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(Chemical) Synaptic Transmission

• A train of Action potentials (AP) —> train of released “quantal contents” :  What is its statistics?
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Motivation :-  Correct averaged distribution  of quantal content ? Why even bother?

•  In the literature, often ad-hoc Binomial distributions have been used — IEEE, New York, 2019, p 4729; J. Neurosci. 36, 4010  (2016);  
Neuron 85, 159 (2015); J. Neurosci. 21, 8362 (2001); Physiol. Rev. 97, 1403 (2017); PNAS 104, 14134 (2007), PNAS 113, E378 (2016)
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Motivation :-  Correct averaged distribution  of quantal content ? Why even bother?

(Biological) Neuroscience  interest: 

•  Parameters  pr (release probability),  k (replenishment rate),  M (maximum docking sites) 
                         characterize a neuron.   Under conditions of disease these change.  

 
        —>  These parameters may be inferred from the statistics of quantal content. 

From Stochastic process perspective — 

• Is it Binomial or not ?

•  In the literature, often ad-hoc Binomial distributions have been used — IEEE, New York, 2019, p 4729; J. Neurosci. 36, 4010  (2016);  
Neuron 85, 159 (2015); J. Neurosci. 21, 8362 (2001); Physiol. Rev. 97, 1403 (2017); PNAS 104, 14134 (2007), PNAS 113, E378 (2016)
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History dependence, and the nested nature of the distributions
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n(t) ⌘ number of docked vesicles in the presynaptic neuron

(a) Initial condition? (Memory)    (b)   Model?    Parameter estimation?   (c)  Correlations in { tsm }  

• (Bayesian inference, & left as computational protocols) — Frontiers in Computational Neuroscience 10, 116 (2016)
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Does the Steady State really exist? [Experimental data from our work]

Steady State (ss)

MNTB-LSO synapses from  juvenile mice brain:

between 0.8s -1s,  steady state may be assumed.  [100 Hz AP train.]

We need statistics of the blue curve in the boxed region. 

Red curve — Average over 20 histories each 1 sec, separated by sufficient rest period. 
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M —> Maximum number of  docking sites 

n(t)  —> Number of docked sites 
 M - n(t)  —> Number of empty  sites 
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Exact distribution of “quantal content” (b) & cumulants



Exact distribution of “quantal content” (b) & cumulants
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• Valid for any (i) ISI distribution g(ts)     • In general the distribution need NOT be Binomial ! 

• Is it useful in practice ?  Can this clumsy looking expression be simplified ?
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• Valid for any (i) ISI distribution g(ts)     • In general the distribution need NOT be Binomial ! 

• Is it useful in practice ?  Can this clumsy looking expression be simplified ?

Mean:

Coefficient of variation:

<latexit sha1_base64="2F0gRivZwU4yrrdvw7i8VKPJ2H8="></latexit>

hbi = Mpr�1,0

1� (1� pr)L1

<latexit sha1_base64="vmwn4IW8617X3Bun/JVsxRcmoFw="></latexit>
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• Moments are  useful to estimate the (ii) synaptic parameters M, pr , and k 



Special case 1:  Constant ISI “T”  — most often used by experimentalists  



Special case 1:  Constant ISI “T”  — most often used by experimentalists  
<latexit sha1_base64="Z28XmntB6VJUH+tx7fRWqy03C1U=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFaBeWRIq6EYpuXFboDdoQJpNJO3RyYeZEqKH4Km5cKOLW93Dn2zhps9DWHwY+/nMO58zvxpxJMM1vrbCyura+UdwsbW3v7O7p+wcdGSWC0DaJeCR6LpaUs5C2gQGnvVhQHLicdt3xbVbvPlAhWRS2YBJTO8DDkPmMYFCWox8NK+DI6vXAoxxwxmetqqOXzZo5k7EMVg5llKvp6F8DLyJJQEMgHEvZt8wY7BQLYITTaWmQSBpjMsZD2lcY4oBKO51dPzVOleMZfiTUC8GYub8nUhxIOQlc1RlgGMnFWmb+V+sn4F/ZKQvjBGhI5ov8hBsQGVkUhscEJcAnCjARTN1qkBEWmIAKrKRCsBa/vAyd85p1Uavf18uNmzyOIjpGJ6iCLHSJGugONVEbEfSIntEretOetBftXfuYtxa0fOYQ/ZH2+QPchZQ1</latexit>

g(ts) = �(ts � T )

