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Introduction to GW Polarization States

Introduction to GW Polarization States
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Linearized Field Equations: |

@ It was in 1916 that Einstein predicted the existence of GWs, based on his
linearized vacuum field equations

@ Let our spacetime metric g, be
Juv = Nuv + hp,l/,

where
T,,ul/ = dlag(_la 17 17 1)a

@ We need h,, to be so small that all expressions can be linearized with
respect to h,, and their derivatives O, h .

In other words, the spacetime is very close to the special relativity spacetime
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Linearized Field Equations: Il

e We may introduce
h
Yuv = h,uz/ - 57’#1/'

1
Y= 77’“'%1/ =h— 54}1 = —h,

i
S Nuv-

:>h;uz:7w/_2
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Linearized Field Equations: Il

e We may introduce
h

T

Yuv = h,uz/ - 9

1
Y= an’Y’uy - h — 54}1, = 7h,

’7/
= h;uz = Tuv — §nm/-
e EFEs =
Uypw = 26T,

where k =87 G/ct, O = 0"9,
@ Further, v, have to satisfy the additional condition
My =0
This is the Hilbert gauge. Its popular names include Einstein gauge, the de
Donder gauge, or the Fock gauge.)

@ In particular, these Eqgs are invariant under Lorentz transformations.
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Introduction to GW Polarization States

Table 2. The gauge freedom of linearized gravitation is analogous to that
of ordinary electromagnetism in flat spacetime.

Electromagnetism Linearized gravity
Generator X &a
Potential Aq hap
Gauge transfo. A, — Ay + dax hat = hap + 20
Gauge invariant Fay = 0, Ay Raped = —0c0ahw)a + 0a0(ahu)c
Lorenz gauge cond. 0"Aa =0 %hay = 0
Conservation law 0%ja =0 0" Tap =0
Wave equation OAs = — 10 Ja Ohay = —167G Tap

Figure: O =n""0,0, = 8”9,
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Introduction to GW Polarization States

@ Influenced by ED, the general solution to the linearized EFEs could be a
superposition of plane harmonic waves

Y (T) = Re{AWeik"””p}
k,: a real covariant vector a complex amplitude 4, = 4,,,.
e — )
0=1""0,0-Yu(x) = Re{n”AWikUikTelkf’xp}.
This should hold for all z, with A, # 0, if and only if
N kok, = 0.

@ In other words, (ko, k1, k2, k3) has to be a lightlike covariant vector with
respect to the Minkowskian metric.
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Introduction to GW Polarization States

@ Influenced by ED, the general solution to the linearized EFEs could be a
superposition of plane harmonic waves

Y (T) = Re{AWeikP””p}
k,: a real covariant vector a complex amplitude 4, = 4,,,.

o = |
0= 17" 0o 0r v (w) = Re{n"" Apyikioikyes"}.

This should hold for all z, with A, # 0, if and only if
N kok, = 0.
@ In other words, (ko, k1, k2, k3) has to be a lightlike covariant vector with
respect to the Minkowskian metric.

GWs propagate on Minkowski spacetime at the speed c, just as
electromagnetic waves in vacuum
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Introduction to GW Polarization States

® Oy =0=

0=n""0vu(x) = Re{n“TAWik;TeikP"”p}

which is true, for all x = (2%, 2!, 22, 23), if and only if
kErAL,, =0 (H).

@ In other words, the Hilbert gauge condition restricts the possible values of
amplitudes A,

@ It restricts the possible GW polarization states
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Introduction to GW Polarization States

o Clearly, A, is a (4 x 4) matrix with 16 entries.
A, = Ay, — only 10 of them are independent
the Hilbert gauge condition (H) consists of 4 scalar equations
Are there six independent polarization states?
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Introduction to GW Polarization States

o Clearly, A, is a (4 x 4) matrix with 16 entries.
A, = Ay, — only 10 of them are independent
the Hilbert gauge condition (H) consists of 4 scalar equations
Are there six independent polarization states?

e Introduce u*: a constant four-velocity vector, 1, utu” = —c*.

It is possible to make a coordinate transformation such that the Hilbert
gauge condition is preserved &

u'A,, =0, (T1)
" A =0, (T2)
in the new coordinates
o In the (TT gauge, transverse-traceless gauge), there are ONLY TWO GW

polarization states
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Introduction to GW Polarization States

Existence of TT Gauge: |

@ Plan is to perform a coordinate transformation
=t + fH(x),  fH(x) = Re{iC”eik"xp}

with the wave covariant vector (k,) from our plane-harmonic-wave solution &
certain complex coefficients C*.

