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Introduction to GW Polarization States

Linearized Field Equations: I

It was in 1916 that Einstein predicted the existence of GWs, based on his
linearized vacuum field equations

Let our spacetime metric gµν be

gµν = ηµν + hµν ,

where
ηµν = diag(−1, 1, 1, 1),

We need hµν to be so small that all expressions can be linearized with
respect to hµν and their derivatives ∂σhµν
In other words, the spacetime is very close to the special relativity spacetime
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Introduction to GW Polarization States

Linearized Field Equations: II
We may introduce

γµν = hµν −
h

2
ηµν .

γ := ηµνγµν = h− 1

2
4h = −h,

⇒ hµν = γµν −
γ

2
ηµν .

EFEs ⇒
□γµν = 2κTµν ,

where κ = 8πG/c4, □ = ∂µ∂µ

Further, γµν have to satisfy the additional condition

∂µγµν = 0

This is the Hilbert gauge. Its popular names include Einstein gauge, the de
Donder gauge, or the Fock gauge.)
In particular, these Eqs are invariant under Lorentz transformations.
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Introduction to GW Polarization States

Figure: □ = ηµ ν∂µ∂ν = ∂ν∂ν
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Introduction to GW Polarization States

GWs: I

Influenced by ED, the general solution to the linearized EFEs could be a
superposition of plane harmonic waves

γµν(x) = Re{Aµνeikρx
ρ

}

kρ: a real covariant vector a complex amplitude Aµν = Aνµ.
⇒

0 = ηστ∂σ∂τγµν(x) = Re{ηστAµνikσikτeikρx
ρ

}.

This should hold for all x, with Aµν 6= 0, if and only if

ηστkσkτ = 0.

In other words, (k0, k1, k2, k3) has to be a lightlike covariant vector with
respect to the Minkowskian metric.

GWs propagate on Minkowski spacetime at the speed c, just as
electromagnetic waves in vacuum
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Introduction to GW Polarization States

GWs: II

∂µγµν = 0 ⇒

0 = ηµτ∂τγµν(x) = Re{ηµτAµνikτeikρx
ρ

}

which is true, for all x = (x0, x1, x2, x3), if and only if

kµAµν = 0 (H).

In other words, the Hilbert gauge condition restricts the possible values of
amplitudes Aµν

It restricts the possible GW polarization states
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Introduction to GW Polarization States

GWs: III

Clearly, Aµν is a (4× 4) matrix with 16 entries.
Aµν = Aνµ → only 10 of them are independent
the Hilbert gauge condition (H) consists of 4 scalar equations
Are there six independent polarization states?

Introduce uµ: a constant four-velocity vector, ηµνuµuν = −c2.
It is possible to make a coordinate transformation such that the Hilbert
gauge condition is preserved &

uµAµν = 0, (T1)

ηµνAµν = 0, (T2)
in the new coordinates

In the (TT gauge, transverse-traceless gauge), there are ONLY TWO GW
polarization states
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Introduction to GW Polarization States

Existence of TT Gauge: I

Plan is to perform a coordinate transformation

xµ 7→ xµ + fµ(x), fµ(x) = Re{iCµeikρx
ρ

}

with the wave covariant vector (kρ) from our plane-harmonic-wave solution &
certain complex coefficients Cµ.
We want to choose the Cµ such that in the new coordinates (T1) and (T2)
hold true

Is it possible?

γµν 7→ γµν − ∂νfµ − ∂µfν + ηµν∂ρf
ρ,

⇒

Re{Aµνeikρx
ρ

} 7→ Re
{
(Aµν − iikνCµ − iikµCν + ηµνiikρC

ρ) eikρx
ρ}
,
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Introduction to GW Polarization States

Existence of TT Gauge: II

We know that γµν should transform as

γµν 7→ γµν − ∂νfµ − ∂µfν + ηµν∂ρf
ρ,

⇒

Re{Aµνeikρx
ρ

} 7→ Re
{
(Aµν − iikνCµ − iikµCν + ηµνiikρC

ρ) eikρx
ρ}
,

Aµν 7→ Aµν + kµCν + kνCµ − ηµνkρC
ρ.

