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Experimental realisations

K. J. Satzinger et al, Science (2021) 

D. Bluvstein et al, Nature (2022) torus

planar
C. Liu et al, Optica (2019) 

C. Song et al, Phys. Rev. Lett. (2018)

⋮

implementation on torus remains ambiguous 
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What We Do on Toric Code Model
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1. Unfold the toric code model into independent emergent qubits

2. Derive complete set of exact toric code eigenstates

3. Devise exact quantum circuits

B. Kumar, JPSJ 94, 034001 (2025)
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This Û4 is a careful extension of Û3. It is defined with
reference to the two arbitrary rows (columns) labelled by
integers n02 and n002 (n01 and n001); see Fig. 4(b). Here

Qn02!1þN2
n2¼n02þ1

denotes a product of terms in the increasing order of n2, i.e.,
n02 þ 1; n02 þ 2; . . . ; n02 ! 1 þ N2 ($ n02 ! 1) excluding n02,
whereas

Qn002þ1!N2

n2¼n002!1
is a product in the decreasing order

n002 ! 1; n002 ! 2; . . . ; n002 þ 1 ! N2 ($ n002 þ 1) excluding n002;
likewise for the other products. By applying this trans-
formation to the toric code model, we get
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Note that under Û4, every X̂ and Ẑ term in the toric code

model transforms into an individual emergent qubit, except
the last two “accumulation” terms in Eq. (14). Here Û41 and
Û42 do what Û31 and Û32 did on cylinder or sheet, but due to
periodic boundary condition on torus, their action results in
the accumulation of qubit operators along n02 and n002 lines.
These accumulations are cleared by Û43 and Û44 , but their
remnants inevitably survive as the last two terms in Eq. (14),
representing the constraints
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on torus. Interestingly, if we consider

I xn01;n02
¼ I zn001þ1
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00
2!

1
2
¼ 0, i.e., take the interactions on two

crossed plaquettes in Fig. 4(b) to be zero, then for this
“punctured” toric code model, we will not get the two
accumulation terms! This is akin to the nearest-neighbour
Ising chain under duality transformation; the toric code
model on torus is a complex quantum analog of the closed
Ising chain, and its punctured version described above is
analogous to the open Ising chain. Equation (14) reveals that

the toric code model is exactly equivalent to two independent
Ising chains, one corresponding to the X̂ and the other to the
Ẑ interactions.

In Ûy
4Ĥ4Û4, with or without this puncture, we also have

two missing qubits, one at ðn01 ! 1
2 ; n

00
2Þ on a horizontal bond

and the other at ðn001; n02 ! 1
2Þ on a vertical bond, marked in

Fig. 4(b) by two circles labelled with respective quantum
numbers χ and ζ. They give rise to fourfold degeneracy in
every conserved sector given by 2ðN1N2 ! 1Þ emergent qubit
quantum numbers fzg and fxg corresponding to Ẑ and X̂
interactions respectively. These missing qubits turn out to be
the “logical” qubits, as we will see. Below we write the exact
expression derived from this approach for all the eigenstates
of the toric code model, Ĥ4 (with or without puncture), in the
density matrix form.
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Besides the quantum numbers fzg and fxg, the "̂toric-code has
in it two other quantum numbers # ¼ )1 and $ ¼ )1 for
the two qubits that go missing in Ûy

4Ĥ4Û4. It also depends
on two arbitrary real unit vectors u ¼ ðux; uy; uzÞ and v ¼
ðvx; vy; vzÞ, the quantization axes of the missing qubits
at ðn01 ! 1
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1

2, n
00
1 , n

0
2 ! 1

2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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Ûy

4 are the
operators, as given below, of the two missing qubits in terms
of original qubits.

Âz
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1
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2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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model transforms into an individual emergent qubit, except
the last two “accumulation” terms in Eq. (14). Here Û41 and
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4Ĥ4Û4. It also depends
on two arbitrary real unit vectors u ¼ ðux; uy; uzÞ and v ¼
ðvx; vy; vzÞ, the quantization axes of the missing qubits
at ðn01 ! 1

2 ; n
00
2Þ and ðn001; n02 ! 1

2Þ respectively. In Eq. (15),
Ân01!

