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1 Height of points in algebraic varieties

The height of an algebraic point is a measure of its arithmetic complexity. Roughly speaking, it can be
understood as the amount of information needed to determine it. The height is a fundamental tool in
number theory and appears in many finiteness results. A very good introduction to the theory of heights
is the monograph [3].

We will construct a height function called the Weil height. We start defining the height of a rational
number. Let o € Q*, and write o = p/q, with p, g € Z, ged(p, ¢) = 1. Then we define

hw (o) = max{log |p|, log |q|}.

Recall that the logarithm of a number is roughly speaking its number of digits when expressed on the
base of the logarithm. Thus this definition is in concordance with the idea that the height should be
related with the amount of information needed to determine the number.

We can easily imagine several variants like

1
hi(a) =log(lpl + la]), or ha(a) = hrs(a) = §1Og(|pl2 +1al®),

that will give different definitions of heights.
What happens if a € Q is an algebraic number? We know that there exists a unique polynomial,
called the minimal polynomial Py (z) = aqz® + - - - + ag € Z[z], characterized by the conditions

1. Py(a) =0,

2. P, is irreducible over Q.

3. P, is primitive: ged(ag,...,ap) = 1.
4. aq > 0.

The number d is called the degree of @ and the complex roots of P,
Z(Pa) = {B € C| Ps(B) =0}

are the conjugates of a. From an algebraic point of view, all the conjugates of o are equivalent. In fact
if B € Z(P,) then there exists an embedding ¢: Q — C with «(a) = 8. The set Z(P,) is also called the
Galois orbit of a in C and denoted O(a). Note that, if @ € Q, and +: Q — C is an embedding, then ()
is a complex number that represents o but is not canonical, it depends on the choice of the embedding.
By contrast the set O(a) is canonical.



So it makes sense that the height of all the conjugates of a has the same value and that the height of
o only depends on the minimal polynomial P,. Thus we define

hw (o) = ! (log aq) Z log* |ﬂ|>

Be0(a)

where log™ |3] = max{log|B|,0}. Thus the height of & has two components, the average size of the
conjugates of o and the “denominator” ay. It is easy to see that if & € @ we recover the previous definition.
Moreover, we can extend the Weil height to points in P!(Q) by declaring that hw (0) = hy (c0) = 0.

The definition we just have given of the Weil height is a global definition involving the “denominator”
aq- There is also a definition as a sum of local terms. Let Mg be the set of places of Q. The set of
non-equivalent non-trivial absolute values on Q suitably normalized. The elements of Mg are represented
by the prime numbers p and the special symbol cc.

If oo € Mg, then |- | is the usual absolute value, while if p € Mg is a prime number, then |- |,
is the p-adic absolute value. The absolute value | - |, extends to Co, = C, while the p-adic absolute
value extends to C,, the completion of @ with respect to the p-adic absolute value. These absolute values
satisfy the product formula, for all o € Q,

H || =1, equivalently Z log |a|, = 0.
vEMg vEMg

In the same way that we have defined the Galois orbit O(a) C C as the set of complex zeros of P,
we can define the Galois orbits O(a) C C, for every v € Mg. The definition of the Weil height as a sum

of local contributions is
@ =2 3 S log* |6l
veM@ LeO(a)CCy

One can check that the above sum only involves a finite number of nonzero terms and that it agrees with
the previous definition of height.

Following the same pattern we can now define the Weil height of points in projective space. Let
p=(xg:z - :ay) € PYQ) be an algebraic point of the proiective space, Fix an embedding
t: Q, — C, for each place v € Mg. Choose a finite Galois extension K of Q such that p € P*(X).
Write

= [K : Q] = # Gal(K/Q).

Then the Weil height of the point p is given by

=2 Y log( max {lu(o@))l)).

vEMg oeGal(K/Q) .

One can check that this definition does not depend on the choice of the representative of the point p
thanks to the product formula, nor on the field K or the embeddings ¢,, and that it agrees with the
previously defined height for n = 1.

Finally we can define heights for arbitrary projective varieties. Let X be a projective variety defined
over Q. Since it is projective, there is an embedding ¢: X — PV for some N and we can define a height
function as

hy(x) = hw (0(2))-
Of course this height depends on the projective embedding (.

Example 1.1. Consider X =P!. We have the embedding ¢; = Id: P! — P!. With this embedding the
height of the point (a : 1) is

B (@ : 1)) = hy(e) = l(logad + 3 1og*(8))-

BeO(a)



We can consider now the embedding 2: P* — P2 given by pa((z : y)) = (z : (y — z) : y). In this case

hea(a: 1)) = = (log(eq) + S log(max{lfl, 1 - B1,1})).

BEO0(a)

One of the main properties of a height function is the Northcott property that is behind many finiteness
results.

Theorem 1.2 (Northcott property). Let X be a projective variety defined over Q and ¢ a projective
embedding. Then, for every pair of real numbers A, B,

ho(p) < A En
[k(p): Q] < B '

In general there are many possible definitions of heights. Depending on the problem at hand it may
be better to use one or another. For instance in his proof of Mordell’s conjecture, Faltings [11] uses a
height that has a modular interpretation. In another example, the Gross-Zagier formula [14] computes
also a modular height and is used in the proof of the BSD conjecture in rank one. Or in the study of
dynamical systems one would like to use a height function that is invariant under the dynamical system
[8]. Arakelov geometry gives us a very flexible framework to define heights.

o #{peX(@)

2 Successive minima and Bogomolov property

Let X be a projective variety of dimension n defined over Q and h a height function. Typically height
functions are bounded below, so the first interesting invariant of a height function is the minimal value
that it can have. This is called the absolute minimum:

abs(h) = inf{h(z) | z € X(Q)}.