We want to choose the Cµ such that Eqs (T1) & (T2) should hold ⇒

0 = uµ (Aµν + kµCν + kνCµ − ηµνkρC
ρ) , (T1)

0 = ηµν (Aµν + kµCν + kνCµ − ηµνkρC
ρ) = ηµνAµν − 2kρC

ρ, (T2)
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Introduction to GW Polarization States

Components of Cµ : I
Let our constant four-velocity vector

(uµ) = (c, 0, 0, 0)

(T1) for ν = j :

A0j + k0Cj + kjC0 = 0 ⇐⇒ Cj = −k−1
0 (A0j + kjC0).

⇒ Cj are determined by C0.
(T1) for ν = 0 :

A00 + 2k0C0 + ηρσkρCσ = 0 ⇐⇒

A00 + 2k0C0 − k0C0 + ηijkiCj = 0 ⇐⇒

−k0A00 + ηijkiA0j = 0 ⇐⇒

ηµνkµAνσ = 0.

& this is the Hilbert gauge condition kµAµν = 0.
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Introduction to GW Polarization States

Components of Cµ : I

Can we fix C0 using T2?
(
ηµνAµν − 2kρC

ρ= 0)

ηµνAµν + 2k0C0 − 2ηijkiCj = 0 ⇐⇒

Aµν + 2k0C0 + 2ηijkik
−1
0 (A0j + kjC0) = 0 ⇐⇒

Aµν + 2k0C0 + 2ηijkik
−1
0 A0j − 2η00k0k

−1
0 k0C0 = 0 ⇐⇒

Aµν + 4k0C0 + 2ηijkik
−1
0 A0j = 0 ⇐⇒

C0 =
−Aµν − 2ηijkiA0j

4k20
.

⇒ We should be able to ‘construct/choose‘ C0 which leads to Cj & this
ensures that both (T1) and (T2) are indeed satisfied in the new coordinates.
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Introduction to GW Polarization States

GW Polarization States: I

Use of TT gauge ⇒ γ = 0 and thus hµν = γµν .
⇒

gµν = ηµν + γµν , γµν = Re
{
Aµνe

ikρx
ρ
}

The amplitudes are restricted by the conditions

kµAµν = 0, uµAµν = 0, ηµνAµν = 0.

If we choose the coordinates such that

(uµ) =


c
0
0
0

 , (kρ) =


ω/c
0
0
ω/c

 ,

In General, a Lorentz transformation should allow us to choose such 4-vectors
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Introduction to GW Polarization States

GW Polarization States: II

In the TT gauge, the amplitudes Aµν must satisfy

(H) 0 = kµAµν =
ω

c
(A0ν +A3ν),

(T1) 0 = uµAµν = cA0ν ,

(T2) 0 = ηµνAµν = −A00 +A11 +A22 +A33,

In this representation, there are only two non-zero components of Aµν ,

A11 = −A22 := A+ = |A+|eiφ,

A12 = A21 := A× = |A×|eiψ.

The fact that only the 11 and the 12 components are non-zero demonstrates
that GWs are transverse.
These two independent polarization states are
the plus mode (+) & the cross mode (×).
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Introduction to GW Polarization States

It’s explanation later

Figure: GW propagates along the z-axis
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Introduction to GW Polarization States

GWI: I
We need to show that the x0-lines, namely the worldlines xµ(τ) with
ẋµ = uµ, are geodesics.
From ẋµ(τ) = uµ, we find ẍµ(τ) = 0
The Christoffel symbols read

Γµνσ =
1

2
gµτ (∂σgτν + ∂νgτσ − ∂τgνσ)

=
1

2
ηµτ (∂σγτν + ∂νγτσ − ∂τγνσ)

=
1

2
ηµτRe

{
(ikσAτν + ikνAτσ − ikτAνσ) e

ikρx
ρ
}
.

