Extreme value statistics in a gas of 2d charged particles

Large deviation theory in statistical physics

Bertrand Lacroix-A-Chez-Toine

Laboratoire de Physique Théorique et Modeles Statistiques, Orsay, France

25/09/2017, ICTS, Bangalore

Joint work with:
Aurélien Grabsch, Satya N. Majumdar and Grégory Schehr, LPTMS, Orsay, France

Bertrand Lacroix-A-Chez-Toine Extreme value statistics in a gas of 2d charged particles



@ Introduction
o Extreme value statistics for i.i.d. random variables
@ Matrices of real eigenvalues
@ Matrices of complex eigenvalues

© Results

© Derivation of the Ginibre results
@ Determinantal process
@ Analysis of the CDF
o Matching

© Conclusion

Bertrand Lacroi i Extreme value statistics in a gas of 2d charged particles



Introduction

Contents

@ Introduction
o Extreme value statistics for i.i.d. random variables
o Matrices of real eigenvalues
o Matrices of complex eigenvalues

rtrand Lacroi Extreme value statistics in a gas of 2d charged particles



Introduction Extreme value statistics for i.i.d. random variables

EVS for i.i.d.

For i.i.d. random variables (x1,--- ,xy) drawn from a PDF p(x), only 3 classes of
universality for the Extreme Value Statistics:
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trices of real

EVS for i.i.d.

For i.i.d. random variables (x1,--- ,xy) drawn from a PDF p(x), only 3 classes of
universality for the Extreme Value Statistics:

o p(x) K x™* | Va

Qu(w) = ['/pr(xwx} Y Glan(w — by)) . Gl = et (1)

Gumbel distribution
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Introduction Extreme value statistics for i.i.d. random variables

EVS for i.i.d.

For i.i.d. random variables (x1,--- ,xy) drawn from a PDF p(x), only 3 classes of
universality for the Extreme Value Statistics:

o p(x) K x™* | Va

Qu(w) = ['/pr(xwx} Y Glan(w — by)) . Gl = et (1)

Gumbel distribution
o p(x)~x"1 a>0

—a

Qu(w) = [/OW P(X)dX}N — Fa(an(w — bn)) , Fa(x) =e™* ()

Fréchet distribution
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Introduction Extreme value statistics for i.i.d. random variables
Matri; of al eigel lues

M

EVS for i.i.d.

For i.i.d. random variables (x1,--- ,xy) drawn from a PDF p(x), only 3 classes of
universality for the Extreme Value Statistics:

o p(x) K x™* | Va

—x

Qu(w) = ['/pr(xwx} Y Glan(w — by)) . Gl = et (1)

Gumbel distribution
o p(x)~x"1 a>0

w N e
Quw) = | [ pl)a| " Folontw = b)) Fu)=e " (2)
Fréchet distribution
o p(x) ~(x*—=x)V, v>0, x<x*
W N vl
Qn(w) = |:/0 p(x)dx} — Wy (an(w — by)), Wi(x)=e™* 3)

Weibull distribution
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Matrices of real eigenvalues
Matr

Gaussian Unitary matrices

See Satya Majumdar’s lecture on Random Matrix Theory

For M a matrix belonging in the Gaussian Unitary Ensemble (GUE) ,

mi1
¥
myo

M =

X
My

mi2
m22

N
MmN

miy
man 1 . 1

» mjj = mj; ~ N(0, ﬁ)JF'N(O, ﬁ) , mj;
myp

the probability weight is P(M) o e— 3 T(MTM)
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Introduction Extre i.i.d. randc

Matrices of real eigenvalues
Y ple jalues

Gaussian Unitary matrices

See Satya Majumdar’s lecture on Random Matrix Theory

For M a matrix belonging in the Gaussian Unitary Ensemble (GUE) ,

mi1 m2 mn
mi; mp - My . N 1 " 1 N 1
M = . . . , mjp=m; ~ 0, — )+iN(0, —) , mjj ~ 0, —
: : K : Y ! ( \/ﬂ) ( m) ! ( \W)
miy My My

the probability weight is P(M) o e— 3 T(MTM)

The joint PDF of the (real) eigenvalues is

The variables are identically distributed but correlated!
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Matrices of real eigenvalues

Average density

Semi-circle law

1
g

pn() = 5 (350 = M) = p) = V2N
k

p(A)
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Matrices of real eigenvalues
Matrice: salues

Average density

Semi-circle law

1
™

pn() = 5 (350 = M) = p) = V2N
k

p(A)

-V2 0 V2
This must imply for EVS of Amax = max A, Amax — V2.

