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First order cosmological phase transitions
As the Universe expands, the plasma contained within it cools down.  
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First order cosmological phase transitions
As the Universe expands, the plasma contained within it cools down.  

è  GUT scale
è  SUSY scale
è  electroweak scale – Higgs fields gets a vev
è  QCD scale – color confinement & chiral symmetry breaking
è  misc:  B-breaking, L-breaking, PQ-breaking, dark sectors, inflaton sector, … 
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Cosmological phase transitions may have occurred throughout the cosmic history 
when the plasma temperature passed through particle physics energy scales. 
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First order cosmological phase transitions

e.g., both liquid water and water vapor are present during the condensation phase transition
First order phase transitions are characterized by phase coexistence

As the Universe expands, the plasma contained within it cools down.  

è  GUT scale
è  SUSY scale
è  electroweak scale – Higgs fields gets a vev
è  QCD scale – color confinement & chiral symmetry breaking
è  misc:  B-breaking, L-breaking, PQ-breaking, dark sectors, inflaton sector, … 
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First order cosmological phase transitions

e.g., both liquid water and water vapor are present during the condensation phase transition
First order phase transitions are characterized by phase coexistence

As the Universe expands, the plasma contained within it cools down.  

è  GUT scale
è  SUSY scale
è  electroweak scale – Higgs fields gets a vev
è  QCD scale – color confinement & chiral symmetry breaking
è  misc:  B-breaking, L-breaking, PQ-breaking, dark sectors, inflaton sector, … 

new physics is required for a 
first order 

cosmological phase transition
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observational probes of 
1st order PT are necessarily 

tests of new physics

SM predicts 
continuous crossover 

for EW & QCD
(at small chemical potential)

Cosmological phase transitions may have occurred throughout the cosmic history 
when the plasma temperature passed through particle physics energy scales. 
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Bubble business
Phase coexistence means boundaries between phase domains (a.k.a., bubbles or walls)

form grow merge

today’s talk:  
How quickly do bubbles grow?

What is the speed of the bubble walls?
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Why care about bubble wall speed?

+ +
+

+

� � �
�

Primordial 
Black Holes

1st Order EWPT has profound implications for cosmology

Primordial 
Gravitational 

Waves

hHiggsi = v(T ) hHiggsi = 0

Matter   Excess

M   A M   A
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Equation of motion

for a nonrelativistic planar bubble wall:

(s = mass/area = tension)
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pressure on the wall
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Equation of motion

for a nonrelativistic planar bubble wall:

(s = mass/area = tension)
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(P = force/area = pressure)

pressure on the wall
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to begin, 
let’s neglect
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Lw(t)

Starting simple:  bubbles in vacuum
To begin, let’s calculate the motion of a planar bubble wall expanding in vacuum.
(This calculation applies more generally for a sufficiently dilute medium with small friction.)

<latexit sha1_base64="dxSvziwdg0P4ffkeh1XddjXdfIk=">AAABkHicZY7LTsJAFIbP4A3xVnHpppGNq9oagi5MxLgxhAUauSSWNNPxgBOmncnMoJCGx/Bp3OpD+DaCdiN8qy//OSf/iZXgxvr+NymsrW9sbhW3Szu7e/sHzmG5Y+RYM2wzKaTuxdSg4Cm2LbcCe0ojTWKB3Xh0u5h3X1EbLtNHO1XYT+gw5QPOqJ1HkXPWjN7cUAj3wQ2bOLCaD18s1VrOU4sTmylBU6pdqpSWE28WORXf839xVyXIpQI5rchphM+SjRNMLRPUmKfAV7afUW05EzgrhWODirIRHWKWTHMzy7lFnZhFebBctSqdcy+oedX7aqV+lb9RhGM4gVMI4ALqcActaAODd/iAT/giZXJJrsnN32qB5DdH8A/S+AFzhWok</latexit>

Lw ⌧ R , planar approx.



thermal pressure on ultrarelativistic bubbles Andrew Long   (Rice University)10

Starting simple:  bubbles in vacuum
To begin, let’s calculate the motion of a planar bubble wall expanding in vacuum.
(This calculation applies more generally for a sufficiently dilute medium with small friction.)

equation of motion for a planar bubble wall:

differential vacuum pressure on the wall:
<latexit sha1_base64="OxYrDDcT/5ozK0XaiUnAmC21uw8=">AAABq3icZY7NSsNAFIXv1L9a/6ou3QS7cZOQSNGNQsGNuKpo2qIpZTJe26EzSZiZFErIO/k0git9FBsNGNuz+s6593JumAiujet+kNra+sbmVn27sbO7t3/QPDzq6ThVDH0Wi1gNQqpR8Ah9w43AQaKQylBgP5zeFPP+DJXmcfRo5gkOJR1H/JUzahbRqHnXHQWSmomS2Yyy3Lq2/oJJbtkVq4tpr2rtip3ko2bLddwfWavgldCCUt1FefASs1RiZJigWj97bmKGGVWGM4F5I0g1JpRN6RgzOS9JL+cGldRFubdctQq9c8e7cNr37VbnqnyjDidwCmfgwSV04Ba64AODN3iHT/giNnkgTyT4Xa2R8uYY/ongN0U4dOc=</latexit>

Pvac = Ph � Ps = Vs � Vh

solution for the wall speed:
<latexit sha1_base64="GIjDxmfpyERiLfmI5lRyItZwKAI=">AAABlXicZY7LSgMxFIZP6q3W26gLF26C3UxRa0aKbiwUFBE3VrAXcErIxFhDk5khSUdK6Yv4NG71DXwbq87G9lt9/Occ/hOlSlpHyBcqLCwuLa8UV0tr6xubW972TtsmQ8NFiycqMd2IWaFkLFpOOiW6qRFMR0p0osHlz7yTCWNlEj+4USp6mvVj+Sw5c9OIerWMvvqugus4owQfYr9JQ83ci9HjjPHJSWhlX7MKDo+w7/AxdpRUMPXKpEp+wfMS5FKGnCb1bsOnhA+1iB1XzNrHgKSuN2bGSa7EpBQOrUgZH7C+GOtRbnY2d8JoO5mWB7NV89I+rQZn1dp9rdy4yN8owj4cgA8BnEMDbqAJLeDwBu/wAZ9oD9XRFbr+Wy2g/GYX/oHuvgFCbGhN</latexit>

vw(t) = v0 + (Pvac/�) (t� t0)

wall approaches the speed of light after a time:
<latexit sha1_base64="xd/umiQmP6G2u/07PgAgVGHWhxU=">AAABjnicZY7LTgIxFIZP8YZ4YdSlm0Y2bsAZQ3AjkcQNcYWJXBKHTDq1YkM707RniGTCU/g0bvUpfBtFZyN8qy//OSf/iY2SDn3/i5Q2Nre2d8q7lb39g8Oqd3Q8cGlmuejzVKV2FDMnlExEHyUqMTJWMB0rMYynt8v5cCask2nygHMjxppNEvksOcOfKPLqWMfIpyEzxqavNESW0TbloZMTzegF7UWhZvhidT5jfBF5Nb/h/0LXJSikBgW9yLsLn1KeaZEgV8y5x8A3OM6ZRcmVWFTCzAnD+JRNRK7nhbnVHIXVblkerFaty+CyEbQazftmrXNdvFGGUziDcwjgCjrQhR70gcMbvMMHfBKPtEib3PytlkhxcwL/IN1vJNFoOw==</latexit>

t� t0 ⇡ ⌧ = c�/Pvac

this is typically a very short time compared to Hubble:
<latexit sha1_base64="jp0YTrCCyC4S0yBw3zvi+9vh7xw=">AAACC3icdY7NSgMxFIWT+lfr36hLN8FuXNWZWupGsOCmCIUK9gecOtxJYw1NZsYkUyzDPIIv4taduPUhfBurjpW2eDb35NzzceNHgmtj2x84t7S8srqWXy9sbG5t71i7e20dxoqyFg1FqLo+aCZ4wFqGG8G6kWIgfcE6/vDia98ZMaV5GFybccR6EgYBv+MUzCTyrGdX84EEMhmSNG5PiPsQQ5+4hj2aBIJ+mgVNz5Vg7pVMRkDT33rlv3r9t1Emx6QxZSORzhA6/HtDPKUWGSGI41lFu2R/iywaJzNFlKnpWZduP6SxZIGhArS+cezI9BJQhlPB0oIbaxYBHcKAJXKcOT2fG6akTifHnflTi6ZdLjnVUuWqUqydZd/IowN0iI6Qg05RDdVRE7UQxRau4nNcw0/4Bb/it59qDmfMPpoRfv8EbK+VrQ==</latexit>

� ⇠ M
3 and Pvac ⇠ M

4 and H ⇠ M
2
/Mpl so ⌧H ⇠ M/Mpl ⌧ 1

<latexit sha1_base64="NFnAkqAz8jAzsA33WRYTE79XBZY=">AAABgnicZY69TsMwFIWvS4FS/gKMLIEuiCGKaQVLkSqxIKYi0R+JVJFjLsGqnUS2G1RFmXkaVngW3oYCWWjP9Once3ROlElhrO9/kdpafX1js7HV3N7Z3dt3Dg6HJp1pjgOeylSPI2ZQigQHVliJ40wjU5HEUTS9+bmPctRGpMmDnWc4USxOxLPgzC6s0Dnph4Fi9kWrIme8dK/dwIhYMTd4Sm2Rl+Fr6LR8z/+Vuwq0ghZU6ofO3SLLZwoTyyUz5pH6mZ0UTFvBJZbNYGYwY3zKYizUvCKz7FvUypSLcrpctQrDC49eep37TqvXrWY04BhO4QwoXEEPbqEPA+DwBu/wAZ+kTs4JJe2/1xqpMkfwT6T7DaL4ZHg=</latexit>

Pvac = �v̇w
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Starting simple:  bubbles in vacuum
To begin, let’s calculate the motion of a planar bubble wall expanding in vacuum.
(This calculation applies more generally for a sufficiently dilute medium with small friction.)

equation of motion for a planar bubble wall:

differential vacuum pressure on the wall:
<latexit sha1_base64="OxYrDDcT/5ozK0XaiUnAmC21uw8=">AAABq3icZY7NSsNAFIXv1L9a/6ou3QS7cZOQSNGNQsGNuKpo2qIpZTJe26EzSZiZFErIO/k0git9FBsNGNuz+s6593JumAiujet+kNra+sbmVn27sbO7t3/QPDzq6ThVDH0Wi1gNQqpR8Ah9w43AQaKQylBgP5zeFPP+DJXmcfRo5gkOJR1H/JUzahbRqHnXHQWSmomS2Yyy3Lq2/oJJbtkVq4tpr2rtip3ko2bLddwfWavgldCCUt1FefASs1RiZJigWj97bmKGGVWGM4F5I0g1JpRN6RgzOS9JL+cGldRFubdctQq9c8e7cNr37VbnqnyjDidwCmfgwSV04Ba64AODN3iHT/giNnkgTyT4Xa2R8uYY/ongN0U4dOc=</latexit>

Pvac = Ph � Ps = Vs � Vh

solution for the wall speed:
<latexit sha1_base64="GIjDxmfpyERiLfmI5lRyItZwKAI=">AAABlXicZY7LSgMxFIZP6q3W26gLF26C3UxRa0aKbiwUFBE3VrAXcErIxFhDk5khSUdK6Yv4NG71DXwbq87G9lt9/Occ/hOlSlpHyBcqLCwuLa8UV0tr6xubW972TtsmQ8NFiycqMd2IWaFkLFpOOiW6qRFMR0p0osHlz7yTCWNlEj+4USp6mvVj+Sw5c9OIerWMvvqugus4owQfYr9JQ83ci9HjjPHJSWhlX7MKDo+w7/AxdpRUMPXKpEp+wfMS5FKGnCb1bsOnhA+1iB1XzNrHgKSuN2bGSa7EpBQOrUgZH7C+GOtRbnY2d8JoO5mWB7NV89I+rQZn1dp9rdy4yN8owj4cgA8BnEMDbqAJLeDwBu/wAZ9oD9XRFbr+Wy2g/GYX/oHuvgFCbGhN</latexit>

vw(t) = v0 + (Pvac/�) (t� t0)

wall approaches the speed of light after a time:
<latexit sha1_base64="xd/umiQmP6G2u/07PgAgVGHWhxU=">AAABjnicZY7LTgIxFIZP8YZ4YdSlm0Y2bsAZQ3AjkcQNcYWJXBKHTDq1YkM707RniGTCU/g0bvUpfBtFZyN8qy//OSf/iY2SDn3/i5Q2Nre2d8q7lb39g8Oqd3Q8cGlmuejzVKV2FDMnlExEHyUqMTJWMB0rMYynt8v5cCask2nygHMjxppNEvksOcOfKPLqWMfIpyEzxqavNESW0TbloZMTzegF7UWhZvhidT5jfBF5Nb/h/0LXJSikBgW9yLsLn1KeaZEgV8y5x8A3OM6ZRcmVWFTCzAnD+JRNRK7nhbnVHIXVblkerFaty+CyEbQazftmrXNdvFGGUziDcwjgCjrQhR70gcMbvMMHfBKPtEib3PytlkhxcwL/IN1vJNFoOw==</latexit>

t� t0 ⇡ ⌧ = c�/Pvac

this is typically a very short time compared to Hubble:
<latexit sha1_base64="jp0YTrCCyC4S0yBw3zvi+9vh7xw=">AAACC3icdY7NSgMxFIWT+lfr36hLN8FuXNWZWupGsOCmCIUK9gecOtxJYw1NZsYkUyzDPIIv4taduPUhfBurjpW2eDb35NzzceNHgmtj2x84t7S8srqWXy9sbG5t71i7e20dxoqyFg1FqLo+aCZ4wFqGG8G6kWIgfcE6/vDia98ZMaV5GFybccR6EgYBv+MUzCTyrGdX84EEMhmSNG5PiPsQQ5+4hj2aBIJ+mgVNz5Vg7pVMRkDT33rlv3r9t1Emx6QxZSORzhA6/HtDPKUWGSGI41lFu2R/iywaJzNFlKnpWZduP6SxZIGhArS+cezI9BJQhlPB0oIbaxYBHcKAJXKcOT2fG6akTifHnflTi6ZdLjnVUuWqUqydZd/IowN0iI6Qg05RDdVRE7UQxRau4nNcw0/4Bb/it59qDmfMPpoRfv8EbK+VrQ==</latexit>