@ We want to choose the C* such that in the new coordinates (T1) and (T2)
hold true
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Existence of TT Gauge: |

@ Plan is to perform a coordinate transformation
s o M), () = RefiCHetter” )
with the wave covariant vector (k,) from our plane-harmonic-wave solution &
certain complex coefficients C*.

@ We want to choose the C* such that in the new coordinates (T1) and (T2)
hold true

o Is it possible?

(]
Vv = Vv — 3uf,u - 3,ufu + nyuapfp7
=

Re{A,, e} s Re { (A, — iik,C), — iik, Cy + nyiik,C?) eik:pzp}’
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Existence of TT Gauge: Il

@ We know that 7, should transform as
Yuv = Yur = O fru = O fv + MO
=
Re{A,, e} s Re { (A — iik, C,, — ik, Cy + npuiik,CP) e*e®" ),

A= Ap +k,Cy + K, C — 1k, CPL

e We want to choose the C), such that Eqgs (T1) & (T2) should hold =
0=u" (A +k,C, + k,Cy — 1k, CP), (T1)

0=n"(Au +k.Co, + k,C, — 1k, CP) =0 Ay, — 2k,CP, (T2)
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Components of C), : |

@ Let our constant four-velocity vector
(u") = (¢,0,0,0)
o (Tl)forv=yj:
Agj +koCj +kjCo =0 <= C;=—ky'(Ag; + k;jCp).
= C} are determined by Cj.
o (Tl)forv=0:
Aoo + 2koCo +10°k,Co =0 =
Ago +2koCo — koCo + 10" k;C; =0 <=
—koAoo +nkiAg; =0
"k A = 0.
& this is the Hilbert gauge condition k*A,, = 0.
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Components of C), : |

e Can we fix Cy using T27 (n“l’AW — 2k,C?=0)

(]
nHVA;U/ + ZkOCO — 27’]”]{310] =0 —

AP 4 2kqCo + 2nij]gikal(A0j + ]ijo) =0 <=
AP 4 2k0Co + 20 kikg P Aoy — 2n°0koky TkoCo =0 <=
AP 4 4koCo + 20 kikg T Ag; = 0 =

— AW — ik Ay
Co = K
0 k2

@ = We should be able to ‘construct/choose’ Cj which leads to C; & this
ensures that both (T1) and (T2) are indeed satisfied in the new coordinates.
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GW Polarization States: |

o Use of TT gauge = v =0 and thus hy, = ...
=
ik,x”
Guv = Muv + Ypvs Vv = Re {A;uze s }

@ The amplitudes are restricted by the conditions

KA, =0, ulAu, =0, n'A,, =0.

@ If we choose the coordinates such that

w/c

w/c

In General, a Lorentz transformation should allow us to choose such 4-vectors
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GW Polarization States: I

@ In the TT gauge, the amplitudes A, must satisfy
w
(H) 0=krA,, = Z(AOV + As,),
(T1) 0=u"A,, =cAo,
(T2) 0=n""Au, = —Aoo + A11 + A2z + Aszs,
@ In this representation, there are only two non-zero components of A,,,,
A = —Agp = Ay = |Ag]e"?,

A12 = A21 = A>< = ‘AX|€M).

The fact that only the 11 and the 12 components are non-zero demonstrates
that GWs are transverse.

These two independent polarization states are

the plus mode (+) & the cross mode (x).
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It's explanation later

+ and x GW polarization states
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Introduction to GW Polarization States

@ We need to show that the z°-lines, namely the worldlines z#(7) with
" = u*, are geodesics.

e From &# (1) = ut, we find Z#(7) =0
The Christoffel symbols read

1
1“/;‘0 = §gln (aUgTD + 3ugm - 87’91/(7)

1
= 577/“— (8077'1/ + 81/770 - a‘r'Yua)

1 ot
= 30" Re {(z’kc,Aﬂ, FikyAro — ik Ayy) €0 } :

S U

1 I
=0+ 577‘”Re {(ikaAT,,u”u” + ik, Aroutu® — ik Apsutu’) etho® } .
=
4+ Th 2" = 0.
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Introduction to GW Polarization States

\J

Figure: The z%-lines are the worldlines of freely falling particles. For any such particle the
(z', 22, 2%)-coordinates remain constant. This does not mean that GWs have no effect
on freely falling particles. The distance, as measured with the metric, between
neighboring z%-lines is not at all constant.
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Introduction to GW Polarization States

@ Let us calculate the square of the distance between the z°-line at the spatial
origin (0,0,0) and a neighboring 2°-line at (2!, 22, 23)

o Imagine that the z* are so small that the metric can be viewed as constant
between 0 and z°.

