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Upcoming Electron-Ion Collider (EIC)

The EIC to be built at Brookhaven National Lab, USA will collide highly 
energetic electron beam with proton/heavy ion to take  ‘snapshots’  at 
high accuracy  --tomography of the nucleon

How the quarks and gluons are distributed in space inside the nucleon 

How the spin (1/2) of the proton is made from the spin and 
orbital angular momentum of the quarks and gluons 

Will explore the correlations between spin/OAM  and 
intrinsic transverse momentum 

How do quarks and gluons bind together and for the nucleon ? What is the 
Origin of the mass of the nucleon ?  

How does a dense nuclear environment affect quarks and 
gluons and their interactions ?



Slide : Abhay Deshpande 



Nucleon structure : probed through electron-proton 
deep inelastic scattering

Virtual photon ‘sees ‘ the partons (quarks)  
inside the proton 

Proton is Lorentz contracted, like a pancake in transverse plane

Target is a collection of partons moving with fraction x of proton momentum, and collinearly with the 
proton 
In the deep inelastic limit, the electron passes target at almost zero time, sees partons frozen in transverse plane. 

Electron can interact with the partons only if the impact parameter is less than  1/Q.  Electron-parton
scattering happens at a much shorter time scale than the hadronization scale of proton remnants



Factorized form of the cross section 

Probability density of finding a parton of 
momentum fraction x inside the proton 

Differential scattering 
cross section 

Elastic electron-parton
scattering 

Incoherent sum over  all partons

Factorization of the hard part, 
that is interaction of electron 
with the parton, and the soft 
part, that is the parton
distributions in the cross 
section   

Hard part can be calculated 
perturbatively but the parton
distributions are non-perturbative.  
They are also not dependent on the 
process

Parton model : Partons are 
non-interacting 

In parton model, parton distributions show scaling : they 
are functions of x only 

Bjorken & Paschos, Phys. Rev D185, 1975, (1969). 



Parton model to QCD 

F2 varies also with Q2 : scale evolution 

Scale evolution can be calculated using  evolution 
equations 
partons, or  quarks are not free : they interact through gluons ! 

Interaction of quarks and gluons are called strong 
interaction or QCD 



Exploring partonic structure of the hadron while 
breaking/not breaking  the proton 

Exclusive process; Deeply virtual 
Compton scattering (DVCS)

Deep inelastic scattering (DIS)  and semi-
inclusive deep inelastic scattering (SIDIS)  

The proton remains intact, there is a 
momentum transfer  and a real photon is 
observed in the final state 

SIDIS probes the transverse momentum dependent 
parton distributions  (TMDs) 



Deeply virtual Compton Scattering and GPDs 
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A real photon detected in the final state in addition to the electron and 
proton remains intact, but there is a momentum transfer 

At leading order, the amplitude can be in a factorized form by the 
handbag diagram 

Upper part : perturbative ; lower part non-perturbative: parametrized in terms of GPDs
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t = (p� p0)2; Q2 = �q2 t : momentum transfer of the proton, is much less compared to Q2

<latexit sha1_base64="ytC2SYq3Zhaa8aViyUvnad3ZoMk=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRB1I1QcOOyBfuAJobJZNIOnWTizEQsoQs3/oobF4q49SPc+TdO2yy09cDA4ZxzuXNPkDIqlWV9G6WV1bX1jfJmZWt7Z3fP3D/oSJ4JTNqYMy56AZKE0YS0FVWM9FJBUBww0g1GV1O/e0+EpDy5UeOUeDEaJDSiGCkt+WYVPvjBZd66dVyuc9CBKXRxyBW8m/hmzapbM8BlYhekBgo0ffPLDTnOYpIozJCUfdtKlZcjoShmZFJxM0lShEdoQPqaJigm0stnR0zgsVZCGHGhX6LgTP09kaNYynEc6GSM1FAuelPxP6+fqejCy2mSZookeL4oyhhUHE4bgSEVBCs21gRhQfVfIR4igbDSvVV0Cfbiycuk49Tts7rdOq01nKKOMqiCI3ACbHAOGuAaNEEbYPAInsEreDOejBfj3fiYR0tGMXMI/sD4/AGybpbP</latexit>

xb =
Q2

2p · q
Skewness variable 



Generalized parton distributions (GPDs) 

These are parametrized in terms of GPDs 

Factorization of DVCS amplitude 

Off-forward matrix elements 



Properties of GPDs 

As GPDs appear in the amplitude and are expressed as off-forward matrix elements, they do not have a 
probabilistic interpretation like parton distributions 

A Fourier transform wrt momentum transfer in the transverse direction,         gives parton distribution in 
impact parameter  space, which have probabilistic interpretation (more later) 
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Forward limit of GPDs give parton distributions 
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Hq(x, 0, 0) = q(x) H̃
q(x, 0, 0) = �q(x)

Moment of GPDs give Form factors Dirac and Pauli Form factors 

Axial and pseudoscalar form factors 
M. Diehl; Phys.Rept.388:41-277,2003



Evolution of generalized parton distributions 

𝛏 is called skewness, it gives momentum transfer in the light-cone plus or longitudinal direction  

GPDs are functions of x, 𝛏 and t as well as the scale Q2. 

