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Main goal

We know since the odd order theorem proof in Rocq that proof
assistants can be great for algebra.

What about differential topology?
Obstacles:

® Proofs by geometric intuition

® Constructions with vague input and output. Need statements
100% correct and useful.

® Proofs mix up bureaucracy and actual content.

Note: competing against non-proofs is very difficult.
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Sphere immersions

52 ={z e R | |=|* = 1}
Tangent plane at 7 € $%: T,5% = {v € R3 | v L x}.

Definition
An immersion of 52 into R? is a smooth map j defined near 52
such that, for every © € 8%, Dj(z)|y q2 is injective.



Smale's sphere eversion theorem

Theorem
There is a smooth map j defined near [0,1] x S? to R® such that

e each j, = j(t,-) is an immersion of 52
® j, is the inclusion.

® j, is the antipodal map z = —x.
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How to turn any map into an immersion in two easy steps

Given f,: 5% = R3, K C 52 compact, U 2 K open, and
(e1,€5) local basis of T'S? on U.

® build f; such that Vo near K, Df;(z)e; € R? \ {0}

® build f, such that

Dfy(x)e; very close to Df(x)e,

Vx near K,
{sz(x)% € R* \ Span(Df(z)e,)

Observe f, is an immersion near K. Make sure all modification
have support in U. Use cover of $2 by such K C U.
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What just happened?

We improve D f one direction at a time. Improvement has shape
Df(z)e; € Q;(z), with Q,(z) open.

Would need C°-small modifications in a more global setup

Every step need to almost preserve derivative in direction already
improved.
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Convex integration by Theilliere

KCU CR"™ fy: U —RY ie{l,..d}.
v+ U x 8! — R? familly of loops in R? indexed by U.
Each v, := 7y(z,-) takes value in Q,(x) with average 7, = 0, f,(x).

Nz,
file) = o) 4y [ ) =) ds

 fi(a) = fo(z) +O(%)
° Vj#i, 0;fi(x)=0;fo(z)+ O(]%])

* 9,f1(z) = y(Nz;) + O(5)
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2, () is dictated by the problem, 9, f,(x) out of control.



Is there hope to find such ~7

Each ~, := 7(xz, -) takes value in (a connected component of)
Q,(x) with average v, = 0, f,(x).

2, () is dictated by the problem, 9, f,(x) out of control.

No hope unless 9, f,(x) € ConvexHull(2;(z))

In sphere immersion case:

o O (x) = R®~ {0}
* Uy(z) = R® \ Span(Df,(x)e;)

Both are connected open sets whose convex hull is everything.
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Generalized sets

Need a way to efficiently say Vx near K, P(x) or
Vn large enough, P(n).

Meaning is clear:
“¥n large enough, P(n)"” means 3N,Vn > N, P(n).
“Vx near K, P(z)" means 3U open, K C U AVz € U, P(x).

Need to argue:
[(Vn large enough, P(n)) A (Vn large enough, P’ (n))] =
Vn large enough, P(n) A P’(n)

This is bureaucracy. We can't afford that in a proof assistant.
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We need more subsets

Problem: there is no “subset of all large natural numbers”.

Given any set X, there is an injective map
P P(X) = F(X)

from subsets of X into "generalized subsets of X"

Examples:
N, oo € F(N) the generalized subset of very large natural numbers

N, € F(R) the generalized subset of points that are close to
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Generalized quantifiers

X aset, @ a predicate on X, F' € & X get statements
e VxeF, Q)
e IxeF, Q)

Get back usual notation when F' = P(A) for some A € P(X).

Fact:

(V2 € F,Q(x) A (Vo € F,Q' ()] = ¥Iz € F,Qx) A Q' (x)
To be proven only once.
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Say X is equipped with a topology. Fix A C X

® Aopen <V, € A, N, < P(A)
® Aclosed < Vo, € X, N, NP(A) #2=12,€ A
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Order, intersections and unions

F(X) is ordered and P : P(X) — F(X) is order preserving
F(X) is a complete lattice: there is a notion of intersection and
union for any family of generalized sets.

Say X is equipped with a topology. Fix A C X

® Aopen <V, € A, N, < P(A)
® Aclosed < Vo, € X, N, NP(A) #2=12,€ A
¢ X is Hausdorff & Vaz', x#2' =N, NN, =@

Warning: P does not commute with infinite intersection:

N,= ()] P
U nhd of X



Direct image and inverse image

Given any map f: X — Y get order-preserving maps

P(X) —L 2(v) P(x) <L p(v)
J’P lp and P lp
F(X) L F(v) F(X) < F(v)



Convergence

Given f: X — Y map between topological spaces and x € X
Ny < Ny(,) means

“direct image under f of the generalized subset of points that are
close to x is contained into the generalized subset of points that
are close to f(x)" aka " f is continuous at z".

All common notions of limits correspond to filters.

Exercise: prove uniqueness of limits in a Hausdorff space.



Induction principles: natural numbers

P: property on natural numbers

If
* P(0)
® Vn,P(n)= P(n+1)

Then Vn, P(n).
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Induction principles: compact spaces

P: properties on subsets of a compact topological space X

e P(2)

e VA, VB, [P(B) and A C B] = P(A)

e VA, VB, [P(A) and P(B)] = P(AUB)
* Yz, 34 nhd of z, P(A)

Then P(X).

This characterizes compact spaces.
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Lebesgue’s number lemma

X compact metric space. U : I — P(X) open cover.
Claim: 3¢ > 0, Vz, i, B.(z) CU,.

Proof by induction on A C X using P(A): 3 > 0,Vz € A, ....
® P(@): € =1 works.
® Assume P(B), get ¢, assume A C B, € works for P(A)

® Assume P(A), get €4, assume P(B), get ¢,
min(e 4, ) works for P(AU B).

® Local existence: Fix z. U covers so we get ¢ such that z € U;.
U, open so we get 6 > 0, Bs(z) C U,.
€ := /2 works to prove P(Bjs()).



Induction principles: functions

E, F': finite-dimensional real vector spaces
P: property on F x F

If
® Vz e E, 3U nhd of z,3f € C°(U,F), Vo' € U, P(x', f(z))
e Vx e E, {y| P(z,y)} is convex.

Then 3f € C>*(E,F), Vx € E, P(z, f(x)).
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Example

Given E finite-dimensional real vector space and ¢ : £ — R
positive and continuous, there exists ¢’ : E — R positive and
smooth such that Vz,e’(z) < e(x).

P(z,t): 0 <t At <e(x)

Local existence: fix x. U := B, (x) is compact (non-empty)
neighborhood of x. Continuity of € gives § > 0, &|; > 4. Set
eg=donU.

Convexity: Fix z. {t |0 <t <e(x)} is convex.

Variation: Assume ¢ is smooth near C closed, ensure ¢’ =< on C.
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Conclusion

We've learned a bit of math.

More importantly, we've seen how to clean up reasonning.