In many situations it may happen that there is a proper subvariety that contains points of small height
but that the generic points have always a bigger height. To understand this phenomenon one introduces
the successive minima.

e;(h) = sup inf{h(z)|z € (X \Y)Q)}.
YcX
cod(Y)=i

Then abs(h) = ep41(h). At the other extreme is the essential minimum,
ess(h) = ey (h).

The essential minimum is the minimal value of the height on “generic” points.

Given a height function, an interesting and difficult problem is to find the successive minima of the
height. For instance on toric varieties, it is possible to determine all the successive minima of toric heights
[7]. For curves there are only two minima. The absolute minimum and the essential one.

To see the interest of the essential minimum we recall Bogomolov’s conjecture. Mordell’s conjecture,
proved by Faltings, states that, given a curve C' defined over a number field K, if the genus g9(C) > 2,
then the number of rational points #C(K) is finite. This is a classical theme in arithmetic geometry.
Curves of genus greater than or equal to 2 have few special points. In this case special means having
coordinates in K. In a similar vein, there is the Manin-Mumford conjecture, proved by Raynaud [21].
After fixing a base point, a curve C of genus greater than or equal to 2 can be embedded in its Jacobian
JC. The set of algebraic points JC(Q) is an abelian group and we denote by J C(Q)tor the subgroup of
torsion elements. Then the Manin—-Mumford conjecture states that

#(C(Q) N JC(@Q)tor) < 00.



Here the special points are the torsion points in the Jacobian and, again, the conjecture says that for
genus greater than or equal to 2 there is only a finite set of special points in the curve.

Bogomolov formulated a strengthening of this conjecture. In the abelian variety JC there is a canon-
ical height function (the Nerén-Tate height) ~ with the properties

1. h(z)>0forall z € JC(Q),
2. h(z) =0 if and only if z € JC(Q)tor-
The Bogomolov conjecture states that there is an € > 0 such that
#{z € C(Q)|h(z) < €} < 0.

That is, not only there is a finite number of torsion points, but that there is a finite number of points
with small canonical height. This conjecture can be restated by saying that

ess(h, C) > 0.

That is, the Bogomolov conjecture predicts that the essential minimum of the canonical height function
is strictly bigger than zero.

The Bogomolov conjecture was proved by Ullmo [27] in the case of curves and by Zhang [30] in higher
dimensions by using the Szpiro-Ullmo-Zhang [26] equidistribution result. We will discuss the meaning
of equidistribution later in Section 5.

3 Height functions on the projective line

We want to study the problem of determining the essential minimum in the simplest possible non trivial
case. We start with a continuous function g: C — R that is invariant under complex conjugation, that
is, g(2) = g(z) and that satisfies the asymptotic estimate

y(¢) = lug |2| + v(lug |z),  [2] — o0.

We define the associated height as

hy((@: 1)) = = (logaa+ Y ¢(8)),

B€0(a)

Qul —

where Py (z) = aqgz® + -+ - + ag is the minimal polynomial of a. We also write

ho(o0) = hy((1:0)) = lim g(z) ~ log

if the limit exists. We have several examples of such heights.
1. g(z) = log™ |z| we recover the Weil height.
2. g(2) = (1/2) log(1 + |z|?) gives the Fubini-Study height.

3. g(z) = (1/2)(log™ |z|+log™ |1 —z|) determines the so called Zhang-Zagier height. Studied by Zagier
(29], Doche [9], [10] and Flammang [13].

4. g(z) = log(max{|z|, |1 — z|,1}) gives the height associated to the embedding P! — P? that sends
(z:y)to (z:(y—z):y). Thisis a more symmetric version of the Zhang—Zagier height also studied
in [29].



5. g(2) = log(1 + |2| + |1 — 2|) + log(2) gives a height associated with the Grassmannian Gr(2,4) as
we will see in section 9.

6. g(z) =log |2z — 1+ 2v/22 — 2| — 2log 2 gives a height related with the integral Chebyshev constant
of {0,1] and Montgomery’s conjecture.

All the previous examples satisfy the asymptotic

g(z) = log|z| + continuous at co.

We next give a more exotic example.

Example 3.1. Let Y (1) be the modular curve and X(1) its compactification at the cusp. We have a
map j: X (1) — P! that is essentially an isomorphism if we forget the orbifold structure of X (1) at the
elliptic points. We can define a new height on P! by declaring

h(i(E)) = hr(E),

where E is an elliptic curve, j(F) its j-invariant and hr(E) its Faltings height. This height can also be
cast into the setting of this section. Let $) = {7 = z+ iy € C|y > 0} be the upper half plane. The group
SL(2,Z) acts on $ and Y (1)(C) = £/ SL(2,Z). Consider the function

F(r) = —log(4m Im(7)°|A(7)]),

where o
A(T) =g H(l _ qn)24, q= 627ri7',
n=1

is the modular discriminant, a modular form of weight 12.
The function F' is invariant under the action of SL(2,Z), hence descends to a function of Y (1) and
defines a function of C by the rule

g9(z) = F(7), for z = j(r).

The Faltings height is just the height associated with this function hy(j(E)) = hr(E). The function g
satisfies the estimate
g(z) ~log|z| —6loglog|zz|, as |z| = co.

The function log log |2Z| is o(log |z|) but not continuous at z = co. The essential minimum of the Faltings
height has been studied in [15] and [5].

Statement of the problem: Given a function g as before, can we determine the essential minimum
of the height function h,?

Example 3.2. For the Weil height the problem is simple. By the very definition we have that Ay (0) =
hw(o0) = 0. Moreover hy (z) = 0 as long as z is a root of unity. Thus there are infinitely many points
with height 0. Thus abs(hw ) = ess(hw) = 0.

Slightly more difficult is the case of the Fubini-Study height. Again hps(z) > 0 and hpg(0) =
hys(00) = 0, so abs(hps) = 0. But now, if z is a root of unity we have that hps(z) = (1/2)log(2). For
the moment we know

0 < ess(hrs) < (1/2)log(2).

