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SINGLE-FILE SYSTEMS

Diffusive particles that cannot pass one another.

Major impact of confinement: subdiffusion, (X(t)?) o t"/2

For a driven particle: sub-ballistic motion, (X(t)) o t"/2



EXPERIMENTAL EVIDENCE OF ANOMALOUS BEHAVIOR
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Exponential clock and hard core exclusion

Long-history in physics and mathematics
1983 X2 :1 p\/; [Arratia, Ann. Probab.]

2009 Current at the orlgm [Derrida & Gershenfeld, ). Stat. Phys.]

2017 Full probability law of X(t) [Imamura, Sasamoto & Mallick, PRL]

Connection with larger issues

» Mapping on XXX quantum spin chain [Alexander & Holstein 1978; de Gier & Essler 2006]
» Test for Macroscopic Fluctuation Theory [Bertini, RMP 2015]
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How to close the hierarchy of density-displacement correlations ?
Method: Generalized density profiles

2. Out-of-equilibrium effects at high density
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How to probe the effects of a driven particle?
Method: Vacancy motion at high density
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1. The variance

(X(t32) ~ =2 2—; [Arratia 1983]

t—oo P

(X(t)?) ~ m\/&f)t [Kollmann, PRL 2003]

t—o00 P

2. Full probability law in the dilute limit
[Krapivsky, Mallick & Sadhu, PRL 2014; Hedge, Sabahpandit & Dhar, PRL 2014; Sadhu & Derrida, ). Stat. Mech. 2015]

3. Full probability law at arbitrary density

[Imamura, Sasamoto & Mallick, PRL 2017; Comm. Math. Phys. 2021]

But what is the underlying structure?
Can we quantify density-displacement correlations?
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Bulk equation: not closed

q)//()\, v) +2 (VJr %) q>/()\, V) + C(V) =0

Our goal is to find a closed bulk equation
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1. THE VARIANCE

Nx+r =1 X Nx+r =0
AN R A A A

94 +—0 000 0@
At the lowest order, the bulk equation is closed!
[Poncet, Grabsch, Illien & Bénichou, PRL 2021]

12 ’ o
(X?) = K, /3 (V) +2vdi(v) =0 1

®’(0*) +pky =0
(r]X+rX):¢1 (/_%5) 1( ) 2

b, (0T)=d(07)=1—p

Also works for an arbitrary single-file system
structure factor S(p) and diffusion coefficient D(p)

Ky = 20, /200) 4(v) = 22 erfe(v)
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Closure relation at all orders
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Scalingswhenp —0: A=pA V=U/p d=0d/p

Closed bulk equation: ®”/(A, v) +2(v+ §’(X))®’(A,v)=0  + Boundary conditions
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w such that Q(0) =2V,
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Generating function Generalized density profiles

AX .
In{eM) ~ W(A)v2i %~¢()\,va)
. ®’(v>0)
Coupled equations for W(A) and Q(v) =2A———
@’(07)
Solution as Wiener-Hopf equation Link with a simple random walk
Qv) + [, dzK(v—2)Q(2) = K(v) Qv) == X poq (—@)"Pn(v)
7\2 — — —
with K(v) = E(V}‘Z Ly Pn(v) =P(Xo =0,X: <0, .,.;,Xn—‘\ <0,Xp=V)
—(nN+V")
w such that (o) =2V, P(Xni1—Xn=n) =% 7=

and boundary conditions.
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LINK WITH MACROSCOPIC FLUCTUATION THEORY

Fluctuating hydrodynamics of the SEP
3tp = ax[D(p)axp + V/a(p)n]  with D(p) =1/2, a(p) = p(1—p)

Macroscopic fluctuation theory = large deviations in time
optimal path p* betweent=o0andt=T
0p* = 0x[D(p*)oxp* —0(p*)ouH]  0cH = —a2H— LL) (5, Hy2

MFT solution at final time = generalized density profile
P*x=v,t=T)=d(v)
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» Solution of the MFT equations for the SEP

Non-local Cole-Hopf mapping gives AKNS integrable systems

Wiener-Hopf equation for final profile
[Mallick, Moriya, Sasamoto, PRL 2022]

» Fourth cumulant of an arbitrary single-file system
[Grabsch & Bénichou, PRL 2024]
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RECENT DEVELOPMENTS

» Solution of the MFT equations for the SEP
Non-local Cole-Hopf mapping gives AKNS integrable systems
Wiener-Hopf equation for final profile
[Mallick, Moriya, Sasamoto, PRL 2022]