ẍµ + Γµνσẋ
ν ẋσ

= 0 +
1

2
ηµτRe

{
(ikσAτνu

νuσ + ikνAτσu
νuσ − ikτAνσu

νuσ) eikρx
ρ
}
.

⇒
ẍµ + Γµνσẋ

ν ẋσ = 0.
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Introduction to GW Polarization States

Figure: The x0-lines are the worldlines of freely falling particles. For any such particle the
(x1, x2, x3)-coordinates remain constant. This does not mean that GWs have no effect
on freely falling particles. The distance, as measured with the metric, between
neighboring x0-lines is not at all constant.

A.G (gopu@tifr.res.in) TIFR, Mumbai 01/03/2025 19 / 57



Introduction to GW Polarization States

GWI: II

Let us calculate the square of the distance between the x0-line at the spatial
origin (0, 0, 0) and a neighboring x0-line at (x1, x2, x3)
Imagine that the xi are so small that the metric can be viewed as constant
between 0 and xi.

gij(x
0, 0, 0, 0)(xi − 0)(xj − 0) =(

ηij + γij(x
0, 0, 0, 0)

)
xixj = δijx

ixj + Re
{
Aijx

ixjeik0x
0
}

= δijx
ixj + Re

{
A+

(
(x1)2 − (x2)2

)
e−iωt

}
+ Re

{
2A×x

1x2e−iωt
}

⇒
gij(x

0, 0, 0, 0)(xi − 0)(xj − 0)

= δijx
ixj + |A+|

(
(x1)2 − (x2)2

)
cos(φ− ωt) + 2|A×|x1x2 cos(ψ − ωt).
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Introduction to GW Polarization States

⇒
gij(x

0, 0, 0, 0)(xi − 0)(xj − 0)

= δijx
ixj + |A+|

(
(x1)2 − (x2)2

)
cos(φ− ωt) + 2|A×|x1x2 cos(ψ − ωt).

Figure: Imagine that you have particles that are arranged on a small spherical shell and
then released to free-fall
Both plus & cross modes of GWs produce a time-periodic elliptic deformation in the
plane perpendicular to the propagation direction.
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: I
The idea of employing MI for detecting GWs was given in M. Gerstenshtein and V.
Pustovoit [“On the detection of low-frequency gravitational waves”(in Russian), Sov.
Phys. JETP 16, 433 (1962)].

Figure: Influenced by V. Braginsky, J. Forward actually built a small model detector in
the mid-1970s. The construction of LIGO, GEO600, VIRGO, and TAMA started in the
1990s after Joe Taylor’s Nobel Prize!! Many people were critically instrumental,
including R. Weiss and R. Drever & K. Thorne.
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: II

Figure: If MI is operated in vacuo, the phase difference is
δϕ = (2π/λ)× (d1 − d2)× 2

Typical (sophisticated) MIs should measure phase differences down to 10−5.
⇒ You could detect changes in d1 − d2 that are are considerably smaller than the laser
wavelength λ(600 nanometers) with the help of interference patterns

�
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: III

Figure: Imagine the beam splitter B, the mirrors M1 & M2 as being suspended so that
they can move freely in the plane of the MI.
Under the influence of a passing GW whose propagation direction is orthogonal to the
MI plane, the mirrors will move!
We may identify B with the particle at the center of the coordinate system, while M1 &
M2 with particles on the x & y-axes
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: IV
Aim is to determine the time-dependence of the distances d1 and d2,

Recall that the distance from the origin to a particle with coordinates xi
should be

δkℓy
k(t)yℓ(t) = δkℓx

kxℓ + γkℓx
kxℓ = δkℓx

kxℓ + Re
{
Aℓke

−iωt} δkℓxjxℓ.
Let’s restrict to a pure + mode:

δkℓy
k(t)yℓ(t) = δkℓx

kxℓ + Re
{
A+

(
(x1)2 − (x2)2

)
e−iωt

}
Let A+ = |A+|eiφ ⇒

δkℓy
k(t)yℓ(t) = δkℓx

kxℓ + |A+|
(
(x1)2 − (x2)2

)
cos(ωt− φ).