We will see at the beginning of next section that, in fact ess(hps) = (1/2) log(2).



Remark 3.3. For an algebraic integer o € Z, the minimal polynomial is monic. Hence ag = 1 and in
this case the term logay is zero. One may ask if the essential minimum can be computed using only
algebraic integers. In other words, write

essz(hg) = lim inf{hy(a)|a € Z}.
Is it true in general that essz(hgy) = ess(hy).

Remark 3.4. Even if we are not able to compute the essential minimum, it is an important theoretical
result to know if the number is theoretically computable. That is, if there is an algorithm that given a
desired precision, gives us an approximation of the essential minimum in a finite amount of time (maybe
more than the age of the universe).

4 Lower bounds

In order to determine the essential minimum we need both lower and upper bounds that hopefully will
be close enough to determine the essential minimum.
We start with the lower bounds that are easier to obtain.

Lemma 4.1. Let Q € Z[z] be a polynomial with integer coefficients and r € R>g a positive real number.
Let
E = inf(g(z) — rlog|Q(2)]).

Then for any a & Z(Q), the estimate hy(c) > E holds. Therefore E < ess(hy).

Proof. Let o ¢ Z(Q) and P, its minimal polynomial. Let d be the degree of P, and a4 the leading
coefficient. Write dg for the degree of Q. The polynomials P, and @ are coprime. It follows that

Y~ 10g|Q(B)] + dglog(ag) = log|ai® [ Q(B)|=log|Res(Q, Pa)| >0,

BEO(a) bEZ(Pa)

because Res(Q, P,) is an integer different from zero. Therefore

ho(e) = 3 [ log(aa) + 3" a(8)

BEO()
Z% log(ag) + D g(B) —rdglog(aa) = > log|Q(B)|
BeEO(a) BeO(a)
== _r;.dQ log(ad)Jr% Z 9(8) — rlog|Q(B)|-
’ BeO(a)

‘We consider now two cases. If rdg < 1, then

1
ho(@) > = > g(B) —rlog|Q(B)| > E.
pe0(a)
While if rdg > 1, then E = —oco < hy(a), so in any case hy(a) > E. (]



Example 4.2. We go back to the Fubini-Study height. Recall that we already have the estimates

log(2)
—=

F4

0 < ess(hps) <

We know that hrs(0) = 0. If we want to prove that ess(hpg) > 0 we need a polynomial that vanishes at
0. The simplest such polynomial is Q(z) = z. Consider the function

1 1 1+ |z|?
- - 21 . )
¢(2) = grs(2) — 5 log|z| 5 log( P )

It is easy to check that

—

inf p(z) = p(1) = B2,

By Lemma 4.1 we conclude that
log(2)
5 -
It is no wonder that we can compute exactly the essential minimum for the Fubini-Study height
because the function g satisfies

ess(hps) =

2] = |2] = g(2) = g(%).
For such functions, the theory of toric metrics applies and the essential minimum is easy to compute.

Remark 4.3. In Lemma 4.1, instead of considering a single polynomial @, we can consider a finite family
of polynomials Q; € Z[#], i = 1,...,n and positive real numbers r; > 0. Then

E = inf (g(Z) = rilog |Qi(z)|>
=1

also satisfies E < ess(h,).

We obtain a dilferent lower bound for each polynomial @ and coefficient 7. This family of lower
bounds is sharp in the following sense.

Theorem 4.4 (Ballay [1], Qu-Yin [19] ). The estimate

ess(hg) = sup inf g(z) —rlog|Q(2)]
QEE([)’z] zeC
T'_

holds.

5 Equidistribution of small points

Before discussing upper bounds, we will recall the equidistribution principle that plavs an important role
in the proof of the Bogomolov conjecture.

Equidistribution Principle. Let X be an irreducible projective variety over Q, A: X(Q) - R a
suitable height. Let (ay,)n>1 & sequence of points in X (Q) satisfying two conditions.

1. The sequence is generic: for every projective proper subvariety Y C X, the set {n|a, € Y(Q)} is
finite.

2. The limit limy, o, h{ay,) exists and is as small as possible.

then the shape of the Galois orbits O(a,) should converge to a fixed shape.
Some comments are in order.



1. It is called equidistribution principle because not every height function satisfies it. One of the
most general equidistribution theorems can be found in [28] as the culmination of the work of many
mathematicians. A complete discussion of when the equidistribution principle holds for toric heights
can be found in [6].

2. The minimal possible value of the limit of the heights of a generic sequence is precisely the essential
minimum, thus the equidistribution principle is another reason to be interested in the essential
minimum.

3. We have to give a precise meaning to the sentence, “the Galois orbits O(ay,) converge to a fixed
shape”.

In order to make sense to the convergence of “shapes”, we associate a counting measure to each finite
set. Let F' be a finite set, the counting measure dr is the Radon measure that, for each continuous

function f, is given by
1
/fd5F=#—FZf(P)‘

peEF

Thus every Galois orbit O(ay,) has an associated measure and we will say that the Galois orbits converge
if the associated measures converge to a given measure.

The measures §p(,,) are measures on the topological space C, that is non compact. Since C is not
compact we will be interested in different definitions of convergence.

Definition 5.1. Let (un)n>1 be a sequence of Radon measures on C and let 4 be a measure on C.

1. We say that (un)n>1 converges weakly to u if for every continuous and bounded function f: C — R,
the convergence

lim _/fduna/'fdu

n—oo

holds.

2. We say that (un)n>1 converges logarithmically to u if for every continuous function f: C — R
satisfying | f(2)] < A + Blog™ |z| for some constants A, B > 0, the convergence

nli_{goffdun=/fdu

holds.
3. We say that (un)n>1 converges properly to p if for every continuous function f: C — R, the
convergence
Jm [ fdim= [ rau
holds.

