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Introduction:
bound on chaos Maldacena-Shenker-Stanford (2015)

A, < 282

h
AL : Lyapunov exponent 54(0) t/\ dq(t)
- T

T :Temperature
dq(t) ~ 6q(0) exp(ALt)

27T

Examples of the saturation of the bound Ar = —

e AdS/CFT (dual black holes)
 SYK model

- Most chaotic systems? Fast scramblers?
Signature of Quantum Gravity?



Introduction:

bound on chaos Maldacena-Shenker-Stanford (2015)

27T

AL : Lyapunov exponent

\5<J(t)
5q(0) A\—
0q(t) ~ dq(0) exp(ALt)

T :Temperature

Quantum Gravity

(Image courtesy of Wikipedia.)
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“Temperature is bounded from below in chaotic systems.”
Kurchan 2016

T™M 2018

Today'’s talk:

This relation may be interesting in semi-classical regime.



Temperature bound in chaotic system

A classical chaotic system with Ay, at T=0.
(Hamiltonian system)

Turn on quantum correction.
(semi-classical)

27T h
A, < —, T >—\
L=""h = op "k
Two possibilities:
. AL — 0
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Temperature bound in chaotic system

A classical chaotic system with Ay, at T=0.
(Hamiltonian system)

Turn on quantum correction.
(semi-classical)

h
T Z TL = —)\L
27
cf. Black hole Quantum mechanically thermal
h
Ty = ———
T 3rGM

Classical chaos becomes thermal quantum mechanically similar to BH?



Today’s topic

*  Emergence of thermal behavior in some chaotic systems may indeed
occur semi-classically.

* The bound is saturated even in integrable systems.

2T
AL = ——
L= g

*  Acoustic Hawking radiation in supersonic fermi fluid is related to this
emergent thermodynamics.



Section 1

Emergence of thermal behavior in semi-classical chaotic systems

Q)




Classical chaos and hyperbolic fixed point

Typical two ingredients of chaotic motion particle trajectory

* Hyperbolic fixed point
* Disturbance -

S

ex) damped driven pendulum motion

driven force
damping

particle trajectories in (p,q) phase space
(without damping and driven force)

N
AY,

Wiggins’s textbook

chaotic motion



Classical chaos and hyperbolic fixed point

Typical two ingredients of chaotic motion particle trajectory

* Hyperbolic fixed point

* Disturbance -
\j

SSC— U

TN Wiggins’s textbook

ex) damped driven pen

Particle motion near hyperbolic fixed point

=~ 1 dim inverse harmonic potential

\\\YEY/ i
W

here.

(=

Thermal behavior will appear around



Thermal emission from inverse harmonic potential T™M 2018

@ Particle motion in an inverse harmonic potential (classical mechanics)

> FE > 0 Go through the potential

> F < 0 Reflected by the potential

—  z(t) = V™t 4o e V/mt

(0
Lyapunov exponent )\L =4/ —
m



Thermal emission from inverse harmonic potential T™M 2018

@ Particle motion in an inverse harmonic potential (classical mechanics)

> FE > 0 Go through the potential

> F < 0 Reflected by the potential

— «
z(t) = c1e™Mt 4 cpe M A= 2

m
° ®
Quantum correction
Similar to
A
B ) Boltzmann factor
: Quantum reflection
—— l:exp(—fBLFE) (E>0) B = 1/Tg
E=o}-S070 LN = i f
L R N Quantum tunneling 11 = 2—)\1,
—> ®--> 1:exp(BLE) (E<0) i
<—e .
rat|o¢ 27T
Ar < — is saturated.

Viz) = 7353 classical : quantum h



Thermal emission from inverse harmonic potential T™M 2018

’ Particle ry\r\-l-inn in Aan inmiaren havrmaAanic nAatrAantial Inl'\qsical mechanics)
phase space

A
E .
S _E>0 1p :ntial
E=0f--- E <0
< P exp(SLE) _ tential
S N t _ [
‘/ ) AL = m
*~— exp(—GLF) °
Quantum . ' -
Similar to
A
ID . Boltzmann factor
: Quantum reflection
—> lL:exp(—=8LE) (E>0) Br:=1/Tp
E=0 <---- ® ~—> . h
Sl 7 N Quantum tunneling Ty = 2—)\1,
—> ®--> 1:exp(BLE) (£ <0) "
<—e )
rat|o¢ 27TT
A < —— is saturated.

Viz) = 7353 classical : quantum h



Thermal emission from inverse harmonic potential T 2018

@ Energy transfer: How much energy is transferred by the quantum effects
comparing with the classical motion?

°*-->

Carry negative energy E

Energy in the left region increases. Negative energy in the left decreases.
- Increase positive energy (—F)
(“hole” creation)
probability:  exp (—SLF) probability: exp (3L E) = exp (=8L(—F))

Energy |F| is transferred by the probability exp (—5L|E]).

- It can be regarded as a thermal excitation at T, = ;)\L .



Thermal emission from inverse harmonic potential TV 2018

@ Connection to two level system

Foe—>

]

excess of the energy flow
exp (—BL|E)

Analogous to the thermal excitation of a two level system.

A
B

0

excess of energy over

|quantum)  e—ALlEl

|classical) 1= P20

ratio

classical process in the left region

Particle motion near
hyperbolic fixed point

=~ Two level system

h
at TL, - ?AL
™



Remarks

x(t) = c1eV a/mt o coemVa/mt

«
Lyapunov exponent Az, := 4/ —
m

BL|IE 21T
el A < WT is saturated.