1
2;n

00
2
¼ Û4!̂n01!1

2;n
00
2
Ûy

4 and B̂n001 ;n
0
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¼ Û4!̂n001 ;n02!1

2
Ûy

4 are the
operators, as given below, of the two missing qubits in terms
of original qubits.

Âz
n01!

1
2;n

00
2
¼
YN1

n1¼1
!̂z
n1!1

2;n
00
2
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ð¼ Û42 !̂
x
n01!

1
2;n

00
2
Ûy
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1

2, n
00
1 , n

0
2 ! 1

2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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This Û4 is a careful extension of Û3. It is defined with
reference to the two arbitrary rows (columns) labelled by
integers n02 and n002 (n01 and n001); see Fig. 4(b). Here

Qn02!1þN2
n2¼n02þ1

denotes a product of terms in the increasing order of n2, i.e.,
n02 þ 1; n02 þ 2; . . . ; n02 ! 1 þ N2 ($ n02 ! 1) excluding n02,
whereas

Qn002þ1!N2

n2¼n002!1
is a product in the decreasing order

n002 ! 1; n002 ! 2; . . . ; n002 þ 1 ! N2 ($ n002 þ 1) excluding n002;
likewise for the other products. By applying this trans-
formation to the toric code model, we get

Ûy
4Ĥ4Û4 ¼
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Note that under Û4, every X̂ and Ẑ term in the toric code

model transforms into an individual emergent qubit, except
the last two “accumulation” terms in Eq. (14). Here Û41 and
Û42 do what Û31 and Û32 did on cylinder or sheet, but due to
periodic boundary condition on torus, their action results in
the accumulation of qubit operators along n02 and n002 lines.
These accumulations are cleared by Û43 and Û44 , but their
remnants inevitably survive as the last two terms in Eq. (14),
representing the constraints

QN1

n1¼1
QN2

n2¼1 X̂n1;n2 ¼ 1̂ ¼QN1

n1¼1
QN2

n2¼1 Ẑn1þ1
2;n2!

1
2
on torus. Interestingly, if we consider

I xn01;n02
¼ I zn001þ1

2;n
00
2!

1
2
¼ 0, i.e., take the interactions on two

crossed plaquettes in Fig. 4(b) to be zero, then for this
“punctured” toric code model, we will not get the two
accumulation terms! This is akin to the nearest-neighbour
Ising chain under duality transformation; the toric code
model on torus is a complex quantum analog of the closed
Ising chain, and its punctured version described above is
analogous to the open Ising chain. Equation (14) reveals that

the toric code model is exactly equivalent to two independent
Ising chains, one corresponding to the X̂ and the other to the
Ẑ interactions.

In Ûy
4Ĥ4Û4, with or without this puncture, we also have

two missing qubits, one at ðn01 ! 1
2 ; n

00
2Þ on a horizontal bond

and the other at ðn001; n02 ! 1
2Þ on a vertical bond, marked in

Fig. 4(b) by two circles labelled with respective quantum
numbers χ and ζ. They give rise to fourfold degeneracy in
every conserved sector given by 2ðN1N2 ! 1Þ emergent qubit
quantum numbers fzg and fxg corresponding to Ẑ and X̂
interactions respectively. These missing qubits turn out to be
the “logical” qubits, as we will see. Below we write the exact
expression derived from this approach for all the eigenstates
of the toric code model, Ĥ4 (with or without puncture), in the
density matrix form.
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Besides the quantum numbers fzg and fxg, the "̂toric-code has
in it two other quantum numbers # ¼ )1 and $ ¼ )1 for
the two qubits that go missing in Ûy

4Ĥ4Û4. It also depends
on two arbitrary real unit vectors u ¼ ðux; uy; uzÞ and v ¼
ðvx; vy; vzÞ, the quantization axes of the missing qubits
at ðn01 ! 1