<latexit sha1_base64="CtX/eSyufzvsH31Nptj5WIhaNpY=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4McxIUC9C0IsHDxGyQTZ6OpWkSU/P0N2jhCH/4cWDIl79F2/+jZ3loIkPCh7vVVFVz48E18Z1v53Uyura+kZ6M7O1vbO7l90/qOowVgwrLBShqvtUo+ASK4YbgfVIIQ18gTV/eDvxa4+oNA9l2YwibAW0L3mPM2qs1L7vSHJNsJ2cyWF53Mnm3Lw7BVkm3pzkYI5SJ/vV7IYsDlAaJqjWDc+NTCuhynAmcJxpxhojyoa0jw1LJQ1Qt5Lp1WNyYpUu6YXKljRkqv6eSGig9SjwbWdAzUAvehPxP68Rm95VK+Eyig1KNlvUiwUxIZlEQLpcITNiZAllittbCRtQRZmxQWVsCN7iy8ukep73LvKFh0KueDOPIw1HcAyn4MElFOEOSlABBgqe4RXenCfnxXl3PmatKWc+cwh/4Hz+AEMfkbo=</latexit>

Ln = e�nkT
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We prove an identity by induction:

<latexit sha1_base64="MgfSB8CjeJD4lZLpY04mFmpA17I="></latexit>
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◆
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• Surprise:  A Binomial indeed, but with 
<latexit sha1_base64="uryy1X0dSFkvKVFxhDtSjlgCaHM=">AAACGXicbZBNS8MwHMbT+TbnW9Wjl+AYbIeNVoZ6EYZePE7YG2y1pFm6haVpSVJhlH4NL34VLx4U8agnv43Z1oNu/iHw8HvyJ3keL2JUKsv6NnJr6xubW/ntws7u3v6BeXjUkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43uZn53QciJA15S00j4gRoxKlPMVIauaYVuYnwUngFB75AOCnbVXKfVCettBK5Ik3sqiZaVTKaumbRqlnzgavCzkQRZNN0zc/BMMRxQLjCDEnZt61IOQkSimJG0sIgliRCeIJGpK8lRwGRTjJPlsKSJkPoh0IfruCc/t5IUCDlNNABSgFSY7nszeB/Xj9W/qWTUB7FinC8eMiPGVQhnNUEh1QQrNhUC4QF1X+FeIx0Q0qXWdAl2MuRV0XnrGaf1+p39WLjOqsjD07AKSgDG1yABrgFTdAGGDyCZ/AK3own48V4Nz4WV3NGtnMM/ozx9QMY2p8g</latexit>

prb =
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1� (1� pr)e�kT



Special case 1:  Constant ISI “T”  — most often used by experimentalists  
<latexit sha1_base64="Z28XmntB6VJUH+tx7fRWqy03C1U=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFaBeWRIq6EYpuXFboDdoQJpNJO3RyYeZEqKH4Km5cKOLW93Dn2zhps9DWHwY+/nMO58zvxpxJMM1vrbCyura+UdwsbW3v7O7p+wcdGSWC0DaJeCR6LpaUs5C2gQGnvVhQHLicdt3xbVbvPlAhWRS2YBJTO8DDkPmMYFCWox8NK+DI6vXAoxxwxmetqqOXzZo5k7EMVg5llKvp6F8DLyJJQEMgHEvZt8wY7BQLYITTaWmQSBpjMsZD2lcY4oBKO51dPzVOleMZfiTUC8GYub8nUhxIOQlc1RlgGMnFWmb+V+sn4F/ZKQvjBGhI5ov8hBsQGVkUhscEJcAnCjARTN1qkBEWmIAKrKRCsBa/vAyd85p1Uavf18uNmzyOIjpGJ6iCLHSJGugONVEbEfSIntEretOetBftXfuYtxa0fOYQ/ZH2+QPchZQ1</latexit>

g(ts) = �(ts � T )

