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Stochastic thermodynamics



Stochastic thermodynamics
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O Py(n) =) M(n—A,)P(n—A,) — X\,(n)P(n)]

p \ :

log )\p(n) = — i [CI)(n—l— Ap) — (I)(n) — Wp(n)] For simplicity: isothermal, autonomous
)\_p(n+ Ap) kT’
P4 N\ In general see:
Free energy of the state Nonconservative Rao, Esposito, NJP 20, 023007 (2018)
®(n) =E(n)—TS5(n) work

Reservoirs causing the transitions are at equilibrium



1st Law: de(E) = (W) + (Q) 2nd Law: 35 = d,§ — <§> _ <W>T— e _

Heat <Q> = Z Qp(n)jp(n)

7 Jo(1) = Ay (n) Pi(n)
Work W) = Z Wy(n)j,(n)
Entropy production ¥ — Ky Z(] (n)—j_,(n+A,))log Jo(m) >0
2 p,n g -’ g j—P(n+AP) ~
Shannon
System entropy S = Z Pi(n)(S(n) — kylog P (n))
Free ener = — _ Hed — eq (pilp;) sz In— >0
&Y (I) <E> TS b—9 kaD(p|p ) >0 ( Kullback-Leibler dlvergence)

Detailed balance dynamics, W,(n) = 0 , minimizes free energy



Entropy production along a stochastic trajectory ', : B neg P77 %
PII _ P
oc=kgln % Fluctuation theorem P((—Oa)) _ ¢o/kB Y= (o) = D(PL|P_)>0
%
Overview: Rao, Esposito, Entropy 20, 635 (2018) s.tatlstlcal measure )
of time-reversal breaking
<O>2 > ( (pilpi) = 3 _pi ln— > 0)
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Coarse graining underestimates entropy production D(P_>|77<_) > D(75_> |75<_>



Macroscopic limit



Macroscopic limit at equilibrium

/ Free energy of state &

Peq(x) — 6_@(;)/ka ~— 6—9(55(93)—¢min)/k7b7; (): Scale parameter
. |
Macro limit
l Phase transitions: changes in minima
Curie-Weiss Model magnetic field Magnetization
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Macroscopic dynamics

i P(n,t) = Z [Ap(n—Ap)P(n— A, t)— Ap(n)P(n,t)]

p
[ Density © = 1 /) remains finite
Scale parameter () i )\p(ﬂm)
< Transition rates scale linearly with 2: W, (a:) = lim —————=
Q) — o0 Q—o00 Q
9 (Qx
. Free energies are extensive: (/5(113) = lim M
Q—o00 Q
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Freitas, Delvenne, Esposito, Herpich, Cossetto, Falasco, Esposito,
Phys. Rev. X 11, 031064 (2021) New ]. Phys. 22, 063005 (2020)
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Rao, Esposito,
J. Chem. Phys. 149, 245101 (2018)



Macroscopic dynamics

I(x,0)
Macroscopic Fluctuations P(:B, t) = ¢~ U (@1)
I(x,tq) Macroscopic Fluctuations
0l (z,t) = > wy() [1 - eAp'awI("‘”t)] Kubo 1973
0
Steady state
ft S e IR
It P
Deterministic dynamics (minimum of I (x, 1))
Iss(a:) dyxy = u(wt) = pr(wt)Ap Fixed points 'u,(m*) =0
P
\‘/\/ Is(y) is a Lyapunov fct of the deterministic dynamics —d Iss(xy) = 0
*

Falasco, Esposito, arXiv:2307.12406



Macroscopic nonequilibrium thermodynamics

() - o

Shannon entropy: Sy, = —k Z Pi(x)log(P(x)) = kp2 Z Pi(x)I(x,t) >~ kpy QI (x4,t) =0

2" law  3/Q = d,S/Q — (QY/(TRQ) ~|6(x,) = dps(x) — §(x0)/T = ((zy) — did(x,))/T

oy 3 (p ) — () In 22—

p>0 w_p(wt)
Plaw 4 (B)/Q = (W)/Q +(Q)/ ~|dre(m:) = (@) + (1)
Wle) =0 > did(xs) <0 Detailed balanced dynamics minimize

the thermodynamic potential

Freitas, Esposito, Nat Com 13, 5084 (2022)



Drift-field decomposition
dix; = u(x;)
Deterministic drift vector field U(w) = pr(w)Ap = Uss(fﬁ) - F(m)

eAp-amIss(:n) —1
A, - Oplss(x)

Gradient-like vector field F(x) = M(x) - 0zl ()

p
Macro limit of the probability velocity —wvgs(x) = Z Apwp(x)
p

eAp'amIss(m) — Ap * aa;ISS(w> B 1
(A, - OpIs(w))?

