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Quantum chaos Random Matrix Theory⟷

• Classically integrable                   


• Poisson statistics    


• Level clustering


• Localisation - non-ergodic                                   

β → 0
• Classically chaotic


• RMT  


• Level repulsion


• Extended states - ergodic

β = 1 ( 2, 4 )
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Matrix models showing a chaotic-integrable transition in the spectral statistics are important for understanding
many-body localization (MBL) in physical systems. One such example is the β ensemble, known for its structural
simplicity. However, eigenvector properties of the β ensemble remain largely unexplored, despite energy level
correlations being thoroughly studied. In this work we numerically study the eigenvector properties of the β

ensemble and find that the Anderson transition occurs at γ = 1 and ergodicity breaks down at γ = 0 if we
express the repulsion parameter as β = N−γ . Thus other than the Rosenzweig-Porter ensemble (RPE), the β

ensemble is another example where nonergodic extended (NEE) states are observed over a finite interval of
parameter values (0 < γ < 1). We find that the chaotic-integrable transition coincides with the breaking of
ergodicity in the β ensemble but with the localization transition in the RPE or the 1D disordered spin-1/2
Heisenberg model. As a result, the dynamical timescales in the NEE regime of the β ensemble behave differently
than the latter models.

DOI: 10.1103/PhysRevE.105.054121

I. INTRODUCTION

Canonically invariant classical ensembles including
Dyson’s threefold ways [1] and their extensions over
symmetric spaces [2,3] (e.g., Laguerre [4], Jacobi [5],
or circular [6] ensembles) are central to the paradigm of
random matrix theory [7] epitomizing completely ergodic [8]
and chaotic [9] dynamics in quantum mechanical systems.
Corresponding energy levels tend to repel each other, where
the degree of repulsion is called the Dyson’s index, β, having
values 1, 2, and 4 for the Gaussian orthogonal, unitary, and
symplectic ensembles, respectively [10]. On the other hand,
regular dynamics observed in integrable systems [11,12] is
usually captured by the Poisson ensemble [13], where energy
levels are uncorrelated with inclination to be clustered (and
hence can be assigned β = 0). However, several physical
systems (e.g., kicked top [14], pseudo-integrable billiards
[15], Harper [16], Anderson model [17], etc.) show a spectral
property intermediate between the aforementioned ideal
limits. While phenomenological models [18–20] can mimic
the spectral properties in the intermediate regions, there exist
several generalizations of the classical ensembles capturing
the physics of mixed dynamics [21–29]. In particular, the joint
probability distribution function (JPDF) of eigenvalues for the
classical ensembles can be expressed as a Gibbs-Boltzmann
weight of a 2D system of particles, known as the Coulomb
gas model [30], where β is no longer restrained to be
quantized. Specifically, a harmonic confining potential yields
the Gaussian β ensemble characterized by the following
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where Zβ is the normalization constant and "E =
{E1, E2, . . . , EN } is the set of N eigenvalues [31]. Such
ensembles were originally conceived as lattice gas systems
[32] in connection to the ground-state wave functions of the
Calogero-Sutherland model [33]. Using Ei →

√
βNEi, we

can express the partition function Zβ as [34]

Zβ ∝
∫
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E2
i

2N
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ln |Ei − Ej |
2N2
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where the potential V[ "E ] has a confining term competing
with the pairwise logarithmic repulsion among N fictitious
particles. The strength of such interactions is controlled by
β [35], which can be interpreted as the inverse temperature of
the Coulomb gas. In the infinite temperature limit (β → 0),
the energy levels are allowed to come arbitrarily close to each
other, resulting in Poisson statistics, i.e., a signature of inte-
grability [13]. On the other hand, for β = 1, Eq. (1) coincides
with the JPDF of the Gaussian orthogonal ensemble (GOE),
yielding Wigner-Dyson statistics characterized by complete
level repulsion, i.e., a signature of chaos [9]. Thus tuning β,
it is possible to control the degree of level repulsion in the
energy spectrum of the β ensemble with β = 1 indicating
the chaotic-integrable transition. Corresponding Hamiltonians
can be represented as real, symmetric, and tridiagonal N × N
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Intermediate Statistics         Generalized Random Matrix Models⟶

• Rosenzweig-Porter Ensemble (RPE 1960): 

Generalized Hermite Ensemble (GHE)

Generalization is possible by

taking correlated matrix elements

dropping canonical invariance

Freedom in the choice of mean (µ) and variance (�) of Hnm.

Huu-Tai et al [2002], Berry & Shukla [2009]

In GHE matrix elements are independently chosen s.t.

Hnn 2 N (0, �2

d) & Hnm 2 N (0, �2

o) n 6= m

In Rosenzweig-Porter Ensemble (RPE) �2

d = 1 & �2

o = �2

N�

Kravtsov et al. 2015

Define “disorder strength”: �̃ = �dp
2�o

�̃ = 1 ! Hermite ensemble

�̃ � 1 ! Poisson ensemble

Adway Kumar Das & Anandamohan Ghosh integrable $ disorder

Dyson’s Threefold Way [1962]

Gaussian Orthogonal Ensemble GOE:

T invariance - anti-unitary - rotational symmetry (� = 1)

Gaussian Unitary Ensemble GUE:

broken T invariance (� = 2)

Gaussian Symplectic Ensemble GSE:

T invariance - broken rotational symmetry (� = 4)

Canonical Invariance in GOE

1 symmetric matrix H with statistically independent real elements:

P(H) =
Q

i<j Pij(Hij)

2 orthogonal invariance: for any orthogonal matrix, O:

P(H) = P(OTHO).

) Hnn 2 N (0, 1) & Hnm 2 N (0, �
2
) “Hermite ensembles”

Adway Kumar Das & Anandamohan Ghosh integrable $ disorder

• Wigner-Dyson Ensemble ( ): β = 1,2,4

Berry & Shukla 2009, Das & Ghosh 2019, Khaymovich & Kravtsov 2021

^ ^

• Random Banded Matrices (RBM): Gmn = Hmn f( |m − n | )

Casati et al. 1991, Mirlin et al. 1996, Bogomolny & Giraud 2011, Pandey, Kumar, Puri 2020

• Deformed Ensemble (DGOE, DCE, DPE): ℋ = H0 + λ V

Guhr & Weidenmuller 1989, Hussein & Pato 1993, Das & Ghosh 2022

⋮



Matrix model for  ensembleβ Dumitriu & Edelman 2002
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β = 1,2,4 β ∈ ℝ+
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NP

n=1

xn |ni hn| +
N�1P
n=1

yn
�
|n + 1i hn| + H.c.

�

1

x1

2 : : : j ! 1 j

xj

j ! 1 : : : N ! 1 N

xN

y1

y1

yj!1

yj!1

yj

yj

yN!1

yN!1

Hopping
Pro-le

Potential
Pro-le

I uncorrelated short-range hopping ! no transition in 1D

I yn ’s increase along lattice ) correlated disorder
) second order phase transitions in 1D with only
nearest neighbor inhomogeneous hopping

-0.5 0 1 1.5
.