<latexit sha1_base64="CtX/eSyufzvsH31Nptj5WIhaNpY=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4McxIUC9C0IsHDxGyQTZ6OpWkSU/P0N2jhCH/4cWDIl79F2/+jZ3loIkPCh7vVVFVz48E18Z1v53Uyura+kZ6M7O1vbO7l90/qOowVgwrLBShqvtUo+ASK4YbgfVIIQ18gTV/eDvxa4+oNA9l2YwibAW0L3mPM2qs1L7vSHJNsJ2cyWF53Mnm3Lw7BVkm3pzkYI5SJ/vV7IYsDlAaJqjWDc+NTCuhynAmcJxpxhojyoa0jw1LJQ1Qt5Lp1WNyYpUu6YXKljRkqv6eSGig9SjwbWdAzUAvehPxP68Rm95VK+Eyig1KNlvUiwUxIZlEQLpcITNiZAllittbCRtQRZmxQWVsCN7iy8ukep73LvKFh0KueDOPIw1HcAyn4MElFOEOSlABBgqe4RXenCfnxXl3PmatKWc+cwh/4Hz+AEMfkbo=</latexit>
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We prove an identity by induction:

<latexit sha1_base64="MgfSB8CjeJD4lZLpY04mFmpA17I="></latexit>
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M�b = B(M,prb, b)

• Surprise:  A Binomial indeed, but with 
<latexit sha1_base64="uryy1X0dSFkvKVFxhDtSjlgCaHM=">AAACGXicbZBNS8MwHMbT+TbnW9Wjl+AYbIeNVoZ6EYZePE7YG2y1pFm6haVpSVJhlH4NL34VLx4U8agnv43Z1oNu/iHw8HvyJ3keL2JUKsv6NnJr6xubW/ntws7u3v6BeXjUkWEsMGnjkIWi5yFJGOWkrahipBcJggKPka43uZn53QciJA15S00j4gRoxKlPMVIauaYVuYnwUngFB75AOCnbVXKfVCettBK5Ik3sqiZaVTKaumbRqlnzgavCzkQRZNN0zc/BMMRxQLjCDEnZt61IOQkSimJG0sIgliRCeIJGpK8lRwGRTjJPlsKSJkPoh0IfruCc/t5IUCDlNNABSgFSY7nszeB/Xj9W/qWTUB7FinC8eMiPGVQhnNUEh1QQrNhUC4QF1X+FeIx0Q0qXWdAl2MuRV0XnrGaf1+p39WLjOqsjD07AKSgDG1yABrgFTdAGGDyCZ/AK3own48V4Nz4WV3NGtnMM/ozx9QMY2p8g</latexit>

prb =
(1� e�kT )pr

1� (1� pr)e�kT

• k and pr don’t appear separately but jointly in prb (Hence parameter estimation is challenging)

<latexit sha1_base64="1ggdDbaItOrXWjjzaHVCGOTXe4c=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoUEsiRV2WunFZwT6gCWEynbRDJ5MwMxFK6NqNv+LGhSJu/QJ3/o3TNAttPXDhzDn3MvceP2ZUKsv6Ngorq2vrG8XN0tb2zu6euX/QkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vpn53QciJI34vZrExA3RkNOAYqS05JnHzYrDEB8yArmXnk+hI7JXFcZeKqZV/8wzy1bNygCXiZ2TMsjR8swvZxDhJCRcYYak7NtWrNwUCUUxI9OSk0gSIzxGQ9LXlKOQSDfNTpnCU60MYBAJXVzBTP09kaJQykno684QqZFc9Gbif14/UcG1m1IeJ4pwPP8oSBhUEZzlAgdUEKzYRBOEBdW7QjxCAmGl0yvpEOzFk5dJ56JmX9bqd/Vyo5nHUQRH4ARUgA2uQAPcghZoAwwewTN4BW/Gk/FivBsf89aCkc8cgj8wPn8Abo2Zeg==</latexit>