� ⇠ M
3 and Pvac ⇠ M

4 and H ⇠ M
2
/Mpl so ⌧H ⇠ M/Mpl ⌧ 1

<latexit sha1_base64="NFnAkqAz8jAzsA33WRYTE79XBZY=">AAABgnicZY69TsMwFIWvS4FS/gKMLIEuiCGKaQVLkSqxIKYi0R+JVJFjLsGqnUS2G1RFmXkaVngW3oYCWWjP9Once3ROlElhrO9/kdpafX1js7HV3N7Z3dt3Dg6HJp1pjgOeylSPI2ZQigQHVliJ40wjU5HEUTS9+bmPctRGpMmDnWc4USxOxLPgzC6s0Dnph4Fi9kWrIme8dK/dwIhYMTd4Sm2Rl+Fr6LR8z/+Vuwq0ghZU6ofO3SLLZwoTyyUz5pH6mZ0UTFvBJZbNYGYwY3zKYizUvCKz7FvUypSLcrpctQrDC49eep37TqvXrWY04BhO4QwoXEEPbqEPA+DwBu/wAZ+kTs4JJe2/1xqpMkfwT6T7DaL4ZHg=</latexit>

Pvac = �v̇w
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<latexit sha1_base64="NEads7oOz9QcgsxVICjEzaOcv90=">AAAB8HicZY+9TsMwHMSd8lXKV4CRxaJLWUqCKlhAqsQCEwWRthKuIsd1g1U7iWwnpYryAjwBG2Jl52EQK7wHCUQCyg3W6Xdn6f5exJnSlvVqVObmFxaXqsu1ldW19Q1zc6urwlgS6pCQh7LvYUU5C6ijmea0H0mKhcdpzxufFnkvoVKxMLjW04gOBPYDNmIE6xy55kXHRQLrWynSBJNsHynmCwxPIPKxENidQKRHEpMUDYdZ8UCdQeQxnzd+KklRy5ncg65Zt5rWl+B/Y5emDkp1XPMeDUMSCxpowrFSN7YV6UGKpWaE06yGYkUjTMbYp6mYlk7Nck2lKGBAJyTMRwXDFDndfLCmdzpFisA4yWby86vfOZNZlo+3Z6f+N92Dpn3YbF226u3j8owq2AG7oAFscATa4Ax0gAMIeAFv4B18GNJ4MB6Np+9qxSj/bIM/Mp4/AWqqkX0=</latexit>

Pvac/� = �w
d
dt

�
�wvw

�

run away

<latexit sha1_base64="vxFn2aa41FFIcPvaFr1tUuzhRIE=">AAABzXicZY/LTsJAFIZP8YZ4q7p008gGE8W2IbrRhMSNrkRjgcRCMx2OZEJvzkxBUuvWxKVP41bfwrexYBcK/+rL988k/3Ejjwmp699KYWFxaXmluFpaW9/Y3FK3d5oijDlFi4ZeyNsuEeixAC3JpIftiCPxXQ9b7uBi0reGyAULgzs5jrDjk37AHhglMlOOemj3ie8TZ1SRB9q5ZmjHmi0euUwyPNKGU981M0u7ZuqoZb2qT6PNg5FDGfI0HPXN7oU09jGQ1CNC3Bt6JDsJ4ZJRD9OSHQuMCB2QPib+OCcx6yVyfyIDHNEwGxv0Ettqpokt8UkmtqBaPExn+qvbvz3j6WS8MTt1Hppm1Tip1m5q5fpZfkYR9mAfKmDAKdThEhpgAYV3+IBP+FKulVh5Vl5+nxaU/M8u/Ivy+gNVJoA9</latexit>

�w(t) = 1/
p

1� vw(t)2/c2
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Equation of motion

for a nonrelativistic planar bubble wall:

(s = mass/area = tension)

<latexit sha1_base64="oYOLCmWbrPTQzNgy6hbKCwzs6No=">AAABoXicZY5LS8NAFIXv1Fetr6hLN4PZuCqJFLtRKAiirmKxD2hKmEzHOHQmiTOTlhLyd/w1bhX8N8aaje1ZfZx7DueGqeDaOM43qm1sbm3v1Hcbe/sHh0fW8UlfJ5mirEcTkahhSDQTPGY9w41gw1QxIkPBBuH09vc+mDGleRI/m0XKxpJEMX/hlJjSCqyOP2M0vyvwDZZ4yaTA/ltGJtjv8ujVEKWSeeV4ZcrXPJIE+5PE5LMimAeW7TSdpfA6uBXYUMkLrMeySzPJYkMF0XrkOqkZ50QZTgUrGn6mWUrolEQsl4uK9KpvmJK6KMfd1al16F823atm66lld66rN+pwBudwAS60oQP34EEPKLzDB3zCF7LRA/JQ9y9aQ1XnFP4JjX4AZ8hwIA==</latexit>

~F = m~a ) P = �v̇w
(P = force/area = pressure)

pressure on the wall
<latexit sha1_base64="bxuxvXuHImn4I/LovxzEkxmvvyU=">AAABi3icZY7NSsNAFIXv1L9arUZdugl2UwVDUouCKBREEFcR7A+YEibjtR06k4SZSaWEvINP41Zfw7exShbantXHOfdyTpQKro3rfpHKyura+kZ1s7a1Xd/Ztfb2ezrJFMMuS0SiBhHVKHiMXcONwEGqkMpIYD+a3Pzk/SkqzZP40cxSHEo6ivkLZ9TMrdA68e1r2w8DSc1YyXxKWWGf/jHMGJUsmtPw9Ti0Gq7j/speBq+EBpTyQ+s+eE5YJjE2TFCtnzw3NcOcKsOZwKIWZBpTyiZ0hLmclaQXfTMfoIt5ubdYtQy9luOdO+2HdqNzVc6owiEcQRM8uIAO3IEPXWDwBu/wAZ+kTs7IJSlvK6T8OYB/Irff2WlnZA==</latexit>

P = Pvac � Ptherm(vw)

to begin, 
let’s neglect

bubble wall rapidly accelerates 
as vw à c  and gw à  infinity

è  “runaway” growth



thermal pressure on ultrarelativistic bubbles Andrew Long   (Rice University)13

Equation of motion

for a nonrelativistic planar bubble wall:

(s = mass/area = tension)

<latexit sha1_base64="oYOLCmWbrPTQzNgy6hbKCwzs6No=">AAABoXicZY5LS8NAFIXv1Fetr6hLN4PZuCqJFLtRKAiirmKxD2hKmEzHOHQmiTOTlhLyd/w1bhX8N8aaje1ZfZx7DueGqeDaOM43qm1sbm3v1Hcbe/sHh0fW8UlfJ5mirEcTkahhSDQTPGY9w41gw1QxIkPBBuH09vc+mDGleRI/m0XKxpJEMX/hlJjSCqyOP2M0vyvwDZZ4yaTA/ltGJtjv8ujVEKWSeeV4ZcrXPJIE+5PE5LMimAeW7TSdpfA6uBXYUMkLrMeySzPJYkMF0XrkOqkZ50QZTgUrGn6mWUrolEQsl4uK9KpvmJK6KMfd1al16F823atm66lld66rN+pwBudwAS60oQP34EEPKLzDB3zCF7LRA/JQ9y9aQ1XnFP4JjX4AZ8hwIA==</latexit>

~F = m~a ) P = �v̇w
(P = force/area = pressure)

pressure on the wall
<latexit sha1_base64="bxuxvXuHImn4I/LovxzEkxmvvyU=">AAABi3icZY7NSsNAFIXv1L9arUZdugl2UwVDUouCKBREEFcR7A+YEibjtR06k4SZSaWEvINP41Zfw7exShbantXHOfdyTpQKro3rfpHKyura+kZ1s7a1Xd/Ztfb2ezrJFMMuS0SiBhHVKHiMXcONwEGqkMpIYD+a3Pzk/SkqzZP40cxSHEo6ivkLZ9TMrdA68e1r2w8DSc1YyXxKWWGf/jHMGJUsmtPw9Ti0Gq7j/speBq+EBpTyQ+s+eE5YJjE2TFCtnzw3NcOcKsOZwKIWZBpTyiZ0hLmclaQXfTMfoIt5ubdYtQy9luOdO+2HdqNzVc6owiEcQRM8uIAO3IEPXWDwBu/wAZ+kTs7IJSlvK6T8OYB/Irff2WlnZA==</latexit>

P = Pvac � Ptherm(vw)

what if it’s 
very large?
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More difficult:  bubbles in a fluid

The system is very nonlinear -- bubble moves fluid -- fluid drags bubble.  

Often studied using numerical simulation.  

Important to study for predicting gravitational waves and baryogenesis.  

On the other extreme, bubbles can be tightly coupled to a medium.  

see talks by:   Ryuske Jinno,   Hu-aike Guo,   Thomas Konstandin,   Graham White

8

rsta.royalsocietypublishing.org
Phil.Trans.R.Soc.A376:20170126

.........................................................

(a) (b)

Figure 5. Portions of slices through a three-dimensional field–fluid simulation, with hotter (red) colours indicating relatively
higher fluid kinetic energies. Here,αT∗ ≈ 0.01 andvw ≈ 0.68. The slice at (a) showsmostly uncollided bubbles, while the slice
at (b) is from long after the bubbles have collided.

larger than it should be, relative to that sourced by τ f
ij. When extrapolating from the results of

numerical simulations, then, τ
φ
ij is not included as a source of gravitational waves.

For further details about simulating the system of equations (4.2) and (4.3), see [53–55]
(spherically symmetric simulations) and [56–59] (in three separate spatial dimensions). Portions
of a slice through some of the latest three-dimensional simulations are shown in figure 5.

5. Gravitational wave production processes
Based on the simulation results described in the previous section and additional analytical
calculations and modelling, we can now present some ansätze for the resulting gravitational wave
power spectrum. We follow the discussion in [2], updated to incorporate recent results [59].

The production of gravitational waves at a first-order phase transition can be separated into
three stages.

— The first is the initial collision of the scalar field shells, which is of limited duration
and generally subdominant unless the fluid efficiency is low or the system undergoes
a vacuum transition in the absence of a thermal plasma. The gravitational wave power
spectrum sourced by this stage is often denoted Ωenv.

— After the bubbles have merged, the wave of fluid kinetic energy in the plasma continues
to propagate outwards into the broken phase. Without the driving force of the scalar field
bubble wall, these waves travel at the speed of sound in the plasma. As the shells of
kinetic energy from different bubbles overlap, gravitational waves are produced.1 The
power spectrum produced by this source is denoted Ωsw.

— Finally, the acoustic phase may give way to shocks [60] and a turbulent regime [47,61–64].
The power spectrum is expected from analytical calculations to be rather different in this
regime, but no simulations have yet captured time and length scales adequate to probe
the onset of turbulence. We denote the resulting power spectrum Ωturb.