9ij(2°,0,0,0)(z" — 0)(z? — 0) =
(77ij + Vij (x()? 0,0, 0)) xiad = 5ijxixj + Re {Aijxixjeikowo}

= 5ij1‘i;1:j + Re {A+ ((m1)2 _ (m2)2) e*i“’t} + Re {QAXx1m26—iwt}

9ij(2°,0,0,0) (2" — 0)(z7 —0)
=6;x'a) + |AL| ((z")* — (2%)?) cos(p — wt) + 2| Ay |z 2* cos(v) — wt).
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:> . .
9ij(2°,0,0,0)(z* — 0)(z7 — 0)

= (5ijmixj + AL ((331)2 — (332)2) cos(p — wt) + 2| Ay |ac1x2 cos(1) — wt).

Figure: Imagine that you have particles that are arranged on a small spherical shell and
then released to free-fall

Both plus & cross modes of GWs produce a time-periodic elliptic deformation in the
plane perpendicular to the propagation direction.
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Interferometric Hecto-Hz GW Observatories

Interferometric Hecto-Hz GW Observatories
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: |

The idea of employing MI for detecting GWs was given in M. Gerstenshtein and V.
Pustovoit [ “On the detection of low-frequency gravitational waves” (in Russian), Sov.
Phys. JETP 16, 433 (1962)].

My
—
o
s [ |
M
laser beam dy 1"
detector

Figure: Influenced by V. Braginsky, J. Forward actually built a small model detector in
the mid-1970s. The construction of LIGO, GEO600, VIRGO, and TAMA started in the
1990s after Joe Taylor's Nobel Prize!! Many people were critically instrumental,
including R. Weiss and R. Drever & K. Thorne.
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Michelson Interferometer: |l

M,
_—

dy

I v
Ay
laser beam dy | |

detector

Figure: If Ml is operated in vacuo, the phase difference is
(5(}5: (271'/)\) X (dl — dz) X 2

Typical (sophisticated) Mls should measure phase differences down to 107°.
= You could detect changes in di — d2 that are are considerably smaller than the laser
wavelength A(600 nanometers) with the help of interference patterns
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: Il

M
-—

dy

B
laser beam dy 1!

detector

Figure: Imagine the beam splitter B, the mirrors My & Mo as being suspended so that
they can move freely in the plane of the MI.

Under the influence of a passing GW whose propagation direction is orthogonal to the
MI plane, the mirrors will move!

We may identify B with the particle at the center of the coordinate system, while M; &

Mo with particles on the = & y-axes
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Michelson Interferometer: IV

Aim is to determine the time-dependence of the distances d; and do,

@ Recall that the distance from the origin to a particle with coordinates
should be

Skey™ ()Y (t) = Opeaa’ + ypezFa’ = peatz’ + Re {Afe ™} a2t
@ Let's restrict to a pure + mode:
Srey™ ()Y (t) = dpeaa’ + Re { AL ((2')* — (27)?) e}
o Let Ay =|Aile"? =

Skey™ ()Y (t) = dpea’ + [AL| ((z")? — (2%)?) cos(wt — ).
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Michelson Interferometer: IV

Aim is to determine the time-dependence of the distances d; and do,

@ Recall that the distance from the origin to a particle with coordinates
should be

Skey™ ()Y (t) = Opeaa’ + ypezFa’ = peatz’ + Re {Afe ™} a2t
@ Let's restrict to a pure + mode:
Srey™ ()Y (t) = dpeaa’ + Re { AL ((2')* — (27)?) e}
o Let Ay =|Aile"? =

Skey™ ()Y (t) = dpea’ + [AL| ((z")? — (2%)?) cos(wt — ).

o For the mirror M;, we have 22 =23 =0 =
di(t)? = («')? + | Ay |(2!)? cos(wt — )
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Michelson Interferometer: V

