letellier & Aguirre (2001)



Theoretical background

Global modeling

C. Letellier

L. Aguirre

e multivariate

Letellier & Aguirre (2001)

Lie derivatives
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Theoretical background

Global modeling technique

* Empirical approach
Few a priori knowledge required
Directly applies to time series

* Well adapted to low-dimensional systems

Can bring strong argument for determinism
All the conditions and properties of chaos in a consistent fashion

* Strong and rich theoretical background

Global solutions
Theory of nonlinear dynamical systems
(Poincaré’s work, Takens’ Theorem, topology of chaos, etc.)

H. Poincaré



Tools

Algorithmic tools R-packages

PoMoS GloMo

Regressors choice Modelingn1 % |Display n1_1 % |Displayn1 2 %

Regressors (6/6):
General parameters 0 (6/6)
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;A ct

Graph o Rngressars chac Modelin 2 &

Regrer = Regressonoetoene
. B 3 Show anly a
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100 4 X2
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[¥] x172

Nonbes ofregressors 16 [ Oraw
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200e

L. Drapeau M. Huc
Ing. IRD Ing. CNRS R. Coudret F. LeJean M. Chassan

Mod
forced convergence

Mangiarotti et al.
Phys. Rev. E (2012)




Examples

GPoM platform, the potential of the approach

Rdssler-y

Unstable periodic

Original system orbits (e.g. period 1)
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A
Letellier, Mangiarotti & Aguirre (under revision)
Letellier et al., Entropie 1997

O. Rassler



Examples

GPoM platform, the potential of the approach

Rdssler-y

Unstable periodic
orbits (e.g. period 1)

Global model

Original system

/ N\
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A
Letellier, Mangiarotti & Aguirre (under revision)
Letellier et al., Entropie 1997

A

O. Rassler




Univariate analysis

Global modeling
applied to real observations univariate

Aguirre et al. 2008

NARMA
- sun * sunspot cycles
- epidemiology « whooping caugh NARMA__, Boudjema et Cazelles 2001
- ecological * Canadian lynx
ODE
- agricultural * cereal crops Magquet et al. 2007
&
a o 6\
- climatic * snow cycles

Mangiarotti et al.
2011 RNL; 2014 Chaos

0
.. systems X\

Mangiarotti 2014 HDR




Univariate analysis — Cereal Crops

Normalized Difference Vegetation Index

NDV| = Prir — Pr NDVI map (Morocco, February 2000)

Prir T Pr
NDVI

Lat (°N)

8x8 km?
10-day sampling

Time series (North Morocco)
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data

model

Univariate analysis — Cereal Crops

A global model for cereal crops
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-1.5

1.5
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« Complex structure
« Very few previous cases

(@f BN « Never directly obtained from data
il i il
WS )
NS, A
S22 _ ) ) D,, =2.68>>2
Poincare
0.30 040 050 060 section
Il = U
h, = 48 days

030 040 050 060

X; Lorenz-84 Wieczorek 1999 Chlouverakis 2002



Univariate analysis — Snow

Snow surface cycles

Snow surface estimated from satellite (NDSI) S. Gascoin
» daily MODIS product used: MOD10A1 %
» missing alues are interpolated (in time and space) & ;\ o
(Gascoin et al. HESS 2015) &. '
L. Drapeau
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Univariate analysis — Snow

Snow surface cycles

Original data (2000-2012) Global Models
Phase portraits 8 -
Pyrenees 3 ¢ =
h A T T 1T 11
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Univariate analysis — Soil Evaporative Efficiency

Autres analyses univariées

9
« Soil Evaporative Efficiency

(thése Vivien Stephan, Dir. O. Merlin)

Original data 4D Global Model
(from TEC model)

-04 -02 00 02 04




Univariate analysis — karstic springs

Autres analyses univariées

le Doubs

Original
data &
A T '\'T"/l//\
0 4000 10000
Global  ° %
models ; 7|
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* The discharge of karstic springs (in France)

data HYDRO (http ://www.hydro.eaufrance.fr/)



Multivariate analysis

Global modeling
applied to real observations multivariate

Letellier et al. 2013

&P‘W
- biomedical * human breath g
7 1"‘" “ .
- eco-epidemiology * bubonic plague ODE [ i Mangiarotti 2015
(1896-1911) — s