0.39

0.53

0.71

0.91

hr
i

.ET rj = min
!
~rj;

1
~rj

"

~rj =
Ej+1!Ej

Ej!Ej!1

0 0.5 1 1.5
.

0

1

I

I =
PN

j=1 j*(j)j4

.AT

!1 .ET 2 0 .AT 2 1 1.

repulsion, hri ! 1
rigid, '2(E) = 0
ergodic, I / N!1

clustering, hri ! 0:38
heterogeneous, Ec = N .

NEE, I / N .!1

E
rg

o
d
ic

T
ra

n
si
ti
on clustering, hri ! 0:38

uncorrelated, '2(E) = E
localized, I = O(1)

A
n
d
er

so
n

T
ra

n
si
ti
on

1

Adway K. Das, Anandamohan Ghosh, ‘Nonergodic extended states in the � ensemble’, PRE, 2022
1

•     Spectral properties ?


•     Transitions ?

Problem Energy State Dynamics Model Anomaly

Hamiltonian of �-ensemble

H =

0

BBBBBB@

x1 y1

y1 x2 y2

. . .
. . .

. . .
yN�2 xN�1 yN�1

yN�1 xN

1

CCCCCCA

xi ⇠ N (0, 1), yi =
Bi
p
2
, Bi ⇠ �(N�i)�

N (0, 1) = Normal distribution

�k = Chi distribution with DOF k

k � 1 ) �k ⇡

r
k

2
+

1
2
N (0, 1)

1-D 1-particle closed system with open boundary

Inhomogeneous hopping

Competition of hoppping and
on-site potential: � = N

��

Ergodic transition: �ET ⌘ 0

Anderson transition: �AT ⌘ 1

Nonergodic extended regime:

0 < � < 1

Adway Kumar Das �-ensemble



ADWAY KUMAR DAS AND ANANDAMOHAN GHOSH PHYSICAL REVIEW E 105, 054121 (2022)

FIG. 3. Ensemble average of r̃ for β ensemble vs (a) β and (b) γ ,
and (c) for RPE vs γ̃ and (d) Heisenberg model vs disorder strength,
h. For (a), (b), and (c) system size, N , and for (d) chain length,
L, is varied. In (a) we show the 〈r̃〉 for N = 3 [Eq. (7) in [63]]
with a dashed line. The insets of (b), (c), and (d) show collapsed
data following the ansatz in Eq. (7), where critical parameter and
exponents are also given.

w.r.t. β is immediately apparent. For N # 1, the density of
RNNS is system size independent, as shown in Fig. 2(c) for
two values of β while varying N . This can be inferred from
Fig. 3(a) as well, where the ensemble-averaged values of r̃
as a function of β collapse for different N provided N # 1.
In Figs. 2(d), 2(e), and 2(f), we show the density of r̃ for
different values of γ while varying N . For any value of γ < 0
as N → ∞ (i.e., β → ∞), the energy levels are highly cor-
related and strongly repel each other. The increase in level
repulsion with N is shown in Fig. 2(f) for a fixed value of
γ = −0.3. Exactly at γ = 0 (i.e., β = 1) the density of r̃ is
independent of N and matches that of the GOE [Fig. 2(e)].
On the other hand, for any γ > 0 and N → ∞ (i.e., β → 0),
the energy levels become uncorrelated and clustered as in the
Poisson ensemble. In Fig. 2(d) we show that the density of
r̃ converges towards Poisson expression as we increase N
for a fixed value of γ = 0.3. These analyses imply that the
signatures of chaos in the short-range spectral correlations are
lost as we lower the repulsion parameter β. Now we identify
the exact nature of such a transition.

D. Criticality in chaotic-integrable transition

For a fixed γ , the quick convergence of PDF of RNNS with
system size [Fig. 3(a)] enables us to conclude that the 〈r̃〉 has
one-to-one correspondence with β when N # 1. β increases
with N for any γ < 0 (as β = N−γ ), hence 〈r̃〉 should also
increase with N and vice versa. Figure 3(b) conforms to the
above expectations suggesting a scaling hypothesis for 〈r̃〉.
Let us assume that there exists a relevant correlation length
# showing a power-law divergence around a critical point, γc,
i.e., # ∼ (γ − γc)−ν , where ν is a critical exponent. Then any
quantity A(γ , N ) showing nonanalytical behavior close to γc

should behave as

A(γ , N ) ∝ f ((γ − γc)(ln N )1/ν ), (7)

where f is a universal function and we assume # to scale
with ln N instead of N . Such a scaling ansatz valid for a
second-order phase transition is shown to hold in case of the
Kullback-Leibler divergence of RPE [61]. We collapse the
crossover curves from different system sizes based on Eq. (7)
(see the Appendix) and obtain γc = 0.0030 and ν = 1.0316
as shown in the inset of Fig. 3(b). Such a critical behavior
can also be inferred from the scale invariance of 〈r̃〉 w.r.t.
− ln β = γ ln N [Fig. 3(a)]. Comparing this with Eq. (7), we
get γc = 0 and ν = 1, which is consistent with our numerical
analysis.

We show the 〈r̃〉 curves for different system sizes and chain
lengths in Figs. 3(c) and 3(d) for RPE and Heisenberg model,
respectively. Again assuming a power-law behavior like
Eq. (7), we are able to collapse the data for RPE using γ̃c ≈
1.9750, ν ≈ 1.1359. For the Heisenberg chain we assume that
A(γ , N ) ∝ f ((h − hc)L1/ν ) and get hc ≈ 2.7696, ν ≈ 0.7842.
Note that the critical disorder strength found here corresponds
to the middle 25% of the eigenspectrum and hence conforms
to the energy density phase diagram of MBL transition present
in the literature [55].

Thus we show that the chaotic-integrable transition in all
three models is second order in nature. The crucial difference
lies in the physical significance of these critical points. We
observe that the chaotic-integrable transition occurs at γ̃AT
in the case of RPE, i.e., the energy states localize as soon
as the energy levels start to cluster. Contrarily in the case
of the β ensemble, a chaotic-integrable transition occurs at
γ = 0, which we previously argued to be γET, i.e., where
ergodicity breaks down. Thus in the thermodynamic limit
(N → ∞), there will be extended states for which energy lev-
els are uncorrelated, which has a profound implication on the
dynamical properties of the β ensemble (see Sec. IV). Thus
our analysis shows that the eigenstate localization property is
not necessarily indicative of the degree of repulsion present
in the energy spectrum as also observed in certain structured
matrix ensembles [66–68].