In the above list each convergence is stronger that the previous one because it holds for a bigger set of
test functions. We note also that proper convergence is equivalent to weak convergence and the condition
that there is a compact K and a number ng such that the support of x and of u, for n > ng is contained
in K.



6 Upper bounds

The upper bounds are more difficult to establish than the lower bounds and typically need a deep theorem.
The first source of upper bounds is the logarithmic potential theory. For a gentle introduction to the
theory of logarithmic potential the reader can follow [24], while for a complete treatment the reader is

referred to [20).
We denote by Pjog(C) the vector space of probability measures on C satisfying

/logJr |z| du < +o0.

For instance every probability measure with compact support belongs to Piog(C). For p € Piog(C), the
potential of y is the function U#: C — R U {c0} defined as

UHt(z) = /—loglw — z| dp(w).
We can recover the measure from the potential as

w= L.BEU“.
47y

The energy of a measure is defined as
B = [Urdu= [[ -togls — wldu(w) du(o).
If K c C is a compact subset, then
E(K) = inf{E(p) | supp(u) C K},

and the capacity of K is defined as Cap(K) = e~ E(¥),

When E(K') # oo, there is a unique measure ux such that supp(ux) C K and E(ug) = E(K). Such
measure is called the equilibrium measure of K.

For any compact set K and real number € > 0, we denote by

B(K)={zeC|d(z, K) <e}

an € neighborhood of K.
The first family of upper bounds is a consequence to the following couple of theorems.

Theorem 6.1 (Fekete-Szeg6 [12]). Let K C C be a compact subset, invariant under complez conjugation.
1. If Cap(K) < 1, then there exists an € > O such that
#{x € Z|O(z) C B:(K)} < oo.
2. If Cap(K) > 1, then for alle > 0,
#{z € Z|O(z) C B:(K)} = co.
Theorem 6.2 (Rumely [23]). Let K be a compact set of capacity 1 invariant under complex conjugation.

For every integer n > 1 choose an, € Z such that O(an) C By (K) and that O(an) # O(am) for n # m.
Then 60(a,) converges to pg properly.



Corollary 6.3. Let K be a compact set of capacity 1 invariant under complex conjugation. Then
ess(hy) < /gd/,LK.

Proof. Choose a sequence of algebraic integers oy, as in Rumely’s theorem such that dp(a,) converges
properly to pg. Since the o, are integers, the corresponding minimal polynomial is monic. Therefore

1
ho(a) =g > 98)= [ gdboqan)
BeO(an)

Using that dp(q,,) converges properly to px and that the sequence ay, is generic, we deduce

ess(hy) < 7}1{%0 hg(om) = /gdﬂK-
O

Remark 6.4. In view of Corollary 6.3 we may ask if we are lucky and the family of upper bounds we
have constructed is sharp. In other words, is it true that

ess(hg) = 1%f/gduK,

where the infimum runs over all compact subsets of C of capacity 1 that are invariant under complex
conjugation. The answer to this question is no and we need better upper bounds.

The second source of upper bounds is a recent theorem of Smith and Orloski-Sardari, that can be
seen as a very flexible version of Fekete—Szeg8 theorem.

Theorem 6.5 (Smith [25], Orloski-Sardari[18]). Let u be a measure on C with compact support and
wnvariant under complex conjugation. Then the following are equivalent.

1. For ull @ C T[s), the integral [log |Q(x)|dp 2 0.
2. There ezists a sequence of algebraic integers o, such that 00(an) converges properly to p.

With Menares, Qu and Sombra we have extended this result to measures with non necessarily compact [
support.

Corollary 6.6 (—, Menares, Qu, Sombra [4]). Let u € Piog(C) invariant under complez conjugation.
The following are equivalent.

1. For all Q € Z[2], the integral [log|Q(z)|du > 0.
2. There exists a sequence of algebraic integers oy, such that 80(an) converges logarithmically to p.
We immediately obtain the following corollary.

Corollary 6.7. Let yu € Piog(C) be a measure invariant under complex conjugation and such that

Jregie@ldutz) > 0

for all non-zero polynomials Q € Z[z]. Then

ess(hg) < /gdu‘

As we will see, the family of upper bounds provided by Corollary 6.7 is sharp.

10



7 Linear programing

Now that we have lower and upper bounds for the essential minimum we would like to show that both
can be arbitrarily close to the essential minimum. The tool to achieve this is linear programming. A
comprehensive reference to linear optimization is the book [2]. We will present an abstract version of
linear programming that will be useful for our purposes.

The abstract version of duality in linear optimization has the following ingredients.

1. Let E and F be real vector spaces and A4: E x F' — R a bilinear map that we see as linear maps
A:E— FYand A*: F — EV.

2. Let u € EY and v € FV be linear maps.

3. Let o C E and 7 C F be convex cones. el

Recall that, given a convex cone o in a vector space F, the dual cone is defined as
oV ={zcEY|(z,u) >0, Yu €0}

Linear programming studies the optimization of a linear function subordinated to a set of convex con-
strains:

P =sup{u(z) |z €0, v—A(z) €T}. (7.1)
By abuse of notation we will denote by P the number appearing in equation (7.1) and the problem of

determining this number.
The standard method to deal with a constrained optimization problem is to write the Lagrangian
formulation where we add variables for some of the constrains.

P = sup inf {u(z) + v(y) — Az, y)}. (7.2)
z€o YET

To see that the solution of this double optimization problem is P we fix & € o such that
v— Alz) g 1.

Then we can find y € 7 with v(y) — A(z,y) < 0. Since 7 is a cone we can make v(y) — A(z,y) arbitrarily
small and
inf (u(z) +v(y) ~ A(z,9)} = o0,

By contrast, if v — A(z) € 7V we have v(y) — A(z,y) > 0 and the infimum over y is attained for y = 0.
Thus we see that the problems (7.1) and (7.2) are equivalent.
The dual problem is obtained by switching the inf and the sup.

d=ying igg{U(w) +o(y) — Alz,y)} (7.3)

By an argument similar to the previous one, this optimization problem is equivalent to
D =inf{u(y)ly e, A'(y) —uco’}. (74)

Since supinf < infsup, we deduce that in general P < D. This property is called weak duality. If the
stronger condition P = D holds, then we say that the optimization problem satisfies strong duality.