@ For the mirror My, we have 22 = 2% =0 =
di(t)? = (21)* + Ay |(2")? cos(wt — )
& for the mirror My, we have 2! = 22 =0 =

da(t)? = (2°)” — |A+|(2?)? cos(wt — ).
@ Let the unperturbed length of both arms be dy: =
di(t)* = dj (1 + | Ay | cos(wt — @),

da(t)?* = df (1 — | Ay | cos(wt — @)
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Michelson Interferometer: VI

@ The induced phase difference reads

Ap(t) = T (1) ~ da(1))

4
= Tﬂ-do (\/1 + A4 | cos(wt — @) — /1 — | A4 | cos(wt — go))

@ We should linearise all expressions while dealing with our GWs

4 1 1
Ap(t) = Tﬁdo < §|A+| cos(wt — ) — 1+ §|A+| cos(wt — ) + .. )

4

Y

o A¢ x Ay, dy & inversely  to the wavelength \ of the laser.
This is why GWIs should have long armlength

do| AL | cos(wt — ).

@ The GW frequency w only provides certain periodicity with which the
interference pattern changes.
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Interferometric Hecto-Hz GW Observatories

Slides from Alan Weinstein

[ Jmirror

(I The effects of gravitational waves

|I| appear as a deviation in the phase
—L/ s differences between two orthogonal

mirrer light paths of an interferometer.

=

baam”
spliter . photodstector

For expected signal strengths,
The effect is tiny:

= Phase shift of ~10"° radians
f
| The Ionge_zr the light path, the larger the
T phase shift...
-— /1 L, — | . . \
Make the light path as long as possible!
Q:ﬁ‘?le“’ .Who\oda(sctar
LIGO-G000164-00-R AJW, Caltech, LIGO Project 6
Figure: Mirrors are essentially suspended pendulums
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Optimal L values?: |

@ Using a pendulum of length [ = 50 cm,

1 /g
= —4/2~0.7TH
fO 2,”_\/; 0.7 z,

fo ~ 1Hz, so mass/mirror is “free” above ~ 100 Hz.

o A GW with f; ~100Hz = A4 ~ 3000 km produces a tiny strain
h=AL/L!
@ We measure
AL 4 Lh

uUs b
/\Iaser /\Iaser

For measuring small h, we need large L.

A¢p =4nm

@ But not too large! If L > )\;/4, the GW changes sign while the laser light
is still in arms, canceling the effect on Ag.

e Optimal: L ~ \;/4 ~ 750 km !!!
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Optimal L values?: Il

@ For more practical length (L ~ 4km), increase phase sensitivity by increasing
number of times light beam hits mirror!!

A¢:4ﬂ£ — A¢:N<47TAL>,

)\Iaser laser

Basic Michelson
Interferometer with 4 km
Fabry Perot Cavitiesand
Power Recycling mirror

Power recycling
mirror

Figure: light is phase-shifted N times the single-pass length difference. AL
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Optimum L Values?: Il

@ One should NOT make the light path arbitrarily long!
@ Time for the light wavefront to leave BS (Beam Splitter) & return:

2NL . o
Ttor ~ — N is the number of round trips in arms.

During that time, a GW may reverse sign, canceling the effect on the light

phase:
Tperiod 1

~ = —

Trev B 2f .
@ For Hecto-Hz GW observatories like LIGO,

foole ~ 100Hz (“knee").

or N < ~ 200 for LIGO.

Tstor < ar
st 2fpole 4prole
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Some Interesting Points: B. Schutz

@ It's natural to describe how Ml interacts with a passing GW in terms of
time-delays

@ Each arm may be treated as a “light-clock” & we compare the time-keeping
of each arm with the other as they are stretched by passing GWs.
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Some Interesting Points: B. Schutz

@ It's natural to describe how Ml interacts with a passing GW in terms of
time-delays

@ Each arm may be treated as a “light-clock” & we compare the time-keeping
of each arm with the other as they are stretched by passing GWs.

@ It is rather incorrect to imagine that Ml essentially measures the number of
wavelengths of light that “fit” along an arm and then looks for changes in
that number as the mirrors swing.

@ If this were the case, then the frequency of the light would have to be stable
to parts in 102!, the same accuracy as that of the “length” measurement.
There are no lasers of such stability
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Some Interesting Points: B. Schutz

@ It's natural to describe how Ml interacts with a passing GW in terms of
time-delays

@ Each arm may be treated as a “light-clock” & we compare the time-keeping
of each arm with the other as they are stretched by passing GWs.