B(hn�i, pr, b)Earlier papers often used an ad-hoc Binomial:  
<latexit sha1_base64="7Pf7XhIxKblNafjcj2q3jxuRcPY=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9BScGOZkaJuhKIbN0IFe4HOMGTSTBuayYQkI5Sheze+ihsXirj1Bdz5NqbtLLT1h8DHf3I45/yhYFRpx/m2Ciura+sbxc3S1vbO7p69f9BWSSoxaeGEJbIbIkUY5aSlqWakKyRBcchIJxxdT+udByIVTfi9Hgvix2jAaUQx0sYK7PItFEEmwwm8hB5DfMAI5MEJ9OScRSADu+LUnJngMrg5VECuZmB/ef0EpzHhGjOkVM91hPYzJDXFjExKXqqIQHiEBqRnkKOYKD+b3TKBVeP0YZRI87iGM/d3R4ZipcaxWbgaIz1Ui7Wp+V+tl+rows8oF6kmHM8HRSmDOoHTYGCfSoI1GxtAWFKzK8RDJBHWJr6SCcFdPHkZ2qc196xWv6tXGld5HEVwBMrgGLjgHDTADWiCFsDgETyDV/BmPVkv1rv1Mf9asPKeQ/BH1ucPB9eZzA==</latexit>

Mprb = hn�iprExact mean: 
<latexit sha1_base64="hXPLk7ooY0PrcE0i4CONfgPrkE8=">AAACJXicbZDNSgMxFIUz9a/Wv1GXboJFaBctMyLqwoXoxo1QwdZCpwyZ9LYNzWTGJCOUoS/jxldx48IigitfxbQdQa0HAh/n3svNPUHMmdKO82HlFhaXllfyq4W19Y3NLXt7p6GiRFKo04hHshkQBZwJqGumOTRjCSQMONwFg8tJ/e4BpGKRuNXDGNoh6QnWZZRoY/n22TWO/VQGI1xycSXjMvYE3GOPE9HjgIVfwZ6ccezL705Z9u2iU3WmwvPgZlBEmWq+PfY6EU1CEJpyolTLdWLdTonUjHIYFbxEQUzogPSgZVCQEFQ7nV45wgfG6eBuJM0TGk/dnxMpCZUahuaUg5Dovvpbm5j/1VqJ7p62UybiRIOgs0XdhGMd4UlkuMMkUM2HBgiVzPwV0z6RhGoTbMGE4P49eR4ah1X3uHp0c1Q8v8jiyKM9tI9KyEUn6BxdoRqqI4oe0TN6RWPryXqx3qz3WWvOymZ20S9Zn19+EKIt</latexit>

Mprb(1� prb) 6= hn�ipr(1� pr)Exact variance: 
<latexit sha1_base64="/c/A8em7ZZbb05w48bUyMKQxJ1M=">AAACEXicbVDLSgMxFM34rPU16tJNsAhd1DJTWnVTKLpxI1ToC9pxyKSZNjSTGZKMUIb+ght/xY0LRdy6c+ffmLaz0NYDgcM553JzjxcxKpVlfRsrq2vrG5uZrez2zu7evnlw2JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7qe+u0HIiQNeUONI+IEaMCpTzFSWnLNfANWoVW0KrIAb6sVqwAjV8ykSgGONClBeZ+c2RPXzOnYDHCZ2CnJgRR11/zq9UMcB4QrzJCUXduKlJMgoShmZJLtxZJECI/QgHQ15Sgg0klmF03gqVb60A+FflzBmfp7IkGBlOPA08kAqaFc9Kbif143Vv6lk1AexYpwPF/kxwyqEE7rgX0qCFZsrAnCguq/QjxEAmGlS8zqEuzFk5dJq1S0z4vlu3KudpXWkQHH4ATkgQ0uQA3cgDpoAgwewTN4BW/Gk/FivBsf8+iKkc4cgT8wPn8Aey+X0A==</latexit>

T = 0.05s,M = 50, pr = 0.5, k = 2s�1



Constant ISI “T” :  Comparison with experiments
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Constant ISI “T” :  Comparison with experiments
MNTB-LSO synapses from  juvenile mice brain:

between 0.8s -1s, over 20 histories (400 sample points)