We will say that P is feasible if there is an z € o such that v — A(z) € 7V. This means that there is
at least a candidate for the problem P and thus P > —oc. The set of such z’s is called the feasibility set
of P.

We will say that P is bounded if P < oc. Similarly we say that D is feasible if there is a y € T with
A(y) —u € ¢V, which implies D < oo and bounded if D > —oc. Again such y’s form the feasibility set
of D. Clearly if P is feasible, then D is bounded and if D is feasible, then P is bounded. On the other
hand, the fact that one of the problems is bounded does not imply that the other one is feasible.

The main result of finite dimensional linear programming is the following.

11



Theorem 7.5. Assume that E and F are finite dimensional and that the convex cones o and T are
closed. Then the following are equivalent.

1. P is feasible and bounded.
2. D is feasible and bounded.
And in this case, strong duality P = D holds.

Proof. Assume that P is feasible and bounded. Then D is bounded. In the space R x FV we define the

subsets.
V ={(u(z), A(z))|z € o}

and for A € R,
Wy ={{t,w)t> \v-—weT'}

Since P is feasible, there exists « € o such that v — A(z) € 7V. Putting w = A(z), t = u(z) and choosing

A1 < t, we see that
(tiw) e VW, #0.

Since P is bounded, P < co. Let Ay > P. Then
VW, = 0.

So, for big A the sets V' and W), are disjoint while for small ) they intersect. We single out the boundary

point
Ag = inf{A|[V NW, = 0} = sup{\|[V N W, # 0}.

Let € > 0. Since VN W),—¢ # 0, there exists z € o such that u(z) > Ao — ¢ and v — A(z) € 7¥. Hence
Ao — e <P and, being ¢ arbitrary, we deduce P > X.

Put now A = A\p + & > XAp. Therefore VN W, = @. Since V is a convex closed cone and W) is
the translated of a closed convex cone, there is a hyperplane h such that hly > 0 and h|w, < 0. This
separation statement follows from [Z2, 'I'heorem Ll.l]. Write h = (b,y). 'L'ne conditions on h are

bu(z) + A(z,y) >0, forall z € o,
bt +v(y) —v'(y) <0, forallv e7V.

Taking v' = v — A(z) € 7V for some z € o that exists because P is feasible, we deduce
bu(z) + A(z,y) > 0> bt +v(y) — v'(y) = bt + A(z, y),

hence bu(z) > bt for all A < t. Since ¢ can be arbitrarily big, this implies that b < 0 and after rescaling
we can assume b = —1. The condition

—t+v(y) —v'(y) <0, forallv' e rv,t >\
implies that y € 7. While the condition
—u(z)+ A(z,y) >0, forallzeo

implies that A*(y) — u € oV. Thus y belongs to the feasibility set of D and D is feasible. Taking now
v =0and t = A = Xy + ¢, we obtain v(y) < A\g+ . Hence D < A\g +¢. Since ¢ is arbitrary, we obtain
D £ Ao < P. Combining this with weak duality ? < D we obtain the strong duality P = D. a
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8 The essential minimum as a linear programming problem

The set of all irreducible non constant polynomials with integer coefficients is countable. Assume that

we have enumerated them as Q1,Q2,...,Qn,....
Thanks to Theorem 4.4, the essential minimum is the solution of the optimization problem

n
ess(hy) = sup inf (g(z) - Zai logIQi(z)|> ;
neN_ z€C :
at,,an>0 .
This is an optimization problem but does not look like a linear programming problem. We need to
massage it a little. First, instead of looking at the infimum of a function we can look at the value needed

to make it positive, so we can write

o) = aslog|Qu(z)| ~ A > o} .
i=1

ess(hy) = sup {/\
’ neN
a,...,an>0
AER
This problem looks more like a linear program problem. We have a vector space E = R® @Dy R, a linear
map that we want to optimize w(A,a;,a2,...) = A, a condition with the shape of a cone o = {a; > 0}

and another condition

g9{z) — Z a;log |Qi(2)] — A > 0. (8.1)
i=1

We need to put the condition (8.1) as some kind of duality. The idea is that functions are in duality with
measures and that a function is positive if and only if the integral of the function with respect to any
positive measure is positive. To make this precise we define ?{OE(C) the space of all probability Radon
measures 4 such that

flogJr |2| du < oo, /log |Qi(2)| dp > —o0, Vi > 1.

These are the probability measures that can integrate the functions of the form log |Q;(z)|. We will also
write Mﬂ;g((C) = R>0P],,(C). This is the cone of positive measures that can integrate log|Q;(z)| and

finally Mg (C) = M?‘;g(C) - Mfgg (C) is the vector space of signed Radon measures that can integrate

log |Q:(2)|. Now our optimization problem reads

P =-ess(hg) = sup {)\ /g(z) - Zai log |Q;(z)| = Adp >0, Yu € Mfgg((C)} .
i=1

neM
Q1 yeefin >0

AER

+

1og(C), the pairing A is given

Therefore, the second vector space is F' = Mjeg(C), the cone in 7 C F is M
by

Ao = [ ailog|Qu()] + Adu
=1
and the linear function u is
u(p) = / gdpu.

One can check that with these definitions, the linear programming scheme of the previous section is
exactly the problem of finding the essential minimum of the height function. Now lets look for the dual
problem!