» Fourth cumulant of an arbitrary single-file system
[Grabsch & Bénichou, PRL 2024]

30(p)* (D’ (p) +D(p)) a(p)(a(p)a’(p) (pD’(P) + 4D(p)) +20(p)*D’(p) — pD(P)0’ (p)?) 30(p)* (D’'(P)> — D(p)D”(p))

&= T3/206D(p) 7> 4/ TP5D(p)"? 84/Mp"“D(p)*?
| 39(pF eI (p) — D(P))  (342—4)0(p)*0"(p)  3(v2M—24/3)0(p) (2D(R)D" () 3" (P)’)
8m¥/2p4D(p)%2 84/Tp“D(p)>? 162 p4D(p)%? ’

> Interest of generalized density profiles beyond diffusive systems
run and tumble, Levy flights, etc.
[Grabsch, Berlioz, Rizkallah, Illien & Bénichou, PRL 2024]
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The generalized density profiles (nx. X")
encode the non-stationary structure associated with
the anomalous dynamics of single-file systems.

» Exact equations giving the variance of an arbitrary single-file
» Closure relation for the SEP at all densities

» Highlights the integrable nature of the problem

» Relevant beyond the diffusive case
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Probability law of a biased intruder
A

—o————..::————o——

(X(t)) o A4/t [Burlatsky 1996; Landim 1998]
— 00

Can we write the full probability law at all times?
Can we obtain the N-time statistics at large times?

Driving effect of a biased intruder

172 172 P pt
KN/ A
00000000

Only simpler models: RAP [Cividini 2016], pointlike particles [Ooshida 2018]

Can we obtain the 2-point statistics?
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HIGH DENSITY LIMIT: VACANCY-BASED APPROACH

High density (o — 1) : the vacancies are independent from one another

KN/

9000000000000
— The problem boils down to the case of a single vacancy

[Brummelhuis & Hilorst 1989; Illien et al. 2013]

Y(R, ko, t)

[.!)Iml ; Pz (R1, Ry, t _1]

Pz(ka, ka, t)

Fourier-transform of the propagator of (X;, X,) with
a single vacancy initially at Z.

Y(Ry, ks, t) = In (eiRXi+kaX) )
Generating function giving (X,), (X2), (X:X5), etc.
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(also comb structure and 2D lattice)
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BIASED PARTICLE: DRIVING OF ANOTHER PARTICLE
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» Edwards-Wilkinson universality class [Majumdar & Barma 1991]
» Two-time statistics in dilute limit [Sadhu & Derrida 2015]
» Proof of fractional Brownian motion [Peligrad & Sethuraman 2008]
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TWO-TIME STATISTICS OF THE SEP
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(X(t)X(t2)) =

» Edwards-Wilkinson universality class [Majumdar & Barma 1991]
» Two-time statistics in dilute limit [Sadhu & Derrida 2015]
» Proof of fractional Brownian motion [Peligrad & Sethuraman 2008]

(X \/_+\/_ t,—t]

Can we also have such a result for a biased particle?
What about higher order, non-Gaussian, statistics?

(What about the dependence on initial conditions?)
[Leibovich & Barkai 2013; Sadhu & Derrida 2015]
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DENSE LIMIT: SIMPLE BROWNIAN MOTION
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If biased, we need to consider the 2" possibilities, Z(t;) 2 0, .. ., Z(th) 20




DENSE LIMIT: RESULTS FOR TIME CORRELATIONS (NO BIAS)
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DENSE LIMIT: RESULTS FOR TIME CORRELATIONS (BIASED)
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At high density,
the complex behavior of a driven intruder in a single-file
is encoded in the simple dynamics of a diffusive vacancy!



At high density,
the complex behavior of a driven intruder in a single-file
is encoded in the simple dynamics of a diffusive vacancy!

» One-time statistics at arbitrary time
» Driving effect on other particles
» Non-Gaussian N-time statistics



SINGLE-FILE SYSTEMS CAN BE STUDIED

1. At equilibrium
using generalized density profiles
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SINGLE-FILE SYSTEMS CAN BE STUDIED

1. At equilibrium
using generalized density profiles
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2. Out-of-equilibrium at high density
by looking at the dynamics of a single vacancy
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THANK YOU FOR YOUR ATTENTION!




FOURTH ANNEALED CUMULANT (NO BIAS)
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FOURTH QUENCHED CUMULANT (NO BIAS)
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