Peaking at different length scales, and on different time scales, the three sources are expected
to approximately sum together:

ΩGW = Ωenv + Ωsw + Ωturb. (5.1)

Each source will contribute to a different extent, depending on the exact details of the phase
transition in question. For simplicity, we assume that the bubble wall does not run away, nor that it

1Note that, for deflagrations, this sourcing of gravitational waves from overlapping sound shells may start before the scalar
field walls collide, but as the source persists long after the initial collisions, we neglect this transient effect.
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Equation of motion

for a nonrelativistic planar bubble wall:

(s = mass/area = tension)

<latexit sha1_base64="oYOLCmWbrPTQzNgy6hbKCwzs6No=">AAABoXicZY5LS8NAFIXv1Fetr6hLN4PZuCqJFLtRKAiirmKxD2hKmEzHOHQmiTOTlhLyd/w1bhX8N8aaje1ZfZx7DueGqeDaOM43qm1sbm3v1Hcbe/sHh0fW8UlfJ5mirEcTkahhSDQTPGY9w41gw1QxIkPBBuH09vc+mDGleRI/m0XKxpJEMX/hlJjSCqyOP2M0vyvwDZZ4yaTA/ltGJtjv8ujVEKWSeeV4ZcrXPJIE+5PE5LMimAeW7TSdpfA6uBXYUMkLrMeySzPJYkMF0XrkOqkZ50QZTgUrGn6mWUrolEQsl4uK9KpvmJK6KMfd1al16F823atm66lld66rN+pwBudwAS60oQP34EEPKLzDB3zCF7LRA/JQ9y9aQ1XnFP4JjX4AZ8hwIA==</latexit>

~F = m~a ) P = �v̇w
(P = force/area = pressure)

pressure on the wall
<latexit sha1_base64="bxuxvXuHImn4I/LovxzEkxmvvyU=">AAABi3icZY7NSsNAFIXv1L9arUZdugl2UwVDUouCKBREEFcR7A+YEibjtR06k4SZSaWEvINP41Zfw7exShbantXHOfdyTpQKro3rfpHKyura+kZ1s7a1Xd/Ztfb2ezrJFMMuS0SiBhHVKHiMXcONwEGqkMpIYD+a3Pzk/SkqzZP40cxSHEo6ivkLZ9TMrdA68e1r2w8DSc1YyXxKWWGf/jHMGJUsmtPw9Ti0Gq7j/speBq+EBpTyQ+s+eE5YJjE2TFCtnzw3NcOcKsOZwKIWZBpTyiZ0hLmclaQXfTMfoIt5ubdYtQy9luOdO+2HdqNzVc6owiEcQRM8uIAO3IEPXWDwBu/wAZ+kTs7IJSlvK6T8OYB/Irff2WlnZA==</latexit>

P = Pvac � Ptherm(vw)

what if it’s 
very large?

complicated nonlinear 
dynamics – study with 

simulation
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Equation of motion

for a nonrelativistic planar bubble wall:

(s = mass/area = tension)

<latexit sha1_base64="oYOLCmWbrPTQzNgy6hbKCwzs6No=">AAABoXicZY5LS8NAFIXv1Fetr6hLN4PZuCqJFLtRKAiirmKxD2hKmEzHOHQmiTOTlhLyd/w1bhX8N8aaje1ZfZx7DueGqeDaOM43qm1sbm3v1Hcbe/sHh0fW8UlfJ5mirEcTkahhSDQTPGY9w41gw1QxIkPBBuH09vc+mDGleRI/m0XKxpJEMX/hlJjSCqyOP2M0vyvwDZZ4yaTA/ltGJtjv8ujVEKWSeeV4ZcrXPJIE+5PE5LMimAeW7TSdpfA6uBXYUMkLrMeySzPJYkMF0XrkOqkZ50QZTgUrGn6mWUrolEQsl4uK9KpvmJK6KMfd1al16F823atm66lld66rN+pwBudwAS60oQP34EEPKLzDB3zCF7LRA/JQ9y9aQ1XnFP4JjX4AZ8hwIA==</latexit>

~F = m~a ) P = �v̇w
(P = force/area = pressure)

pressure on the wall
<latexit sha1_base64="bxuxvXuHImn4I/LovxzEkxmvvyU=">AAABi3icZY7NSsNAFIXv1L9arUZdugl2UwVDUouCKBREEFcR7A+YEibjtR06k4SZSaWEvINP41Zfw7exShbantXHOfdyTpQKro3rfpHKyura+kZ1s7a1Xd/Ztfb2ezrJFMMuS0SiBhHVKHiMXcONwEGqkMpIYD+a3Pzk/SkqzZP40cxSHEo6ivkLZ9TMrdA68e1r2w8DSc1YyXxKWWGf/jHMGJUsmtPw9Ti0Gq7j/speBq+EBpTyQ+s+eE5YJjE2TFCtnzw3NcOcKsOZwKIWZBpTyiZ0hLmclaQXfTMfoIt5ubdYtQy9luOdO+2HdqNzVc6owiEcQRM8uIAO3IEPXWDwBu/wAZ+kTs7IJSlvK6T8OYB/Irff2WlnZA==</latexit>

P = Pvac � Ptherm(vw)

Is there a middle ground 
where the calculation is still 

analytically tractable?
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Manageable middle ground: ultrarelativistic bubbles

If the bubbles are ultra-relativistic (gw >> 1) then they’re moving much faster than the speed of 
sound in the medium (cs2 = 1/3).  So the fluid in front of the wall doesn’t “know” that the wall is 
coming.  This makes it much easier to calculate the thermal pressure and wall speed.  

The rest of this talk is all about: 
how to calculate Ptherm

<latexit sha1_base64="UDcU8iSaOI79NJ0bSCcIOyvgiT0=">AAABlXicZY7NSsNAFIXv1L9a/6IuXLgJZuPGkkjQjYWCIuLGCqYtmBIm47UdOpOEmWmlhLyIT+NW38C3MWpAbM/q49x7OCfOBNfGdT9JbWl5ZXWtvt7Y2Nza3rF297o6nSiGAUtFqvox1Sh4goHhRmA/U0hlLLAXjy+/770pKs3T5MHMMhxIOkz4M2fUlFZk+Z0olNSMlMynlBX2if1nmBEqWdgtO9R8KKkdPqUmnxbRS2Q5btP9kb0IXgUOVOpE1m2ZZROJiWGCav3ouZkZ5FQZzgQWjXCiMaNsTIeYy1lFet435RxdlOXefNUidE+b3lnTv/ed9kU1ow6HcATH4ME5tOEGOhAAg1d4g3f4IAekRa7I9e9rjVSZffgncvcFhxBsTw==</latexit>

Pvac � Ptherm = �v̇w
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Literature

2009 -- Bodeker & Moore
2017 -- Bodeker & Moore
2020 -- Hoche, Kozaczuk, AL, Turner, & Wang

… lots of papers including but not limited to:
 2020 – Azatov & Vanvlasselaer
 2021 – Azatov, Vanvlasselaer, & Yin
 2022 – Gouttenoire, Jinno, & Salas
 2022 – De Curtis, Rose, Guiggiani, Muyor, & Panico
 2022 – Laurent & Cline
 2023 – Azatov, Barni, Petrossian-Byrne, & Vanvlasselaer
 … 

2024 -- AL & Turner

Lots of recent interest in ultra-relativistic bubbles, particularly at electroweak phase transition.

my plan:  summarize BM09, 
BM17, & my two papers



BM09
one-to-one transitions
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Kinematics at the wall
Suppose that there is some particle species that gains mass upon entering the bubble. 

<latexit sha1_base64="J1rF4YNFBpmVSSvhDJo51FyRG+w=">AAABYHicZY5NTwIxEIan+LXiB4ve9GLci6dNa4hePJB4MZ4gcYFECOnWkTS0203bNUHCL/CqP86rv0TUXoTn9OSdmbyTl0o6T+knqW1sbm3vRLv1vf2Dw0bcPOo5U1mBmTDK2EHOHSpZYOalVzgoLXKdK+zn09ufef8FrZOmePCzEkeaTwr5LAX3y6j7Oo4TmtJfztaFBUkg0BnH98MnIyqNhReKO/fIaOlHc269FAoX9WHlsORiyic417NgbjX3aLVbLMvZatW69C5TdpW2uq2kfRPeiOAUzuECGFxDG+6gAxkIQHiDd/iALxKRBmn+rdZIuDmGf5CTb/uAV8k=</latexit>z

<latexit sha1_base64="SvbcTXiwtukpV/8V2NIbFbOte70=">AAABbHicZY7LSsNAFIbP1Futt3jZFWEwIK7CRIpuFAoqiKsKpi2YUCbjsQydSeLMRCilz+FWH8uX8Bmsmo3tt/r4zzn8Jy2UtI6xT1JbWl5ZXauvNzY2t7Z3vN29rs1LIzASucpNP+UWlcwwctIp7BcGuU4V9tLR1c+894rGyjx7cOMCE82HmXyWgrtZlMTXqBynN/SSMjrwfBawX+iihJX4UNEZeHfxUy5KjZkTilv7GLLCJRNunBQKp424tFhwMeJDnOhxZXY+d2i0nc7Kw/mqRemeBuFZ0Lpv+e2L6o06NOEITiCEc2jDLXQgAgEv8Abv8AFf5IA0yeHfao1UN/vwD3L8DbuoWz8=</latexit>

�E = 0
<latexit sha1_base64="HDTiIYm8VhMs0IKZb0oQZwkQ3iI=">AAABenicZY5NS8NAEIZn61etX1FP4iU0F0UoGwl6USjoQTxVMG3BlLBZx7J0kyy7m0IJwV/jVX+P/8WDVXOxfU4P78zwTqKkMJbST9JYWV1b32hutra2d3b3nP2DvskLzTHkucz1MGEGpcgwtMJKHCqNLE0kDpLJzc98MEVtRJ492pnCUcrGmXgRnNl5FDtH0S1Ky9xoirxUVRwp1Mq9dqkbOx7t0F/cZfFr8aCmFzv30XPOixQzyyUz5smnyo5Kpq3gEqtWVBhUjE/YGMt0VptZzC3q1FTzcn+xaln65x3/ohM8BF73qn6jCcfQhhPw4RK6cAc9CIHDK7zBO3zAF2mTU3L2t9og9c0h/IME30v6YRc=</latexit>

�~p? = 0
<latexit sha1_base64="sdONwUQsMinOwVkwBJjj8L6Cntg=">AAABcHicZY7LSsNAFIbP1Futl0bdCC68ZCOCISlFNy4KbsRVBdMWTAmT8ViHTjJh5kQsoU/iVh/K1/AJtJqN7bf6+M85/CfJlbTk+5+strS8srpWX29sbG5tN52d3Z7VhREYCq20GSTcopIZhiRJ4SA3yNNEYT8ZX8/m/Rc0VursniY5DlM+yuSTFJx+othpRoSvVOrs3D6jUtPYcX3P/+VoUYJKXKjoxs5t9KhFkWJGQnFrHwI/p2HJDUmhcNqICos5F2M+wjKdVGbnc0KT2ll5MF+1KL2WF1x47bu227mq3qjDAZzAKQRwCR24gS6EIKCAN3iHD/hi++yQHf+t1lh1swf/YGffNoNeRw==</latexit>

on-shell

[Bodeker & Moore (2009)]

<latexit sha1_base64="nFOrekSimF+qfNsR6xxzSL9wo0s=">AAABY3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEJ5WpUacYLKBvoGYCBAibDEMpQZoCCgHgBr5iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjS4tSCxOTsxPTU6txKKKsYXbwktSi3uBZouSG6VZiMMCM9QzM9k0ATZQcbqDM4GKQZlBg0GAwZzBkcGDwYAhhCGZIZMhj6GKYzzGB4ysjNKMQoAlHKxAjVI8yAAhhlASXRWKU=</latexit>

m(z)
<latexit sha1_base64="4HODWBZISN29OtOuCjhhXtLukiY=">AAABa3icZY7LSsNAFIbP1EtrvUW7UxdiEFyFpBTddFFwI64qmLZgSpiMx3boTGaYmQgl9DXc6mv5EL6DVrOx/VYf/zmH/2RacOvC8JPUNja3tuuNnebu3v7BoXd0PLCqMAxjpoQyo4xaFDzH2HEncKQNUpkJHGaz2+V8+IrGcpU/urnGsaSTnL9wRt1PlMg0kdRNjSyni9TzwyD85Xxdokp8qOin3n3yrFghMXdMUGufolC7cUmN40zgopkUFjVlMzrBUs4rs6u5QyPtsjxarVqXQTuIroPOQ8fvdas3GnAKF3AFEdxAD+6gDzEw0PAG7/ABX6RFTsjZ32qNVDct+Ae5/AYrzFzO</latexit>mh

<latexit sha1_base64="3Iq2XqHt4DHcyTv5NSWYjJF4iyk=">AAABa3icZY7LSgMxFIZP6q3W22h36kIcBFfDjBTduCi4EVcVnLbglCETjzU0mYQkI5Shr+FWX8uH8B3Umo3tt/r4zzn8p9CCWxfHn6Sxsrq2vtHcbG1t7+zuBfsHfasqwzBlSigzLKhFwUtMHXcCh9oglYXAQTG5+Z0PXtFYrsoHN9U4knRc8mfOqPuJMplnkroXI2s7y4MwjuI5J8uSeAnB08uDu+xJsUpi6Zig1j4msXajmhrHmcBZK6ssasomdIy1nHqzi7lDI+flyWLVsvQvouQy6tx3wu61f6MJR3AK55DAFXThFnqQAgMNb/AOH/BF2uSQHP+tNoi/acM/yNk3Nqtc2Q==</latexit>ms

<latexit sha1_base64="BhPyWG1kdJgwz5Oo1PfZHNK8yBA=">AAABc3icZY5NT8JAEIZn8QPEr4pHLoZ68GLTGoIXDyRcjCdMLJBY0mzXETfstpvdLZE0/Ste9S/5Q7yr2IvwnJ68M5N3EiW4sb7/SWpb2zu79cZec//g8OjYOWmNTJZrhiHLRKYnCTUoeIqh5VbgRGmkMhE4TuaD3/l4gdrwLH2wS4VTSWcpf+aM2p8odlrRAlmhyjiS1L5oWZgydlzf81ecbUpQiQsVw9i5i54ylktMLRPUmMfAV3ZaUG05E1g2o9ygomxOZ1jIZWVmPbeo5ao8WK/alNGVF/S87n3X7d9UbzSgDR24gACuoQ+3MIQQGLzCG7zDB3yRNumQ87/VGqluTuEf5PIbKPdf2w==</latexit>