E. Power spectrum

Short-range spectral correlations in the β ensemble ex-
hibit criticality only around γET = 0. We also expect a
second critical point associated with the localization tran-
sition, which can be captured by the long-range spec-
tral correlations, e.g., the power spectrum of δn statistics
[69,70],

Pδ
k = |δ̂k|2, δ̂k = 1√

N

∑

n

δn exp
(

− i2πkn
N

)
, (8)

where δn ≡ En − n is the fluctuation of the nth unfolded
energy level, En, around its mean value, n. The ensem-
ble average of Pδ

k , denoted by 〈Pδ
k 〉, is explored for the

1D disordered spin-1/2 Heisenberg model in [71,72]. In the
β ensemble, there exists a critical frequency kc = N1−γ /2
for γ ! 0 [73] such that for k " kc, 〈Pδ

k 〉 ∝ 1/k identify-
ing completely chaotic behavior whereas for k > kc, 〈Pδ

k 〉 ∝
1/k2, which is a signature of the Poisson ensemble. Note
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FIG. 5. Eigenstate statistics: Shannon entropy, S, and relative Rényi entropy of two types [R1,2 in Eq. (9)] for the β ensemble, RPE, and
1D disordered spin-1/2 Heisenberg model, as a function of system parameters for different matrix size, N , and chain length, L (values given
in the legends). The critical values of parameters indicating ergodic and localization transitions are marked with a dashed line in all plots. The
inset shows collapsed data following the ansatz in Eq. (7), where numerically obtained critical parameters and exponents are also given. The
inset of (c) shows collapsed data of S′ = S/ ln(0.48N ).

of Shannon entropies of the Heisenberg model and GOE, i.e.,
S′ = S/SGOE ≈ S/ ln(0.48N ), where N =

( L
L/2

)
is the Hilbert

space dimension of the Sz = 0 symmetry sector. The finite-
size scaling of S′ gives the numerical estimate of the MBL
transition point to be hMBL ≈ 2.77 for our choice of L =
8, 10, . . . , 16. This is the same critical point beyond which en-
ergy levels start to cluster [Fig. 3(d)]. Such a conclusion is also

FIG. 6. Inverse participation ratio: for β ensemble as a function
of γ for various system sizes, N . Inset shows collapsed data follow-
ing the ansatz in Eq. (7) along with critical parameter and exponent.

verified via studies of entanglement entropy and magnetiza-
tion fluctuations [55]. Thus unlike the β ensemble, eigenstates
start to localize as soon as energy levels begin to cluster
for both the RPE and 1D disordered spin-1/2 Heisenberg
model.

B. Ergodic to nonergodic transition

We now quantify the loss of ergodicity by computing the
relative Rényi (R) entropy between a pair of eigenfunctions
[76] having similar energy densities. Let |# j

i 〉 be the ith eigen-
vector of the jth disordered realization of an ensemble. We
define two kinds of R as follows:

R1 = −2 ln

(
N∑

k=1

∣∣# j
i (k)# j

i+1(k)
∣∣
)

,

R2 = −2 ln

(
N∑

k=1

∣∣# j
i (k)# j′

i+1(k)
∣∣
)

. (9)

Here R1 and R2 measure similarity among wave functions
obtained from the same and different samples, respec-
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FIG. 3. Ensemble average of r̃ for β ensemble vs (a) β and (b) γ ,
and (c) for RPE vs γ̃ and (d) Heisenberg model vs disorder strength,
h. For (a), (b), and (c) system size, N , and for (d) chain length,
L, is varied. In (a) we show the 〈r̃〉 for N = 3 [Eq. (7) in [63]]
with a dashed line. The insets of (b), (c), and (d) show collapsed
data following the ansatz in Eq. (7), where critical parameter and
exponents are also given.

w.r.t. β is immediately apparent. For N # 1, the density of
RNNS is system size independent, as shown in Fig. 2(c) for
two values of β while varying N . This can be inferred from
Fig. 3(a) as well, where the ensemble-averaged values of r̃
as a function of β collapse for different N provided N # 1.
In Figs. 2(d), 2(e), and 2(f), we show the density of r̃ for
different values of γ while varying N . For any value of γ < 0
as N → ∞ (i.e., β → ∞), the energy levels are highly cor-
related and strongly repel each other. The increase in level
repulsion with N is shown in Fig. 2(f) for a fixed value of
γ = −0.3. Exactly at γ = 0 (i.e., β = 1) the density of r̃ is
independent of N and matches that of the GOE [Fig. 2(e)].
On the other hand, for any γ > 0 and N → ∞ (i.e., β → 0),
the energy levels become uncorrelated and clustered as in the
Poisson ensemble. In Fig. 2(d) we show that the density of
r̃ converges towards Poisson expression as we increase N
for a fixed value of γ = 0.3. These analyses imply that the
signatures of chaos in the short-range spectral correlations are
lost as we lower the repulsion parameter β. Now we identify
the exact nature of such a transition.

D. Criticality in chaotic-integrable transition

For a fixed γ , the quick convergence of PDF of RNNS with
system size [Fig. 3(a)] enables us to conclude that the 〈r̃〉 has
one-to-one correspondence with β when N # 1. β increases
with N for any γ < 0 (as β = N−γ ), hence 〈r̃〉 should also
increase with N and vice versa. Figure 3(b) conforms to the
above expectations suggesting a scaling hypothesis for 〈r̃〉.
Let us assume that there exists a relevant correlation length
# showing a power-law divergence around a critical point, γc,
i.e., # ∼ (γ − γc)−ν , where ν is a critical exponent. Then any
quantity A(γ , N ) showing nonanalytical behavior close to γc

should behave as

A(γ , N ) ∝ f ((γ − γc)(ln N )1/ν ), (7)

where f is a universal function and we assume # to scale
with ln N instead of N . Such a scaling ansatz valid for a
second-order phase transition is shown to hold in case of the
Kullback-Leibler divergence of RPE [61]. We collapse the
crossover curves from different system sizes based on Eq. (7)
(see the Appendix) and obtain γc = 0.0030 and ν = 1.0316
as shown in the inset of Fig. 3(b). Such a critical behavior
can also be inferred from the scale invariance of 〈r̃〉 w.r.t.
− ln β = γ ln N [Fig. 3(a)]. Comparing this with Eq. (7), we
get γc = 0 and ν = 1, which is consistent with our numerical
analysis.

We show the 〈r̃〉 curves for different system sizes and chain
lengths in Figs. 3(c) and 3(d) for RPE and Heisenberg model,
respectively. Again assuming a power-law behavior like
Eq. (7), we are able to collapse the data for RPE using γ̃c ≈
1.9750, ν ≈ 1.1359. For the Heisenberg chain we assume that
A(γ , N ) ∝ f ((h − hc)L1/ν ) and get hc ≈ 2.7696, ν ≈ 0.7842.
Note that the critical disorder strength found here corresponds
to the middle 25% of the eigenspectrum and hence conforms
to the energy density phase diagram of MBL transition present
in the literature [55].