2 ; n
00
2Þ and ðn001; n02 ! 1

2Þ respectively. In Eq. (15),
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¼ Û4!̂n001 ;n02!1

2
Ûy

4 are the
operators, as given below, of the two missing qubits in terms
of original qubits.
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1

2, n
00
1 , n

0
2 ! 1

2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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This Û4 is a careful extension of Û3. It is defined with
reference to the two arbitrary rows (columns) labelled by
integers n02 and n002 (n01 and n001); see Fig. 4(b). Here

Qn02!1þN2
n2¼n02þ1

denotes a product of terms in the increasing order of n2, i.e.,
n02 þ 1; n02 þ 2; . . . ; n02 ! 1 þ N2 ($ n02 ! 1) excluding n02,
whereas

Qn002þ1!N2

n2¼n002!1
is a product in the decreasing order

n002 ! 1; n002 ! 2; . . . ; n002 þ 1 ! N2 ($ n002 þ 1) excluding n002;
likewise for the other products. By applying this trans-
formation to the toric code model, we get
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Note that under Û4, every X̂ and Ẑ term in the toric code

model transforms into an individual emergent qubit, except
the last two “accumulation” terms in Eq. (14). Here Û41 and
Û42 do what Û31 and Û32 did on cylinder or sheet, but due to
periodic boundary condition on torus, their action results in
the accumulation of qubit operators along n02 and n002 lines.
These accumulations are cleared by Û43 and Û44 , but their
remnants inevitably survive as the last two terms in Eq. (14),
representing the constraints

QN1

n1¼1
QN2

n2¼1 X̂n1;n2 ¼ 1̂ ¼QN1

n1¼1
QN2

n2¼1 Ẑn1þ1
2;n2!

1
2
on torus. Interestingly, if we consider

I xn01;n02
¼ I zn001þ1

2;n
00
2!

1
2
¼ 0, i.e., take the interactions on two

crossed plaquettes in Fig. 4(b) to be zero, then for this
“punctured” toric code model, we will not get the two
accumulation terms! This is akin to the nearest-neighbour
Ising chain under duality transformation; the toric code
model on torus is a complex quantum analog of the closed
Ising chain, and its punctured version described above is
analogous to the open Ising chain. Equation (14) reveals that

the toric code model is exactly equivalent to two independent
Ising chains, one corresponding to the X̂ and the other to the
Ẑ interactions.

In Ûy
4Ĥ4Û4, with or without this puncture, we also have

two missing qubits, one at ðn01 ! 1
2 ; n

00
2Þ on a horizontal bond

and the other at ðn001; n02 ! 1
2Þ on a vertical bond, marked in

Fig. 4(b) by two circles labelled with respective quantum
numbers χ and ζ. They give rise to fourfold degeneracy in
every conserved sector given by 2ðN1N2 ! 1Þ emergent qubit
quantum numbers fzg and fxg corresponding to Ẑ and X̂
interactions respectively. These missing qubits turn out to be
the “logical” qubits, as we will see. Below we write the exact
expression derived from this approach for all the eigenstates
of the toric code model, Ĥ4 (with or without puncture), in the
density matrix form.
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Besides the quantum numbers fzg and fxg, the "̂toric-code has
in it two other quantum numbers # ¼ )1 and $ ¼ )1 for
the two qubits that go missing in Ûy

4Ĥ4Û4. It also depends
on two arbitrary real unit vectors u ¼ ðux; uy; uzÞ and v ¼
ðvx; vy; vzÞ, the quantization axes of the missing qubits
at ðn01 ! 1

2 ; n
00
2Þ and ðn001; n02 ! 1

2Þ respectively. In Eq. (15),
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4 are the
operators, as given below, of the two missing qubits in terms
of original qubits.
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1

2, n
00
1 , n

0
2 ! 1

2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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This Û4 is a careful extension of Û3. It is defined with
reference to the two arbitrary rows (columns) labelled by
integers n02 and n002 (n01 and n001); see Fig. 4(b). Here