* Ebola Virus Disease

(2014-2016)
O.\
-
%)/“ Huc & Mangiarotti 2016
- 1976



Multivariate analysis

Projet MoMu
2015-2016

(AO LEFE-Manu)

Multivariate global modeling

X, = 31(X1’X21X3)
1 Xy = 32(X1’X21X3)

X3 = 33(X1’X2’X3)




Multivariate analysis

Prevalence of plague (in percent) 1906-07

-
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Nov Dec Jan. Feb. MN»‘. May June July Aug. Sept. Oct.

~—

Reproduced from
« Report on Plague investigations in India »

-  Human plague J. of Hygienne 8(2) 1908

----- Plague in M. decumanus

----- Plague in M. rattus
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Multivariate analysis

Plague death per half-month

1907 1908 1909 1910 1911 1912

Number of captured infected M. Decumanus

o
)

1907 1908 1909 1910 1911 1912

Number of captured infected M. Rattus

Original data from The Advisory Committee
“Reports on plague investigation in India”, J. Hyg. 12 (1912).



Multivariate analysis
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N\

(x=a z2(y-az)-a,X
y= b1y2_b2 Xy

2= ¢z’ +c,y-c,xz + ¢, X(y- )

Mangiarotti CSFrac 2015

Multivariate analysis

e Multivariate ODE directly obtained
from observed time series

e All the terms could be interpreted

. ‘ A good tool for coupling detection




Aggregated signal

Phase AVHRR data (8km, aggr. 100km)
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Safi province (Morocco)
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Aggregated signal

Phase AVHRR data (8km, aggr. 100km)
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Safi province (Morocco)

What can be the effect of aggregation?



Analytical point of vue

(de _
a - YT ~<
Q% =g+ ay
| Z=b+z(z—¢)

Rdssler-y

O. Rdassler




Analytical point of vue

Cross portrait
synchro.-y

full

Rdssler-y .
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~_Scale behavior

Analytical point of vue

Cross portrait
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Analytical point of vue

synchro.-y Cross portrait
in phase :: ﬂ

Rossler-y p

K zﬂk Y locally
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Analytical point of vue

synchro.-y $
in phase ﬂ
Rdssler-y

aggregation

?

Sk (i =—yr — 2k

Uk = Tp + ﬂkyk

ik = b+ zp(xp — )
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Analytical point of vue

=
ot ol 02l

synchro.-y $
in phase ﬂ
Rdssler-y

aggregation r=—y—2z
? — y=x+ay

. :‘—l—z@r—c]
$

S i — e — . :
kK | Tk = —Yk — 2k —> décalage dans le diagramme

Yp =Tk + akyk de bifurcation

ik = b+ zp(xp — )

—> seuls les invariants topologiques
peuvent étre conserves



rI=-y—=z

2 =li-ita

: @+ ()= -
$

S . — o , :
k { Th = —Yk — %k —> décalage dans le diagramme

Yp =Tk + akyk de bifurcation

ik = b+ zp(xp — )
—> seuls les invariants topologiques
peuvent étre conserves
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Analytical point of vue

Canonical
form

synchro.
in phase

[35Y

N

n

(X, =X
I X = X,
kX F

F(X,};._ Z) = (poo + Zi+j+:’c:l (l'@'j;gXi};jZk + Z2§i+j+k£q (liiji}ijk



__Scalebehavior

Analytical point of vue

Canonical

synchro.
in phase
aggregation ( X=Y
% Y =27
X Z = 20000 + D itith=1 ai'j"’Xi.Y%Zk
+(1 — 1’2) Zz’—l—j+k:2 &iijz}szfc + ...
Sk ( Xl — X2 +(1 — If'n) Zi+j+k:-n m;i-ijI*Yj? Z:' +
IX, =X, (L =) 2y jphmg @igh XY 2T,
\Xn = F X]_! X2"'l Xn) Wlth Vy = 21:21 1‘131/(1 _|_ 3)?1

F(X.Y.Z) = agoo + zi+j+r’c:l kXY Z* + Z2£i+3’+k£q ik XY z*



Canonical

synchro. :
in phase ﬂ

aggregation

—>
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(X, =X
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j F

n

(X =Y
Y =7

Z = 2&'0@[} + Zi—l—j—l—k:l (IiijE:}fj:Zk
(1= v2) X4y pmg ik X YT ZF +
+(1 =) Zi+j+k=-n XYY ZF+ ..