Fluctuations [Amax — V2| ~ wy < v/2

V2 3 )
/ PN o wi ~ N1, wy ~ N7
V2—wy
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or i.i.d. randol
Matrices of real eigenvalues
Matrices o

Extreme Value Statistics in GUE

The CDF, Pr(Amax < x) is described in its typical regime [Amax — \@\ ~ wy by the
Tracy-Widom distribution

Pr(Amax < X) = Fo (vilvw(x fz))

This distribution has two tails of the form

13

e 2, X— —0

Fa(x) ~

w| w
)
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Matrices of real eigenvalues
Mat comple

Large deviations

This CDF Pr(Amax < x) takes large deviation forms on both sides

) , for 0< (vV2—x)=0(1)
Pr(Amax < x) ~ Fo (\@NQB(X — \/§)> , for x —/2 = O(N’2/3)

1—e N | for 0< (x—+2)=0(1).

Majumdar and Schehr, J. Stat. Mech. P01012 (2014)
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Matrices of real elgenvalues
M ple

Large deviations

This CDF Pr(Amax < x) takes large deviation forms on both sides
e NV** () | for 0< (V2—-x)=0(1)
PrOmax < x) ~{ 7> (\fz/\/2~’3(x - ﬁ)) , for x — /2 = O(N—2/3)
1—e N | for 0< (x—+2)=0(1).

Majumdar and Schehr, J. Stat. Mech. P01012 (2014)
The tails behave as

d_(x)~ ~S(V2-x)}, x=V2_,

(x—V2)3, x> V2,

ST
8

allowing a smooth matching with the central part. 0
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Matrices of real eigenvalues

Obtaining the LD rate functions

To compute the CDF Pr(Amax < w), one imposes a wall at w. The LD functions can
be evaluated as the change in the energy with and without the wall
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Matrices of real eigenvalues
Mati

Obtaining the LD rate functions

To compute the CDF Pr(Amax < w), one imposes a wall at w. The LD functions can
be evaluated as the change in the energy with and without the wall

p(N) p(A)

| | | | /A
V2 0 w V2 -2 0 V2w

e For w < /2, all eigenvalues move AE ~ N2, different p(N)
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Matrices of real eigenvalues
Mati

Obtaining the LD rate functions

To compute the CDF Pr(Amax < w), one imposes a wall at w. The LD functions can
be evaluated as the change in the energy with and without the wall

p(N) p(A)

| | | | /A
V2 0 w V2 -2 0 V2w

e For w < /2, all eigenvalues move AE ~ N2, different p(N)
e For w > /2, only one eigenvalue moves AE ~ N, same p(N)
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Introduction

Case of ®_(w)

To evaluate _(w), we use

with

Bertrand Lacroi

Extr i for i.i.d. rand
Matrices of real eigenvalues
M of complex eigenvalues
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Introduction i.i.d. rand

Case of ®_(w)

To evaluate _(w), we use

with

The functional is then minimize with respect to p()\),

SE[p, w
SElp, w] :o:%-z/ AN pu(N) In A = X | + p(w)
5p(N) | p=p,, 0
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Matrices of real eigenvalues
Y ple jalues

Case of ®_(w)

To evaluate _(w), we use

with

The functional is then minimize with respect to p()\),

SE[p, w
SElp, w] :o:%-z/ AN pu(N) In A = X | + p(w)
5p(N) | p=p,, 0

Then, we evaluate (with poo () = 2v/2 — A2)

d_(w) = Elpw, w] — E[poc, 0]
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Matrices of real eigenvalues

Case of ¢

To evaluate ®(w), we compute the energy for one charge in the semi-cirle

E,-,,(w):Wz—/p()\)ln|>\—w|d)\7 V2 <w< V2
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Case of ¢

To evaluate ®(w), we compute the energy for one charge in the semi-cirle
En(w) = w? — /p()\)ln A= wld\, —V2Z<w<V2
and the energy out of the semi-cirle