~ps

<latexit sha1_base64="LYUP/P032PrsHOe9TDa4tiQsuk8=">AAABc3icZY5NT8JAEIZn8QPEr4pHLoZ68GLTGqIXDiRejCdMLJBY0mzXETbstpvdLZE0/Ste9S/5Q7wr2ovwnJ68M5N3EiW4sb7/SWpb2zu79cZec//g8OjYOWkNTZZrhiHLRKbHCTUoeIqh5VbgWGmkMhE4Sua3q/logdrwLH20S4UTSacpf+GM2p8odlrRAlmhyjiS1M60LGZl7Li+5/9ytilBJS5UDGLnPnrOWC4xtUxQY54CX9lJQbXlTGDZjHKDirI5nWIhl5WZ9dyilmZVHqxXbcrwyguuve5D1+33qjca0IYOXEAAN9CHOxhACAxe4Q3e4QO+SJt0yPnfao1UN6fwD3L5DR4YX9A=</latexit>

~ph

(in rest frame of the wall)

since E ~ gw T >> pperp & m

<latexit sha1_base64="GKI5nozevVw5MIhfVF60xzX2hME=">AAACX3iclU9NT8JAFNzWL8SvqifjZSOJ8aDYNkYvmpCoifGEiQiJK812WaCh2667Cwpr/4BX/XMe/SPGAo0GOTmnybyZN+/5PAyksu0Pw5yZnZtfyC3ml5ZXVtes9Y07GXcFoRUSh7Go+VjSMIhoRQUqpDUuKGZ+SKt+53w4r/aokEEc3ao+pw8Mt6KgGRCsUsmzvtAFDRWG3BvA/C48S4ke7COGVVswLZMEHkxK7VRCaOxF8lEofVl3U9ML6lGieeJpxKngyctIZd7vqro7XPafTHuUGbchzLmInyFqCkz0pGe6SLvw8icpAwazN1lqPoSohRnD3hO89ayCXbRHgNPEyUgBZCh71jVqxKTLaKRIiKW8d2yuHjQWKiAhTfKoKynHpINbVLN+xuRfXVHBZJKWO3+rpsmdW3SOi0c3R4XSaXZGDmyDHbAHHHACSuAKlEEFEKNhvBpvxrvxaS6Yq6Y1tppGltkEEzC3vgGddLDD</latexit>

�pz = pz,s � pz,h

=
p
E2 � |~p?|2 �m2

s �
q

E2 � |~p?|2 �m2
h

⇡ m2
h �m2

s

2E
⇠ �m2/�wT
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<latexit sha1_base64="A0LXT/e6DE3BrAD8dtrZUpk+7UE=">AAABw3icZY9NT8JAEIan+IX4VfXoZZULJIa0QPSiCYmaGE+YyEfiQrNdFtiwbTe7WxJo+v/8C/4Jr3oUsBfhPT3zzkzeGV8Kro3jfFq5re2d3b38fuHg8Oj4xD49a+soVpS1aCQi1fWJZoKHrGW4EawrFSOBL1jHnzws+50pU5pH4ZuZSdYLyCjkQ06JWVie7Tc9HBAzVkFixkwFKbpHOIwR5qFB+BLhoSI0wYNBv4bwlNFEpmlSqmLJy/1aivA1GpYyv7yspl4yX9n4kQlDkPTmnl10Ks5KaBPcDIqQqenZL3gQ0ThgoaGCaP3uOtL0EqIMp4KlBRxrJgmdkBFLgllGet03i290ugh316M2oV2tuDeV+mu92LjLzsjDBVxBCVy4hQY8QxNaQOEDvuAbfqwna2Ipy/yN5qxs5xz+yUp/AceqfEY=</latexit>

Ptherm = ⌫

Z
d3~p

(2⇡)3
f(~p) vz �pz

21

Pressure on the wall
The longitudinal momentum transfer induces a force (i.e., thermal pressure) on the wall:

[Bodeker & Moore (2009)]
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<latexit sha1_base64="A0LXT/e6DE3BrAD8dtrZUpk+7UE=">AAABw3icZY9NT8JAEIan+IX4VfXoZZULJIa0QPSiCYmaGE+YyEfiQrNdFtiwbTe7WxJo+v/8C/4Jr3oUsBfhPT3zzkzeGV8Kro3jfFq5re2d3b38fuHg8Oj4xD49a+soVpS1aCQi1fWJZoKHrGW4EawrFSOBL1jHnzws+50pU5pH4ZuZSdYLyCjkQ06JWVie7Tc9HBAzVkFixkwFKbpHOIwR5qFB+BLhoSI0wYNBv4bwlNFEpmlSqmLJy/1aivA1GpYyv7yspl4yX9n4kQlDkPTmnl10Ks5KaBPcDIqQqenZL3gQ0ThgoaGCaP3uOtL0EqIMp4KlBRxrJgmdkBFLgllGet03i290ugh316M2oV2tuDeV+mu92LjLzsjDBVxBCVy4hQY8QxNaQOEDvuAbfqwna2Ipy/yN5qxs5xz+yUp/AceqfEY=</latexit>

Ptherm = ⌫

Z
d3~p

(2⇡)3
f(~p) vz �pz

22

Pressure on the wall
The longitudinal momentum transfer induces a force (i.e., thermal pressure) on the wall:

[Bodeker & Moore (2009)]

<latexit sha1_base64="Kpf+txZQJH4LEA6Fc19jotRJOVw=">AAABfXicZY7LSsNAFIbP1Futl0Zd6mIwCC4kJqXYjYuCLsRVhd7A1DAZj2HoTBJmJkop3fg0bvVtfBqtmo3tt/r4zzn8J86lMNb3P0llZXVtfaO6Wdva3tmtO3v7fZMVmmOPZzLTw5gZlCLFnhVW4jDXyFQscRCPr37mg2fURmRp105yHCmWpOJJcGbnUeQchUYoGl6jtIyqhwY9p2HClGLRC+1Gjut7/i90WYJSXCjpRM5t+JjxQmFquWTG3Ad+bkdTpq3gEme1sDCYMz5mCU7VpDSzmFvUyszm5cFi1bL0G15w4TXvmm77snyjCodwDKcQQAvacAMd6AGHV3iDd/iAL3JCzoj3t1oh5c0B/IO0vgFfg2HO</latexit>

⇠ �m2/�wT
<latexit sha1_base64="NZ/0I0SxlYdkf9LzY2lIEb2aBE0=">AAABh3icZY7LSsNAFIbP1Ftbb1GXboIBcRUTLdWFi4og4qpC0xZMDZPxWIfOJCEzqZSQN/Bp3OqL+DbGmo3tt/r4zzn8J0wEV9pxvkltZXVtfaPeaG5ube/sGnv7fRVnKUOPxSJOhyFVKHiEnuZa4DBJkcpQ4CCc3PzOB1NMFY+jnp4lOJJ0HPEXzqguo8A49hWXpi+pfmVU5LeFOQ+mwZvpj6mUtJTe03lgWI7tzDGXxa3EgopuYNz7zzHLJEaaCarUo+skepTTVHMmsGj6mcKEsgkdYy5nlanFXGMqVVGWu4tVy9I/s9223XpoWZ2r6o06HMIRnIALF9CBO+iCBwze4QM+4Ys0yClpk8u/1Rqpbg7gH+T6B6FjZbc=</latexit>

⇠ F ⇠ vw�wT
3
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<latexit sha1_base64="A0LXT/e6DE3BrAD8dtrZUpk+7UE=">AAABw3icZY9NT8JAEIan+IX4VfXoZZULJIa0QPSiCYmaGE+YyEfiQrNdFtiwbTe7WxJo+v/8C/4Jr3oUsBfhPT3zzkzeGV8Kro3jfFq5re2d3b38fuHg8Oj4xD49a+soVpS1aCQi1fWJZoKHrGW4EawrFSOBL1jHnzws+50pU5pH4ZuZSdYLyCjkQ06JWVie7Tc9HBAzVkFixkwFKbpHOIwR5qFB+BLhoSI0wYNBv4bwlNFEpmlSqmLJy/1aivA1GpYyv7yspl4yX9n4kQlDkPTmnl10Ks5KaBPcDIqQqenZL3gQ0ThgoaGCaP3uOtL0EqIMp4KlBRxrJgmdkBFLgllGet03i290ugh316M2oV2tuDeV+mu92LjLzsjDBVxBCVy4hQY8QxNaQOEDvuAbfqwna2Ipy/yN5qxs5xz+yUp/AceqfEY=</latexit>

Ptherm = ⌫

Z
d3~p

(2⇡)3
f(~p) vz �pz

23

Pressure on the wall
The longitudinal momentum transfer induces a force (i.e., thermal pressure) on the wall:

Observe that the dependence on gw cancels out!  

How does the thermal pressure affect the motion?

Runaway is still possible despite the thermal pressure:

[Bodeker & Moore (2009)]

<latexit sha1_base64="Kpf+txZQJH4LEA6Fc19jotRJOVw=">AAABfXicZY7LSsNAFIbP1Futl0Zd6mIwCC4kJqXYjYuCLsRVhd7A1DAZj2HoTBJmJkop3fg0bvVtfBqtmo3tt/r4zzn8J86lMNb3P0llZXVtfaO6Wdva3tmtO3v7fZMVmmOPZzLTw5gZlCLFnhVW4jDXyFQscRCPr37mg2fURmRp105yHCmWpOJJcGbnUeQchUYoGl6jtIyqhwY9p2HClGLRC+1Gjut7/i90WYJSXCjpRM5t+JjxQmFquWTG3Ad+bkdTpq3gEme1sDCYMz5mCU7VpDSzmFvUyszm5cFi1bL0G15w4TXvmm77snyjCodwDKcQQAvacAMd6AGHV3iDd/iAL3JCzoj3t1oh5c0B/IO0vgFfg2HO</latexit>

⇠ �m2/�wT

<latexit sha1_base64="UDcU8iSaOI79NJ0bSCcIOyvgiT0=">AAABlXicZY7NSsNAFIXv1L9a/6IuXLgJZuPGkkjQjYWCIuLGCqYtmBIm47UdOpOEmWmlhLyIT+NW38C3MWpAbM/q49x7OCfOBNfGdT9JbWl5ZXWtvt7Y2Nza3rF297o6nSiGAUtFqvox1Sh4goHhRmA/U0hlLLAXjy+/770pKs3T5MHMMhxIOkz4M2fUlFZk+Z0olNSMlMynlBX2if1nmBEqWdgtO9R8KKkdPqUmnxbRS2Q5btP9kb0IXgUOVOpE1m2ZZROJiWGCav3ouZkZ5FQZzgQWjXCiMaNsTIeYy1lFet435RxdlOXefNUidE+b3lnTv/ed9kU1ow6HcATH4ME5tOEGOhAAg1d4g3f4IAekRa7I9e9rjVSZffgncvcFhxBsTw==</latexit>

Pvac � Ptherm = �v̇w

<latexit sha1_base64="NZ/0I0SxlYdkf9LzY2lIEb2aBE0=">AAABh3icZY7LSsNAFIbP1Ftbb1GXboIBcRUTLdWFi4og4qpC0xZMDZPxWIfOJCEzqZSQN/Bp3OqL+DbGmo3tt/r4zzn8J0wEV9pxvkltZXVtfaPeaG5ube/sGnv7fRVnKUOPxSJOhyFVKHiEnuZa4DBJkcpQ4CCc3PzOB1NMFY+jnp4lOJJ0HPEXzqguo8A49hWXpi+pfmVU5LeFOQ+mwZvpj6mUtJTe03lgWI7tzDGXxa3EgopuYNz7zzHLJEaaCarUo+skepTTVHMmsGj6mcKEsgkdYy5nlanFXGMqVVGWu4tVy9I/s9223XpoWZ2r6o06HMIRnIALF9CBO+iCBwze4QM+4Ys0yClpk8u/1Rqpbg7gH+T6B6FjZbc=</latexit>

⇠ F ⇠ vw�wT
3

<latexit sha1_base64="YMksumKbbi53cARApl9jKZfsy4I=">AAABk3icZY7NTgIxFIVv8Q/xb9S4ctPIxhWZmRBd6IIoC2Nigoa/xMKkU6/Q0M5M2qIhhPfwadzqK/g2os5GOKsv59ybc+JMSet8/4sUVlbX1jeKm6Wt7Z3dPW//oG3TsRHYEqlKTTfmFpVMsOWkU9jNDHIdK+zEo+ufvPOCxso0abpJhj3NB4l8loK7uRV5IXuQg6HjxqSvlNFGxDR3Q6OnbohGzyizUlNWR+U41f2QNvth5JX9iv8rugxBDmXI1Yi8W/aUirHGxAnFrX0M/Mz1ptw4KRTOSmxsMeNixAc41ZOc7KLv5nvsbF4eLFYtQzusBGeV6n21XLvMZxThGE7gFAI4hxrcQANaIOAN3uEDPskRuSBXpP53WiD5zyH8E7n7Bmi3aoQ=</latexit>