GPDs evolve with the scale, evolution depending on whether skewness is greater or less than x 

Antiquark  

(Dokshitzer–Gribov–Lipatov–
Altarelli–Parisi)

(Efremov-Radyushkin-Brodsky-
Lepage)



Nucleon Spin Puzzle
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Proton spin 
Quark spin Quark OAM Gluon spin 

Gluon OAM

EMC (European Muon Collaboration) at CERN in 1989 measured spin asymmetry in polarized muon-
proton scattering experiment, and found that the contribution coming from the intrinsic spin of quarks 
is very small 

Significant contribution comes from gluons as well as the orbital angular momentum of quarks and gluons 

How to measure the orbital angular momentum ? Observables ? Can one separate the gluon part 
intro intrinsic and orbital in a gauge invariant way ? 



How to measure quark contribution to the spin ? 

Polarized deep inelastic scattering experiment : electron and proton longitudinally polarized 

One can measure double 
longitudinal spin asymmetry  : 
sensitive to the intrinsic spin 
carried by quarks 

Pic : Abhay Deshpande 



Nucleon Spin Puzzle

RHIC data shows significant contribution from gluon spin. 

Several lattice calculations of quark and gluon angular 
momentum contributions 

Total quark angular momentum contribution about 54-57 %, total 
gluon angular momentum about 38-46 %, quark OAM about 13-18 %  

How to measure OAM of quarks and gluon experimentally ? Intrinsic 
transverse momentum ? 



Ji’s sum rule : GPDs 

Angular momentum of quarks 

A and B are the form factors of the energy-momentum tensor, called Gravitational  form factors 

Similarly one can define gluon GPDs and a similar sum rule gives the total angular momentum of the gluons 

So GPDs can help us to understand how proton spin is made from quarks and gluons. 
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Jaffe Manohar Sum rule 
Extensive theoretical works to connect the two 
sum rules . 



Gravitational Form Factors for the Nucleon 

We choose Drell-Yan frame

GFFs  give how matter couples to gravity 

A(Q2) and B(Q2) are related to the mass and angular momentum  of the proton



Gravitational Form Factors 

X. Ji, PRD, 1997

The GPDs Hq and Eq are related to the GFFs A and B, and to the angular momentum carried by the quarks 

Similarly, for the gluon counterpart. 

Follow from Poincare invariance 

arises due to non-conservation of EM tensor separately for quarks and gluons, and must vanish 
when summed over both 

Lorce, Moutarde, Trawinski, EPJC (2019) 

However, C(Q2) , also called the D-term,  is not related to any Poincare generator and is unconstrained  



Energy and pressure distributions 

GFF C  is related to the pressure and shear force distributions inside the nucleon 

Polyakov and Schweitzer, IJMPA (2018)

Breit frame (nucleon rest frame P=0) is a popular choice for analysis of form factors  

3D Fourier transform of the FF can be given  as 

EMT can be written as 

Energy density 

Pressure anisotropy 

Isotropic pressure 

<latexit sha1_base64="0FsHKu+lXov4IG8etbbD62yRm+Q=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWMENwkka5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8O/PbT1RplsoHM8loJPBQsoQRbJwU2seesP1K1a/5c6BVEhSkCgWa/cpXb5ASK6g0hGOtu4GfmSjHyjDC6bTcs5pmmIzxkHYdlVhQHeXzY6fo3CkDlKTKlTRorv6eyLHQeiJi1ymwGellbyb+53WtSW6inMnMGirJYlFiOTIpmn2OBkxRYvjEEUwUc7ciMsIKE+PyKbsQguWXV0mrXguuasH9ZbVRL+IowSmcwQUEcA0NuIMmhECAwTO8wpsnvRfv3ftYtK55xcwJ/IH3+QPnIY6z</latexit>

uµ
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�µ = xµ/r

Unit timelike and spacelike 4 vectors 
orthogonal to each other 
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hµ⌫ = uµu⌫ � ⌘µ⌫
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xµ = (0, r)