Eoue(w) = w? — /p(k)ln A= wldr, w> V2
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Matrices of real eigenvalues
Mat comple

Case of ¢

To evaluate ®(w), we compute the energy for one charge in the semi-cirle
En(w) = w? — /p()\)ln A—wldr, —V2Z<w<2
and the energy out of the semi-cirle
Eoue(w) = w? — /p()x)ln A= wldr, w> V2

and the LD rate function is just the energy difference

(W) = Eour(w) — En(w)
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Matrices of real eigenvalues
Mati >f comple en

Different classes of universality

If we consider the joint PDF of eigenvalues

1
P(A1,~~-,/\N):7NeXP -2 \/\i/ =2 Inly =l

Potential v(X) i# Interaction

The CDF for Amax can be changed in different ways
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Matrices of real eigenvalues
Mat comple

Different classes of universality

If we consider the joint PDF of eigenvalues

1
P(A1,~~-,/\N):7NeXP -2 \/\i/ =2 Inly =l

Potential v(X) 7] Interaction
The CDF for Amax can be changed in different ways

o Changing the potential v()\), large class of universality with same typical regime
given by F> but the large deviations are different
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Matrices of real eigenvalues

Mati col lues

Different classes of universality

If we consider the joint PDF of eigenvalues

1
P(>\1,"'7>\N):7NQXP - 1> X =D Inxi =N
Potential v(X) i#i Interaction

The CDF for Amax can be changed in different ways
o Changing the potential v()\), large class of universality with same typical regime
given by F> but the large deviations are different
o Changing the , the typical regime given by F3 but the large
deviations are the same
Majumdar and Schehr, J. Stat. Mech. P01012 (2014)
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Matrices of real eigenvalues
Matrices o ple

Different classes of universality

If we consider the joint PDF of eigenvalues

1
P(>\1,"'7>\N):7NQXP - 1> X =D Inxi =N
Potential v(X) i#i Interaction

The CDF for Amax can be changed in different ways

o Changing the potential v()\), large class of universality with same typical regime
given by F> but the large deviations are different

o Changing the , the typical regime given by F3 but the large
deviations are the same
Majumdar and Schehr, J. Stat. Mech. P01012 (2014)

@ Changing the interaction, everything is different
See for instance Dahr et al. Phys. Rev. Lett. 119, 060601 (2017) (talk by A. Kundu last week)
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Introduction Extreme or i.i.d. rando
Matrices of real eigenvalues

Mati col lues

Different classes of universality

If we consider the joint PDF of eigenvalues

1
P(>\1,"'7>\N):7NQXP - 1> X =D Inxi =N
Potential v(X) i#i Interaction

The CDF for Amax can be changed in different ways

o Changing the potential v()\), large class of universality with same typical regime
given by F> but the large deviations are different

o Changing the , the typical regime given by F3 but the large
deviations are the same
Majumdar and Schehr, J. Stat. Mech. P01012 (2014)

@ Changing the interaction, everything is different
See for instance Dahr et al. Phys. Rev. Lett. 119, 060601 (2017) (talk by A. Kundu last week)

o Changing the dimension?
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s of real lues

Matrices of complex eigenvalues

Complex Ginibre matrices

G is a Complex Ginbre matrices for
811 812 - 81N
1 81 82 - 82N .
G=—F=1 . : . : . 8&ij» &i ~ N(0,1) +iN(0,1)

8BN1  8N2  ct BNN

Bertrand Lacroi ez-Toi Extreme value statistics in a gas of 2d charged particles



Introduction ri.i.d. rar

s of real lues

Matrices of complex eigenvalues

Complex Ginibre matrices

G is a Complex Ginbre matrices for
811 812 - 81N
1 81 82 - 82N .
G=—F=1 . : . : . 8&ij» &i ~ N(0,1) +iN(0,1)

8BN1  8N2  ct BNN

Joint PDF of (complex) eigenvalues
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Matrices of complex eigenvalues