@ It is rather incorrect to imagine that Ml essentially measures the number of
wavelengths of light that “fit" along an arm and then looks for changes in
that number as the mirrors swing.

@ If this were the case, then the frequency of the light would have to be stable
to parts in 102!, the same accuracy as that of the “length” measurement.
There are no lasers of such stability

@ It could be argued that GWs will affect the speed of light and thus corrupt or
negate the measured time-delay.
In our TT coordinates the free particles remain at fixed locations & indeed
the coordinate speed of light changes.

A.G (gopu®tifr.res.in) TIFR, Mumbai 01/03/2025 33/57



Interferometric Milli-Hz GW Observatories

Interferometric Milli-Hz GW Observatories
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Interferometric Milli-Hz GW Observatories

LISA - LASER INTERFEROMETER SPACE ANTENNA

) identical spacecraft ecang Grait ¥ Fuewnatul avants sud 5 eslliding blac
d ance between the free-fiosting cubes in hales shake the tabiis of spacetime ard
iny change will be measured by the laser Beams. cause grasilalioal waes

Figure: Caption

It's an amazing GW observatory(ies) between 1 — 10 milli-Hz
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Interferometric Milli-Hz GW Observatories

LISA: The mission
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Interferometric Milli-Hz GW Observatories

@ LISA consists of 3 independent spacecrafts arrayed as an equilateral triangle,
with laser beams along each of the arms.
Spacecrafts are essentially point particles following geodesics,

@ Given its 3 arms, LISA can be regarded as having three independent L-shaped
interferometers, made from the arms that join at any two of the three
vertices.

@ These interferometers sense two different GW polarization states (without
requiring another space interferometer)
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Interferometric Milli-Hz GW Observatories

@ LISA consists of 3 independent spacecrafts arrayed as an equilateral triangle,
with laser beams along each of the arms.
Spacecrafts are essentially point particles following geodesics,

@ Given its 3 arms, LISA can be regarded as having three independent L-shaped
interferometers, made from the arms that join at any two of the three
vertices.

@ These interferometers sense two different GW polarization states (without
requiring another space interferometer)

@ Any two detectors share a common arm, their instrumental noise in the two
detectors is not independent.
= It is NOT advisable to do a cross-correlation experiment between its two
detectors in order to improve its sensitivity to a stochastic GW background!!.
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How Does LISA Work?: |

@ Let one arm of an interferometer is along the z-direction our plane GW is
moving in the z-direction
Restrict to + polarization & h4 (t) doesn't depend on z

@ In this case, the null geodesic moving in the x-direction satisfies

ds? = —dt? + (1 + hy)da® + (1 — hy )dy® + d2? = 0,

@ We extract an effective speed

A.G (gopu®tifr.res.in) TIFR, Mumbai 01/03/2025
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How Does LISA Work?: |

@ Let one arm of an interferometer is along the z-direction our plane GW is
moving in the z-direction
Restrict to + polarization & h4 (t) doesn't depend on z

@ In this case, the null geodesic moving in the x-direction satisfies

ds? = —dt? + (1 + hy)da® + (1 — hy )dy® + d2? = 0,

@ We extract an effective speed
da)®_ 1
dt)  1+hy’

@ This is a coordinate speed, with no contradiction to special relativity.
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How Does LISA Work?: 1l

@ A photon emitted at time ¢ from the origin reaches the other end, at a fixed
coordinate position x = L, at the coordinate time

L
few = 4 / [+ o ()] Y2 da,
0
where t(x) denotes the fact that one must know the time to reach position x

in order to calculate the wave field.

@ In our linearized EFEqs, ¢(x) = ¢ + = and we should expand the square root
1 L
ter =t + L+ 5/ hay (t + z)de.
0
@ In a Space interferometer, the light is reflected back =

1
treturn =t+ 2L + 5

L L
/h+(t+x)dx+/ h+(t+L+x)dx].
0 0
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How Does LISA Work?: 1l

@ For a space-based GW observatory, one essentially monitors changes in the
time for the return trip as a function of time at the origin!

dtreturn
dt

1
=1+ 3 [hy(t+2L) — hy(t)].
Interestingly, it does not involve the wave amplitude at the other end.