<latexit sha1_base64="r3r+vVcx/4aeAR0k+gzHxXXgrFE="></latexit>

– First AP (b0) distribution: B(M,pr0, b0),
match experiment mean & variance of b0 and get M

<latexit sha1_base64="waq2BruHzJFWwP0iyWHacFdEIlo="></latexit>

– Match experimental hbi = Mprb (Analytical mean), get prb
<latexit sha1_base64="rLIGAl37XZVtNmn1xf6UzWBVGbQ="></latexit>

Kullback-Leibler divergence =
P

b Q
ss(b) ln(Qss(b)/Qex(b)) = 0.034
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MNTB-LSO synapses from  juvenile mice brain:

between 0.8s -1s, over 20 histories (400 sample points)

<latexit sha1_base64="r3r+vVcx/4aeAR0k+gzHxXXgrFE="></latexit>

– First AP (b0) distribution: B(M,pr0, b0),
match experiment mean & variance of b0 and get M

<latexit sha1_base64="waq2BruHzJFWwP0iyWHacFdEIlo="></latexit>

– Match experimental hbi = Mprb (Analytical mean), get prb
<latexit sha1_base64="rLIGAl37XZVtNmn1xf6UzWBVGbQ="></latexit>

Kullback-Leibler divergence =
P

b Q
ss(b) ln(Qss(b)/Qex(b)) = 0.034

The Journal of Physiology 595, 839 (2017) 

Published data to parameter estimation:

<latexit sha1_base64="5R1kDLlUasJlal4MFnZTTFAGJk0="></latexit>

hbi = Mprb = M
(1� e�k/f )pr

1� (1� pr)e�k/f
<latexit sha1_base64="9k7XPyhd7bJA7wK7HEnoCLfXfcU=">AAACGHicbVDLSgMxFM34rPVVdekm2Aquxpki6rLoxo1QwT6gLSWTuW1DM5mQZNQy9DPc+CtuXCjitjv/xvSx0NYDFw7n3JvcewLJmTae9+0sLa+srq1nNrKbW9s7u7m9/aqOE0WhQmMeq3pANHAmoGKY4VCXCkgUcKgF/euxX3sApVks7s1AQisiXcE6jBJjpXbutNC/LWAiQlyQbVXAj6AAK5CxMhBieJKgWATCEM4HLsa4nct7rjcBXiT+jOTRDOV2btQMY5qM36CcaN3wPWlaKVGGUQ7DbDPRIAntky40LBUkAt1KJ4cN8bFVQtyJlS1h8ET9PZGSSOtBFNjOiJienvfG4n9eIzGdy1bKhEwMCDr9qJNwbGI8TgmHTAE1fGAJoYrZXTHtEUWosVlmbQj+/MmLpFp0/XP37K6YL13N4sigQ3SETpCPLlAJ3aAyqiCKntErekcfzovz5nw6X9PWJWc2c4D+wBn9AOxTnn0=</latexit>

kM and pr were reported experimentally.
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<latexit sha1_base64="JKdRMY/sFPWvSASm1UbiXOHr6ZY="></latexit>

Fitted: M = 688, k = 0.0523 s�1

<latexit sha1_base64="jRVMOj4irYjM/Cx4VJc+AJwZF8Y="></latexit>

Fitted: M = 17, k = 2.058 s�1

<latexit sha1_base64="b0o4MSk6p2wH9Ue/x3R0X4SrVE8="></latexit>

Fitted: M = 147, k = 3.816 s�1



Special case 2:  Exponentially distributed ISIs Relevant for visual neurons: 
— Journal of Neuroscience 18, 3870 (1998)  
— Neuron 62, 426 (2009)



