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Ising Model

Ising Model

Ising Model [Lenz 1920]

A model for ferromagnet, to understand the
phase transition.

G = (V ,E) a finite graph

σ ∈ {	,⊕}V

H(σ) = −
∑

x∼y σxσy

Ising model is the probability measure of inverse temperature β > 0 :

µβ,G[σ] ∝ exp(−βH(σ))

β > βc : ordered

β ≈ βc : critical

β < βc : chaotic

Hao Wu Tsinghua University, China (THU) CrossingProba 2023. 4. 25 4 / 14



Ising Model

Ising Model

Ising Model [Lenz 1920]

A model for ferromagnet, to understand the
phase transition.

G = (V ,E) a finite graph

σ ∈ {	,⊕}V

H(σ) = −
∑

x∼y σxσy

Ising model is the probability measure of inverse temperature β > 0 :

µβ,G[σ] ∝ exp(−βH(σ))

β > βc : ordered

β ≈ βc : critical

β < βc : chaotic

Hao Wu Tsinghua University, China (THU) CrossingProba 2023. 4. 25 4 / 14



Ising Model

Ising Model

β > βc : ordered

β ≈ βc : critical

β < βc : chaotic

Question

Critical phase?

Answer

Conformally invariant.

Correlation function

µ[σz1 · · ·σzn ]→ φ(z1, . . . , zn).

Schramm Loewner Evolution (SLE)

The law of interfaces is conformally invariant.
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Ising Model

Conformal Invariance of Interfaces
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a b

Theorem [Chelkak-Smirnov et al. Invent. ’12]

The interface in critical Ising model on Z2 with Dobrushin boundary
conditions converges weakly to SLE3.
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Ising Model

Crossing Probabilities for Ising Model

Theorem [Peltola-W. AAP23+]

The connection of Ising interfaces forms a planar link pattern Aδ .

lim
δ→0

P[Aδ = α] =
Zα(Ω; x1, . . . , x2N )

ZIsing(Ω; x1, . . . , x2N )
, ZIsing =

∑
α∈LPN

Zα,

where {Zα} is the pure partition functions for multiple SLE3.

Conjectured in [Bauer-Bernard-Kytölä, JSP’05].
Partially solved in [Izyurov, CMP’15].
Related to correlation functions in CFT.
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Pure Partition Functions

Pure Partition Functions

{Zα : α ∈ LP} is a collection of smooth functions satisfying PDE, COV, ASY.

PDE :
[
κ
2 ∂

2
i +

∑
j 6=i

(
2

xj−xi
∂j − 2h

(xj−xi )
2

)]
Z(x1, . . . , x2N ) = 0, where h = (6− κ)/2κ.

COV : Z(x1, . . . , x2N ) =
∏2N

i=1 ϕ
′(xi )

h ×Z(ϕ(x1), . . . , ϕ(x2N )).

ASY : limxj ,xj+1→ξ
Zα(x1,...,x2N )

(xj+1−xj )
−2h =

{
Zα/{j,j+1}(x1, . . . , xj−1, xj+2, . . . , x2N ), if {j, j + 1} ∈ α;

0, else.

Probability

PDE : Itô’s formula

ASY : compatible

CFT

PDE : BPZ equations

ASY : fusion rules

PDE

PDE : 2N variables, 2N PDEs

ASY : boundary value?

Questions

Existence and uniqueness?
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Pure Partition Functions

Pure partition functions

Uniqueness [Flores-Kleban, CMP’15]

Fix κ ∈ (0, 8). If there exist collections of smooth functions satisfying PDE, COV and ASY, they are
(essentially) unique.

Existence

κ ∈ (0, 8) \ Q [Kytölä-Peltola, CMP’16]

κ ∈ (0, 4] [Peltola-W. CMP’19, Beffara-Peltola-W. AOP’21]

κ ∈ (0, 6] [W. CMP’20]

Coulumb gas techniques

Global multiple SLEs

Hypergeometric SLE

Theorem [W. CMP’20]

Fix κ ∈ (0, 6]. The pure partition functions are the recursive collection {Zα : α ∈ ∪NLPN} of
smooth functions Zα : X2N → R uniquely determined by the following properties :

PDE, COV, ASY as well as PLB :

0 < Zα(x1, . . . , x2N ) ≤
∏

{a,b}∈α
|xb − xa|−2h, ∀(x1, . . . , x2N ) ∈ X2N .

{Zα : α ∈ LPN} is linearly independent and forms a basis for the solution space.

Hao Wu Tsinghua University, China (THU) CrossingProba 2023. 4. 25 10 / 14
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Pure Partition Functions

Crossing Probabilities for Ising Model

Theorem [Peltola-W. AAP23+]

The connection of Ising interfaces forms a planar link pattern Aδ .

lim
δ→0

P[Aδ = α] =
Zα(Ω; x1, . . . , x2N )

ZIsing(Ω; x1, . . . , x2N )
, ZIsing =

∑
α∈LPN

Zα,

where {Zα} is the pure partition functions for multiple SLE3.
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Pure Partition Functions

Conformal Invariance in 2D Lattice Model

a

a∗

b

b∗

Loop-erased random walk (LERW) : κ = 2 [Lawler-Schramm-Werner, AOP’04]

Ising model : κ = 3 [Chelkak-Smirnov et al.’12]

Level lines of GFF : κ = 4 [Schramm-Sheffield, ACTA’09]

FK-Ising model : κ = 16/3 [Chelkak-Smirnov et al.’12]

Percolation : κ = 6 [Smirnov’01]

Uniform spanning tree (UST) : κ = 8 [Lawler-Schramm-Werner, AOP’04]
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Pure Partition Functions

Crossing Probabilities

Multiple LERWs in UST : κ = 2. [Karrila-Kytölä-Peltola, CMP’19]

Multiple Ising interfaces : κ = 3. [Peltola-W. AAP’23+]
Multiple level lines of GFF : κ = 4.

[Peltola-W. CMP’19], [Ding-Wirth-W. AIHP’22], [Liu-W. EJP’21]
Multiple FK-Ising interfaces : κ = 16/3. [Feng-Peltola-W.’22]
Multiple percolation interfaces : κ = 6. [Liu-Peltola-W.’21]
Multiple Peano curves in UST : κ = 8.

[Han-Liu-W.’20], [Liu-Peltola-W.’21], [Liu-W. Bernoulli’23]

Eveliina Peltola (Aalto University)

Jian Ding (Peking University)

Mateo Wirth (UPenn)

Yong Han (Shenzhen University)

Yu Feng (Tsinghua University)

Mingchang Liu (Tsinghua University)
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