“Mobility” matrix = ZApprp(w)
)

Orthogonal decomposition: | vy () dpIs(x) =0 dilss(xy) = —F(a4) - Oglss(xy) <0

downbhill motion in Ig(x¢) towards attractors with circulation on its level sets with vgs(x;)
_ dicy = =D (a) - 0g,8(21) + O((92,0)°)
. Pea(@) =10 X
if W,=0 = dyp(z) <0 =) Diffusion coefficient D(z) = > ZApprp(a;)
P

Gradient descend in free energy towards equilibrium fixed point
Falasco, Esposito, arXiv:2307.12406 Not complex behavior: just fixed points!



Gaussian approximation
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D@, 52 RAw()
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oI (w,1) = Y wp(@) [1 = Artal@D] & —u(a) . 0u1(2,1) — D(w) - T (x, )01 (, 1)
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1 .
if @BISS(:IZ) small (close to fixed points) dixy = ’u,(ajt) + ﬁn(t) G?,lj)si?;n
or if A, small (diffusive limit) ,
0
Jim = "(t)g(t) = 2D(m,)6(t — 1)
—00

In general thermo inconsistent

|
|
|
|

Linear noise Pt = Tt — &t

1 Thermo consistent
2 dipr = p(t)Opu(x®Y) + —=n(t .
L e = p(0)0su(a™) \@n( ) (ST for overdamped Langevin)

L Ogu(x®) = —D(x°?) - 0505:¢(Teq)

Close to equilibrium:

Onsager-Machlup

Falasco, Esposito, arXiv:2307.12406



Stationary current rate function through pMOS
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NESS fluctuations — macroscopic dissipation

Adiabatic non-adiabatic decomposition of entropy production: 3 =3, + .. > 0
>0 =0

2na = —kyd;D >0 D = ZPt )log(P;(x)/Pss(x)) TQZPt(w)ISS(w) ~ QI (xy)

NESS:| P (z) < e~ Hes(@)

Emergent 2" law

Zna/Q ad —kb dtlss(wt) >0 Za/Q ~ O'(wt) -+ kb dtfss(wt) > 0
1 1 1
v : v v
Lyapunov fct of the det. dynamics Macroscopic entropy production  Steady state fluctuations

Freitas, Esposito, Nat Com 13, 5084 (2022)

To
“Close” to equilibrium: &(0)(a:t)/kb = 5(w<0> (xy) — dtqb(wt)) ~ —dy I (x4)
W, small v Ty
, solution of the detailed balanced dynamics
Linear response theory for rate .
functions instead of probabilities !!! WP =0 t

Freitas, Falasco, Esposito, New J. Phys. 23, 093003 (2021)



Example of a CMOS bit

Freitas, Delvenne, Esposito, Phys. Rev. X 11, 031064 (2021) 2.0 =
Vaa Vaa 0.006 151 — Vaa/Vr = Io.g(2)
pMOS A T ’ Vaa/Vr =12
\ I_j: 0.005 = ' = Linear response
— £1.01
_IP: _'I_ 0.004 =
P PY 05 -----
2 U1 0003 | NL v T Xy
| = |/3| 0.0 ‘ : : ' |
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¢ v z
nMQOS -V -V 0.001 . oqe ege . o e
ad ad - Bistability as a nonequilibrium phase transition
o o n/ Vi 0.000
ve = qe/C Vi =kT/qe - Macro can be small! Q =V /v, = 10
Meso (stochastic) dynamics Macro (deterministic) dynamics
d,P(vy, v2,1) = PAly,—v. v + PBly 4v. 0 dv
I et Vi 2 A(vy, v2) = A8 (v1, v2) + A" (v1, v2). C ar = I,(v1, v2) — I, (v, v2),
E *
+PA IUJ.UE—U‘:. +PB IU].UE"‘UC. P n
B(Ulsvz):k_(UIsU2)+k+(U]aU2)- dv2
—P(A+B+A" + By, C e I,(v2, v1) — L, (v2, v1).
v, = ¢./C
ki(U] L) = (IO/Q(*) e(Vdd—Uz —Vm]f(n'/r), 2 ) , I,,(v, Ug) _ Ioefvlh/vr oVaa—v,)/(nVr) (1— ef(Vddfv)/Vr)
(Ve _ D(vy, 1) =(C/2)(vy +v;) +CV
2P (v L) = AP (v L) e (Vaa—v)/Vr (ve/2)/Vr ’ 1 2 dd
_( 1 2) +( 1 2) In(U, Ug): Ip(—U»—Ug)