Qn02!1þN2
n2¼n02þ1

denotes a product of terms in the increasing order of n2, i.e.,
n02 þ 1; n02 þ 2; . . . ; n02 ! 1 þ N2 ($ n02 ! 1) excluding n02,
whereas

Qn002þ1!N2

n2¼n002!1
is a product in the decreasing order

n002 ! 1; n002 ! 2; . . . ; n002 þ 1 ! N2 ($ n002 þ 1) excluding n002;
likewise for the other products. By applying this trans-
formation to the toric code model, we get
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Note that under Û4, every X̂ and Ẑ term in the toric code

model transforms into an individual emergent qubit, except
the last two “accumulation” terms in Eq. (14). Here Û41 and
Û42 do what Û31 and Û32 did on cylinder or sheet, but due to
periodic boundary condition on torus, their action results in
the accumulation of qubit operators along n02 and n002 lines.
These accumulations are cleared by Û43 and Û44 , but their
remnants inevitably survive as the last two terms in Eq. (14),
representing the constraints
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n1¼1
QN2

n2¼1 X̂n1;n2 ¼ 1̂ ¼QN1

n1¼1
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n2¼1 Ẑn1þ1
2;n2!

1
2
on torus. Interestingly, if we consider

I xn01;n02
¼ I zn001þ1

2;n
00
2!

1
2
¼ 0, i.e., take the interactions on two

crossed plaquettes in Fig. 4(b) to be zero, then for this
“punctured” toric code model, we will not get the two
accumulation terms! This is akin to the nearest-neighbour
Ising chain under duality transformation; the toric code
model on torus is a complex quantum analog of the closed
Ising chain, and its punctured version described above is
analogous to the open Ising chain. Equation (14) reveals that

the toric code model is exactly equivalent to two independent
Ising chains, one corresponding to the X̂ and the other to the
Ẑ interactions.

In Ûy
4Ĥ4Û4, with or without this puncture, we also have

two missing qubits, one at ðn01 ! 1
2 ; n

00
2Þ on a horizontal bond

and the other at ðn001; n02 ! 1
2Þ on a vertical bond, marked in

Fig. 4(b) by two circles labelled with respective quantum
numbers χ and ζ. They give rise to fourfold degeneracy in
every conserved sector given by 2ðN1N2 ! 1Þ emergent qubit
quantum numbers fzg and fxg corresponding to Ẑ and X̂
interactions respectively. These missing qubits turn out to be
the “logical” qubits, as we will see. Below we write the exact
expression derived from this approach for all the eigenstates
of the toric code model, Ĥ4 (with or without puncture), in the
density matrix form.

"̂toric-code ¼
Y
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Besides the quantum numbers fzg and fxg, the "̂toric-code has
in it two other quantum numbers # ¼ )1 and $ ¼ )1 for
the two qubits that go missing in Ûy

4Ĥ4Û4. It also depends
on two arbitrary real unit vectors u ¼ ðux; uy; uzÞ and v ¼
ðvx; vy; vzÞ, the quantization axes of the missing qubits
at ðn01 ! 1

2 ; n
00
2Þ and ðn001; n02 ! 1

2Þ respectively. In Eq. (15),
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Ûy

4 are the
operators, as given below, of the two missing qubits in terms
of original qubits.
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Ûy

43
Þ ð16aÞ

Âx
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1

2, n
00
1 , n

0
2 ! 1

2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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This Û4 is a careful extension of Û3. It is defined with
reference to the two arbitrary rows (columns) labelled by
integers n02 and n002 (n01 and n001); see Fig. 4(b). Here

Qn02!1þN2
n2¼n02þ1

denotes a product of terms in the increasing order of n2, i.e.,
n02 þ 1; n02 þ 2; . . . ; n02 ! 1 þ N2 ($ n02 ! 1) excluding n02,
whereas