@ The wave amplitude at the other end does get involved if the wave travels at
an angle 6 to the z-axis in the x — z plane.

dtreturn
dt

—1+ %{(1 — sin@)h(t +2L) — (1 + sin )h (t)

+2sin0hy [t + L(1 — sin )] }
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How Does LISA Work?: 1l

@ For a space-based GW observatory, one essentially monitors changes in the
time for the return trip as a function of time at the origin!

dtreturn
dt

1
=1+ 3 [hy(t+2L) — hy(t)].
Interestingly, it does not involve the wave amplitude at the other end.

@ The wave amplitude at the other end does get involved if the wave travels at
an angle 6 to the z-axis in the x — z plane.

dtreturn
dt

—1+ %{(1 — sin@)h(t +2L) — (1 + sin )h (t)

+2sin0hy [t + L(1 — sin )] }

We need to allow the phase of the wave to depend on x in the appropriate
way to incorporate the fact that h,, is comparatively reduced
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It's a bit more complicated!!

(goputif;

With its three arms, LISA functions as a pair of two-arm
detectors, outputting two orthogonal signals. Let /| ,J‘;J; be
unit vectors, each along one of LISA’s three arms, and let L
be LISA’s average arm length. Let also L;(7) be the length of
the i’th arm when LISA measures an incident GW, and de-
note SL,(1)=L(r)— L. We refer to the two-arm detector
formed by arms 1 and 2 as “detector I.”" The strain amplitude
in this detector is given by

1 P
hy()=[8L\(r)—8L,(1)]/L= ihu(r)(f'lﬂlfl'z.féy

(11)
The second, orthogonal signal is then given by [10]
M) =3"Y 8L (1) + 8L (1) —2 8L4(1)]/L
1 . . .
=—=h (DG R+L5E-2150). (12)

2 Vg

For GW wavelengths much larger than the LISA arm length,
hy(ry and hy(r) coincide with the two “Michelson vari-
ables™ [26], describing the responses of a par of
two-arm/90° detectors. We can then write h,(r) and (1) as
a sum over n-harmonic contributions.

ho(1)=2 ho,t) (a=LII), (13)
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Interferometric Milli-Hz GW Observatories

—

1 V3
haa()=— VT[F:(rm:(r)+R’§(rm;‘(r>]. (14)

Here A" (1) are the two polarization coefficients [given, in

our model, by Eq. (10) above], the factor \,"51'2 accounts for
the fact that the actual angle between LISA arms is 60°
rather than 90°, and F:'X

tions, reading [23,27]

are the “antenna pattern” func-

F/= ;—(1 +cos? ) cos(2 ¢p)cos(2 i)

— cos fsin(2 ¢)sin(24),
Fj'= %(1 + cos?@)cos(2 ¢)sin(24)

+cos Bsin(2¢)cos(2 ¢), (15a)
F= %(1 +cos” 0)sin(2 ¢b) cos(24)

+cos 0 cos(2 ¢)sin( 2 4h),

1
F= 5(1 +cos® #)sin( 2 ¢b) sin( 24r)
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Interferometric Milli-Hz GW Observatories

In these expressions, (#,¢) is the source’s sky location in a
detector-based coordinate system and t is the “polarization
angle’” describing the orientation of the “‘apparent ellipse™
drawn by the projection of the orbit on the sky—see Fig. 1 in
Ref. [23] and the explicit relation (17) given below.

It is more convenient to express the above response func-
tion in terms of angles defined not in the rotating, detector-
based system, but rather in a fixed, ecliptic-based coordinate
system. The angles #,¢ are related to fg.¢g—the source
location in an ecliptic-based system—through

1 V3 _
cos O(1)= 5 08 05— TSin Oscos[ po+27(1/T)— s,

d()=ay+2m(t/T)

L \;‘Ecos A+ sin Bscos[ po+ 27t/ T) — s

+tan~ —
2 sin Bgsin( g+ 2w (t/T) — s ]

(16)
where T=1 year and ¢, are constant angles specifying,

respectively, the orbital and rotational phase of the detector
at t=0. (See Cutler [10] for a complete definition of these

angles; note, though, that the angle @,=0 in this paper is
referred to as ey=0 in Cutler [10].)