13



First we need to write the Laplacian formulation

n
P= sup inf /\+/gd,u—/)\+Zailog|Qi(z)|du ;
N neN_ HeM (C) =1

AER

Then we switch the inf and the sup

D= inf sup )\+/gdu—/)\+Zailog|Q,~(z)|d,u .
BEME, (C)  nel =1
a1

yeerg@p >

AER

As we discussed in the previous section, we can simplify the dual problem as

U E Ml'gg((C)

D:’nf .d.- =
i /s? !"/)\_i_zailog@i[dp,—)\z& Va; > 0, € R
i=1

The condition .
/A+Zailog|Qi|dp—)\ >0,Va; >0,2eR

i=1

A(/du—1>20,V)\eR,

which is only possible if [ du —1 =0, that is, p € iPiog((C); and that

forces that

[1ogl@ialdau 2 0,

which is exactly the condition in Smith and Orloski-Sardari theorem (Theorem 6.5 ). In conclusion

D = inf {/gdulu € Plog(C), /longi(Z)ldu > O,Vi} :

Since the vector spaces are infinite dimensional, in principle we do not know whether strong duality holds.
Nevertheless it turns out that strong duality is satisfied in this case.

Theorem 8.2 (—, Menares, Qu, Sombra [4]). The problems P and D satisfy the strong duality principle
and therefore D = P.

We derive two corollaries of this result.
Corollary 8.3. If g is a computable function, then ess(hg) is a computable real number.

Corollary 8.4. The essential minimum of hy can be approzimated by algebraic integers. In other words

ess(hg) = essz(hyg).
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9 The Grassmannian Gr(2,4)

Let Gr(2,4) be the Grassmannian manifold that parameterizes 2-dimensional planes in a 4-dimensional
complex vector space. The Pliicker coordinates give an embedding Gr(2,4) — P°. If we write the
homogeneous coordinates of P as (12 : Z13 : T14 : To3 : Tog © T34), then the image of Gr(2,4) is the
hypersurface of equation z19z34 — £13%24 + T142T23 = 0.

We consider the complex vector space

homogeneous polynomials of degree n
Bn = HO(Gr(Q, 4),0(n)) = { ii the variagles T12 T34 }/ (®13%24 = 12734 + T147T23)

This vector space is an irreducible representation of U(4) of highest weight (n,n,0,0).

Since it is irreducible, it has a unique hermitian metric, that is invariant under the action of U(4) and
normalized by the condition ||z7,|| = 1. Moreover it has a natural lattice Rz, = H*(Gr(2,4), O(n))z: the
homogeneous polynomials with integer coefficients. Whenever we have a lattice and a metric, the first
thing we can ask is what is the shortest vector.

Problem 1. Let )\, # 0 be the shortest non-zero element in H°(Gr(2,4), O(n))z. What is the length
[[Anl?

This problem may be too difficult, thus we can settle for the asymptotic behavior of this length.

Problem 2. Compute the number

-1
A= lim — log ||\l (9.1)
n—oo 1

Apparently this problem has nothing to do with the rest of the course. Nevertheless we will see that this
problem is equivalent to determining an essential minimum of a height function in P!.

The invariant metric in H(Gr(2,4),O(n)) can be interpreted as an LZ-norm. The sheaf O(n) has a
hermitian metric, the Fubini-Study one. Given a section s € H%(Gr(2,4),O(n)) that corresponds to a
polynomial Ps of degree n, the Fubini-Study norm at a point (z12 : 13 : T14 : T3 : Lo4 : T34) is given by

|P(zis)l
(Zi<j |$ij|2>n/2

This metric is invariant under the action of U(4). There is also a unique volume form dVol invariant
under U(4) and of total volume 1. The L? norm is given by

(@)l =

lIsllzz =/ [|s(i;)|| dVol.
Gr(2,4)

b}

Since the L? norm comes from a hermitian metric invariant under U(4), it agrees with the original norm
up to a normalization factor. The normalization factor is given by the dimension of R,. That is
(n+1)(n+2)*(n+ 3)

llsll = dim Ry ||s]| > = 3 sl z2- (9.2)

We can now introduce a new norm, the sup or L°-norm given by

[Illsup = sup [|s(z;)]l-
Tiy

It is clear that
lsllzz < lIsllsup- (9.3)
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On the other hand there is an inequality, due to Gromov, in the other direction
Isllsup < Cn?lls]] 2. (9.4)

Here C is a constant, independent of s and 7 and the exponent 2 = dim Gr(2,4)/2. Let u, be the shortest
vector in Rz, with respect to the sup-norm. Then the estimates (9.2), (9.3) and (9.4) yield

-1 -1 -1 -1 -1
-1 -1 o ol -1 _ 5 ks _
Jim —log lua| < lim —log [ An| = lim —log|[Anllsup < lim —=log|lunllsup = lim —=log |l

Hence, the problem of finding the asymptotic of the length of the shortest lattice vector for the original
metric is equivalent to the same problem for the sup norm. In other words, we have the following lemma.

Lemma 9.5. For each n let un be the shortest vector of Ry, with respect to the sup norm. Then the
number we are looking for is
.o —1
A= lim — log||tn|lsup-
n—oo 1
We start by reviewing the structure of the spaces R,. First if we write R = @ Ry, then R is a
graded algebra and Proj(R) = Gr(2,4). Consider the standard maximal torus T'(4) C GL(4) consisting

of diagonal matrices and the compact subtorus S(4) = T(4) NU(4).
Each R, can be decomposed into weights

R, = @ ‘/(a,b,c,d) (96)
a+b+ct+d=2n

where Vi, 4) i the subspace of weight a, b, ¢, d. That is, the subspace where . acts on V(g p,c.4) with the

action
(ty,t2, b3, ta) - v = t§tht5t4v, forv e Viabe,d)-

The decomposition (9.6) is orthogonal with respect to the L2 norm. We will denote by Viab,e,d),z the lattice
of vectors with integer coeflicients. The decomposition (9.6) is compatible with the integral structure of
Ry, and V(a,b,c,d)'

Thus if we want to search for the asymptotic of the length of the smallest vector, we can do it weight
by weight. To this end we consider the normalized weight polytope A is the convex closure of the points

1
(CL, b, c, d), ‘/(a,b,c,d) 75 {0}

n
It is independent of n and agrees with the convex closure of

(1,1,0,0), (1,0,1,0), (1,0,0,1), (0,1,1,0), (0,1,0,1), (0,0,1,1).