) Ptherm ⇠ �m2T 2

<latexit sha1_base64="FAWMXs+zwHxfjVLG3iSgE/gWZLw=">AAABwXicZY7NTsJAFIVv8Q/xr+rSTSMsXJHWEN0YQ8LGuMLEAolD6nQcYEKnbWZuwabp6/kOvoNbXVugiRHO3Xw599yc68eB0Gjbn0Zla3tnd6+6Xzs4PDo+MU/PejpKFOMui4JIDXyqeSBC7qLAgA9ixan0A973p53Fvj/jSosofMY05kNJx6EYCUaxsDzzlSB/x0yMLFJMo+sRSXGiZDajLLfurT8DJ1zJvLHMFRyuDsiYSkm9uUUwsogIR5iuIioJ6ZymuWfW7aa9lLUJTgl1KNX1zEfyFrFE8hBZQLV+cewYhxlVKFjA8xpJNI8pm9Ixz2Rakl73sXhWL8qd9apN6F03nZtm66lVb9+Vb1ThAi7hChy4hTY8QBdcYPABX/ANP0bHEEZsqFW0YpQ35/BPRvYL7gd77w==</latexit>

if Pvac > Ptherm then �w ! 1 runaway
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<latexit sha1_base64="A0LXT/e6DE3BrAD8dtrZUpk+7UE=">AAABw3icZY9NT8JAEIan+IX4VfXoZZULJIa0QPSiCYmaGE+YyEfiQrNdFtiwbTe7WxJo+v/8C/4Jr3oUsBfhPT3zzkzeGV8Kro3jfFq5re2d3b38fuHg8Oj4xD49a+soVpS1aCQi1fWJZoKHrGW4EawrFSOBL1jHnzws+50pU5pH4ZuZSdYLyCjkQ06JWVie7Tc9HBAzVkFixkwFKbpHOIwR5qFB+BLhoSI0wYNBv4bwlNFEpmlSqmLJy/1aivA1GpYyv7yspl4yX9n4kQlDkPTmnl10Ks5KaBPcDIqQqenZL3gQ0ThgoaGCaP3uOtL0EqIMp4KlBRxrJgmdkBFLgllGet03i290ugh316M2oV2tuDeV+mu92LjLzsjDBVxBCVy4hQY8QxNaQOEDvuAbfqwna2Ipy/yN5qxs5xz+yUp/AceqfEY=</latexit>

Ptherm = ⌫

Z
d3~p

(2⇡)3
f(~p) vz �pz

24

Pressure on the wall
The longitudinal momentum transfer induces a force (i.e., thermal pressure) on the wall:

Observe that the dependence on gw cancels out!  

How does the thermal pressure affect the motion?

Runaway is still possible despite the thermal pressure:

[Bodeker & Moore (2009)]

<latexit sha1_base64="Kpf+txZQJH4LEA6Fc19jotRJOVw=">AAABfXicZY7LSsNAFIbP1Futl0Zd6mIwCC4kJqXYjYuCLsRVhd7A1DAZj2HoTBJmJkop3fg0bvVtfBqtmo3tt/r4zzn8J86lMNb3P0llZXVtfaO6Wdva3tmtO3v7fZMVmmOPZzLTw5gZlCLFnhVW4jDXyFQscRCPr37mg2fURmRp105yHCmWpOJJcGbnUeQchUYoGl6jtIyqhwY9p2HClGLRC+1Gjut7/i90WYJSXCjpRM5t+JjxQmFquWTG3Ad+bkdTpq3gEme1sDCYMz5mCU7VpDSzmFvUyszm5cFi1bL0G15w4TXvmm77snyjCodwDKcQQAvacAMd6AGHV3iDd/iAL3JCzoj3t1oh5c0B/IO0vgFfg2HO</latexit>

⇠ �m2/�wT

<latexit sha1_base64="UDcU8iSaOI79NJ0bSCcIOyvgiT0=">AAABlXicZY7NSsNAFIXv1L9a/6IuXLgJZuPGkkjQjYWCIuLGCqYtmBIm47UdOpOEmWmlhLyIT+NW38C3MWpAbM/q49x7OCfOBNfGdT9JbWl5ZXWtvt7Y2Nza3rF297o6nSiGAUtFqvox1Sh4goHhRmA/U0hlLLAXjy+/770pKs3T5MHMMhxIOkz4M2fUlFZk+Z0olNSMlMynlBX2if1nmBEqWdgtO9R8KKkdPqUmnxbRS2Q5btP9kb0IXgUOVOpE1m2ZZROJiWGCav3ouZkZ5FQZzgQWjXCiMaNsTIeYy1lFet435RxdlOXefNUidE+b3lnTv/ed9kU1ow6HcATH4ME5tOEGOhAAg1d4g3f4IAekRa7I9e9rjVSZffgncvcFhxBsTw==</latexit>

Pvac � Ptherm = �v̇w

<latexit sha1_base64="NZ/0I0SxlYdkf9LzY2lIEb2aBE0=">AAABh3icZY7LSsNAFIbP1Ftbb1GXboIBcRUTLdWFi4og4qpC0xZMDZPxWIfOJCEzqZSQN/Bp3OqL+DbGmo3tt/r4zzn8J0wEV9pxvkltZXVtfaPeaG5ube/sGnv7fRVnKUOPxSJOhyFVKHiEnuZa4DBJkcpQ4CCc3PzOB1NMFY+jnp4lOJJ0HPEXzqguo8A49hWXpi+pfmVU5LeFOQ+mwZvpj6mUtJTe03lgWI7tzDGXxa3EgopuYNz7zzHLJEaaCarUo+skepTTVHMmsGj6mcKEsgkdYy5nlanFXGMqVVGWu4tVy9I/s9223XpoWZ2r6o06HMIRnIALF9CBO+iCBwze4QM+4Ys0yClpk8u/1Rqpbg7gH+T6B6FjZbc=</latexit>

⇠ F ⇠ vw�wT
3

<latexit sha1_base64="YMksumKbbi53cARApl9jKZfsy4I=">AAABk3icZY7NTgIxFIVv8Q/xb9S4ctPIxhWZmRBd6IIoC2Nigoa/xMKkU6/Q0M5M2qIhhPfwadzqK/g2os5GOKsv59ybc+JMSet8/4sUVlbX1jeKm6Wt7Z3dPW//oG3TsRHYEqlKTTfmFpVMsOWkU9jNDHIdK+zEo+ufvPOCxso0abpJhj3NB4l8loK7uRV5IXuQg6HjxqSvlNFGxDR3Q6OnbohGzyizUlNWR+U41f2QNvth5JX9iv8rugxBDmXI1Yi8W/aUirHGxAnFrX0M/Mz1ptw4KRTOSmxsMeNixAc41ZOc7KLv5nvsbF4eLFYtQzusBGeV6n21XLvMZxThGE7gFAI4hxrcQANaIOAN3uEDPskRuSBXpP53WiD5zyH8E7n7Bmi3aoQ=</latexit>

) Ptherm ⇠ �m2T 2

<latexit sha1_base64="FAWMXs+zwHxfjVLG3iSgE/gWZLw=">AAABwXicZY7NTsJAFIVv8Q/xr+rSTSMsXJHWEN0YQ8LGuMLEAolD6nQcYEKnbWZuwabp6/kOvoNbXVugiRHO3Xw599yc68eB0Gjbn0Zla3tnd6+6Xzs4PDo+MU/PejpKFOMui4JIDXyqeSBC7qLAgA9ixan0A973p53Fvj/jSosofMY05kNJx6EYCUaxsDzzlSB/x0yMLFJMo+sRSXGiZDajLLfurT8DJ1zJvLHMFRyuDsiYSkm9uUUwsogIR5iuIioJ6ZymuWfW7aa9lLUJTgl1KNX1zEfyFrFE8hBZQLV+cewYhxlVKFjA8xpJNI8pm9Ixz2Rakl73sXhWL8qd9apN6F03nZtm66lVb9+Vb1ThAi7hChy4hTY8QBdcYPABX/ANP0bHEEZsqFW0YpQ35/BPRvYL7gd77w==</latexit>

if Pvac > Ptherm then �w ! 1 runaway

2015
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Three-body kinematics
Consider a model in which a particle splits upon hitting the wall – transition radiation.  

<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

(in rest frame of the wall)

[Bodeker & Moore (2017)]

Now we add a flavor label (a,b,c) to distinguish different particle species.  

<latexit sha1_base64="9Ux2poz2UlUZK3ilT8DA1meGaPA=">AAABdXicZY5LS8NAFIXv1Fetr/jYiRCMiCDGRIpuXBTciKsKpi2YGibjNQydyYSZiVBL/4tb/Uf+Ere2mo3t2dyPc+/lnLQQ3Ngg+CK1hcWl5ZX6amNtfWNzy9ne6RhVaoYRU0LpXkoNCp5jZLkV2Cs0UpkK7KaDm+m++4racJU/2GGBfUmznL9wRu3ESpw9fDpzY6vc6Tx144xKSRPHC/zgV+48hBV4UKmdOHfxs2KlxNwyQY15DIPC9kdUW84EjhtxabCgbEAzHMlhRWbWt6ilGU/Cw9moeehc+OGl37xveq3rqkYd9uEQTiCEK2jBLbQhAgZv8A4f8Anf5IAckeO/0xqpfnbhn8j5D+ibXmc=</latexit>

e� ! e� + �examples:
<latexit sha1_base64="70mm0vBsfij0PUt52w4nquYVELY=">AAABc3icZY5NS8NAEIZn61etX7EeewmNB0EMiRS9eCh4EU8VTFMwNWzWsSzdzaa7G7GU/hWv+pf8Id6tmovtc3p4Z4Z3skJwY4Pgk9TW1jc2t+rbjZ3dvf0D57DZN6rUDCOmhNKDjBoUPMfIcitwUGikMhMYZ+Prn3n8gtpwld/baYFDSUc5f+aM2kWUOs2Jm1jlTh6TQnOJ7qkbp44X+MEv7qqElXhQ0Uud2+RJsVJibpmgxjyEQWGHM6otZwLnjaQ0WFA2piOcyWllZjm3qKWZL8rD5apV6Z/74YXfuet43avqjTq0oA0nEMIldOEGehABg1d4g3f4gC/SIm1y/LdaI9XNEfyDnH0Dbo9eJA==</latexit>

q ! q0 +W or
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Thermal pressure

<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

<latexit sha1_base64="4u+RKvsY5EvLrjS09DFPCNXELq0="></latexit>

h�pzi =
Z

dPa!bc �pz where �pz = pa,z,s � pb,z,h � pc,z,h

[Bodeker & Moore (2017)]

Since momenta of the recoiling particles are quantum random 
variables, we have to calculate the average momentum transfer:

<latexit sha1_base64="VGMbhFcFR8WaAPJ2YHMkeNt2rTs=">AAAB2nicZY7LTgIxFIZbFMUbjLp0U2UDCSEzQHSjCYkujCtM5JJYaDqlQEPnkrZDApPZuDNufTlXvoqAExPhX335/nNyjhtKoY1tf8HMzm52bz93cHh0fJIvWKdnHR1EivE2C2Sgei7VXAqft40wkvdCxannSt51p/ervjvjSovAfzHzkPc9OvbFSDBqlopY8xbBHjUT5cVmkqA7hP2IUISFbxC+RHikKIvxcDioIzzjLA4TQpO4VMOhKA/qCcIVNCK09NeVV2ZGYlpZrEssqT+WHOEHLg1FIVkgrNaKWEW7aq+DtsFJoQjStIj1hIcBizzuGyap1q+OHZp+TJURTPLkEEeah5RN6ZjH3jwlvekNV55OlsedzVPb0KlVnetq47lRbN6mb+TABbgCJeCAG9AEj6AF2oCBb5iFeViAGL7Bd/jxO5qB6c45+Bf4+QMK+YJc</latexit>

Pth = ⌫a

Z
d3~pa
(2⇡)3

fa(~pa) va,z h�pzi (note angled brackets)
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Thermal pressure

<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

<latexit sha1_base64="4u+RKvsY5EvLrjS09DFPCNXELq0="></latexit>

h�pzi =
Z

dPa!bc �pz where �pz = pa,z,s � pb,z,h � pc,z,h

[Bodeker & Moore (2017)]

Since momenta of the recoiling particles are quantum random 
variables, we have to calculate the average momentum transfer:

<latexit sha1_base64="VGMbhFcFR8WaAPJ2YHMkeNt2rTs=">AAAB2nicZY7LTgIxFIZbFMUbjLp0U2UDCSEzQHSjCYkujCtM5JJYaDqlQEPnkrZDApPZuDNufTlXvoqAExPhX335/nNyjhtKoY1tf8HMzm52bz93cHh0fJIvWKdnHR1EivE2C2Sgei7VXAqft40wkvdCxannSt51p/ervjvjSovAfzHzkPc9OvbFSDBqlopY8xbBHjUT5cVmkqA7hP2IUISFbxC+RHikKIvxcDioIzzjLA4TQpO4VMOhKA/qCcIVNCK09NeVV2ZGYlpZrEssqT+WHOEHLg1FIVkgrNaKWEW7aq+DtsFJoQjStIj1hIcBizzuGyap1q+OHZp+TJURTPLkEEeah5RN6ZjH3jwlvekNV55OlsedzVPb0KlVnetq47lRbN6mb+TABbgCJeCAG9AEj6AF2oCBb5iFeViAGL7Bd/jxO5qB6c45+Bf4+QMK+YJc</latexit>