‘|—(1 — pq) Zz'—l—j+k=q Hiiji}ijk.

with Vn = 21:21 rtgi/(l T S)H

F(X,};._ Z) = (poo + zi+j+r’c:l (l'@'j;gXi};jZk + z2§i+j+k£q (liiji}ijk
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Topology of chaos
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X;

To understand the dynamics of a chaotic system, it requires
to understand the organisation of the flow in the phase space

» TOPOLOGY OF CHAOS
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Poincaré section
with color tracer

Back direction < > Forth direction

e tn-l e tn e tn+1
wE i :"‘:‘!
-+ - ‘f‘ ‘.‘ = - -+ - ‘f‘ 1.‘
:- H Kol o g :- H E Pl "
: ’:‘i % A
§ z - TR A R 8
. :_‘.‘.:: . .i_‘ &‘{‘ }%-
™ o oo .t:‘ “ & 4 ‘ &
y .-,,:-‘,g': Y A S, NS
L] A‘It'. \ ;
: RSN »
a‘l:a £y -,

0.0 0.2 0.4 06 0.8 1.0 12 0.0 0.2 0.4 06 0.8 1.0 12 0.0 0.2 0.4 08 0.8 1.0 12






L

> :,
el
SR

%
R

o
"

4

e

qw.m,w‘m

2P

b
L

lﬂbﬁ&w

)
emchiy

X
JeL

& e
XX

4D—models

TN T “’:
O ET A T
Cha

AR RO

-
S
"} .v.
45T

3

-

' .
o
|

St i g

ENA

: \.5.&'3-\"_ ;
i 3 o v
(S

Wi d
A
45T

=
N

R

Cereal crops (Al Ismailia)
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Ebola attractor

models

4D—
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AD—models Karstic springs

Touvre
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Application to the
Henon attractor (1976) -

X
M. Hénon -~ 2
Xip1 =Y +1—aX? N
-1.0 0.0 1.0
Yip1 = bX5. X
chronique of the torsions: S
Ly | ()™ (ta)™? 3 /
{ (fZ) ’ (t:r)_2 1 - |

Mangiarotti
HDR 2014



Topological analysis for designing a suspension of the Hénon map
Mangiarotti & Letellier, Phys. Letters A 2015

Piysics Lewsers A

Caembents lists available at ScienceDirect
Physics Letters A

e elsevier.comfacateipla

Topological analysis for designing a suspension of the Hénon map

Sylvain Mangiarotti *, Christophe Letellier

@-cmsnd.

= (e o i Sporintes de i Rinphére, UPS.CNES CNES-{AL) OOserwesye Mk Fyrinées, 12 venme Edorard Betin, 37401 Toabarss Srance
™ CORIA-CIME G574 — Mo adie Dnversiod, (NS Uiy s e INSA s R, Cemyrs Uiversioine s Midrides, 7RS00 Sri Erienne by Rorwey, fronce

ARTICLE INFO ABSTRACT

Amice iy _ A suspersion of 3 map consists of the flow for which the Poincané section i that map. Designing a
Reczived 30 June 2015 suspersion of 3 Fven map Temains 3 non-trvial task in genersl The case of suspending the Hénon

Recsiwed i Pevised f0rm 16 Semember

015
Accemed 15 Oomber 2015
Avdilabie online 19 Dcvober 2015

map is here comsidered. Depending on the parameter values, the Hénon map is orientation preserving
ar reversing; it is here shown that while 2 tridimensional suspension can be obiained in the former
case, a four-dimensicral fow is required to suspend the latter. A topological characterization of the
three-dimensional suspension proposed by Starrett and Michclas for the onentation presenving area is

Communicaed by AR Fany

erformed. A template is propesed for the four-dimensional case, for which the gavering equations

Kegwords remain to be obtained.
Ohaos:
Topuiogy

& 2015 Elsevier BV. All rights reserved.