For each rational point p = (a, 8,7, 8) € A, we consider the function

S
¢(p) = lim — loginf{|lsllsup|s € Vinansnyne)z}
n.p integer

It can be shown that
1. The value we are looking for is A = sup,ea @(x).
2. The function ¢ is concave.
3. The function ¢ is symmetric under the action of the symmetric group 4.
These properties imply that A = ¢(1/2,1/2,1/2,1/2). That is, the asymptotic of the length of the

shortest vector can be computed using only the middle weight. In other words we have established
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Lemma 9.7. Let un be the shortest vector of Vipnnn) N Rz,2n, then

-1
A= lim >—log ||unlsup-

For a good description of Arakelov theory and GIT quotients, the reader may consult the monograph
[17] or [16].
We now look more closely to the structure of the middle weight subspaces. The direct sum

V= @ V(n,n,n,n)
n

is also a graded algebra like R. It is generated by the monomials x12234 and z14%03. Therefore Proj(V) ~
Pl. The inclusion V — R defines a birational map Gr(2,4) --» P! that can be seen as a GIT quotient.
Let T(3) = T(4) N SL(4) the three dimensional torus of diagonal matrices with determinant one. Then
V = RT®) is the subspace of invariant functions with respect to T°(3). Thus P* = Gr(2,4)//T(3) or also
P! = Gr(2,4)%/T(3), where Gr(2,4)% is the subset of semistable points. Let 7m: Gr(2,4)% — P! be the
quotient map. Let Op:1 (1) be the tautological line bundle on P! = Proj(V). The global sections of Op1(n)
are exactly the elements of V{,, ;. n). The map 7 identifies 7*Op1(n) = Ogy(z,4)(2n). Given a section
5 € Vinnnn), the section 7*s is just the same element viewed in Ry, by the inclusion Vin nnn) < Ron.
We can define a new metric on Opi (1), the Kempf-Ness metric by the rule
ls(p)llxn = sup [|7*s(q)ll-
w(q)=p
This norm can be computed explicitly. Let (z: 1) € PL. A pre-image of this point in Gr(2,4) is the point
(z:1:(1—2):1:1:1)). The torus T(3) is given by (A1, A2, Az, Aq) with A1dgAsAq = 1, and the action
is given by
(M) - (mi5) = (Aadjzig)-
The norm on Ogy(z,4)(2n) is the Fubini-Study norm. Putting everything together, we deduce that

”:L‘12:B34(Z . l)HKN = sup 5 - |)\1)\2/\32)\4Z| ; - 5
I/\1A2Z| + |)\1/\3| -+ |)\1/\4(1 — z)l + I)\g)\3| + |>\2/\4| + |/\3)\4|
ol
21+ |z + |1 — 2])

The first equality is just the definition of the Kempf-Ness norm and the second follows from the arithmetic-
geometric mean inequality

IAidzz® + [AAs? + (A Aa(L = 2)1 + Aods® + [Deda[® + [Ashq* <
|/\1)\2/\3)\42|2 + 2-\/|)\1/\3/\2/\4|3 + 2\/'/\1)\4(1 — 2:)/\2)\31"2 = )\1)\2)\3)\4(|z| + 14+ |1 = Zl)

With equality at the points

O i AP = Y=
V=Tl E

il
21+ |zl + 11— =)
By the very definition of the Kempf-Ness metric we deduce that, for every s € HO(P!, Op1(n)), the sup
norms

Similarly

lz13zoa(z : 1)||lxn =

sup [ls(p)lln = sup [l7*s(q)]l
pelP q€eGr(2,4)

17



In consequence

s € HO(]PI, Op1 (n))z} : (9.8)

n—o0 2N

-1
A= lim 2—loginf {sup Is(P) lxn
p
We write
9(2) = —log || z1324(z : 1)|| = log(2(1 + |2] + |1 — 2[)).
If we now combine equation (9.8) with Theorem 4.4 we obtain the next result.

Proposition 9.9. For every n, let \, be the shortest non zero vector of the lattice R, with the unique
Hermitian metric normalized as ||z75|| = 1. Then

.o —1 1
Jim = vlze = 5 ess(hy).

We can now make a wild guess. One would expect the minimal vector to be symmetric. So we may
guess that the vector
Von, = (T12%13C14223%24%34)" € V(3n,3n,3n,3n) C Lon
should be close to being the shortest one. We can compute easily
.o -1 log 6
nli)ngo 6T‘LIOg lven]l = — = 0.89587....

Can we use our knowledge of the essential minimum of P! to beat this estimate and have a rough idea
of the value of A7

Before estimating the essential minimum we can make a further simplification. We observe that
the Kempf-Ness metric on O(1) is invariant under the action of the 6-elements group generated by the

operations
z—1—2z, z1/z.

We can consider the map ¢: P! — II! given by

2" =24 1)

this map can be seen as the quotient of P! by the action of the said group. Therefore, there exists a
metric on O(1), that we denote by || - |kn,q such that

e*(O), || - llxn,a) = (Opr(6), || - [lkn)- (9.10)
Let (z : y) be the coordinates in the target projective space and write
94(t) = —log |ly(t)lkn,a-
Here the subindex d stands for “down” as it is a metric on the quotient space. The equation (9.10) implies
that g i

A= 3 ess(hg) = 5 ess(hg,).

Now we can apply the lower and upper bounds we know for the essential minimum of hg,. As a first
choice, take the single polynomial Q(t) =t and compute

L =sup irtlfgd(t) —alog|t].