Complex Ginibre matrices

G is a Complex Ginbre matrices for

g1 812 - 8IN
1 81 82 - 82N .
G:ﬁ ) gU’glINN(O71)+IN(O71)
8BN1  8N2  ct BNN

Joint PDF of (complex) eigenvalues

Only difference with GUE: eigenvalues live in 2d space
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lu
Matrices of r
Matrices of complex eigenvalues

Average density

Girko's law

p(2) = (3 6z~ 2)) = p(2)
k

Girko, Theory Probab. Appl. 29, 694 (1984)
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Extreme value statistics

We are interested in the CDF Qu(w) = Prob. [fmax < w] with fmax = 121;<><N |zi|
_I_

Qn(w) = /‘ ‘ dzidz{ - /‘ ‘ dzndzpy Pjoint (21, -+ -, zn) -
z|<w z|<w
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or i.i.d. rando
Matrices of
Matrices of complex eigenvalues

Extreme value statistics

We are interested in the CDF Qu(w) = Prob. [fmax < w] with fmax = 121;<><N |zi|
_I_

Qn(w) = /‘ ‘ dzidz{ - /‘ ‘ dzndzpy Pjoint (21, -+ -, zn) -
z|<w z|<w

In the typical regime |w — 1| < 1, the distribution is a Gumbel as for EVS of i.i.d.
variables

Qu(w) ~ G (an(w — bu)) , with | G(v) = exp(— exp(—))]

ay ~ V4Ncy, by — 1~ /ey /(4N) and cy =InN — 2Inin N — In 27.

Rider, J. Phys. A 36(12), 3401, (2003).
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s of real lues

Matrices of complex eigenvalues

Large deviations

This CDF Qu(w) takes large deviation forms on both sides

e VPV (w) , for 0 < (1 —w)=0(1)
Qu(w) ~ G(an(w — by)) , for (w — by) = O(ay')

1—e N+ for0 < (w— by) = O(1) .

Cunden et al., J. Stat. Mech. 053303 (2017).

Bertrand Lacroi ez-Toi Extreme value statistics in a gas of 2d charged particles



Introduction i.i.d. randc

Matrices of complex eigenvalues

Large deviations

This CDF Qu(w) takes large deviation forms on both sides

e VPV (w) , for 0 < (1 —w)=0(1)
Qu(w) ~ G(an(w — by)) , for (w — by) = O(ay')

1—e N+ for0 < (w— by) = O(1) .
Cunden et al., J. Stat. Mech. 053303 (2017).

The rate functions are
1
\II,(W):Z(4W27W474Inw73)7 for 0<w<1
Vi(w)=w?—-2Inw—1, for w>1

To obtain W, one can use the same method as for 4+ (GUE case)
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Right matching

If one wants to check the right matching:

o From the inside, G'(x) — exp(—x), x — o0

Qn(w) ~ exp | —+/4Ney(w — b/\,)] , 0<w—by>ay
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M of real eigel lues

Matrices of complex eigenvalues

Right matching

If one wants to check the right matching:

o From the inside, G'(x) — exp(—x), x — o0

Qp(w) ~ exp {7\/4NCN(W — b/\,)] , 0<w—by>ay

@ From the outside, W (w) = W (by) + (w — by)V/, (bn) , w — by

C C C _
NV (14 ) = 2N+ o0 = @+ /707 ~ VaNey

Quy(w) ~ exp [—v/aNey(w — br)] , |w—by| < 1
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Matrices of real eigenvalues

Matrices of complex eigenvalues

Left matching

o From the inside, G(y) — exp(—exp(—y)), y = —o0

Qn(w) ~ exp[—exp(—an(w — by))] , 0< by —w > ay
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ues

Matrices of complex eigenvalues

Left matching

o From the inside, G(y) — exp(—exp(—y)), y = —o0

Qn(w) ~ exp[—exp(—an(w — by))] , 0< by —w > ay

e From the outside, V_(w) — 3(1—w)3, w — 1_

4N?