. . L L 1 1
* The particle scattering occurs within the Ehrenfest’s time ¢t << — log —

- The Lyapunov exponent defined wave packet AL L
by the classical motion may be valid. /\ .
(OTOC may not be necessary.) T

size of the system

* Inverse harmonic potential saturates the bound. But it’s integrable!
ex) c=1 matrix model (integrable) saturates the bound.



Remarks

4 I .CC(t) _ Cle,/a/mt + Cze—\/a/mt’

«
Lyapunov exponent /\L =4/ —
m

27T
A < e is saturated.

* The result would be universal, since the excitation mainly occurs near
the tip of the potential.

N f
* Inthe chaotic system, the Lyapunov exponent of

the hyperbolic fixed point and the Lyapunov exponent
of the system is different.

— Connection to the bound on chaos is unclear.



Section 2

Connection to Acoustic Hawking radiation



Connection to acoustic Hawking radiation

@ Acoustic Hawking radiation: unruh 1981

Nozzle fluid flow

v

subsonic supersonic

Border of the subsonic/supersonic
acoustic Hawking radiation
- Phonon in the supersonic region

cannot propagate into
the subsonic region.

- Play the role of an Event Horizon
for phonon



Connection to acoustic Hawking radiation  Giovanazzi2004, T 2018

Inject many free fermions from the left cf. e=1 matrix model
\ Fermi fluid
I , ) :
subsonic | supersonic
L]
]
<4
Quantum energy transfer
Thermal emission obeys Acoustic Hawking radiation
Fermi-Dirac distribution. (Horizon is at the tip of the potential)

Microscopic description of HR

Thermal emission from the hyperbolic fixed point

~ Hawking radiation




Acoustic Hawking radiation from quantum mechanics

Giovanazzi 2004, TM 2018

A

m /0 dE -E f"?o dE E L h (M
2rh \ [ oo [p(E,2)| e PLE 41 J,  |p(E,z)|efrE+1 )  (—x) 24 ax?
- ~ J R/_/ \ J

density of states tunneling reflection




Acoustic Hawking radiation from fluid mechanics

Giovanazzi 2004, TM 2018

Free fermions in the phase space(classical)

Fermi fluid

e

subsonic | supersonic

phonon = (small) fluctuation of the surface
of the droplet



Acoustic Hawking radiation from fluid mechanics

Giovanazzi 2004, TM 2018

Fermi fluid . . .
Free fermions in the phase space(classical)

subsonic | supersonic

phonon = (small) fluctuation of the surface
of the droplet

—
—_—

_—
+—

subsonic supersonic



Acoustic Hawking radiation from fluid mechanics

Giovanazzi 2004, TM 2018

Fermi fluid . . .
Free fermions in the phase space(classical)

subsonic | supersonic

<4
Bogoliubov transformation phonon = (small) fluctuation of the surface
_ of the droplet
7=y, op
2T |
ERNES) = =
(—z) 24 ax? !
subsonic supersonic

consistent with QM



Acoustic Hawking radiation from fluid mechanics

@ Two descriptions of the acoustic Hawking radiation

subsonic

supersonic

<4

This agreement is natural but these two descriptions are quite different.

Dynamical variables

Phonon (macroscopic)

Elementary fermions (microscopic)

Statistics

Boson

Fermion

Descriptions

QFT

Quantum mechanics

choice of vacuum

Unruh vacuum

A natural boundary condition

- Deeper understanding of Hawking radiation.



Summary



Summary:

Classical chaotic systems
may become thermal
semi-classically.

Hyperbolic fixed point
(Inverse harmonic potential)
may explain this mechanism.

The thermal emission may be
related to Hawking radiation.

Maldacena-Shenker-Stanford (2015)

exp (—BL|El)

reflection

tunneling



Thanks!






Appendix



Acoustic Hawking radiation from fluid mechanics

classical flux

Fluid variables

—
p(x,t) density of the fermions

< v(x,t) velocity

22 .
xr,t) = x,t pressure
| plat) = Top(a )
Fluid variables obey hydrodynamic equations: Dhar-Mandal-Wadia 1992
Orp + 0. (pv) =0, p (Opv +v9,v) = —0,p — pd.V(x).
"‘t — "‘t \ cee
Assume an expansion plest) =pola,t) + epr(x,1) + €pala, 1) +
v(z,t) =vo(x,t) + evy (x,t) + Evo(a,t) + -+,
€ : a small parameter /
background flow fluctuation

I
(e.g. stationary flow) (phonon)



Acoustic Hawking radiation from fluid mechanics

@ Acoustic geometry

Op + 0z (pv) =0, p (Opv + v0,v) = —0,p — p0, V().

. plx,t) =po(z,t) +epi(z,t) + 2y (x,t) + -+,
Expansion .
v(x,t) =vo(x,t) + evi(z,t) + e va(x, ) + -+ -,

V1 = — m?,b : define velocity potential ’gb

v
At ¢! order, () :a,u \/__gg;wayw

]. (32 —'U(Q) 'Uo) a ﬁ
Guv = — — op — nm
[0 o ( Vg -1 c(a,t) ”3,0 - po(x,t).

Acoustic metric speed of sound
- 1) obeys a wave equation on a curved geometry.

gt vanishes if Vo = ¢. - acoustic event horizon



Acoustic Hawking radiation from fluid mechanics

@ Acoustic event horizon

fluid flow wvo(x)

»
»

subsonic (|vg| < ¢) supersonic (vg > ¢)
—

vl

Phonon can propagate Phonon cannot propagate
to both directions. to the left directions.

Causally Disconnected

If we quantize phonon, Hawking radiation is

induced toward left Unruh 1981
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