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What is a fractional Instanton?
● A self-dual configuration of the  4-dimensional euclidean 

Yang-Mills theory having non-integer topological charge

Minimum action: 
Saturates Bogomolny
bound

A solution of the euclidean 
equations of motion



  



  

More lexicon definitions 
Names of topological objects based  on co-dimension 

● Codimension=1           Domain wall        ● Codimension=1           Domain wall        ● Codimension=1           Domain wall        

● Codimension=2           Vortex        

● Codimension=3           Monopole        

● Codimension=4          Instanton        

Pointlike in 1 dimension
 Stringlike in 2 dimensions

Pointlike in 4 dimensions

Pointlike in 3 dimensions
 Stringlike in 4 dimensions

Pointlike in 2 dimensions
 Stringlike in 3 dimensions



  

Some puzzling  Some puzzling  mathematicalmathematical questions     questions    
about Topology and its role about Topology and its role 

● What remains of topology when the base 
manifold is non-compact?

● How can topological objects affect dynamics in 
Rn?

● How can topology play a role for quantum 
fields?



  

Simplest example: Field Theory in 1 Dimension 

Minimum energy solutions 
of eqs. Of motions

Conserved
Fake
Energy



  

Some interesting considerations:
● Kink is the minimum energy solution in non-trivial Z2  vector bundle: 

Moebius strip                  for  RR    antiperiodic b.c.  

● Space of solutions is one dimensional  x0  twofold (anti-kink)

● Kink is exponentially localized: 

(m=∞ Ising model)

● When heating the 

system at finite T   

  p is the probability of 
creating a  kink per unit 
length 



  

Going to higher dimension d=2

Kinks become  Peierls contours 
 separating opposite signs
       Domain Wall  
Both the energy and the entropy 
grow linearly with length 

At low 
temperatures  
Energy wins  



  

Second Example:Abelian Higgs model in 2D
● A charged scalar field with mexican hat potential coupled to 
electromagnetism

                                      V(φ) = λ (1-|φ(x)|2)2 

● An effective model of a superconductor
● Minimum Energy configuration:               B=0       φ(x)= eiα 

● Geometrically a vector bundle: Higgs field is a section and the 
electromagnetic field a  connection  

● Topology is characterized by first Chern class  B

Its integral is the first Chern number   

                         c1=∫ B = 2 π n     Quantized magnetic flux 

 



  

If n=1 the solution of minimum energy is the ANO vortex 

PROPERTIES

● Magnetic field peaks at center  x=x0 and goes 
exponentially to zero as you move away

● Higgs field vanishes at center x=x0 and goes 
exponentially towards  |φ(x)|=1

● When  the two scales (coincide) the equations of 
motion reduce to first order: Bogomolny eqs.

● The space of solutions is 2 dimensional x0

● The shape of the solution is not expressible in terms of 
elementary function

● On the torus for a critical value of the Area= 4 π
the solution is then B=1/2   and φ(x)=0 (Bradlow limit)

● One can develop an expansion of the solution in 
powers of ε=(Area-4 π)/Area 



  

Multivortices
● Solutions with n>1 exist and the energy  is 

exactly additive (no interaction energy) 
The space of solutions has 2n degrees of 
freedom labelled by the zeros of the Higgs 
field on the plane  (position  of the peaks). 
In special cases the zeros might coincide 
(submanifold of the moduli)

● With our method we can derive analytic 
solutions with predefines location of the 
zeros (scattering, quantum  corrections, 
etc) 

When heating the system at finite  T groups of vortices and 
anti-vortices will be produced even for zero total flux. The 
mean value of  the field would still vanish 



  

SU(N) Yang-Mills theory in 4DSU(N) Yang-Mills theory in 4D
● Here the main quantity is the euclidean action 

The minimum action configuration is 

TopologyTopology
First Chern class  vanishes. 
Integral of second Chern class: 
 Topological charge or

 instanton number



  

Fixing Q=1 the minimum action solution in R4 is the BPST instanton

PROPERTIES
● Action density  peaks at centre  x=x0 and 

goes powerlike to zero as you move away 
(The theory has no length scale)

● The overall size ρ is then a parameter of 
the solution

● In additon there are the 4 coordinates of 
the centre.

● The field is self-dual: a solution of the first-
order self-duality equation
 



  

Multi-instantons |Q|>1Multi-instantons |Q|>1
● Even in the dilute gas situation with instantons far apart you cannot add the fields!!! (also 

true for kinks and vortices) 
● ‘t Hooft found a method

 
● You can for example add infinite instantons in a periodic 1d array to construct a SK 

caloron
● One cannot construct a 2D array because it blows up (same problem for the potential of 

ordinary electric charges. Does not happen for vortices.)
● Furthermore ‘t Hooft ansatz does not have the right number of parameters  5Q
● Finally Atiyah, Drinfeld, Hitchin and Manin showed how to construct the full set of 

solution, but it involves an algebraic problem whose generic solution for arbitrary Q 
cannot be given. 

● The number of parameters goes like 4QN. The additional parameters describe the 
orientation of the instanton field on  group space. In ‘t Hooft solution all instantons are 
oriented equally,



  

Is that all the topology? Is that all the topology? 
● No. There is twist (Stiefel-Whitney classes),             

a remnant of the first Chern class of U(N), but defined modulo N:      
for every 2D non-contractible cycle we have an integer modulo N.

● On the 4-torus we have an integer nμν  modulo N for every plane

       

● If ki=n0i and mi=εijk njk are non-zero

● The self-dual (minimum action) solutions with Q=n/N  not integer are 

the fractional instantons:   S=8 π2 n/(g2N)



  

The basic building block: Q=1/N  The basic building block: Q=1/N   

● If we replicate the torus we can construct solutions with 
no twist and integer topological charge.