Special case 2:  Exponentially distributed ISIs Relevant for visual neurons: 
<latexit sha1_base64="sWQDiHlQokUVebkqZTT5AupyJ6A=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR6sIyI0XdCEU3LivYB7TjkEkzbWgmMyQZoQwFf8WNC0Xc+h3u/BvTx0JbD4ScnHMv9+YECWdKO863lVtaXlldy68XNja3tnfs3b2GilNJaJ3EPJatACvKmaB1zTSnrURSHAWcNoPBzdhvPlKpWCzu9TChXoR7goWMYG0k3z7olbSvTq5C36EP2am5zHPk20Wn7EyAFok7I0WYoebbX51uTNKICk04VqrtOon2Miw1I5yOCp1U0QSTAe7RtqECR1R52WT9ETo2SheFsTRHaDRRf3dkOFJqGAWmMsK6r+a9sfif1051eOllTCSppoJMB4UpRzpG4yxQl0lKNB8agolkZldE+lhiok1iBROCO//lRdI4K7vn5cpdpVi9nsWRh0M4ghK4cAFVuIUa1IFABs/wCm/Wk/VivVsf09KcNevZhz+wPn8A75mU2Q==</latexit>
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<latexit sha1_base64="BGr/Su4TmDocQzrf716wtCGfgao=">AAACAnicbVDLSsNAFL3xWeur6krcDBZBEEoiRd0IRTcuXFSwD2hDmEwn7dDJJMxMhBKKG3/FjQtF3PoV7vwbJ20W2nrgXg7n3MvMPX7MmdK2/W0tLC4tr6wW1orrG5tb26Wd3aaKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/OF15rceqFQsEvd6FFM3xH3BAkawNpJX2r/1BLpE3UBikgaePc7aiUDDsVcq2xV7AjRPnJyUIUfdK311exFJQio04VipjmPH2k2x1IxwOi52E0VjTIa4TzuGChxS5aaTE8boyCg9FETSlNBoov7eSHGo1Cj0zWSI9UDNepn4n9dJdHDhpkzEiaaCTB8KEo50hLI8UI9JSjQfGYKJZOaviAywSUOb1IomBGf25HnSPK04Z5XqXbVcu8rjKMABHMIxOHAONbiBOjSAwCM8wyu8WU/Wi/VufUxHF6x8Zw/+wPr8AX0Pljo=</latexit>
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• Not a Binomial !

— Journal of Neuroscience 18, 3870 (1998)  
— Neuron 62, 426 (2009)



Special case 2:  Exponentially distributed ISIs Relevant for visual neurons: 
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Exact mean: 

Exact CV2 : 
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hbi = Mkpr
k + f0pr

• k and pr appear separately in the two moments (Hence parameter estimation is possible using moments)
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f0 = 20Hz,M = 50, pr = 0.5, k = 2s�1



Another special case:  A Gamma distribution 

Exact Theory
KMC
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M = 10, pr = 0.5, k = 2, and f = 20 Hz.



 Correlated ISIs — Monte Carlo



 Correlated ISIs — Monte Carlo
<latexit sha1_base64="SrZmf2kpqStaC2D3nD2XRtED6xc="></latexit>

How correlations cause deviations from the pedicted Qss
(b)

<latexit sha1_base64="a25G6w66g6/AP/URXHrnwtIlipU="></latexit>

Model-I: tsm = (1� ✏)(ran)m + ✏tsm�1;
Model-II: ts,m = (1� ✏)(ran)m + ✏ 1

(m�1)

Pm�1
i=1 tsi

. (ran)m Poisson train



 To relate more closely to Biology — it is complicated:

 (based on years of electrophysiological and micro-structural studies)— Annu Rev Neurosci 26, 701 (2003); 
  Nat Rev Neurosci 6, 57 (2005);   Cold Spring Harb Pers Biol 4, a013680 (2012); Neuron 87, 1131 (2015).

— There are multiple pools.  Recycling, Priming before fusion — complicated.

— There is stochasticity between quantal content release and Post-synaptic current 

— Sometimes,  re-fusion happens back of released vesicles to the presynaptic neuron

[ We assumed a simple docking process 

[ These feedbacks remain a challenge ]

    [ We assumed proportionality — may try to go beyond ] 
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• For the simplest model of synaptic transmission,   on sustained stimulation by  
any random uncorrelated train of Action Potentials,    in the steady state,  

we derived the general exact distribution (and moments) of the Quantal content. 

                      Generically it seems ->  Non-Binomial.
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Looking forward to experiments on electrophysiology of synaptic transmissions …

Thank you