Thus we show that the chaotic-integrable transition in all
three models is second order in nature. The crucial difference
lies in the physical significance of these critical points. We
observe that the chaotic-integrable transition occurs at γ̃AT
in the case of RPE, i.e., the energy states localize as soon
as the energy levels start to cluster. Contrarily in the case
of the β ensemble, a chaotic-integrable transition occurs at
γ = 0, which we previously argued to be γET, i.e., where
ergodicity breaks down. Thus in the thermodynamic limit
(N → ∞), there will be extended states for which energy lev-
els are uncorrelated, which has a profound implication on the
dynamical properties of the β ensemble (see Sec. IV). Thus
our analysis shows that the eigenstate localization property is
not necessarily indicative of the degree of repulsion present
in the energy spectrum as also observed in certain structured
matrix ensembles [66–68].

E. Power spectrum

Short-range spectral correlations in the β ensemble ex-
hibit criticality only around γET = 0. We also expect a
second critical point associated with the localization tran-
sition, which can be captured by the long-range spec-
tral correlations, e.g., the power spectrum of δn statistics
[69,70],

Pδ
k = |δ̂k|2, δ̂k = 1√

N

∑

n

δn exp
(

− i2πkn
N

)
, (8)

where δn ≡ En − n is the fluctuation of the nth unfolded
energy level, En, around its mean value, n. The ensem-
ble average of Pδ

k , denoted by 〈Pδ
k 〉, is explored for the

1D disordered spin-1/2 Heisenberg model in [71,72]. In the
β ensemble, there exists a critical frequency kc = N1−γ /2
for γ ! 0 [73] such that for k " kc, 〈Pδ

k 〉 ∝ 1/k identify-
ing completely chaotic behavior whereas for k > kc, 〈Pδ

k 〉 ∝
1/k2, which is a signature of the Poisson ensemble. Note

054121-4

ν ≈ 1

γ = γET ≈ 0

β ≈ 1

Oganesyan & Huse 2007

Nagy & Romera 2015



Energy levels: Long-range correlations in power spectrum

Recap New Definition Properties

Energy states: localization

Inverse Participation Ratio: I =
P

k |�
j
i (k)|

4.

I ⇠ O(1) for � � 1 and 8 N ) localization

I ⇠ N
�D , D > 0 for � < 1 ) extended states

Anderson transition: � = 1 ⌘ �AT (i.e. � = N
�1)

Fractal dimension = D ⇡ 1� � for 0 < � < 1
) Eigenstates occupy a macroscopic but vanishing fraction of the Hilbert

space ! non-ergodic extended states .

Adway Kumar Das �-ensemble

Energy states: Localization

NONERGODIC EXTENDED STATES IN THE β . . . PHYSICAL REVIEW E 105, 054121 (2022)

FIG. 4. Power spectrum of noise for (a) the β ensemble and
(d) RPE for N = 8192 as a function of dimensionless frequency,
ω = 2πk/N . In (b), the power spectrum is shown for various γ

[denoted with markers similar to (a)] and N (denoted by different
colors as in the legend). We see that 〈Pδ

ω〉 shifts downwards with
increasing N for γ = −0.3, where the dashed line ∝ 1/ω is placed as
a guide to the eye. (b) 〈Pδ

ω〉 for γ = 0.3 while varying N (data shifted
in the Y direction for clarity). Dashed and solid lines indicate 1/ω

and 1/ω2 behaviors, respectively. In (a), (c), and (d), stars denote the
critical frequencies, ωc, separating heterogeneous behavior. The inset
of (c) shows numerically obtained ωc, where the solid line denotes
the linear fit in log-log scale. We also show the analytical 〈Pδ

ω〉 for
the Poisson ensemble (dashed bold) and GOE [solid bold; Eq. (10)
in [69]].

that the power spectrum of some physical systems like the
Robnik billiard [74] and kicked top [75] exhibit a homo-
geneous behavior, 〈Pδ

k 〉 ∝ 1/kα , across all frequencies with
1 < α < 2.

In Fig. 4(a), we show the power spectrum of the β ensem-
ble as a function of dimensionless frequency, ω = 2πk/N , for
N = 8192 and various γ with the bold curves showing the
analytical forms of 〈Pδ

ω〉 for the Poisson ensemble and GOE
[Eq. (10) in [69]]. In Fig. 4(b) we show 〈Pδ

ω〉 for same values
of γ but also by varying N denoted with different colors. We
see that for finite N and γ < 0, 〈Pδ

ω〉 ∝ 1/ω for a typical value
of γ = −0.3. However, we observe that for N % 1 and γ & 0
(i.e., β → ∞), there are fluctuations around 1/ω behavior due
to the energy spectrum attaining a picket-fence structure. For
γ ! 0, we can identify two critical points separating three
distinct regimes by looking at Fig. 4(b) or from the analytical
calculations in [73]:

(a) γ = 0: 〈Pδ
ω〉 ∝ 1/ω for any N ⇒ energy levels are

correlated at all scales even in the thermodynamic limit
(b) 0 < γ < 1: Heterogeneous spectra ⇒ ωc =

2πkc/N = πN−γ separating the Poisson ensemble and
GOE like scaling. In Fig. 4(c) we show 〈Pδ

ω〉 for γ = 0.3 and
various N , which clearly reflects the heterogeneous features.
In the inset we show numerically obtained ωc vs N .

(c) γ ! 1: 〈Pδ
ω〉 ∝ 1/ω2 for any N ⇒ energy levels are

uncorrelated at all scales even in the thermodynamic limit.

Note that kc → ∞ for N → ∞ and 0 < γ < 1, i.e., the
signature of chaotic spectrum prevails over infinitely many
frequencies. However, their support set constitutes a zero frac-
tion of the set of principal frequencies as kc/kNyquist = N−γ →
0 for any γ > 0 (kNyquist ≈ N/2 is the highest frequency re-
quired to fully reconstruct the original spectrum [69]). Such
a fractal behavior suggests the absence of ergodicity in the
β ensemble for 0 < γ < 1. For example, in the case of RPE,
eigenstates occupy a zero fraction of the Hilbert space volume
despite being extended in the NEE phase (1 " γ̃ < 2) [56].
A corresponding power spectrum also exhibits heterogeneous
behavior as shown in Fig. 4(d). Thus we can attribute the
heterogeneity in the power spectrum of δn statistics to the
existence of NEE phase, and we can conclude that the β en-
semble enters the NEE phase for 0 < γ < 1 where ergodicity
breaks down at γET = 0 and the Anderson transition occurs at
γAT = 1.

With this primary evidence of the existence of the NEE
regime in the β ensemble, in the next section we will study
the eigenfunction properties and obtain the fractal scaling of
NEE states.