L Incroduction

The concepr of Poincard section was inmoduced by Henri
Poincare w reduce the swmbiliy analysis of periodic oM W We
analysis of 3 single poine and irs associared neighborhoad [1] 10
the concext of chaos theory, the Poincaré section is wsed in a global
sense Since this i5 3 SeT Of iNIersections of 2 chaptic Tajecmry
With it (and not only in a resmriceed neighbarhood of 3 single peri-
odic paint) tar is imvestigased. Lorenz used soch a giobal Poincarg
S2CTHN 0 describe DOW e WaRCDTy was switching from one
wing tr the ocher within the epanym amractor [2] It was later
shown thar the so-called Lorenz map resuls in fact from 2 owo-
component Poincaré sacion [2]. ROssler was ane of te very frso
IO uS2 POincard sections and their related frse-remrn map o dis-
tinguish the diferent ype of chaos he construceed [4-7]. It is now
wsed as 3 very useful swep for perfoeming a mpological analysis
of Chaotic arracmrs [8-10]. Practically, the Poincare secrion of a
Now is numernically ob@ined by collecring e inErsemons of a
UZjECIIY With 2 hal-plane. There is no analytical procedure for
EXITACTNG The POUANONS of 3 Poincard secrion associamd with a
gven flow.

The inverse procedure, Namely CONSITOCHNE 3 Maw correspond-
ing m 3 given Pincard sacrian, is even much mofe difcuit o
perform. The flow associaed with 4 given map was namead the
“suspensicn” of that map by Smale [11]. To the best of our knowl-
edge, There are only WO STIPMQES 0 provide 3 suspension of
the Hénon map. The very frst one was proposed by Mayer-Kress
and Haken [12] for parameter values for which the Henon map

* Comesponding awhor:

E-mail ke sybes mangia LT {5, Mangiari)
sk ongy 10011 6 plysbera 2005 101016
D75 9601) £ 3015 Elevier BV, All righes resenved.

is DrienIation preserving Their suspension works on e cylinger
BYx[0.1].¢ £ [0, 1] by interpolating the inital and Anal congditions
af The HEenan map. This fow Cannat, siricly speaking, be consid-
ered 35 JUENOMoUs Since the third variable i the tme isell (see
[12] far an exmended discussion of thar painr). The second arempr
was recently provided by Srarrer and Nicholas for the Hénon map
with specific parameser values [14] The second suspensian of the
Henon map was also pravided when it is arien@ton preserving:
his is 3 three-dimensional aumramous fow. SErcing from a ghab-
alizarion of e Incal @AEEAT space T suspended periodic orhirs
of the HEnon map. a three-dimensional aumnomous differential
SYSIE Was obained by 3 least square 0O the Non-aumanamous
differential aquarions assofiared with te exarm suspension. Since,
for cenain parameter values, the Hénon map can be also orien-
360N reversing [ 15], we addressed e quUestion whether it was
possible T CONSINACT 3 suspension of the HEnon map or oL

The subsequent pan of this brief repart is organized 2s follows.
Sectan 2 discusses e BXisence conditions conceming he dimen-
sionaliy of the embedding space used fof CONSITUCTING 3 SUSpen-
sion of a gven map. Section 2 is devored o the case aof the Hénon
Map. SecTion 4 Zives some conclusions.

2. Existence condirions for a Suspensiimn

AMang e CoNSUAING 3 00w muost obey, 3 pamiculary im-
POFENT OOF EUAFANEPes the underying determinismc the Trajec-
WY @ the NOW CINNOL iNG2MSect with isell. Lex us designame s
the Poincare ser the collection of incersections of the flow with 2
Poincar? saction 5. The lawer is J‘rgpelsurlace of dimension d— 1
Deing [Ansverse m e Now ¢ : B! — B¢ of e sysem sudied.
Let g (p) be thEe Unit Wecmor at time ¢ of the fow ¢ issuing from

Existence condition for a suspension
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Extraction of multi-dimensional structures

Collaboration with J.-P. Jessel at IRIT (UPS)
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Modelling platform GPoM
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