QN(W)NGXP{— (1—W)3] L 0<l—wxk1
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Matrices of
Matrices of complex eigenvalues

Left matching

o From the inside, G(y) — exp(—exp(—y)), y = —o0

Qn(w) ~ exp[—exp(—an(w — by))] , 0< by —w > ay

e From the outside, V_(w) — 3(1—w)3, w — 1_
4N?2 3
Qn(w) ~ exp —T(l—w) , 0<1l-wk1

No matching!

ay' = 0(1/VN T N)

e~ NP _(w)]
_ + I . .

i +
0 1 oy by w
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Matrices of
Matrices of complex eigenvalues

2d One Component Plasma

Gas of charged particles in 2d

Competition between
@ Coulomb repulsion V¢ (|rj —rj|=r) = —Inr
o External symmetric potential v(r)
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Matrices of
Matrices of complex eigenvalues

2d One Component Plasma

Gas of charged particles in 2d

Competition between
@ Coulomb repulsion V¢ (|rj —rj|=r) = —Inr
o External symmetric potential v(r)

V() > infre—n
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ues

Matrices of complex eigenvalues

2d One Component Plasma

Gas of charged particles in 2d

Competition between
@ Coulomb repulsion V¢ (|rj —rj|=r) = —Inr
o External symmetric potential v(r)

V(s — > Il — v,
Forr=(x,y) ¢+ z=x+ iy = re®

For v(r) = r? this gives Ginibre
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Results

There is an intermediate deviation regime for the CDF Qp(w) close to the edge
fedge = 1 0N a scale |w — rogge| ~ wy = (2n)—1/2

r W — I,
QN(W) ~ exp {_ edge (.')[ < edge)}

Wn WN

~ 1
with | ¢(y) = 7/ duln (5 erfc(—y — u)) . o5 o o o is
0

Figure: Numerics by diagonalization of 108
complex Ginibre matrices of rank N = 200
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Results

There is an intermediate deviation regime for the CDF Qp(w) close to the edge
fedge = 1 0N a scale |w — rogge| ~ wy = (2n)—1/2

r
R

Wn

@/(

W — ledge

WN

)

with

#1(y)

7/0.0C duln (% erfc(—y — u)) . ) s

Figure: Numerics by diagonalization of 108
complex Ginibre matrices of rank N = 200

Universal for all symmetric potentials v(r) > In r? for r — oo.

In this case reqgeV'(fedge) = 2 and wy = [277Np(rcdgc)]71/2
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Contents

© Derivation of the Ginibre results
@ Determinantal process
@ Analysis of the CDF
o Matching
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Determinantal process
An f the CDF
Derivation of the Ginibre results

Orthogonal polynomials

We introduce orthogonal polynomials 7 (z) = z¥~! for k = 1,--- , N which verify

/. dzdz*m(z)ﬂ;*(z)e,,\,‘z‘z N /2

T, de sl >
e'<k*’>9d9/ LN dr = TN TR (K)o,
0 0
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Determinantal process
An f the CDF

Derivation of the Ginibre results

Orthogonal polynomials

We introduce orthogonal polynomials 7 (z) = z¥~! for k = 1,--- , N which verify

/' dzdz*my (2)mf (2)e M = /

0
2méy
Computing the following quantity
1 Nj/zﬂ'j(z,')e_’\”zzi‘z Nk/gﬂ'k(Z/) _N‘;HQ

10 <ITen /T (k)

— e
N! 1<ij<N

Chafai and Péché, J. Stat. Phys., 156(2), 368-383, (2014)

2T 00
el 0dg [
0

K1V g — N (K)o

1|z —z[? eV Eu =l

1
Zn i<j
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Determinantal process
f the CDF
Derivation of the Ginibre results

Orthogonal polynomials

We introduce orthogonal polynomials 7 (z) = z¥~! for k = 1,--- , N which verify

J 2T 00
/ dzdz*ﬂ'k(z)ﬂ'f(z)efN‘z‘2 :/ e’(kfl)gde/ Pl —le=Nr gy — aNTKT(k)dy,s
0

0
2méy
Computing the following quantity
Ni/27:(2: Nz|? k/2 Nz |2
1 m(z) ~MEE o NPm(z) Mal iH|z,——z,—|2e’NZk |2k |2

— det ———"e
NUI<ij<N /7T ()) 1<k,J<N (/7T (k) Zn i<

Chafai and Péché, J. Stat. Phys., 156(2), 368-383, (2014)

This system of charges (or eigenvalues) is determinantal
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Determinantal process
lysi the CDF
Derivation of the Ginibre results