III. PROPERTIES OF EIGENSTATES

Due to the canonical invariance, the eigenvectors of
N × N GOE matrices are uniformly distributed in the unit
N-dimensional sphere, resulting in mutually independent
eigenvector components. Contrarily for the β ensemble, all
elements but the first component of the kth eigenvector can
be expressed in terms of the kth eigenvalue and different
matrix elements [36]. Hence even for typical values of β (i.e.,
β = 1, 2, 4), the eigenvector properties of the Wigner-Dyson
and β ensembles are different from each other, although their
energy level statistics are identical. This can be readily veri-
fied from the distribution of ln(N |'i|2) ('i is ith component
of the eigenstate |'〉), which has a long tail for β = 1 in the
β ensemble compared to GOE.

A. Localization transition

In order to characterize the Anderson transition from the
properties of eigenstates, we begin by computing the Shan-
non entropy, defined as S = −

∑N
i=1 Pi ln(Pi ) with Pi = |'i|2.

In Fig. 5(a) we show ensemble-averaged S, obtained from
the eigenstates taken from the middle 25% of the spectra,
exhibiting a nonanalyticity around γ = 1. Assuming a power-
law behavior of the relevant correlation length, we obtain
the critical parameter γc = 0.95 and exponent ν = 0.65 using
Eq. (7), while the collapsed data are shown in the inset of
Fig. 5(a). We also observe that the inverse participation ratio
(IPR), I =

∑N
i=1 |'i|4, exhibits a criticality around γ = 1 as

shown in Fig. 6. Thus we confirm that the Anderson transition
occurs at γAT ≡ 1 for the β ensemble, and at γ̃AT - 2 for RPE
[Fig. 5(b)].

For the 1D disordered spin-1/2 Heisenberg model, Shan-
non entropy is almost constant for a particular L if the disorder
strength is small (h & 1) and slowly decaying for h % 1.
Similar behavior for IPR indicates that the energy states of
the Heisenberg model in the MBL regime are extended in
the Hilbert space exhibiting a nontrivial multifractal behavior
[55]. However, according to [54], one may look at the ratio
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FIG. 9. (a) Phase diagram: The three distinct phases observed in the β ensemble, RPE, and 1D disordered spin-1/2 Heisenberg model are
demarcated against the critical parameter values. Markers indicate fractal exponents D1,2 as explained in the legend. (b) Fraction of localized
states: as a function of γ for the β ensemble for various system sizes. The inset shows αξ , the system size scaling exponent of ξ vs γ along
with a linear fit, αξ = aγ + b, where a = 0.9656 ± 0.0676 and b = −1.1618 ± 0.0370.

The spread of the initial state | j〉 over all other states is
controlled by the off-diagonal terms in H and is quantified
by the survival probability [85]

R(t ) = |〈 j| j(t )〉|2 =
∣∣∣∣∣

N∑

k=1

∣∣φ( j)
k

∣∣2
e−iEkt

∣∣∣∣∣

2

. (12)

In general, the survival probability decays till t = tTh, known
as the Thouless time [86]. This is the time required for | j〉
to maximally spread over the Hilbert space. For example, in
disordered (ergodic) metals, a particle diffuses to the sample
boundaries within tTh. The inverse of tTh gives the Thouless
energy, ETh, below which the spectral correlations are similar
to those of Wigner-Dyson ensemble. Moreover, a finite-sized
closed quantum system always equilibrates [87], and the
equilibrium value of survival probability is given by

R̄ = lim
t→∞

1
t

∫ t

0
dτ R(τ ) =

N∑

k=1

∣∣φ( j)
k

∣∣4
. (13)

Thus R̄ is the IPR of initial state | j〉 in the eigenbasis {|φk〉}.
The time required to reach R̄ is known as the relaxation time,
tR. The gap between tTh and tR is known as the correlation
hole, thole. A finite thole is a direct manifestation of the spectral
rigidity, i.e., the presence of long-range correlation among
energy levels [54,88,89].

The time evolution of survival probability for β ensemble
is shown in Figs. 10(a) and 10(b) for various system sizes and
γ values. Tuning γ , we observe three qualitatively different
behaviors as follows:

1. Ergodic regime (γ ! 0). The correlation hole is always
present with easily identifiable Thouless and relaxation times.
tTh exhibits an approximately

√
N scaling close to γET [inset

of Fig. 10(a)], which can be understood from sparsity of the
Hamiltonian. Contrarily in the ergodic regime of RPE, tTh is
independent of system size due to the presence of all to all
coupling [56,90]. We also observe that within thole, R(t ) is
nonmonotonic unlike the 1D disordered spin-1/2 Heisenberg
model [85].

2. NEE phase (0 < γ < 1). We show thole as a function of
γ for different system sizes in Fig. 10(c) where thole ≈ 0 for
γ " γ '. The inset shows that γ ' → γET = 0 as N increases.

Recall that the chaotic-integrable transition occurs at γET, be-
yond which long-range correlation among energy levels (e.g.,
see power spectrum) is lost. The spectral rigidity is necessary
for the existence of thole [88], which explains the absence of
the correlation hole in the NEE regime in the thermodynamic
limit. On the other hand, a finite thole exists in the NEE phases
of RPE and the 1D disordered spin-1/2 Heisenberg model,
as the chaotic-integrable transition occurs at γ̃AT and hMBL
respectively.

FIG. 10. Survival probability for β ensemble: (a) time evolution
for γ = −0.3 and various system size, N . We show Thouless (tTh)
and relaxation time (tR) with markers and the correlation hole (thole)
with a dashed line in each case. The inset shows tTh and tR as a
function of N along with linear fit in log-log scale with a solid line,
indicating a

√
N dependence. (b) N = 1024 varying γ (c) correlation

hole vs γ for various N . The inset shows γ ' vs N in log-log scale
(thole ≈ 0 for γ " γ '). (d) Asymptotic value of survival probability
vs γ for different N . The inset shows system size scaling (R̄ ∝ NαR̄ )
where αR̄ ≈ γ − 1 for γ ! 1 and 0 for γ > 1.

054121-9

Torres-Herrara & Lea Santos 2017



“Anomalous Non-ergodicity in the �-ensemble” - Adway Kumar Das

Wigner-Dyson successive
��������!
Hausholder

Tridiagonal H�

I Wigner-Dyson ensemble: � = 1, 2 and 4

I � 2 R ) H� 2�-ensemble

I � ! 0 ) Poisson ensemble

...
...