Pth = ⌫a

Z
d3~pa
(2⇡)3

fa(~pa) va,z h�pzi (note angled brackets)

How can we calculate the differential probability?  
QPS = quantum particle splitting formalism à  used by BM17
SCR = semiclassical current radiation formalism à  used by HKLTW20 & LT24



thermal pressure on ultrarelativistic bubbles Andrew Long   (Rice University)29

Quantum Particle Splitting (QPS) formalism

<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

[Bodeker & Moore (2017)]

<latexit sha1_base64="neXUmm1if4Crl1tHkbxa/N8CFaA="></latexit>

dPa!bc =
1

2Ea

d3~pb,s
(2⇡)3

1

2Eb

d3~pc,s
(2⇡)3

1

2Ec
(2⇡)3

pa,z,s
Ea

�(~pa,? � ~pb,? � ~pc,?) �(Ea � Eb � Ec) |Ma!bc|2

Evaluate the probability as an S-matrix element

Use WKB approximation to calculate mode functions for 
particles that change mass at the wall – this affects Ma->bc

let’s see 
some 

examples
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<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

30

Examples

ma,s = ma,h = mb,s = mb,h = 0

[Bodeker & Moore (2017)]
[appendix of AL & Turner (2024)]

<latexit sha1_base64="70mm0vBsfij0PUt52w4nquYVELY=">AAABc3icZY5NS8NAEIZn61etX7EeewmNB0EMiRS9eCh4EU8VTFMwNWzWsSzdzaa7G7GU/hWv+pf8Id6tmovtc3p4Z4Z3skJwY4Pgk9TW1jc2t+rbjZ3dvf0D57DZN6rUDCOmhNKDjBoUPMfIcitwUGikMhMYZ+Prn3n8gtpwld/baYFDSUc5f+aM2kWUOs2Jm1jlTh6TQnOJ7qkbp44X+MEv7qqElXhQ0Uud2+RJsVJibpmgxjyEQWGHM6otZwLnjaQ0WFA2piOcyWllZjm3qKWZL8rD5apV6Z/74YXfuet43avqjTq0oA0nEMIldOEGehABg1d4g3f4gC/SIm1y/LdaI9XNEfyDnH0Dbo9eJA==</latexit>

q ! q0 +W

mc,s = mc,h = 0

<latexit sha1_base64="9Ux2poz2UlUZK3ilT8DA1meGaPA=">AAABdXicZY5LS8NAFIXv1Fetr/jYiRCMiCDGRIpuXBTciKsKpi2YGibjNQydyYSZiVBL/4tb/Uf+Ere2mo3t2dyPc+/lnLQQ3Ngg+CK1hcWl5ZX6amNtfWNzy9ne6RhVaoYRU0LpXkoNCp5jZLkV2Cs0UpkK7KaDm+m++4racJU/2GGBfUmznL9wRu3ESpw9fDpzY6vc6Tx144xKSRPHC/zgV+48hBV4UKmdOHfxs2KlxNwyQY15DIPC9kdUW84EjhtxabCgbEAzHMlhRWbWt6ilGU/Cw9moeehc+OGl37xveq3rqkYd9uEQTiCEK2jBLbQhAgZv8A4f8Anf5IAckeO/0xqpfnbhn8j5D+ibXmc=</latexit>

e� ! e� + �

massless radiator / massive radiation

massive radiator / massless radiation

<latexit sha1_base64="hXmvRzyHndzl5nW4DwiVif1Y2mw="></latexit>
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<latexit sha1_base64="BB9CqMM+ZPVI8jmAA9N9yo9lxXI="></latexit>
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<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h
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Examples

ma,s = ma,h = mb,s = mb,h = 0

[Bodeker & Moore (2017)]
[appendix of AL & Turner (2024)]

<latexit sha1_base64="70mm0vBsfij0PUt52w4nquYVELY=">AAABc3icZY5NS8NAEIZn61etX7EeewmNB0EMiRS9eCh4EU8VTFMwNWzWsSzdzaa7G7GU/hWv+pf8Id6tmovtc3p4Z4Z3skJwY4Pgk9TW1jc2t+rbjZ3dvf0D57DZN6rUDCOmhNKDjBoUPMfIcitwUGikMhMYZ+Prn3n8gtpwld/baYFDSUc5f+aM2kWUOs2Jm1jlTh6TQnOJ7qkbp44X+MEv7qqElXhQ0Uud2+RJsVJibpmgxjyEQWGHM6otZwLnjaQ0WFA2piOcyWllZjm3qKWZL8rD5apV6Z/74YXfuet43avqjTq0oA0nEMIldOEGehABg1d4g3f4gC/SIm1y/LdaI9XNEfyDnH0Dbo9eJA==</latexit>

q ! q0 +W

mc,s = mc,h = 0

<latexit sha1_base64="9Ux2poz2UlUZK3ilT8DA1meGaPA=">AAABdXicZY5LS8NAFIXv1Fetr/jYiRCMiCDGRIpuXBTciKsKpi2YGibjNQydyYSZiVBL/4tb/Uf+Ere2mo3t2dyPc+/lnLQQ3Ngg+CK1hcWl5ZX6amNtfWNzy9ne6RhVaoYRU0LpXkoNCp5jZLkV2Cs0UpkK7KaDm+m++4racJU/2GGBfUmznL9wRu3ESpw9fDpzY6vc6Tx144xKSRPHC/zgV+48hBV4UKmdOHfxs2KlxNwyQY15DIPC9kdUW84EjhtxabCgbEAzHMlhRWbWt6ilGU/Cw9moeehc+OGl37xveq3rqkYd9uEQTiCEK2jBLbQhAgZv8A4f8Anf5IAckeO/0xqpfnbhn8j5D+ibXmc=</latexit>

e� ! e� + �

massless radiator / massive radiation

massive radiator / massless radiation

<latexit sha1_base64="AapwfhD7nmtKq6dsVpIpVuSG/Uc="></latexit>
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~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h
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Examples

ma,s = ma,h = mb,s = mb,h = 0

[Bodeker & Moore (2017)]
[appendix of AL & Turner (2024)]

<latexit sha1_base64="70mm0vBsfij0PUt52w4nquYVELY=">AAABc3icZY5NS8NAEIZn61etX7EeewmNB0EMiRS9eCh4EU8VTFMwNWzWsSzdzaa7G7GU/hWv+pf8Id6tmovtc3p4Z4Z3skJwY4Pgk9TW1jc2t+rbjZ3dvf0D57DZN6rUDCOmhNKDjBoUPMfIcitwUGikMhMYZ+Prn3n8gtpwld/baYFDSUc5f+aM2kWUOs2Jm1jlTh6TQnOJ7qkbp44X+MEv7qqElXhQ0Uud2+RJsVJibpmgxjyEQWGHM6otZwLnjaQ0WFA2piOcyWllZjm3qKWZL8rD5apV6Z/74YXfuet43avqjTq0oA0nEMIldOEGehABg1d4g3f4gC/SIm1y/LdaI9XNEfyDnH0Dbo9eJA==</latexit>

q ! q0 +W

mc,s = mc,h = 0

<latexit sha1_base64="9Ux2poz2UlUZK3ilT8DA1meGaPA=">AAABdXicZY5LS8NAFIXv1Fetr/jYiRCMiCDGRIpuXBTciKsKpi2YGibjNQydyYSZiVBL/4tb/Uf+Ere2mo3t2dyPc+/lnLQQ3Ngg+CK1hcWl5ZX6amNtfWNzy9ne6RhVaoYRU0LpXkoNCp5jZLkV2Cs0UpkK7KaDm+m++4racJU/2GGBfUmznL9wRu3ESpw9fDpzY6vc6Tx144xKSRPHC/zgV+48hBV4UKmdOHfxs2KlxNwyQY15DIPC9kdUW84EjhtxabCgbEAzHMlhRWbWt6ilGU/Cw9moeehc+OGl37xveq3rqkYd9uEQTiCEK2jBLbQhAgZv8A4f8Anf5IAckeO/0xqpfnbhn8j5D+ibXmc=</latexit>
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massive radiator / massless radiation
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Summary of BM17
Bodeker & Moore (2017) employs the Quantum Particle Splitting (QPS) formalism to calculate 
the average momentum transfer to the bubble wall, which factors into the thermal pressure.  

If there exists a channel where a massless radiator emits a massive (spin-1) radiation, then 
they find that this channel will dominate the thermal pressure, going like: 

Since the vacuum pressure does not grow with gw, they conclude that the thermal pressure will 
eventually win out, and the bubble wall reaches an (ultrarelativistic) terminal velocity.  

For channels in which a massive radiator emits massless (spin-1) radiation, they find that the 
thermal pressure does not grow with increasing gw.  

<latexit sha1_base64="9Ux2poz2UlUZK3ilT8DA1meGaPA=">AAABdXicZY5LS8NAFIXv1Fetr/jYiRCMiCDGRIpuXBTciKsKpi2YGibjNQydyYSZiVBL/4tb/Uf+Ere2mo3t2dyPc+/lnLQQ3Ngg+CK1hcWl5ZX6amNtfWNzy9ne6RhVaoYRU0LpXkoNCp5jZLkV2Cs0UpkK7KaDm+m++4racJU/2GGBfUmznL9wRu3ESpw9fDpzY6vc6Tx144xKSRPHC/zgV+48hBV4UKmdOHfxs2KlxNwyQY15DIPC9kdUW84EjhtxabCgbEAzHMlhRWbWt6ilGU/Cw9moeehc+OGl37xveq3rqkYd9uEQTiCEK2jBLbQhAgZv8A4f8Anf5IAckeO/0xqpfnbhn8j5D+ibXmc=</latexit>

e� ! e� + �

<latexit sha1_base64="70mm0vBsfij0PUt52w4nquYVELY=">AAABc3icZY5NS8NAEIZn61etX7EeewmNB0EMiRS9eCh4EU8VTFMwNWzWsSzdzaa7G7GU/hWv+pf8Id6tmovtc3p4Z4Z3skJwY4Pgk9TW1jc2t+rbjZ3dvf0D57DZN6rUDCOmhNKDjBoUPMfIcitwUGikMhMYZ+Prn3n8gtpwld/baYFDSUc5f+aM2kWUOs2Jm1jlTh6TQnOJ7qkbp44X+MEv7qqElXhQ0Uud2+RJsVJibpmgxjyEQWGHM6otZwLnjaQ0WFA2piOcyWllZjm3qKWZL8rD5apV6Z/74YXfuet43avqjTq0oA0nEMIldOEGehABg1d4g3f4gC/SIm1y/LdaI9XNEfyDnH0Dbo9eJA==</latexit>

q ! q0 +W
<latexit sha1_base64="WfzHRyucRMFKuO2xFGFerloqPww="></latexit>

Ptherm / �1
w

<latexit sha1_base64="cyzXi7T1wTTF922fG3dFIdrWBR0="></latexit>

Ptherm / �0
w



HKLTW20 & LT24
semiclassical current
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Summary of HKLTW20
n Motivated by BM17, my collaborators and I began to study EW bubble wall velocity.
n We noted the IR sensitivity of BM17’s result.  
n We suspected that it could be important to re-sum multiple soft emissions.
n We didn’t see how to do this using BM’s formalism (QPS) for calculating matrix elements. 
n So we adopted a different formalism (SCR) that treats the radiator particle as a classical 

current and calculates the spectrum of radiation.
n Using this SCR formalism, we re-summed soft emissions to all orders.  
n We concluded that the average momentum transfer and thermal pressure scale as:

regardless of whether the radiator is massive, or the radiation is massive.  
n Note that we did two things differently from BM17 – we used SCR rather than QPS – and we 

re-summed multiple soft emissions.  It wasn’t clear which change led to the different result. 