It turns out that the supremum is attained at ¢ = 0.06979... and has the value

L = g4(1) = 10.87406.. ..
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Hence A > L/12 = 0.90617. .., which shows that our wild guess was wrong and that there should be
much shorter vectors. Playing with some more polynomials one can get a better bound A > 0.90753.. .,
but it seems difficult to improve this lower bound.

With respect to the upper bounds we can start by integrating sets of capacity 1. By a computer
assisted search we can find a set K of capacity 1 such that

1
1—2*‘ gqdug = 0.90785. ..

Combining the lower and upper bounds for the essential minimum one easily gets

0.90753--- < A <0.90785...

Acknowledgments

The author thanks Ricardo Menares, Binggang Qu and Martin Sombra for the collaboration on which
this course is based.

References

[1] Francois Ballay, Successive minima and asymptotic slopes in Arakelov geometry, Compos. Math.
157 (2021), no. 6, 1302-1339. MR 4271920

[2] Dimitris Bertsimas and John N. Tsitsiklis, Introduction to linear optimization, Athena Scientific,
Belmont, Massachusetts, 1997.

[3] E. Bombieri and W. Gubler, Heights in Diophantine geometry, New Mathematical Monographs,
vol. 4, Cambridge University Press, Cambridge, 2006. MR, 2216774

[4] J. I. Burgos Gil, R. Menares, B. Qu, and M. Sombra, Closing the gap around the essential minimum
of hetght functions with linear programaning, 2026.

[5] José Ignacio Burgos Gil, Ricardo Menares, and Juan Rivera-Letelier, On the essential minimum of
Faltings’ height, Math. Comp. 87 (2018), no. 313, 2425-2459. MR, 3802441 I

[6] José Ignacio Burgos Gil, Patrice Philippon, Juan Rivera-Letelier, and Martin Sombra, The distribu-
tion of Galois orbits of points of small height in toric varieties, Amer. J. Math. 141 (2019), no. 2,
309-381. MR 3928039

[7] José Ignacio Burgos Gil, Patrice Philippon, and Martin Sombra, Successive minima of toric height
functions, Ann. Inst. Fourier (Grenoble) 65 (2015), no. 5, 2145-2197. MR, 3449209

[8] G.S. Call and J. H. Silverman, Canonical heights on varieties with morphisms, Compositio Mathe-
matica 89 (1993), no. 2, 163-205.

[9] Christophe Doche, On the spectrum of the Zhang-Zagier height, Math. Comp. 70 (2001), no. 233,
419-430.

, Zhang-Zagier heights of perturbed polynomials, J. Théor. Nombres Bordeaux 13 (2001),
no. 1, 103-110.

[10]

[11] G. Faltings, Endlichkeitssitze fiir abelsche Varietiten tiber Zahlkérpern, Invent. Math. 73 (1983),
no. 3, 349-366.

19



[12]

[13]

(14]

[15]

[16]
[17]

[18]

(19]

[20]

[21]

22]

24]
(25]

[26]

[27]

[28]

(29]
(30]

Michael Fekete and Gabor Szeg8, On algebraic equations with integral coefficients whose roots belong
to a given point set, Math. Z. 63 (1955), 158-172. MR 72941

V. Flammang, On the Zhang-Zagier measure, Int. J. Number Theory 14 (2018), no. 10, 2663-2671.
MR 3869604

B. H. Gross and D. B. Zagier, Heegner points and derivatives of I-series., Inventiones mathematicae
84 (1986), 225-320.

Steffen Lobrich, A gap in the spectrum of the Faltings height, J. Théor. Nombres Bordeaux 29 (2017),
no. 1, 289-305. MR 3614528

Marco Maculan, Height on GIT quotients and Kempf-Ness theory, 2014.

»  Diophantine applications of geometric invariant theory, Mémoires de la Société
Mathématique de France, no. 152, Société Mathématique de France, 2017.

Bryce Joseph Orloski and Naser Talebizadeh Sardari, Limiting distributions of conjugate algebraic
wntegers, 2024.

Binggang Qu and Hang Yin, Arithmetic Demailly approzimation theorem, Adv. Math. 458 (2024),
Paper No. 109961, 24. MR 4803242

Thomas Ransford, Potential theory in the complex plane, London Mathematical Society Student
Texts, vol. 28, Cambridge University Press, Cambridge, 1995. MR 1334766

M. Raynaud, Courbes sur une variété abélienne et points de torsion, Inventiones Mathematicae 71
(1983), no. 1, 207-233.

R. Tyrrell Rockafellar, Convex analysis, Princeton Landmarks in Mathematics and Physics, Prince-
ton University Press, Princeton, NJ, 1970.

Robert Rumely, On Bilu’s equidistribution theorem, Spectral problems in geometry and arithmetic
(Iowa City, IA, 1997), Contemp. Math., vol. 237, Amer. Math. Soc., Providence, RI, 1999, pp. 159-
166. MR 1710794

E. B. Saff, Logarithmic potential theory with applications to approzimation theory, 2010.

Alexander Smith, Algebraic integers with conjugates in a prescribed distribution, Ann. of Math. (2)
200 (2024), no. 1, 71-122. MR 4768417

L. Szpiro, E. Ullmo, and S. Zhang, équirépartition des petits points, Invent. Math. 127 (1997), no. 2,
337-347. MR 1427622

Emmanuel Ullmo, Positivité et discrétion des points algébriques des courbes, Annals of Mathematics
147 (1008), no. 1, 167 170.

Xinyi Yuan, Big line bundles over arithmetic varieties, Invent. Math. 173 (2008), no. 3, 603-649.
MR 2425137

Don Zagier, Algebraic numbers close to both 0 and 1, Math. Comp. 61 (1993), no. 203, 485-491.

Shou-Wu Zhang, Equidistribution of small points on abelian varieties, Annals of Mathematics 147
(1998), no. 1, 159-165.

20