...
y x y

N -2 N -1
y x

N -1

N -1

1

1
y x y

N

1

22

x y

H- =

I xn ⇠ N (0, 1),
p
2yn ⇠ �n�

I � = N
�� controls level repulsion

I H� () Coulomb gas, � ⌘
1

T

Lattice picture: Ĥ� =
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FIG. 3. Ensemble average of r̃ for β ensemble vs (a) β and (b) γ ,
and (c) for RPE vs γ̃ and (d) Heisenberg model vs disorder strength,
h. For (a), (b), and (c) system size, N , and for (d) chain length,
L, is varied. In (a) we show the 〈r̃〉 for N = 3 [Eq. (7) in [63]]
with a dashed line. The insets of (b), (c), and (d) show collapsed
data following the ansatz in Eq. (7), where critical parameter and
exponents are also given.

w.r.t. β is immediately apparent. For N # 1, the density of
RNNS is system size independent, as shown in Fig. 2(c) for
two values of β while varying N . This can be inferred from
Fig. 3(a) as well, where the ensemble-averaged values of r̃
as a function of β collapse for different N provided N # 1.
In Figs. 2(d), 2(e), and 2(f), we show the density of r̃ for
different values of γ while varying N . For any value of γ < 0
as N → ∞ (i.e., β → ∞), the energy levels are highly cor-
related and strongly repel each other. The increase in level
repulsion with N is shown in Fig. 2(f) for a fixed value of
γ = −0.3. Exactly at γ = 0 (i.e., β = 1) the density of r̃ is
independent of N and matches that of the GOE [Fig. 2(e)].
On the other hand, for any γ > 0 and N → ∞ (i.e., β → 0),
the energy levels become uncorrelated and clustered as in the
Poisson ensemble. In Fig. 2(d) we show that the density of
r̃ converges towards Poisson expression as we increase N
for a fixed value of γ = 0.3. These analyses imply that the
signatures of chaos in the short-range spectral correlations are
lost as we lower the repulsion parameter β. Now we identify
the exact nature of such a transition.

D. Criticality in chaotic-integrable transition

For a fixed γ , the quick convergence of PDF of RNNS with
system size [Fig. 3(a)] enables us to conclude that the 〈r̃〉 has
one-to-one correspondence with β when N # 1. β increases
with N for any γ < 0 (as β = N−γ ), hence 〈r̃〉 should also
increase with N and vice versa. Figure 3(b) conforms to the
above expectations suggesting a scaling hypothesis for 〈r̃〉.
Let us assume that there exists a relevant correlation length
# showing a power-law divergence around a critical point, γc,
i.e., # ∼ (γ − γc)−ν , where ν is a critical exponent. Then any
quantity A(γ , N ) showing nonanalytical behavior close to γc

should behave as

A(γ , N ) ∝ f ((γ − γc)(ln N )1/ν ), (7)

where f is a universal function and we assume # to scale
with ln N instead of N . Such a scaling ansatz valid for a
second-order phase transition is shown to hold in case of the
Kullback-Leibler divergence of RPE [61]. We collapse the
crossover curves from different system sizes based on Eq. (7)
(see the Appendix) and obtain γc = 0.0030 and ν = 1.0316
as shown in the inset of Fig. 3(b). Such a critical behavior
can also be inferred from the scale invariance of 〈r̃〉 w.r.t.
− ln β = γ ln N [Fig. 3(a)]. Comparing this with Eq. (7), we
get γc = 0 and ν = 1, which is consistent with our numerical
analysis.

We show the 〈r̃〉 curves for different system sizes and chain
lengths in Figs. 3(c) and 3(d) for RPE and Heisenberg model,
respectively. Again assuming a power-law behavior like
Eq. (7), we are able to collapse the data for RPE using γ̃c ≈
1.9750, ν ≈ 1.1359. For the Heisenberg chain we assume that
A(γ , N ) ∝ f ((h − hc)L1/ν ) and get hc ≈ 2.7696, ν ≈ 0.7842.
Note that the critical disorder strength found here corresponds
to the middle 25% of the eigenspectrum and hence conforms
to the energy density phase diagram of MBL transition present
in the literature [55].

Thus we show that the chaotic-integrable transition in all
three models is second order in nature. The crucial difference
lies in the physical significance of these critical points. We
observe that the chaotic-integrable transition occurs at γ̃AT
in the case of RPE, i.e., the energy states localize as soon
as the energy levels start to cluster. Contrarily in the case
of the β ensemble, a chaotic-integrable transition occurs at
γ = 0, which we previously argued to be γET, i.e., where
ergodicity breaks down. Thus in the thermodynamic limit
(N → ∞), there will be extended states for which energy lev-
els are uncorrelated, which has a profound implication on the
dynamical properties of the β ensemble (see Sec. IV). Thus
our analysis shows that the eigenstate localization property is
not necessarily indicative of the degree of repulsion present
in the energy spectrum as also observed in certain structured
matrix ensembles [66–68].

E. Power spectrum

Short-range spectral correlations in the β ensemble ex-
hibit criticality only around γET = 0. We also expect a
second critical point associated with the localization tran-
sition, which can be captured by the long-range spec-
tral correlations, e.g., the power spectrum of δn statistics
[69,70],

Pδ
k = |δ̂k|2, δ̂k = 1√

N

∑

n

δn exp
(

− i2πkn
N

)
, (8)

where δn ≡ En − n is the fluctuation of the nth unfolded
energy level, En, around its mean value, n. The ensem-
ble average of Pδ

k , denoted by 〈Pδ
k 〉, is explored for the

1D disordered spin-1/2 Heisenberg model in [71,72]. In the
β ensemble, there exists a critical frequency kc = N1−γ /2
for γ ! 0 [73] such that for k " kc, 〈Pδ

k 〉 ∝ 1/k identify-
ing completely chaotic behavior whereas for k > kc, 〈Pδ

k 〉 ∝
1/k2, which is a signature of the Poisson ensemble. Note
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  ensembles    spin chainsβ ⟷

Comparison with spectral statistics.—Here, we compare
the level statistics of a standard model in studies on MBL
with the eigenvalue statistics of the Gaussian β ensemble.
We consider a disordered spin-1=2 XXZ chain, for which
the Hamiltonian is given by

H ¼
XL

i¼1

ðSxi Sxiþ1 þ Syi S
y
iþ1 þ ΔSziSziþ1Þ þ

XL

i¼1

hiS
z
i ; ð7Þ

with Sαi ¼ 1
2 σ

α
i , where σαi are Pauli matrices (α ¼ x, y, z)

acting on site i. During the last decade, the level statistics of
this Hamiltonian have been studied extensively in, e.g.,
Refs. [7,8,34–38]. In particular, the intermediate level
statistics between the thermal and the MBL phase have
been studied by means of a two-stage flow picture in
Ref. [8]. Following these references, we impose periodic
boundary conditions σαiþL ≡ σαi , sample hi from the uni-
form distribution ranging over ½−W;W&, set Δ ¼ 1 (unless
stated otherwise), and restrict the focus to the symmetry
sector

P
iS

z
i ¼ 0. We set L ¼ 16, for which

dimðHÞ ¼ 12870. We consider at least 1000 disorder
realizations for each value of W. For each value of W
separately, we restrict the focus to the energy window
containing the middle 10% of the union of all sampled
spectra. The system exhibits a smooth crossover from
Poissonian to Wigner-Dyson level statistics in the
region 1.7≲W ≲ 4.0.
Figure 2 shows the distributions of r and s for the spectra

of the Hamiltonian compared with the corresponding
distributions for the Gaussian β ensemble, where β is
estimated from hri. Note that, since r is independent of the
average level spacing, no unfolding [33] is required for
drawing the distribution of this quantity. Before drawing
the histograms of s for the Hamiltonian, the spectra are
unfolded by numerically estimating the smooth part of
the density of states [39]. Remarkably, we observe near-
perfect agreement between the spectral statistics of the
Hamiltonian and the corresponding eigenvalue statistics of

the Gaussian β ensemble at all disorder strengths. Similar
agreement can be found for Δ ¼ 2, which is illustrated in
the lower right panel.
In Fig. 3, we study the sensitivity to finite-size effects.