CDF of rmax

Using Cauchy-Binet-Andreiev the CDF Qu(w) is now obtained as
. 2
NJ/27TJ‘(Z,') e N\;f|2

1
Qn(w :/ dz dz*~~~/ dzydzy— | det
N( ) |z|<w Ha |z|<w N NNI 1<i,j<N Trr(_])

B 2 IR S kNw
QN(W)‘1<,,Jt<N<r<j)/o e s ) = T [

k=1
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Determinantal process
the CDF
Derivation of the Ginibre results

CDF of rmax

Using Cauchy-Binet-Andreiev the CDF Qu(w) is now obtained as
. 2
1 N//27r-(z,-) Nz |?
Qn(w :/ dz dz*~-~/ dzydzii— | det — "7
N( ) |z|<w r |z|<w N NNI 1<ij<N Trr()

QN(W):1<“Jt<N (%/0 P2—1g=N2 s ):H{%;V)}

k=1

Imax IS the maximum of independent but non-identically distributed
y(k,Nw?)

random variables xx such that gx(w) = Prxx < w] = 10)
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Determinantal pr
Analysis of the CDF

Derivation of the Ginibre results Matching

Regime of interest

The average density can be obtained for finite N as

F(N, Nr?)
T oal(N)
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Derivation of the Ginibre results

Regime of interest

Determinantal f
Analysis of the CDF

The average density can be obtained for finite N as

F(N, Nr?)
T oal(N)

o For infinite N, the average density follows the Girko's law | py,(r) =

Bertrand Lacroix-A-Chez-Toine

O(1—r)
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Determinantal pr

Analysis of the CDF
Derivation of the Ginibre results

Regime of interest

N
1 (N, Nr?)
== "6(r - =27/
on(r) = (O atr = 2) = = 2o
k=1
L . o e —-r)
o For infinite N, the average density follows the Girko's law | pp,(r) = ———=
™

o For large but finite N, there is a scaling form on a scale wy = (2N)~1/2

1 — Tedge . ~ 1
pn(r) — =p ($> with | p(u) = = erfc(u)
s wy 2

Forrester and Honner, J. Phys. A 32, 2961 (1999)
This scale matches the unknown regime for the CDF!

1/vVN
— - O1/VETN
~ ' ! L ,
= 1 A P
Z H H
< 5 e
= 27?1/
< s
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Determinantal pro
Analysis of the CDF

Derivation of the Ginibre results i

Individual CDF

By setting u = k/N, the individual CDF gy reads

fOW efN(r272u|n r)dr
P’

qNu(W) = fooo e,[\/(r272ulnr)%

The function @,(r) = r> — 2ulnr has a single minimum at r, = \/u
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Determinantal pi
Analysis of the CDF

Derivation of the Ginibre results

Individual CDF

By setting u = k/N, the individual CDF gy reads

fOW efN(r272u|n r)dr
P’

qNu(W) = fooo e,[\/(r272ulnr)%

The function @,(r) = r> — 2ulnr has a single minimum at r, = \/u
This integral is evaluated by a saddle point approximation,
%erfc [\/2N(ﬁ— W)] , w>\u,

qNu(W)z w2
Q;Nw , w<Vu.
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Determinantal pr

Analysis of the CDF
Derivation of the Ginibre results

Intermediate regime

The full CDF takes the following form

Qn(w) = exp [N /01 duln % erfc [\/ﬂ(ﬁ — w)] - /0.1 du®(u — w?)f(u, w)
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Determinantal process
Analysis of the CDF

Derivation of the Ginibre results Matching

Intermediate regime

The full CDF takes the following form
1 1 -1
Qn(w) =~ exp [N/ duln > erfc [\/QN(ﬁ - w)] —/ du®(u — w?)f(u, w)} .
0 0

For |w — 1] ~ wy = (2N)~1/2, the second integral vanishes and introducing

p=+/N/2(1—u)
Qn(w) ~ exp {f\/ﬂ./ooo dpln % erfc [\/ﬁ(l —w) — pH
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Determinantal process
Analysis of the CDF

Derivation of the Ginibre results Matching

Intermediate regime

The full CDF takes the following form
1 1 -1
Qn(w) =~ exp [N/ duln > erfc [\/QN(ﬁ - w)] —/ du®(u — w?)f(u, w)} .
0 0