For the mirror M1, we have x2 = x3 = 0 ⇒

d1(t)
2 = (x1)2 + |A+|(x1)2 cos(ωt− φ)
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: V

For the mirror M1, we have x2 = x3 = 0 ⇒

d1(t)
2 = (x1)2 + |A+|(x1)2 cos(ωt− φ)

& for the mirror M2, we have x1 = x3 = 0 ⇒

d2(t)
2 = (x2)2 − |A+|(x2)2 cos(ωt− φ).

Let the unperturbed length of both arms be d0: ⇒

d1(t)
2 = d20 (1 + |A+| cos(ωt− φ)) ,

d2(t)
2 = d20 (1− |A+| cos(ωt− φ)) .
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Interferometric Hecto-Hz GW Observatories

Michelson Interferometer: VI
The induced phase difference reads

∆ϕ(t) =
4π

λ
(d1(t)− d2(t))

=
4π

λ
d0

(√
1 + |A+| cos(ωt− φ)−

√
1− |A+| cos(ωt− φ)

)
We should linearise all expressions while dealing with our GWs

∆ϕ(t) =
4π

λ
d0

(
1 +

1

2
|A+| cos(ωt− φ)− 1 +

1

2
|A+| cos(ωt− φ) + . . .

)

=
4π

λ
d0|A+| cos(ωt− φ).

∆ϕ ∝ A+, d0 & inversely ∝ to the wavelength λ of the laser.
This is why GWIs should have long armlength
The GW frequency ω only provides certain periodicity with which the
interference pattern changes.
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Interferometric Hecto-Hz GW Observatories

Slides from Alan Weinstein

Figure: Mirrors are essentially suspended pendulums
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Interferometric Hecto-Hz GW Observatories

Optimal L values?: I

Using a pendulum of length l = 50 cm,

f0 =
1

2π

√
g

l
≈ 0.7Hz,

f0 ∼ 1Hz, so mass/mirror is “free” above ∼ 100Hz.
A GW with fg ∼ 100Hz =⇒ λg ∼ 3000 km produces a tiny strain
h = ∆L/L!
We measure

∆ϕ = 4π
∆L

λlaser
= 4π

Lh

λlaser
,

For measuring small h, we need large L.
But not too large! If L > λg/4, the GW changes sign while the laser light
is still in arms, canceling the effect on ∆ϕ.
Optimal: L ∼ λg/4 ∼ 750 km !!!
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Interferometric Hecto-Hz GW Observatories

Optimal L values?: II
For more practical length (L ∼ 4 km), increase phase sensitivity by increasing
number of times light beam hits mirror!!

∆ϕ = 4π
∆L

λlaser
=⇒ ∆ϕ = N

(
4π

∆L

λlaser

)
,

Figure: light is phase-shifted N times the single-pass length difference ∆L
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Interferometric Hecto-Hz GW Observatories

Optimum L Values?: III

One should NOT make the light path arbitrarily long!
Time for the light wavefront to leave BS (Beam Splitter) & return:

τstor ∼
2NL

c
, N is the number of round trips in arms.

During that time, a GW may reverse sign, canceling the effect on the light
phase:

τrev ∼
Tperiod

2
=

1

2f
.

For Hecto-Hz GW observatories like LIGO,

fpole ∼ 100Hz (“knee”).

⇒
τstor <

1

2fpole
, or N <

c

4Lfpole
≈ 200 for LIGO.
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Interferometric Hecto-Hz GW Observatories

Some Interesting Points: B. Schutz

It’s natural to describe how MI interacts with a passing GW in terms of
time-delays

Each arm may be treated as a “light-clock” & we compare the time-keeping
of each arm with the other as they are stretched by passing GWs.

It is rather incorrect to imagine that MI essentially measures the number of
wavelengths of light that “fit” along an arm and then looks for changes in
that number as the mirrors swing.