The top panels show that the agreement between the level

FIG. 2. Numerically obtained distributions of r and s for the
Hamiltonian at various W (solid lines) and the corresponding
distributions for the Gaussian β ensemble (dashed lines, identical
color scheme). The top and bottom left plots are for Δ ¼ 1, the
bottom right one for Δ ¼ 2.

FIG. 3. Numerically obtained distributions of r for the
Hamiltonian at various W (solid lines) and the corresponding
distributions for the Gaussian β ensemble (dashed lines, identical
color scheme) for L ¼ 12, 14 (top panels) and the estimated value
of β for the spectra of the Hamiltonian as a function of L and W
(bottom panels).

TABLE I. Numerically obtained values of hri for the Gaussian
β ensemble at various β (see main text for details). The value for
β ¼ 0 is obtained from the expression given in the main text.

β 0.00 0.01 0.05 0.10 0.15 0.20

hri 0.386(3) 0.389(0) 0.398(4) 0.408(9) 0.420(1) 0.429(5)

β 0.25 0.30 0.35 0.40 0.45 0.50

hri 0.438(1) 0.446(2) 0.453(6) 0.461(7) 0.469(3) 0.475(8)

β 0.55 0.60 0.65 0.70 0.75 0.80

hri 0.482(6) 0.489(0) 0.494(6) 0.500(8) 0.505(8) 0.511(2)

β 0.85 0.90 0.95 1.00 2.00 4.00

hri 0.516(4) 0.521(5) 0.526(2) 0.530(2) 0.599(7) 0.673(9)
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Comparison with spectral statistics.—Here, we compare
the level statistics of a standard model in studies on MBL
with the eigenvalue statistics of the Gaussian β ensemble.
We consider a disordered spin-1=2 XXZ chain, for which
the Hamiltonian is given by

H ¼
XL

i¼1

ðSxi Sxiþ1 þ Syi S
y
iþ1 þ ΔSziSziþ1Þ þ

XL

i¼1

hiS
z
i ; ð7Þ

with Sαi ¼ 1
2 σ

α
i , where σαi are Pauli matrices (α ¼ x, y, z)

acting on site i. During the last decade, the level statistics of
this Hamiltonian have been studied extensively in, e.g.,
Refs. [7,8,34–38]. In particular, the intermediate level
statistics between the thermal and the MBL phase have
been studied by means of a two-stage flow picture in
Ref. [8]. Following these references, we impose periodic
boundary conditions σαiþL ≡ σαi , sample hi from the uni-
form distribution ranging over ½−W;W&, set Δ ¼ 1 (unless
stated otherwise), and restrict the focus to the symmetry
sector

P
iS

z
i ¼ 0. We set L ¼ 16, for which

dimðHÞ ¼ 12870. We consider at least 1000 disorder
realizations for each value of W. For each value of W
separately, we restrict the focus to the energy window
containing the middle 10% of the union of all sampled
spectra. The system exhibits a smooth crossover from
Poissonian to Wigner-Dyson level statistics in the
region 1.7≲W ≲ 4.0.
Figure 2 shows the distributions of r and s for the spectra

of the Hamiltonian compared with the corresponding
distributions for the Gaussian β ensemble, where β is
estimated from hri. Note that, since r is independent of the
average level spacing, no unfolding [33] is required for
drawing the distribution of this quantity. Before drawing
the histograms of s for the Hamiltonian, the spectra are
unfolded by numerically estimating the smooth part of
the density of states [39]. Remarkably, we observe near-
perfect agreement between the spectral statistics of the
Hamiltonian and the corresponding eigenvalue statistics of

the Gaussian β ensemble at all disorder strengths. Similar
agreement can be found for Δ ¼ 2, which is illustrated in
the lower right panel.
In Fig. 3, we study the sensitivity to finite-size effects.

The top panels show that the agreement between the level

FIG. 2. Numerically obtained distributions of r and s for the
Hamiltonian at various W (solid lines) and the corresponding
distributions for the Gaussian β ensemble (dashed lines, identical
color scheme). The top and bottom left plots are for Δ ¼ 1, the
bottom right one for Δ ¼ 2.

FIG. 3. Numerically obtained distributions of r for the
Hamiltonian at various W (solid lines) and the corresponding
distributions for the Gaussian β ensemble (dashed lines, identical
color scheme) for L ¼ 12, 14 (top panels) and the estimated value
of β for the spectra of the Hamiltonian as a function of L and W
(bottom panels).

TABLE I. Numerically obtained values of hri for the Gaussian
β ensemble at various β (see main text for details). The value for
β ¼ 0 is obtained from the expression given in the main text.

β 0.00 0.01 0.05 0.10 0.15 0.20

hri 0.386(3) 0.389(0) 0.398(4) 0.408(9) 0.420(1) 0.429(5)

β 0.25 0.30 0.35 0.40 0.45 0.50

hri 0.438(1) 0.446(2) 0.453(6) 0.461(7) 0.469(3) 0.475(8)

β 0.55 0.60 0.65 0.70 0.75 0.80

hri 0.482(6) 0.489(0) 0.494(6) 0.500(8) 0.505(8) 0.511(2)

β 0.85 0.90 0.95 1.00 2.00 4.00

hri 0.516(4) 0.521(5) 0.526(2) 0.530(2) 0.599(7) 0.673(9)
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Higher order statistics?


Long-range correlations?
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factor (SFF), revealing a link between h and the Thouless
time. We demonstrate that the β-Gaussian model fails to
describe long-range spectral correlations. An analysis of a
local Haar-random unitary nearest-neighbor quantum circuit
system introduced in [50] indicates that in such a generic
system the spectral statistics can also be grasped with the β-h
model, demonstrating the robustness of the observed features
of level statistics.

This paper is organized as follows. In Sec. II we introduce
the β-h model and discuss the properties of its level statistics.
In Sec. III we show that the β-h model accurately reproduces
level statistics of the disordered XXZ spin chain across the
many-body localization transition. In Sec. IV we show that
the β-h model also grasps level statistics of the disordered
Bose-Hubbard model. In Sec. V we demonstrate that β-h also
applies to the ergodic-MBL transition in systems with broken
time-reversal symmetry and without local conservation laws
by considering level statistics of a random quantum circuit.
We conclude in Sec. VI.