Qn002þ1!N2

n2¼n002!1
is a product in the decreasing order

n002 ! 1; n002 ! 2; . . . ; n002 þ 1 ! N2 ($ n002 þ 1) excluding n002;
likewise for the other products. By applying this trans-
formation to the toric code model, we get
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ð14Þ
Note that under Û4, every X̂ and Ẑ term in the toric code

model transforms into an individual emergent qubit, except
the last two “accumulation” terms in Eq. (14). Here Û41 and
Û42 do what Û31 and Û32 did on cylinder or sheet, but due to
periodic boundary condition on torus, their action results in
the accumulation of qubit operators along n02 and n002 lines.
These accumulations are cleared by Û43 and Û44 , but their
remnants inevitably survive as the last two terms in Eq. (14),
representing the constraints

QN1

n1¼1
QN2

n2¼1 X̂n1;n2 ¼ 1̂ ¼QN1

n1¼1
QN2

n2¼1 Ẑn1þ1
2;n2!

1
2
on torus. Interestingly, if we consider

I xn01;n02
¼ I zn001þ1

2;n
00
2!

1
2
¼ 0, i.e., take the interactions on two

crossed plaquettes in Fig. 4(b) to be zero, then for this
“punctured” toric code model, we will not get the two
accumulation terms! This is akin to the nearest-neighbour
Ising chain under duality transformation; the toric code
model on torus is a complex quantum analog of the closed
Ising chain, and its punctured version described above is
analogous to the open Ising chain. Equation (14) reveals that

the toric code model is exactly equivalent to two independent
Ising chains, one corresponding to the X̂ and the other to the
Ẑ interactions.

In Ûy
4Ĥ4Û4, with or without this puncture, we also have

two missing qubits, one at ðn01 ! 1
2 ; n

00
2Þ on a horizontal bond

and the other at ðn001; n02 ! 1
2Þ on a vertical bond, marked in

Fig. 4(b) by two circles labelled with respective quantum
numbers χ and ζ. They give rise to fourfold degeneracy in
every conserved sector given by 2ðN1N2 ! 1Þ emergent qubit
quantum numbers fzg and fxg corresponding to Ẑ and X̂
interactions respectively. These missing qubits turn out to be
the “logical” qubits, as we will see. Below we write the exact
expression derived from this approach for all the eigenstates
of the toric code model, Ĥ4 (with or without puncture), in the
density matrix form.
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Besides the quantum numbers fzg and fxg, the "̂toric-code has
in it two other quantum numbers # ¼ )1 and $ ¼ )1 for
the two qubits that go missing in Ûy

4Ĥ4Û4. It also depends
on two arbitrary real unit vectors u ¼ ðux; uy; uzÞ and v ¼
ðvx; vy; vzÞ, the quantization axes of the missing qubits
at ðn01 ! 1

2 ; n
00
2Þ and ðn001; n02 ! 1

2Þ respectively. In Eq. (15),
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Ûy
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4 are the
operators, as given below, of the two missing qubits in terms
of original qubits.
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Âx
n01!

1
2;n

00
2
¼
YN2

n2¼1
!̂x
n01!

1
2;n2
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1

2, n
00
1 , n

0
2 ! 1

2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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This Û4 is a careful extension of Û3. It is defined with
reference to the two arbitrary rows (columns) labelled by
integers n02 and n002 (n01 and n001); see Fig. 4(b). Here

Qn02!1þN2
n2¼n02þ1

denotes a product of terms in the increasing order of n2, i.e.,
n02 þ 1; n02 þ 2; . . . ; n02 ! 1 þ N2 ($ n02 ! 1) excluding n02,
whereas

Qn002þ1!N2

n2¼n002!1
is a product in the decreasing order

n002 ! 1; n002 ! 2; . . . ; n002 þ 1 ! N2 ($ n002 þ 1) excluding n002;
likewise for the other products. By applying this trans-
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Note that under Û4, every X̂ and Ẑ term in the toric code

model transforms into an individual emergent qubit, except
the last two “accumulation” terms in Eq. (14). Here Û41 and
Û42 do what Û31 and Û32 did on cylinder or sheet, but due to
periodic boundary condition on torus, their action results in
the accumulation of qubit operators along n02 and n002 lines.
These accumulations are cleared by Û43 and Û44 , but their
remnants inevitably survive as the last two terms in Eq. (14),
representing the constraints
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crossed plaquettes in Fig. 4(b) to be zero, then for this
“punctured” toric code model, we will not get the two
accumulation terms! This is akin to the nearest-neighbour
Ising chain under duality transformation; the toric code
model on torus is a complex quantum analog of the closed
Ising chain, and its punctured version described above is
analogous to the open Ising chain. Equation (14) reveals that

the toric code model is exactly equivalent to two independent
Ising chains, one corresponding to the X̂ and the other to the
Ẑ interactions.