If this were the case, then the frequency of the light would have to be stable
to parts in 1021, the same accuracy as that of the “length”measurement.
There are no lasers of such stability

It could be argued that GWs will affect the speed of light and thus corrupt or
negate the measured time-delay.
In our TT coordinates the free particles remain at fixed locations & indeed
the coordinate speed of light changes.
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If this were the case, then the frequency of the light would have to be stable
to parts in 1021, the same accuracy as that of the “length”measurement.
There are no lasers of such stability

It could be argued that GWs will affect the speed of light and thus corrupt or
negate the measured time-delay.
In our TT coordinates the free particles remain at fixed locations & indeed
the coordinate speed of light changes.
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Figure: Caption

It’s an amazing GW observatory(ies) between 1 → 10 milli-Hz
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LISA

LISA consists of 3 independent spacecrafts arrayed as an equilateral triangle,
with laser beams along each of the arms.
Spacecrafts are essentially point particles following geodesics,
Given its 3 arms, LISA can be regarded as having three independent L-shaped
interferometers, made from the arms that join at any two of the three
vertices.
These interferometers sense two different GW polarization states (without
requiring another space interferometer)

Any two detectors share a common arm, their instrumental noise in the two
detectors is not independent.
⇒ It is NOT advisable to do a cross-correlation experiment between its two
detectors in order to improve its sensitivity to a stochastic GW background!!.
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How Does LISA Work?: I

Let one arm of an interferometer is along the x-direction our plane GW is
moving in the z-direction
Restrict to + polarization & h+(t) doesn’t depend on x

In this case, the null geodesic moving in the x-direction satisfies

ds2 = −dt2 + (1 + h+)dx
2 + (1− h+)dy

2 + dz2 = 0,

We extract an effective speed(
dx

dt

)2

=
1

1 + h+
.

This is a coordinate speed, with no contradiction to special relativity.
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How Does LISA Work?: II
A photon emitted at time t from the origin reaches the other end, at a fixed
coordinate position x = L, at the coordinate time

tfar = t+

∫ L

0

[1 + h+(t(x))]
1/2

dx,

where t(x) denotes the fact that one must know the time to reach position x
in order to calculate the wave field.
In our linearized EFEqs, t(x) = t+ x and we should expand the square root

tfar = t+ L+
1

2

∫ L

0

h+(t+ x)dx.

In a Space interferometer, the light is reflected back ⇒

treturn = t+ 2L+
1

2

[∫ L

0

h+(t+ x)dx+

∫ L

0

h+(t+ L+ x)dx

]
.
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How Does LISA Work?: III

For a space-based GW observatory, one essentially monitors changes in the
time for the return trip as a function of time at the origin!

dtreturn
dt

= 1 +
1

2
[h+(t+ 2L)− h+(t)] .

Interestingly, it does not involve the wave amplitude at the other end.

The wave amplitude at the other end does get involved if the wave travels at
an angle θ to the z-axis in the x− z plane.

dtreturn
dt

= 1 +
1

2

{
(1− sin θ)h+(t+ 2L)− (1 + sin θ)h+(t)

+2 sin θh+ [t+ L(1− sin θ)]
}
.

We need to allow the phase of the wave to depend on x in the appropriate
way to incorporate the fact that hxx is comparatively reduced
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It’s a bit more complicated!!

Figure: Papers by Curt Cutler
A.G (gopu@tifr.res.in) TIFR, Mumbai 01/03/2025 41 / 57



Interferometric Milli-Hz GW Observatories

�

Figure: Caption
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Figure: Papers by Curt Cutler
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LISA & TDI
In the 1− 10 mHz regime, the fact that the signals from the three
interferometers are not independent leads to a noise veto:
There exists a linear combination of the three TDI output signals that cancels
out all GW signals

An amazing way to measure the instrumental noise!!