II. THE β-h MODEL

The joint probability density function (JPDF) of eigen-
values of the matrix from GOE (GUE) with β = 1 (β = 2)
can be written as a partition function of a fictitious 1D gas
of particles P (E1, . . . , EN ) = Z−1

N e−βE (E1,...,EN ), where ZN is
a normalization constant and the energy E includes a trap-
ping potential U (E ) ∝ E2 and pairwise logarithmic interac-
tions V (|E − E ′|) = − ln(|E − E ′|). Eigenvalues E1 < · · · <
EN lie on a ring of length N which confines them, rendering
the trapping potential U (E ) unnecessary. The JPDF can be
written as

Pβ
h (E1, . . . , EN ) = Z−1

N

N∏

i=0

|Ei − Ei+1|β · · · |Ei − Ei+h|β.

(2)

The GOE (GUE) case is obtained when h → ∞ with the
appropriate value of β. The form of (2) suggests various
models of intermediate level statistics between GOE (GUE)
and PS. For instance, one can keep h → ∞ and vary β,
obtaining the so-called β-Gaussian ensemble [45]. When h
is an integer number which sets the number of correlated
neighboring eigenvalues, one arrives at the so-called short-
range plasma model introduced in [52] (see also [53,54]).

In this work we extend this model by allowing h to
be a real number. Denoting by &.' the floor function,
the factor in (2) becomes |Ei − Ei+1|β · · · |Ei − Ei+&h'|β |Ei −
Ei+&h'+1|β(h−&h'), hence defining the β-h model where h ∈
[1,∞) and β ∈ [0, 1] (β ∈ [0, 2]) for GOE- (GUE-) PS tran-
sition. Varying continuously h and β allows us to capture
spectral statistics of disordered quantum many-body systems
across the ergodic-MBL transition, while a simple form of
the JDPF of the β-h model yields insight into correlations
between eigenvalues. Semianalytical results for the β-h model
are available only for integer values of h and β [52]. In
particular, the number variance, defined as the variance of the
number of eigenvalues in an interval (E , E + L), reads

"2(L) = χL (3)

for L ) 1, where χ = 1/(βh + 1). The spectral rigidity of
GOE (GUE) which manifests itself in the logarithmic growth
of the variance "2(L) is replaced by a finite spectral com-
pressibility χ . Thus, a profound change in long-range spectral
correlations happens when h < ∞. Interestingly, we find that
(3) is fulfilled with excellent agreement with the β-h model, as
our Monte Carlo simulations (obtained sampling the JPDF of
the β-h model with the Metropolis-Hastings algorithm [55])
show for arbitrary real β ∈ [0, 2] and h ∈ [1, 40].

A straightforward application of the method of [52] shows
that distributions of higher-order spacing ratios P(r (n) ) for
h = 1 are given by

P(r (n) ) = Nn,β

(r (n) )β+(n−1)(β+1)

(1 + r (n) )2(β+1)n
, (4)

where Nn,β = [2F1(n(1 + β ), 2n(1 + β ), 1 + n(β + 1),−1)/
(β + 1)n]−1 is a normalization constant and 2F1 is Gauss
hypergeometric function. Such distributions of higher-order
spacing ratios P(r (n) ) at h = 1 constitute a very good approx-
imation for systems close to the MBL phase where h ≈ 1
and provide analytical expressions for average higher-order
spacing ratios r(n) (including PS for β = 0). To obtain P(r (n) )
for arbitrary h ∈ [1,∞) and β ∈ [0, 1] we again sample the
JPDF of the β-h model with the Monte Carlo approach.

A. Spectral form factor of the β-h model

Consider the spectral form factor [29,30]:

K (τ ) = 1
Z

˝∣∣∣∣∣∣

∑

j

g(ε j )e−iE jτ

∣∣∣∣∣∣

2 ˛

, (5)

where Z ensures that K (τ )
τ→∞→ 1, the spectrum is unfolded

(for remarks on unfolding see the Appendix), and g(ε) is
a Gaussian function which vanishes at the edges of the
spectrum, reducing their influence (see also the Appendix).
The SFF allows us to identify two important timescales in
disordered systems: the Heisenberg time τH equal to the
inverse level spacing, beyond which the discrete nature of the
energy spectrum manifests itself, and the Thouless time τTh,
which is the timescale beyond which SFF admits universal
GOE (GUE) form K (τ ) ≈ 2τ [20,50]. The existence of two
timescales is reflected in the JPDF of the β-h model, where
the correlations between eigenvalues are of the GOE (GUE)
form on energy scales smaller than h level spacings so that τTh,
inversely proportional to h (for β = 1, 2), provides a physical
interpretation of the interaction range h in the β-h model.

The SFF of the β-h model is shown in Fig. 1. For
β = 1, the SFF of the β-h model follows the prediction
for GOE down to Thouless time τTh, which depends on the
interaction range h [roughly, τTh ≈ 2/(h + 1)]. The SFF for
β < 1 shows that it is possible to have spectral statistics with
h > 1 and τTh = τH = 1.

We note that (3) implies that K (0) = 1/(βh + 1), an an-
alytical prediction for integer β and h which is very well
confirmed by numerical data for arbitrary β and h, as shown
in Fig. 1.

Figure 2 shows a comparison of SFFs of the β-h model
and of the β-Gaussian ensemble. The two parameters of
the β-h model allow us to reproduce the typical behavior
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Summary


•  Non-Ergodic Extended states


•  Neighbouring energy states do not overlap


•  Coexistence of localised - extended states
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�-ensemble vs. RPE

Property � ensemble RPE
Hamiltonian coupling nearest neighbor inhomogeneous all-all
repulsion-clustering transition �ET ⌘ 0 �̃AT ⌘ 1
non-ergodic extended phase 0 < � < 1 1 < �̃ < 2
neighboring levels repel NO YES
neighboring states hybridize NO YES

E1,2, �E = |E1 � E2|
uncorrelated, if �E < N�

correlated, if �E > N�
correlated, if �E < ETh = N2��̃

uncorrelated, if �E > ETh

energy miniband exist NO YES; has width ETh = �ETh

coexistence of localized states YES; N� states around E = 0 NO; all bulk states are NEE
correlation hole in
survival probability for N � 1

NO YES

RPE, ~.: 1.5

1 32 64 96 128
1

32

64

96

128
--ensemble, .: 0.5

1 32 64 96 128
1

32

64

96

128

Mij =
P

k | i(k) j(k)|

Mij

8
>>><

>>>:

1, i = j
2

⇡
, ergodic

0, localized

1

https://arxiv.org/abs/2112.11910


Ongoing projects….


• Anomalous Localization  


• Ground states vs. Bulk states 


• Absence of mobility edge


•  Local equivalence to Anderson model
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