- Dissipation along the macro (deterministic) dynamics can be used to bound the steady state rate function

1.5 1

1.0 -

o(x) = q(x)/T

Lslm)

0.0 -

—0.5 1

Freitas, Esposito,
Nat Com 13, 5084 (2022)

ISS(CEO) — U(wt)/kb S Iss($t>

0.5 -

Exact Iy
———— [ss(xO:2) — Z/(ka)
Iss(To=4) — X/ (Qky)

e

\~.~~\-
2.0 2.5 3.0 35 4.0
€
Iss<37t> + O-(wt>/kb > Iss(xO)
Exact I
L% == Lo(zs=1" — 20) + 3/(hks)
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Tightening the bound: A method to compute steady state rate functions

. .. . k?b ~ e 3/)( )
Physical dissipation: »>1I= J —J_o(n+A4A,))log =
1 5 2 Uplm) — Il By log 2 T

Coarse grained dissipation obtained by lumping transitions between same pairs of states

mw(xy)/ky > I[(xg) — I(z4) >0

2.0 1 Exact Iy / ;
— = Iu(29=0.2) — IT/(Qky) <10
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E 10 / 3 1.75
=
21 1.50
0.51 )
- / 1+ 1.25
0.0 -

0.0 0.5 1.0 15 2.0 25 = 0] 1.00 3
. 1 . 0.75
2
g] T fest e 0.50
— I1/(Qk
/(Qey) | - 1
— -3 -2 -1 ] 1 2 3
\%2 Vs 0.00 0
7
g Full reconstruction
0.

~1.0 0.5 0.0 0.5 1.0 Freitas, Esposito, Nat Com 13, 5084 (2022)

U1



kp =1 Transition rates between attractors Is(c)

_ () _7(M) (pk
/{/1/ Xe V[Iss (ml/) Iss (mfy)]

’u,(w*) = ( Fixed points of the det. dynamics

m*
i
o W, small mm |ocal detailed balance Falasco, Esposito, PRE 103, 042114 (2021)
0) . 0 0
—— o im o0 + o @)
lim - In —= = B(¢(@57) — ¢(=)) + o) "
VanV R, F(CROE] I WAPNCI)
& p
relaxation 1 - |y instanton
® General bound —Oy sy S Vlim v Ink, < 07:,/ Falasco, Esposito, arXiv:2307.12406
—00
li L 1 <0
—Opy o~y = llm —Ink, =0~_,
W, small ) voy = v Ny

Attractor with largest lifetime has the largest relaxation entropy production !
(smallest K,) (largest 0y~ )

%«

~ maximum entropy production principle”

Remark: If most 0, ., occurs close to «



Example of a CMOS bit
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—Vaa —Vaa

U1

Vaa/Vir = 0.2
Vaa/Vr = log(2)
Vaa/Vr =12

= Linear response

AN

h = B_USS (0)—Iss(v™)]/ve

— lim v.Ink (cﬁril)z
Ve —0

Error rate ~ (Dissipation)2




® Ingeneral x=(r,c)
I real space (diffusive scaling)

Nonequilibrium Field Theories

C Internal degrees of freedom, e.g. chemistry

If x=r (diffusive limit)

aww¢)=—v-(ﬂd+:%f@¢0

0¢
v (=95 +)

jlel -

ol =
Time-dependent DFT T
Dean JPA 29, L613 (1996) A
ulc] = % fdr J dr'c(r)U(r — r')e(r’)
x(c)oce

Sint[c] = — Jdrc(r)(ln c(r) —1)

Falasco, Esposito, arXiv:2307.12406

Er, 0)s(r', 1)) = 2x(c(r, £))d(r — r')3(t — 1)

Mobility 5¢

Xa(€) S D, (c)Ve

Da = Xoﬁ?aﬁb

Simple exclusion
Bertini et al. RMP 87, 593 (2015)

ulc] = x(c)oce(l —¢)

=0
Sint[c] = — jdr[c(r) Inc(r) + (1 —c(r)) In(1 — ¢(r))]



Conclusions

e Recovering classical “irreversible thermo” results from stochastic thermodynamics

Linear Irreversible Nonequilibrium
Thermodynamics DR X Thermodynamics
e . A
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Falasco, Esposito, Macroscopic Stochastic Thermodynamics, arXiv:2307.12406