In Ûy
4Ĥ4Û4, with or without this puncture, we also have

two missing qubits, one at ðn01 ! 1
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2Þ on a horizontal bond

and the other at ðn001; n02 ! 1
2Þ on a vertical bond, marked in

Fig. 4(b) by two circles labelled with respective quantum
numbers χ and ζ. They give rise to fourfold degeneracy in
every conserved sector given by 2ðN1N2 ! 1Þ emergent qubit
quantum numbers fzg and fxg corresponding to Ẑ and X̂
interactions respectively. These missing qubits turn out to be
the “logical” qubits, as we will see. Below we write the exact
expression derived from this approach for all the eigenstates
of the toric code model, Ĥ4 (with or without puncture), in the
density matrix form.
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Besides the quantum numbers fzg and fxg, the "̂toric-code has
in it two other quantum numbers # ¼ )1 and $ ¼ )1 for
the two qubits that go missing in Ûy

4Ĥ4Û4. It also depends
on two arbitrary real unit vectors u ¼ ðux; uy; uzÞ and v ¼
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Fig. 4. (a) The toric code model, Ĥ4. (b) The transformed toric code, Û
y
4Ĥ4Û4, with Û4 defined in Eq. (13). The original qubits (filled and empty circles) of

(a) transform into independent emergent qubits (vertical ovals denoting !̂x and horizontal ovals denoting !̂ z) including two missing qubits (circles marked by χ
and ζ) of (b). Four reference lines (two light and two dark gray) at n01 ! 1

2, n
00
1 , n

0
2 ! 1

2, and n002 required for Û4 are arbitrary; they fix the positions of two
accumulation terms (crossed plaquettes) in Eq. (14) and the two missing qubits.
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very complete representation 
of the toric code eigenstates

same algebraic closed form for all eigenstates; the excited states 
do not require be described any differently from the ground state. 

two “missing” qubits, having 
quantum numbers  & , 
quantisation axes  & , and the  
“logical” qubit operators  & 
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( ̂σz
c1

̂σz
c2

… ̂σz
cp)

Q̂x
t

= CNOT(c1, t) ⋅ CNOT(c2, t) ⋅ ⋅ ⋅ CNOT(cp, t)

Unitary transformation  that turns the toric code model into 
emergent qubits reduce exactly into CNOT quantum gates.

c1
c2

cp

 control 
qubits

p

ttarget  qubit
CNOT(c1, t) CNOT(c2, t) CNOT(cp, t)

…
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unitary transformation for 
the toric code model
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ζ

unitary transformation for 
the toric code model
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the toric code model
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Û43
=

N1

∏
n1=2 [ ̂σx

n1+ 1
2 ,1 ∏

n2≠1

̂σx
n1,n2− 1

2 ]
Q̂z

n1− 1
2 ,1
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circuit on torus
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circuit on torus

- CNOT gates required  

- Circuit-depth  for the input state with 

all qubits in  state, or   for 

input states with a few qubits in  state.  

In general, circuit-depth  on torus. 

- Generates linear superposition in 
degenerate eigensubspace by applying 
rotation to the missing qubits

∼ N1N2

∼ N2

| + ⟩ ∼ N2 + N1

| − ⟩
∼ N1N2

unitary transformation for 
the toric code model



Summary

1. Toric code model rigorously transformed into independent qubits.

2. Complete set of eigenstates constructed exactly.

3. Exact quantum circuits devised for generating any toric code eigenstate.
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2. Complete set of eigenstates constructed exactly.