Figure: It should be possible to adapt it for PTAs!!
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PTA: Introduction

A millisecond pulsar (MSP) emits radio pulses at a rate that is highly stable
Stability of their rotational frequency is comparable to the stablity of Atomic
Clocks!!
However, pulses from MSPs does NOT arrive a constant frequency here on
our Radio Telescopes like uGMRT!!
Pulse Times-of-Arrival (TOAs) are affected by many many effects like the
relative motion of the pulsar and the Earth, by the influence of the
gravitational field of the Sun and of other masses the pulses might pass, and
by the interstellar medium ++++
We have developed deterministic Timing Formulae to ensure that many such
delays are taken into account by regularly monitoring MSPs for years
In other words, we have approaches to predict ‘TOAs‘ from close to 100
MSPs
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The time-series that arise from the difference between the predicted &
observed TOAs ⇒ Pulsar Timing Residuals
A passing GW should lead to such Timing Residuals
The idea of searching for GWs in the Pulsar timing residuals of pulsars are
due to
M. Sazhin [“Opportunities for detecting ultralong gravitational waves”
Astron. Zh. 55, 65 (1978)]
S. Detweiler [“Pulsar timing measurements and the search for gravitational
waves”Astrophys. J. 234, 1100 (1979)].

Figure: arXiv:2105.13270
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Frame Title

Let the pulsar and the Earth be at rest in a Minkowski background such that

gµν(x) = ηµν + hµν(x),

and we employ the TT gauge such that
A) h0µ = 0 & B) the curves (xµ(t)) = (ct, r⃗0) with a constant r⃗0, are
geodesics.
( the worldlines of constant spatial coordinates are geodesics)
Our hµν is an arbitrary superposition of GWs & Our metric →

gµν(x)dx
µdxν = −c2dt2 + δijdx

idxj + hij(x)x
idxj

Along the wordlines of Pulsar & Earth, the time coordinate t coincides with
proper time.
Therefore, we can identify frequencies with respect to the time coordinate t
with frequencies with respect to proper time of the pulsar or of the Earth.
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We want to figure out νE(tE) when linearized GWs are
around

Figure: Pulsar emits signals at a fixed frequency νP . These pulses arrive at the Earth
with a frequency νE(tE)
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Frame Title

Along a light ray from the pulsar to the Earth, we must have

0 = −c2dt2 + δijdx
idxj + hij(x)dx

idxj

⇒

c2
(
dt

dℓ

)2

= 1 + hij(x)
dxi

dℓ

dxj

dℓ
,

We have the arclength with respect to the flat background metric ℓ

dℓ2 = δijdx
idxj .

When a GW is around
dxi

dℓ
= ni +O(h),

⇒ c
dt

dℓ
=

√
1 + hij(x)ninj +O(h2),
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Frame Title
Integrating over the path of the light ray, from its emission time tP to the
arrival time tE → ∫ tE

tP

(
1− 1

2
hij(x)n

inj
)
dt =

L

c
,

where L is the distance from the pulsar to the Earth measured in the flat
background.
We have a way to obtain tE as a function of tP .
Differentiate with respect to tP yields

dtE
dtP

(
1− 1

2
hij(ctE , r⃗E)n

inj
)
−
(
1− 1

2
hkl(ctP , r⃗P )n

knℓ
)

= 0,

dtP
dtE

=

(
1− 1

2hkl(ctE , r⃗E)n
knℓ

)(
1− 1

2hij(ctP , r⃗P )n
inj

) = 1− 1

2
hkl(ctE , r⃗E)n

knℓ

+
1

2
hij(ctP , r⃗P )n

inj + . . .

dtP
dtE

= 1 +
ninj

2
(hij(ctP , r⃗P )− hij(ctE , r⃗E)) .
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Frame Title

Pulses, which are emitted with a constant frequency νP , arrive on Earth with
a frequency νE(tE)

νE(tE)− νP
νP

=
dtP
dtE

− 1 =
ninj

2
(hij(ctP , r⃗P )− hij(ctE , r⃗E)) .

Clearly, the frequency shift depends on the projection of the wave amplitude
hij onto ni (both at the pulsar and at the Earth) .
If our GW is propagating in the x3 direction, ni should have a non-vanishing
components in the x1 − x2 plane
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