For |w — 1] ~ wy = (2N)~1/2, the second integral vanishes and introducing

p=+/N/2(1—u)
R 1
Qn(w) = exp [7\/2N/ dplnierfc [\/2N(17W)7pH
Jo
The intermediate deviation rate function is

o 1
bi(y) = [ dpinJ erfe(~p)
vy
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Derivation of the Ginibre results

Matching with the typical regime

For p > 1, erfc(—p) — 2 — e*pz/(\/Trp),

2

W= [Ty [Tt
(,b,y:f/ dplIn(1 — z/- p =
Jy 2\/7p Jy 2\/mp  4my?

2
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Derivation of the Ginibre results Matching

Matching with the typical regime

For p > 1, erfc(—p) — 2 — e*pz/(\/Trp),

2

== [ doma-5 )~ ["a T e
bi(y) =— pIn(1 — z/ P = =
Jy 2ymp” 2y 4my?

Then we may use from the outside part of the distribution

y =V2N(w — 1) = V2N(by — 1+ x/an) = \/en /2 + x//2¢n,

2

= exp

Qu(x = an(w — by)) = exp {*m(l)/( cn/2 +

nNE
2y/men

] o]
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Derivation of the Ginibre results Matching

Matching with the left LD

For 0 < —p > 1, erfc(—p) — e*“"z/(\/TrlpD@(—p),

0 —p2 3
ai) % = [ dointE ) = - ollyP)
Jy
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Derivation of the Ginibre results Matching

Matching with the left LD

For 0 < —p > 1, erfc(—p) — e*“"z/(\/TrlpD@(—p),

0 —p2 3
ai) % = [ dointE ) = - ollyP)
Jy

@ From the inside of the distribution

QN(W) — e 2N¢;(vV2N(w—1)) ~ 87#(lfw)3+o(N2) ,0<1l—w>> (2N)—1/2
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Derivation of the Ginibre results Matching

Matching with the left LD

For 0 < —p > 1, erfc(—p) — e*“"z/(\/TrlpD@(—p),

0 —p2 3
ai) % = [ dointE ) = - ollyP)
Jy

@ From the inside of the distribution

QN(W) — e 2N¢;(vV2N(w—1)) ~ 87#(lfw)3+o(N2) ,0<1l—w>> (2N)—1/2

@ From the outside of the distribution

2
Qu(w) = e NV-) x = 0-w g1y«
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Derivation of the Ginibre results

Ginibre results

All regimes match smoothly!

ay' =0(1/VNInN)

A wy=0(1/VN) I~
I<—>: : 1_6—N\I/+(’u))

L HE HE— Taassssana
—~ e e e
2 s s s
é’ e a1 ()
E i,v’" Gumbel E
—N2U _(w) /

O Tedge = 1 bN w

-

O(y/InN/N)
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vation of the Ginibre results Matching

Universality

If v(r) > Inr? for r — oo,
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Derivation of the Ginibre results Matching

Universality

If v(r) > Inr? for r — oo,

@ There is a finite edge roqge at which the density drops to zero
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Derivation of the Ginibre results Matching

Universality

If v(r) > Inr? for r — oo,
@ There is a finite edge roqge at which the density drops to zero

@ The typical regime is still Gumbel
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Anz f the CDF

Derivation of the Ginibre results Matching

Universality

If v(r) > Inr? for r — oo,
@ There is a finite edge roqge at which the density drops to zero
@ The typical regime is still Gumbel

@ The left large deviation rate function vanishes as a power cube

\U*(W) ~ (redge - W)3 , W — Fedge
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rminantal pr
An f the CDF

Derivation of the Ginibre results Matching

Universality

If v(r) > Inr? for r — oo,
@ There is a finite edge roqge at which the density drops to zero
@ The typical regime is still Gumbel

@ The left large deviation rate function vanishes as a power cube

\U*(W) ~ (redge - W)3 , W — Fedge

@ The polynomials 7 (z) = z¥~1 are still orthogonal

/dzdz*m((z)ﬂ/*(z)efNV(‘Z‘) :2775,(‘,/‘ pPk=Le=Nv(n) gy
0
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Derivation of the Ginibre results Matching