<latexit sha1_base64="7/xQTMzBKatoVneH9y4fQnmUTJI="></latexit>

h�pzi / �1
w

<latexit sha1_base64="8qt7YUsWDqMa4JzL7imeEOS1w+g="></latexit>

Ptherm / �2
wand

[HKLTW20 = 2007.10343]

in the newer paper LT24 we clarify a subtlety about SCR 
formalism, which explains the different gw scaling
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Semiclassical Current Radiation (SCR) formalism [HKLTW20 & LT24]

Focus on channels with massive radiator / massless radiation, like:  

<latexit sha1_base64="Qd/iyc0bw8hZjld8Po4igwzSc6A="></latexit>

jµ(x) = qe

Z 1

�1
d⌧ Uµ(⌧) �(4)

�
x� X(⌧)

�

<latexit sha1_base64="fZRmzOi8W4GwcqJszej41/QaRvU=">AAABdXicZY7LSsNAFIbP1Futt3jZiSBGpG7aRErdFtyIqwqmDZgaZsZjHTqThJmJUEPexa2+kU/i1qrZ2H6rj/+cw39YJoWxnvdJakvLK6tr9fXGxubW9o6zuzcwaa45BjyVqQ4ZNShFgoEVVmKYaaSKSRyyydXPfPiC2og0ubPTDEeKjhPxJDi1syh2DiJF7TNjRVg+RCpvRpbm57Hjei3vl+NF8StxoaIfOzfRY8pzhYnlkhpz73uZHRVUW8Ello0oN5hRPqFjLNS0MjOfW9TKlLNyf75qUQYXLb/b6tx23F63eqMOh3ACTfDhEnpwDX0IgMMrvME7fMAXOSKn5OxvtUaqm334B2l/A3hKX+U=</latexit>

Xµ(⌧)

<latexit sha1_base64="y34jsbvlOrfWXVLnFgKe2JtVXQ8=">AAABcHicZY7LSsNAFIbP1Futl0bdCC6MZlOlhKQUXQkFN+KqgmkLpoTJeCxDJxdmJqWx9Enc6kP5Gj6BVWdj+60+/nMO/4lzwZX2vE9SWVvf2Nyqbtd2dvf269bBYU9lhWQYsExkchBThYKnGGiuBQ5yiTSJBfbj8e3PvD9BqXiWPuoyx2FCRyl/4YzqRRRZ9XA6QWbf2I1ps2y+XkSW47neL/aq+EYcMHQj6z58zliRYKqZoEo9+V6uhzMqNWcC57WwUJhTNqYjnCWlMbWca5SJmi/K/eWqVem1XP/KbT+0nU7LvFGFEziHBvhwDR24gy4EwKCAN3iHD/gix+SUnP2tVoi5OYJ/kMtvmThcpQ==</latexit>

x = (x, y, z)

<latexit sha1_base64="RYvXcmZakWv/gpsAs0Oq61/4EZM=">AAABZ3icSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRVTEGSjYKpQoxAsoG+gZgIECJsMQylBmgIKAeAGvmJT85NLc1LyS5JzE4uJoQ4OCktjqxKKSzOSc1FqumNLi1ILE5OzE9NTq3EooqxhdvCS1KLe4Fmi5IbpVmIwwIz1DMz2TQBNlByOoMzgYpBmUGDQYDBnMGRwYPBgCGEIZkhlyGCYxzGaYw/CSkZ9RjFECopSJEapHmAEFMCoCAJY8WaI=</latexit>

x0 = t

Treat the radiating particle as a classical electromagnetic current. 

<latexit sha1_base64="9Ux2poz2UlUZK3ilT8DA1meGaPA=">AAABdXicZY5LS8NAFIXv1Fetr/jYiRCMiCDGRIpuXBTciKsKpi2YGibjNQydyYSZiVBL/4tb/Uf+Ere2mo3t2dyPc+/lnLQQ3Ngg+CK1hcWl5ZX6amNtfWNzy9ne6RhVaoYRU0LpXkoNCp5jZLkV2Cs0UpkK7KaDm+m++4racJU/2GGBfUmznL9wRu3ESpw9fDpzY6vc6Tx144xKSRPHC/zgV+48hBV4UKmdOHfxs2KlxNwyQY15DIPC9kdUW84EjhtxabCgbEAzHMlhRWbWt6ilGU/Cw9moeehc+OGl37xveq3rqkYd9uEQTiCEK2jBLbQhAgZv8A4f8Anf5IAckeO/0xqpfnbhn8j5D+ibXmc=</latexit>

e� ! e� + �

Treat the electromagnetic radiation as quantum, i.e. photons.

<latexit sha1_base64="VSR5PX58XYOZsFn7WSYAUhvsg9c="></latexit>

Ĥint(t) =

Z
d3x j

µ(t,x) Âµ(t,x)

<latexit sha1_base64="uX6giKow8QptrPAGJW1TceGvuhc="></latexit>

Âµ(x) =

Z
d3p

(2⇡)3
1p
2Ep

X

s=±1


âp,s "µ(p, s) e

�ip·x + â†p,s "
⇤
µ(p, s) e

ip·x
�
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Emission probability [HKLTW20 & LT24]

For a given current jµ(x), calculate the probability distribution over photon momenta:

<latexit sha1_base64="4+tYtd4HeuKX/D2EkosnZepbffc="></latexit>

W0!0�(p, s) =
⌦
(p, s)OUT

��0IN

↵

<latexit sha1_base64="ivCn7ttqgigAHZOhRKW0+pv51RA="></latexit>

dP0!0�(p) =
d3p

(2⇡)3
1

2Ep

X

s=±1

��W0!0�

��2

where

After a little work … 

<latexit sha1_base64="A/5HJMPnzgwmnNDwi/RjKwQ2v3E="></latexit>

dP0!0� = � d3p

(2⇡)3
1

2Ep
j̃(p)⇤ · j̃(p)

<latexit sha1_base64="lDyCiI4L4kHm4pUrnJloWiNEwEs="></latexit>

W0!0�(p, s) = (�i)

Z
d4x j(x) · "⇤(p, s) eip·x

= (�i) j̃(p) · "⇤(p, s)
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Emission probability [HKLTW20 & LT24]

For a given current jµ(x), calculate the probability distribution over photon momenta:

<latexit sha1_base64="4+tYtd4HeuKX/D2EkosnZepbffc="></latexit>

W0!0�(p, s) =
⌦
(p, s)OUT

��0IN

↵

<latexit sha1_base64="ivCn7ttqgigAHZOhRKW0+pv51RA="></latexit>

dP0!0�(p) =
d3p

(2⇡)3
1

2Ep

X

s=±1

��W0!0�

��2

where

After a little work … 

<latexit sha1_base64="A/5HJMPnzgwmnNDwi/RjKwQ2v3E="></latexit>

dP0!0� = � d3p

(2⇡)3
1

2Ep
j̃(p)⇤ · j̃(p)

<latexit sha1_base64="lDyCiI4L4kHm4pUrnJloWiNEwEs="></latexit>

W0!0�(p, s) = (�i)

Z
d4x j(x) · "⇤(p, s) eip·x

= (�i) j̃(p) · "⇤(p, s)
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Comparison of QPS & SCR
In both formalisms, we calculate the average momentum transfer as 

QPS Formalism:  splitting probability ~~ you pick pa and calculate probability over pb and pc

SCR Formalism: emission probability ~~ you pick pa and pb and calculate probability over pc

<latexit sha1_base64="neXUmm1if4Crl1tHkbxa/N8CFaA="></latexit>

dPa!bc =
1

2Ea

d3~pb,s
(2⇡)3

1

2Eb

d3~pc,s
(2⇡)3

1

2Ec
(2⇡)3

pa,z,s
Ea

�(~pa,? � ~pb,? � ~pc,?) �(Ea � Eb � Ec) |Ma!bc|2

<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

<latexit sha1_base64="2yUSMVhPh+1uG+uRW9anP7Ax9Tc="></latexit>

h�pzi =
Z

dPa!bc �pz
<latexit sha1_base64="BhHEE3vwaz7ukjWso2pg9oSMMGk="></latexit>

�pz = pa,z,s � pb,z,h � pc,z,hwhere

<latexit sha1_base64="Az1ZnbZA6xc1f39afwn7YvoU6eM="></latexit>

dP0!0� = � d3~p

(2⇡)3
1

2Ep
j̃(p)⇤ · j̃(p)
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How to choose pb?  
If the radiation is very soft (pc ~ small) then the kinematics are approx. same as 1-to-1 transition:

<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

<latexit sha1_base64="sdONwUQsMinOwVkwBJjj8L6Cntg=">AAABcHicZY7LSsNAFIbP1Futl0bdCC68ZCOCISlFNy4KbsRVBdMWTAmT8ViHTjJh5kQsoU/iVh/K1/AJtJqN7bf6+M85/CfJlbTk+5+strS8srpWX29sbG5tN52d3Z7VhREYCq20GSTcopIZhiRJ4SA3yNNEYT8ZX8/m/Rc0VursniY5DlM+yuSTFJx+othpRoSvVOrs3D6jUtPYcX3P/+VoUYJKXKjoxs5t9KhFkWJGQnFrHwI/p2HJDUmhcNqICos5F2M+wjKdVGbnc0KT2ll5MF+1KL2WF1x47bu227mq3qjDAZzAKQRwCR24gS6EIKCAN3iHD/hi++yQHf+t1lh1swf/YGffNoNeRw==</latexit>

on-shell

<latexit sha1_base64="BB9CqMM+ZPVI8jmAA9N9yo9lxXI="></latexit>
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log
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<latexit sha1_base64="YeUXPSc84Rb20Yw7nez2VYBuPd8="></latexit>

|~pc,h| ⌧ |~pb,h|

<latexit sha1_base64="U1mv2twRfJf1F5PmeKor4wOiN4M=">AAABaHicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKRbrGJynYKrjGJ8YLKBvoGYCBAibDEMpQZoCCgHgBr5iU/OTS3NS8kuScxOLiaEODgpLY6sSikszknNRarpjS4tSCxOTsxPTU6txKKKsYXb wktSi3uBZouSG6VZiMMCM9QzM9k0ATZQcbqDM4GKQZlBg0GAwZzBkcGDwYAhhCGZIZchkmM8xhmMvwilGAUZxREqKUiRGqR5gBBTAqAQAuhlon</latexit>

Eb = Ea

<latexit sha1_base64="oA2KCyg3f9+LSZ/IPeixsXkxjiA=">AAABhnicZY7LSsNAFIbP1Fust6hLN8EguJCQSGs3CgE34qqCaQumhMl4LEMnyTAzKZSQJ/Bp3OqT+DZaDYLtv/r4zjn8J5WCa+P7n6S1tr6xuWVtt3d29/YP7MOjgS5KxTBihSjUKKUaBc8xMtwIHEmFNEsFDtPp7WI+nKHSvMgfzVziOKOTnL9wRs23SuyzeIasknVSpRexRCVr58b5c7Rxie36nv8TZxWCBlxo0k/s+/i5YGWGuWGCav0U+NKMK6oMZwLrdlxqlJRN6QSrbN6QXvYGVaYX5cFy1SoMLr3gyus8dNzwunnDghM4hXMIoAch3EEfImDwCm/wDh/EIh7pkt7vaos0N8fwLyT8AiNbZlk=</latexit>

~pb,? = ~pa,?
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How to choose pb?  
If the radiation is very soft (pc ~ small) then the kinematics are approx. same as 1-to-1 transition:

<latexit sha1_base64="DVR2op3r7P7tRHGExWmk+23IS0s=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJVuKXjwUvIinCqYtmBI261iX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NssNxxDnsnMDBNmUYoUQyecxKE2yFQicZBMbubzwRSNFVn64GYaR4qNU/EsOHM/UewdRVPkhS7jgl1EirkXowpblrHnB63gl9NloZX4UNGLvbvoKeO5wtRxyax9pIF2o4IZJ7jEshHlFjXjEzbGQs0qs4u5Q6PsvJwuVi1Lv92il63OfcfvXldv1OEYzqAJFK6gC7fQgxA4vMIbvMMHfJETck6af6s1Ut0cwj8I/QZZBGGI</latexit>

~pa,s

<latexit sha1_base64="eoGwBVsOJ21GPzJGpli5FxRodm8=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jIrmIFHNjo4pxWcaeH7SCX06XhVbiQ0U39u6j54znClPHJbP2iQbaDQtmnOASy0aUW9SMT9gICzWrzC7mDo2y83K6WLUsvcsWvWq1H9p+56Z6ow7HcAZNoHANHbiDLoTA4RXe4B0+4IuckHPS/FutkermEP5B6DdPImF+</latexit>

~pb,h
<latexit sha1_base64="MzKEPd/SC3OPcRDfI4BNka8shf4=">AAABd3icZY5NS8NAEIZn61etX1HBiwfFgPQgJStFLx4KXsRTBdMWTAmbdWyX7ibL7qZQYv6MV/1D/hRvWs3F9jk9vDPDO4mWwrog+CS1ldW19Y36ZmNre2d3z9s/6NksNxxDnsnMDBJmUYoUQyecxIE2yFQisZ9Mbufz/hSNFVn66GYah4qNUvEiOHM/UewdRVPkhS7jgl9EirmxUcW4LGPPD1rBL6fLQivxoaIbe/fRc8Zzhanjkln7RAPthgUzTnCJZSPKLWrGJ2yEhZpVZhdzh0bZeTldrFqW3mWLXrXaD22/c1O9UYdjOIMmULiGDtxBF0Lg8Apv8A4f8EVOyDlp/q3WSHVzCP8g9BtQKmF/</latexit>

~pc,h

<latexit sha1_base64="sdONwUQsMinOwVkwBJjj8L6Cntg=">AAABcHicZY7LSsNAFIbP1Futl0bdCC68ZCOCISlFNy4KbsRVBdMWTAmT8ViHTjJh5kQsoU/iVh/K1/AJtJqN7bf6+M85/CfJlbTk+5+strS8srpWX29sbG5tN52d3Z7VhREYCq20GSTcopIZhiRJ4SA3yNNEYT8ZX8/m/Rc0VursniY5DlM+yuSTFJx+othpRoSvVOrs3D6jUtPYcX3P/+VoUYJKXKjoxs5t9KhFkWJGQnFrHwI/p2HJDUmhcNqICos5F2M+wjKdVGbnc0KT2ll5MF+1KL2WF1x47bu227mq3qjDAZzAKQRwCR24gS6EIKCAN3iHD/hi++yQHf+t1lh1swf/YGffNoNeRw==</latexit>

on-shell

<latexit sha1_base64="BB9CqMM+ZPVI8jmAA9N9yo9lxXI="></latexit>
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SCR yields identical result as QPS formalism 
(for massive radiator / massless radiation)
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How to choose pb?  
Alternatively, impose energy & transverse-momentum conservation among all 3 particles:
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on-shell

Now SCR yields a funny result
n does not vanish for mb = ma (i.e., limit of no mass change)
n strong UV sensitivity
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if you take Ec,UV ⇠ �wT then h�pzi / �1
w and Ptherm / �2
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(same as HKLTW20)
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Nonzero wall thickness as a UV cutoff
Until this point we have been neglecting the thickness of the bubble wall:  Lw

However, the inverse wall thickness enters as a UV cutoff, which is lower than gwT.  