● The solution is unique modulo 4D translations x0
● The size of the object is fixed by the shortest torus 

period: Some sizes can be taken to infinity Td R4-d    

Example

T3 x R 



  

    T2 x  R2

 l1 , l2  «  l0 , l3  

     Vortices 

 

∞

   S1 x  R3

 l1 , l2 ,  l3 »   l0   

   Caloron        
constituents
 BPS monopoles 

 



  

These objects are connected to each other 

Nahm transform:

SU(N) self-dual
configuration with 
top. charge Q
on the torus T

SU(Q) self-dual
configuration with 
top. charge N
on the dual torus T’

Domain wall 

BPS monopole

Basic building blocks map onto each other for the same N

 ZN  Vortex 

 ZN  Vortex 

ADHM is a limiting case of Nahm transform



  

ConfinementConfinement
● Idea introduced to explain why, no matter how much energy 

we supply, we cannot liberate a quark from inside a hadron. 
● It was soon seen to be a very natural phase of a gauge 

theory.
● We need flux-tubes with energy growing linearly with length.
● That would happen to monopoles inside a superconductor
● This Dual-supercoductor picture (chromoelectic ↔ magnetic) 

is a very nice description of the phenomenon
● However, to date we lack a microscopic theory of how this 

takes place in QCD, but a lot of evidence that it does



  

● Ken Wilson told us how to discretize gauge theories and gave 
us an operative criterion for confinement: The area law

Time T 

D
istance L 

● A 2d discrete gauge theory of gauge group ZN confines at T=0

The reason is that it takes a finite amount of energy to create a vortex.

The calculation is identical  to the one we did for Ising in 1d

● For 3d the theory does not confine at T=0 for the same reason as in non-gauge 
theories in 2d: Vortices become strings and they must be arbitrarily long to confine 
and this costs too much energy.

● Gauge theories in 3D with monopoles also confine at T=0 because it takes a finite 
energy to create  a pair of monopoles and the flux tube joining them



  

What about 4D?What about 4D?
● Monopoles are ineffective because they become strings and 

etc. Instantons do not carry flux and don’t survive the large N 
limit. 

● We need something pointlike, something carrying flux, 
something genuinely non-abelian: Fractional instantons

But,  Do they confine?

Effective string tension  σ for 
configurations made of 
fractional instantons in 
various densities



  

A nice exercise: the torus as a probeA nice exercise: the torus as a probe
Time T 

P(t) creates or destroys a trapped string of 
chromoelectric flux around the torus  

 SU(2) example
Ground state  P(t)=±1 
 (Remember the domain wall) 

         When l is small 

E(l) probability to create a 
Fractional instanton 
Per unit time 



  

RG

Semiclassical prediction

Can be followed by 
counting instantons 
up to  l< 0.7 fm  



  

Behaviour for large sizes:   Confinement  E(l)=Σ l   

The infinite volume limit is approached 
Smoothly without phase transitions
or sharp cross-overs

The semiclassical data is actually
bringing us there

Rotational invariance is recovered

Similar to adiabatic continuity



  

Summary and ConclusionsSummary and Conclusions

● In QFT or Stat. Mech. on Rn  boundary conditions don’t 
matter much beyond the correlation length of the system

● Boundary conditions and topology are a fantastic tool to 
identify local structures that can play a crutial role in the 
dynamics

● What really matters is free energy of these strcutures 
which includes quantum and or thermal fluctuations 
around them



  

Summary and ConclusionsSummary and Conclusions
● In 4D Yang-Mills there are classical solutions (self-dual) made of lumps carrying fractional 

topological charge. They exist irrespective of topology. 
● Their action scales like 1/N surviving the large N limit. 
● A collection  of M  of these objects has the #dof of a 4D gas: 4M. These objects can fuse 

into ordinary instantons, but this is suppressed by entropic arguments, 
●  Computing the Wilson loop around these instantons we verify that they carry Z_N 

chromoelectro-magnetic  flux. 
● Computing the expectation value of large Wilson loops on an ensemble of these objects 

we verify that it gives an area  law with a string tension determined by density:  K  
(Topological susceptibiliy and string tension are related)

● One can understand the deconfinement transition as a percolation transition.
● One fractional instanton cannot exist isolated but they can arrange themselves into 1, 2, 3 

or 4 dimensional structures:  Haussdorf dimension?
● Apart from possible underlying confinement, fractional instantons are welcome for other 

reasons: Dependence on θ,  possible connection to renormalon, behaviour of YM close to 
Tc



  

The conundrum
Our ideas are mostly semiclassical, so one of the big questions relates to 
how much these semiclassical ideas are relevant to the dynamics of a 
strongly coupled system like Yang-Mills. 

● I think that both Unsal and us have followed  a similar track using the size 
as a control parameter. Asymptotic freedom makes semiclassical method 
reliable when one or various sizes are small. Then by following the 
evolution of the system in the  absence of phase transitions we can validate 
that approach.

● Of course it would be fantastic that a formal approach such as transseries, 
thimbles and resurgence would  make the semiclassical method tractable 
for very strong coupling. 

● For the time being I dedicate myself to much humbler problems which 
seem within grasp



  

● The analytic formula of a single fractional  instanton is not known, 
except for a particular torus  proportion for which the solution has 
constant action density (like for vortices).

I am applying the same expansion in the deformation parameters in 
the self-duality equations to obtain analytic formulas for the field.

● This would allow analogous analytic calculation of zero modes in 
the fundamental and the adjoint. Nahm transform calculation, etc. 

● I am aiming at particular limits in which  corrections become small  
and closed formulas can be given (large N, caloron geometry, etc)

● Trying to construct multi-basic fractional instantons in the same 
fashion seems possible (I was able to do it for vortices) but much 
more complicated 
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