Universality

If v(r) > Inr? for r — oo,
@ There is a finite edge roqge at which the density drops to zero
@ The typical regime is still Gumbel

@ The left large deviation rate function vanishes as a power cube

\U*(W) ~ (redge - W)3 , W — Fedge

k—1

The polynomials 74 (z) = z are still orthogonal

/dzdz*m((z)ﬂ/*(z)efNV(‘Z‘) :2775,(‘,/‘ pPk=Le=Nv(n) gy
0

@ The same saddle point approximation can be used with ¢,(r) = v(r) —2ulnr
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Derivation of the Ginibre results

Universality

If v(r) > Inr? for r — oo,
@ There is a finite edge roqge at which the density drops to zero
@ The typical regime is still Gumbel

@ The left large deviation rate function vanishes as a power cube

\U*(W) ~ (redge - W)3 , W — Fedge

k—1

@ The polynomials 74 (z) = z are still orthogonal

/dzdz*ﬂk(z)ﬂf(z)efNV(‘Z‘) :2775,(‘,/‘ pPk=Le=Nv(n) gy
0

@ The same saddle point approximation can be used with ¢,(r) = v(r) —2ulnr

The intermediate rate function ¢, is universal w.r.t. v(r)
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Conclusion

Conclusion

We found a Universal intermediate deviation regime solving a puzzle in the matching
of typical regimes and large deviations

e~ N W_(w) , for 0 < (feage —w) = O(1)

 redge (W*’odgc

e "W N ) , for (feage — w) = O(N~1/2)

G(an(w — by)), for (w — by) = O(ay')

1—e MW | for0 < (w—by) = O(1) .
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Conclusion

Conclusion

We found a Universal intermediate deviation regime solving a puzzle in the matching
of typical regimes and large deviations

e NV_(w) , for 0 < (feage —w) = O(1)

 redge ( W—redge )
€ W " ’ for (rcdgc - W) = O(Nil/z)
Qu(w) ~

G(an(w — by)), for (w — by) = O(ay')

1—e MW | for0 < (w—by) = O(1) .

These 4 regimes match smoothly
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Conclusion

Conclusion

We found a Universal intermediate deviation regime solving a puzzle in the matching
of typical regimes and large deviations

e NV_(w) , for 0 < (feage —w) = O(1)

 redge ( W—redge )
€ W " ’ for (rcdgc - W) = O(Nil/z)
Qu(w) ~

G(an(w — by)), for (w — by) = O(ay')

1—e MW | for0 < (w—by) = O(1) .

These 4 regimes match smoothly

A similar result was observed for fermions in a hard box
See LACT et al. arXiv. 1706.03598 and talk by G. Schehr tomorrow
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Conclusion

Other classes of universality

We have seen that for i.i.d. random variables, there are three classes for the EVS.
What about the case of independent NON identically distributed variables?
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Conclusion

Other classes of universality

We have seen that for i.i.d. random variables, there are three classes for the EVS.
What about the case of independent NON identically distributed variables?

o Large tail joint PDF va(r) = (1 + a/N)In(1 4+ r?) with a > 0

For oo = 1, this is realized by computing the jPDF of eigenvalues of M = A~1B
with A, B independent Ginibre matrices
Hough, Krishnapur, Peres, Virag, American Mathematical Society (Vol. 51) (2009).

Bertrand Lacroix-A-Chez-Toine Extreme value statistics in a gas of 2d charged particles



Conclusion

Other classes of universality

We have seen that for i.i.d. random variables, there are three classes for the EVS.
What about the case of independent NON identically distributed variables?

o Large tail joint PDF va(r) = (1 + a/N)In(1 4+ r?) with a > 0

For oo = 1, this is realized by computing the jPDF of eigenvalues of M = A~1B
with A, B independent Ginibre matrices
Hough, Krishnapur, Peres, Virag, American Mathematical Society (Vol. 51) (2009).

e Joint PDF with hard edge v,,(r) = —v/NIn(1 — r?) with v > 0

For any positive integer v, this is realized computing the jPDF of a sub-block of a
random unitary matrix.
Zyczkowski and Sommers, J. Phys. A, 33, 2045 (2000)
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Conclusion

Thank you for your attention!
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