This leads to a different gw scaling for the pb choice with UV sensitivity.  
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wL

�1
w ⌧ �wT (same as classical bremsstrahlung)



Summary
& conclusion



thermal pressure on ultrarelativistic bubbles Andrew Long   (Rice University)45

Summary  & conclusion

For models with massive radiator / massless radiation, both QPS and SCR formalisms yield:

Take care to choose pb when using the SCR formalism.  Some choices gives 

Possibly interesting directions for future studies:  
• Revisit massless radiator / massive radiation using the SCR formalism.  
• Consider models with no mass change, but coupling change instead.  

formalism channel how to choose pb h�pzi UV cuto↵ puv Ptherm
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SCR
a ! bc 1-to-1 kinematics q2e2
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a ! bc 1-to-2 kinematics q2e2

2⇡2 puv Ea / �2

w

Table 1. Summary and comparison of results for the thermal pressure due to an abruptly decelerated
charge. In this article, we develop the “semiclassical current radiation” (SCR) formalism, and for the purpose
of comparison we also present the “classical” (C) result of BM09, and we review the “quantum particle
splitting” (QPS) formalism of BM17 in appendix B. For the a ! b channel, a particle with mass ma and
energy Ea ⇠ �wT is incident on a planar bubble wall where its mass grows tomb. For the a ! bc channel, there
is an additional massless radiation. The model with massive radiation [55] is also reviewed in appendix B.
In the SCR formalism, one must specify a prescription for choosing the recoiling particle’s momentum pb. If
particle c is soft, then it is reasonable to choose pb using the 1-to-1 particle kinematics (energy and transverse
momentum conservation for on-shell particles a and b), corresponding to choice #2 in section 6. We also
show the results obtained by imposing 1-to-2 kinematics (energy and transverse momentum conservation for
on-shell particles a, b, and c), corresponding to choice #3 in section 6. The latter calculation results in a
power law sensitivity to the UV cuto↵ puv, which is expected to be the smaller than the incident particle
energy Ea ⇠ �wT (see the text for a discussion of how the nonzero bubble wall thickness Lw also cuts o↵ the
momentum integration). The thermal pressure is parametrically Ptherm ⇠ Fa h�pzi where Fa ⇠ �wT

3 is the
flux of incident thermal a particles in the wall’s rest frame.

For the model with an abruptly decelerated charge, table 1 compares relevant results from the lit-
erature with our results derived here. If there is no radiation, then the calculation can be performed
using a fully classical (C) formalism as in BM09 [54]. One finds that the longitudinal momentum
transfer is �pz ⇡ (m2

b � m2

a)/2Ea by imposing energy conservation, transverse momentum conser-
vation, and on-shell conditions. In the rest frame of the bubble wall, an incident particle that is
drawn from the thermal bath has energy Ea ⇠ �wT , and it follows that the thermal pressure scales
as Ptherm ⇠ �wT 3�pz / �0

w. To study the channel a ! bc in which there is additional soft radiation,
the authors of BM17 [55] employed what we call the “quantum particle splitting” (QPS) formalism
to derive the matrix element and emission probability; these calculations are reviewed in appendix B.
For the model in which a charged radiator increases mass and thereby emits a soft and massless vector
(e.g., gluon or photon), the average longitudinal momentum transfer is found to scale as E�1

a / ��1

w ,
which implies a thermal pressure Ptherm / �0

w (for mc = 0). At large �w this contribution is sublead-
ing if the model also admits radiators that emit a massive vector boson (e.g., W± or Z0), which give
Ptherm / �1

w (for mc 6= 0); see appendix B.

Table 1 also summarizes our results for the model with an abruptly decelerating charge, which
we have derived using a formalism that we call “semiclassical current radiation” (SCR) following
HKLTW20 [57]. Unlike the QPS formalism, which yields a joint probability distribution over both pb

and p with pa as a parameter, the SCR formalism furnishes a probability distribution over p alone
where both pa and pb are parameters. We explore several ways of choosing pb, which lead to di↵erent
results for the average longitudinal momentum transfer h�pzi and the thermal pressure Ptherm. If pb

is chosen according to the 1-to-1 kinematics (energy and transverse momentum conservation for on-
shell particles a and b), then h�pzi is found to take exactly the same form as the expression obtained
from the QPS formalism (at leading order in large Ea), and it follows that Ptherm / �0

w (for mc = 0).
This agreement should not be surprising, since the 1-to-1 kinematics are applicable when particle c
is soft, and the soft splitting functions were used when deriving the expression for h�pzi in the QPS
formalism. To reiterate, the QPS and SCR formalisms yield the same result if the phase space of the
final state radiation is in the soft regime.

On the other hand, to explore the part of phase space where particle c is not soft, one may
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runaway possible
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SCR formalism [AL & Turner (2024)]

How to choose pb?  Suppose that rather than taking 1-to-1 kinematics or 1-to-2 kinematics, you 
just treat pb and pa as separate free parameters.  But suppose that they’re colinear for simplicity.  

accordingly. This situation is realized at a first order electroweak phase transition when quarks and
charged leptons encounter a Higgs-phase bubble wall, leading to gluon and photon emission. We are
interested in calculating the resultant thermal pressure Ptherm acting on the wall. Since the thermal
pressure is parametrically given by Ptherm ⇠ �wT 3 h�pzi, as in Eq. (2.26), the quantity of interest is
the average longitudinal momentum transfer h�pzi.

To begin, let us first express the single photon emission probability in terms of masses and
momenta. The three-momentum and energy of the incident particle are given by the relations pa =
�amava and Ea = �ama where �a = 1/

p
1 � |va|2 and Ea =

p
|pa|2 + m2

a. Similar expressions hold
for the recoiling particle with the replacement of a to b. Using this notation, the expression for dP0!0�

from Eq. (6.15) is written equivalently as

dP0!0� =

✓
q2e2

16⇡3
P0!0

◆✓
d3p

Ep

◆ ����
pa

EpEa � p · pa
� pb

EpEb � p · pb

����
2

� (Eb p · pa � Ea p · pb)2

(EpEa � p · pa)2(EpEb � p · pb)2

!
,

(6.16)

where Ep = |p|. Then the average longitudinal momentum transfer is calculated using Eqs. (2.27) and (2.28),
which are reproduced here:

h�pzi =

Z
dP0!0�

✓
� |pa,?|2 + m2

a

2Ea
+

|pa,? � p?|2 + m2

b

2(Ea � Ep)
+

|p?|2

2Ep

◆
. (6.17)

Note that dP0!0� is a probability distribution over the photon momentum p where pa, ma, pb, mb,
and q are parameters. On the other hand, h�pzi is only a function of the parameters pa, ma, and mb

but not pb. This is because the derivation of �pz in Eq. (2.28) assumed on-shell energy-momentum
relations as well as energy and transverse momentum conservation among the three particles, which
fixed pb in terms of pa and p. Conversely, the derivation of dP0!0� via the SCR formalism took the
velocities va and vb as arbitrary input parameters. In order to evaluate h�pzi, we now must decide
how to choose the various parameters: in particular how to select pb when evaluating dP0!0� . In the
following subsections we explore three di↵erent choices.

6.4.1 choice #1: collinear motion

As a first choice, suppose that the motion of particles a and b remains collinear, but otherwise the
speeds are arbitrary. This means that va k vb with 0  vb < va < 1 as in Eq. (6.4). With this
restriction, the di↵erential probability from Eqs. (6.15) and (6.16) leads to a simple expression,

dP0!0�

d⌦
=

q2e2

16⇡3
P0!0

dp

p

(sin2 ✓) (va � vb)2

(1 � va cos ✓)2(1 � vb cos ✓)2
, (6.18)

which has been expressed in polar coordinates by using p = (sin ✓ cos � , sin ✓ sin � , cos ✓) p and
va,b = (0 , 0 , 1) va,b and d3p = p2dpd⌦. The emission vanishes along the axis of the charged particle
(✓ = 0), but for va ⇡ vb ⇡ 1 the emission strongly peaks in a forward cone where cos ✓ ⇡ 1 � (1 �
va)(1 � vb)/(1 � vavb).

Here it is instructive to compare with the familiar results for bremsstrahlung radiation in classical
electromagnetism. We can calculate the average energy output per unit angular frequency per unit
solid angle as EpdP0!0�/d!d⌦ where Ep = ! = p. The corresponding quantity in classical electro-
magnetism can be calculated using Eq. (14.67) of Ref. [67] (note that e2

cgs
= ↵ = e2

HL
/4⇡), and the

two calculations yield equivalent results. Similarly, the average power received at a distant detector
is given by Eq. (14.39) of Ref. [67] or Eq. (11.74) of Ref. [68], and an equivalent result can be derived
from Eq. (6.15) if the duration of the acceleration cuts o↵ the momentum integral.
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Evaluating the angular integrals in Eq. (6.18) yields the single photon emission probability

p
dP0!0�

dp
=

✓
q2e2

2⇡2
P0!0

◆
f(va, vb) , (6.19)

where we have defined the function

f(va, vb) =
1

2

✓
1 � vavb

va � vb

◆
log

(1 + va)(1 � vb)

(1 � va)(1 + vb)
� 1 . (6.20)

A plot of f(va, vb) appears in Figure 2 and this quantity is positive for all 0  vb < va < 1. We note
that as vb ! va, f(va, vb) ! 0.

Since pdP0!0�/dp is independent of p, the momentum spectrum of photon radiation is log-flat.
That is to say, there is equal probability for photon emission across logarithmically-spaced momentum
intervals all the way from log p = �1 to log p = +1. If we calculate the total probability by
integrating over momentum, there is a logarithmic IR divergence (toward log p = �1) as well as a
logarithmic UV divergence (toward log p = +1). To handle these divergences we restrict the domain
of integration to pir  p  puv and then remove the regulators by sending pir ! 0 and puv ! 1.
Doing so gives the single photon emission probability:
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Although this expression is divergent as we remove the regulators, one can argue that we should
instead set pir and puv equal to finite physical scales. In practice, very soft emission with energy below
the threshold of the experiment (p < �pdet) cannot be detected; see the discussion in appendix A.
This motivates selecting the IR cuto↵ to be the experimental energy resolution, pir = �pdet. For
electromagnetic radiation in a medium, the plasma frequency may also enter to cuto↵ the would-be
IR divergence. As for the UV cuto↵, the whole calculation is predicated on assuming that the radiation
does not significantly back react on the emission of the current from which it is sourced.4 However, if
the radiation carries away an energy that is larger than the energy available in the radiating particle,
then the assumption of negligible back reaction is invalid. This argument motivates selecting the UV
cuto↵ to be the di↵erence of the incident and recoiling particles’ energies puv = Ea �Eb. In section 7
we will see that the duration of the deceleration introduces another UV cuto↵, which can be smaller
than the energy di↵erence.

We evaluate the average longitudinal momentum transfer by using the formula for h�pzi from
Eq. (6.17). Now it is convenient to take pa,? = 0. The angular integrals are free of divergences, but
the integral over p has a linear UV divergence, which we regulate by imposing p  puv and sending
puv ! 1. We also write va = pa/Ea and expand to leading order in large Ea while holding vb fixed.
After evaluating the integrals, we are left with
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Note that the average longitudinal momentum transfer is found to be O(E0

a) at the leading order, but
it also scales as p1

uv. In the preceding paragraph, we discussed how the energy di↵erence of particles
a and b is a well-motivated choice for the UV cuto↵: puv ⇠ Ea � Eb. If pb is held fixed as we send
Ea ! 1 then puv ⇠ E1

a. To track the scaling with the Lorentz factor �w we can write Ea ⇠ �wT .
This implies h�pzi / �1

w and therefore Ptherm / �2

w. On the other hand, if a di↵erent scale enters as
the UV cuto↵, which is independent of �w, then we would find instead h�pzi / �0

w and Ptherm / �1

w.
We revisit this point when we discuss a model with finite bubble wall thickness in section 7.

4The same treatment is often employed in studies of classical electromagnetism. The source charge and current
densities are assumed to be fixed externally, and Maxwell’s equations are solved to calculate the resultant radiation.
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