Figure: Papers by Curt Cutler
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Interferometric Milli-Hz GW Observatories

@ In the 1 — 10 mHz regime, the fact that the signals from the three
interferometers are not independent leads to a noise veto:

@ There exists a linear combination of the three TDI output signals that cancels
out all GW signals
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Interferometric Milli-Hz GW Observatories

@ In the 1 — 10 mHz regime, the fact that the signals from the three
interferometers are not independent leads to a noise veto:

@ There exists a linear combination of the three TDI output signals that cancels
out all GW signals

An amazing way to measure the instrumental noise!!

Time-Delay Interferometry

Review Article | Openac Published: 05 August 2014

Volume 17, article numbe 014) Citethisarticle

Download PDF X @ You have full access to this open ac

Massimo Tinto K4 & Sanjeev V. Dhurandhar

Figure: It should be possible to adapt it for PTAs!!
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nano-Hz GW Observatories

nano-Hz GW Observatories
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PTA: Introduction

o A millisecond pulsar (MSP) emits radio pulses at a rate that is highly stable
Stability of their rotational frequency is comparable to the stablity of Atomic
Clocks!!

@ However, pulses from MSPs does NOT arrive a constant frequency here on
our Radio Telescopes like uGMRT!!

@ Pulse Times-of-Arrival (TOAs) are affected by many many effects like the
relative motion of the pulsar and the Earth, by the influence of the
gravitational field of the Sun and of other masses the pulses might pass, and
by the interstellar medium ++4-++

@ We have developed deterministic Timing Formulae to ensure that many such
delays are taken into account by regularly monitoring MSPs for years

@ In other words, we have approaches to predict ‘TOAs' from close to 100
MSPs
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nano-Hz GW Observatories

@ The time-series that arise from the difference between the predicted &
observed TOAs = Pulsar Timing Residuals

@ A passing GW should lead to such Timing Residuals

@ The idea of searching for GWs in the Pulsar timing residuals of pulsars are
due to
M. Sazhin [ "Opportunities for detecting ultralong gravitational waves”
Astron. Zh. 55, 65 (1978)]
S. Detweiler [ "“Pulsar timing measurements and the search for gravitational
waves” Astrophys. J. 234, 1100 (1979)].
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nano-Hz GW Observatories

@ The time-series that arise from the difference between the predicted &
observed TOAs = Pulsar Timing Residuals

@ A passing GW should lead to such Timing Residuals

@ The idea of searching for GWs in the Pulsar timing residuals of pulsars are
due to
M. Sazhin [ "Opportunities for detecting ultralong gravitational waves”
Astron. Zh. 55, 65 (1978)]
S. Detweiler [ "“Pulsar timing measurements and the search for gravitational
waves" Astrophys. J. 234, 1100 (1979)].

The Nanohertz Gravitational Wave Astronomer

are perform

explore for th

Publication: eprint arXiv:2

Figure: arXiv:2105.13270
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Frame Title

@ Let the pulsar and the Earth be at rest in a Minkowski background such that

guu(x) = N + huy(m),

and we employ the TT gauge such that

A) ho, = 0 & B) the curves (z#(t)) = (ct, 7o) with a constant 7, are
geodesics.

( the worldlines of constant spatial coordinates are geodesics)

@ Our hy, is an arbitrary superposition of GWs & Our metric —

G (x)dztda” = —2dt? + §;da’da? + hij(x)2'dz?
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Frame Title

@ Let the pulsar and the Earth be at rest in a Minkowski background such that

g/w(x) = N + huy(m),

and we employ the TT gauge such that

A) ho, = 0 & B) the curves (z#(t)) = (ct, 7o) with a constant 7, are
geodesics.

( the worldlines of constant spatial coordinates are geodesics)

@ Our hy, is an arbitrary superposition of GWs & Our metric —

G (x)dztda” = —2dt? + §;da’da? + hij(x)2'dz?

@ Along the wordlines of Pulsar & Earth, the time coordinate t coincides with
proper time.
Therefore, we can identify frequencies with respect to the time coordinate ¢
with frequencies with respect to proper time of the pulsar or of the Earth.
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nano-Hz GW Observatories

We want to figure out vg(tg) when linearized GWs are
around

Earth

pulsar

Figure: Pulsar emits signals at a fixed frequency vp. These pulses arrive at the Earth
with a frequency ve(tg)

A.G (gopu@tifr.res.in) TIFR, Mumbai 01/03/2025 49 /57



Frame Title

@ Along a light ray from the pulsar to the Earth, we must have
0= —c?dt* + 6;;dx'da? + hyj(z)dz’dz?
e\ da da
2 (dé) =1+ hij(m)ﬁw,
@ We have the arclength with respect to the flat background metric ¢
dl* = 6;;dx'da’.

@ When a GW is around

dz’ i
7= + O(h),
dt .
RN V1 + hij(@)nind +0(h2),
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Frame Title

@ Integrating over the path of the light ray, from its emission time tp to the

arrival time tg —
te 1 " L
/ (1 - hij(ﬂc)nln]> dt = =,
tp 2 c

where L is the distance from the pulsar to the Earth measured in the flat
background.

We have a way to obtain ¢z as a function of ¢p.
o Differentiate with respect to tp yields

dt 1 o 1
ﬁ (1 - §hij<CtE7 FE)nln]> - (1 - Qhkl(CtPaFP)nkn€> =0,

°
dt 1— Lhy(cty, 7r)nFnt 1
il ( 2 wilcte #E) : ) =1— Shu(ctp,7g)n*n’
dtg (1= hy(ctp,7p)nind) 2
1 L
+§hij(ctp,rp)n’n3 +...
°
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Frame Title

@ Pulses, which are emitted with a constant frequency vp, arrive on Earth with
a frequency vg(tg)

VE(tE) — UVp dtp n N N
T = E —1= ? (hz’j(CtP,T‘P) — hrL](CtE,’I"E)) .
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Frame Title

@ Pulses, which are emitted with a constant frequency vp, arrive on Earth with
a frequency vg(tg)

ve(tg) —v dt nind . .
M = dl —1=— (hij(ctp,’l"p) — hij(CtE,’l“E)) .
Vp tE 2

o Clearly, the frequency shift depends on the projection of the wave amplitude
h;j onto n’ (both at the pulsar and at the Earth) .

@ If our GW is propagating in the 3 direction, n’ should have a non-vanishing
components in the z! — z2 plane
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nano-Hz GW Observatories

How GWs affect TOAs?

@ If a GW propagates along the positive z direction

vp—v(t) o —p? af

z(t) = . _2(1+7)Ah+(r)+m

Ahy(t),

«, (3, and ~ provide a pulsar’s direction cosines w.r.t the x,y, and z
axes (Detweiler 1979)
Where Ah. . = h7  — hE |

® The observed /measured TOAs are compared with their predictions,
based on an appropriate pulsar timing model
The resulting differences are usually referred to as the ‘Pulsar
Timing Residuals’

@ Observable timing residuals, induced by the GWs, are given by the
integral over time of the above Equation

o
R(t) = f vo = ¥t 5 ]
0 120 ?
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nano-Hz GW Observatories

Pulsar Timing Array Sources

Courtesy:
e Observe a bunch of MSPs at Web y
different locations in the sky
using the best radio
telescopes Df our times. 1 Stochastic background (binary ensemble)
_: /—\—//
g
. Sea I'Ch fOl’thE correlated timing T Continuous wave (single hinary
. . E
residual for detecting nHz GWs. 5 N\N\/
,:én Burst (merger event)
|« Timing data span (10 years >
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nano-Hz GW Observatories

Stochastic GWB from massive BH binaries 7: |

Cosmological population of MBH binaries is expected to provide a
diffusive GW background for PTAs !!
We need to compute # of sources in a frequency interval Af = 1/T .

dn dv [df\7!
AN = (=) ar === (=) af 1
(df) dt (dt) )
° dN
ai —5/3 (—11/3
AN o (M= 15 "%) af (2)

@ There are some 10! galaxies in our Universe and each galaxy is
likely to experience one merger with another galaxy in Hubble time
(10% year)

dN
° — 4% ~ 10 mergers/year

A.G (gopu®tifr.res.in) TIFR, Mumbai 01/03/2025 55 /57



nano-Hz GW Observatories

Stochastic GWB from massive BH binaries 7: |

@ — a rough estimate for the number of binary BH sources in a
frequency interval Af = 1/ T4

—5/3 —11/3 -1
AN ~ 3 x 10*2 M 5 faw B Tone
100 M, 10-8 Az 10 yr

v dN /dt
10merger/yr

@ This is clearly >> 1

This ensures a diffuse GW background in the PTA GW frequency
window from merging massive BHs in the universe

@ It is NOT very difficult to show that its characteristic strain
spectrum is given by hc(f) = Aly,, X (f/yrfl)fz/“o’
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