Pressure distributions 

Isotropic pressure and pressure anisotropy are 
related to radial and tangential pressure 

These can be expressed in terms of the GFFs 

Where 

Average squared mass radius is defined as 



Pressure distribution inside the nucleon 

Burkert, Elouadrhiri, Girod, Nature(2018) 

Pressure distribution obtained from fits to Jlab data to extract the 
GPDs, in particular the D-term 

Pressure distribution is repulsive at the center of the nucleon and 
confining in the outer region 

At the core it exceeds the pressure density of the 
most dense object that is neutron star , average  
peak pressure 1035 Pascals

This also connects a set of collider observables (GPDs) 
to the investigation of the equation of state (EoS) of 
neutron stars 

Rajan, Gorda, Liuti, Yagi (2018)



Shear Distribution Inside the Nucleon

Burkert, Elouadrhiri, Girod, 2104.02031[nucl-ex]

Shear (tangential) force inside the nucleon from DVCS 
data at JLab

Maximum shear force at 0.6 fm from the center of the 
nucleon : confinement may be dominant 

Shear forces change direction at r=0.45 fm from the 
center 



GFFs and Pressure Distribution 

Jlab result triggered a lot of interest : theoretical model calculations of the pressure distributions

Most calculations are done in  the Breit frame and are subject to relativistic corrections 

2-D distributions in the infinite momentum frame or light-front formalism  introduced in 

Because of transverse Galilean symmetry on the light-front these are  free from relativistic corrections  

Connection between 2D and 3D pressure distributions can be established through Abel transformation 

Lorce, Moutarde, Trawinski, EPJC (2019), Freese and Miller, PRD(2021) 

Polyakov and Schweitzer, IJMPA (2018)

Panteleeva and Polyakov, 2021



Problem with 3 D densities 

R. L. Jaffe, PRD 103, 016017 (2021); A Freese and G Miller, PRD 103, 094023 (2021)  

Coordinate r in the Fourier transform has to be defined wrt the location of the system

It is thus necessary to construct a localized wave packet whose center is the refrence point wrt which r is 
measured 

The more precisely one tries to localize the system, the higher the momentum components one has to 
introduce in the wave packet, making the relativistic corrections larger 

Thus this picture is not very accurate for a system having a size of the same order  as Compton 
wavelength,  for example the nucleon. The relativistic corrections become model dependent of the 
wave functions as Lorentz Boosts depend on the dynamics of the system. 

One can define 2 D light front distributions instead, where the FT are taken wrt the transverse momentum 
transfer.  Such  distributions are free from relativistic corrections, as transverse boosts are Galilean or free 
from dynamics in light-front framework. 

M. Burkardt, Int.J.Mod.Phys.A 18 (2003) 173

Lorce, Moutarde, Trawinski, EPJC 79:89  (2019) 



Light-front distributions 

Drell-Yan frame 
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�+ = 0

2D Fourier transform of the GFFs 
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Momentum transfer  is in the 
transverse direction 

2D Galilean energy density 

2D pressure distributions 

Pressure anisotropy 

Lorce, Moutarde, Trawinski, EPJC 
79:89  (2019) 



Pressure distributions 

Von Laue Condition states that isotropic pressure has to change sign 

2 D version of Von Laue condition 

Lorce, Moutarde, Trawinski, EPJC 79:89  (2019) 

Multipole model 

Burkert, Elouadrhiri, 
Girod, Nature(2018) 



Hadron Structure in three dimensions

Lorce, Pasquini, Vanderhaeghen, JHEP 1105 (11) 



Generalized parton correlation functions 

GPCFs are the most general correlation functions in the hadron-often called the ‘mother distributions’ 

Meissner, Metz, Schlegel, JHEP 08, (2009) 056 

Both GPDs an TMDs can be obtained from the GPCFs-rich in information about the internal structure of the 
hadron  

Integrating the GPCFs over the minus component of momentum, one gets the correlator that is 
parametrized in terms of GTMDs (generalized transverse momentum dependent parton
distributions)

Gauge link 

Required for color gauge invariance 



Twist Two GTMDs 

gives the direction of the gauge 
link 

All GTMDs are functions of 

After integrating over  
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k�, kT

dependence on η goes out 

In the limit of vanishing momentum transfer  𝚫 =0 one gets TMDs and integration over kT gives GPDs. 



Wigner Distributions 

A one dimensional quantum system with wave function 
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 (x)

Wigner distribution is defined as 

If we integrate over p, we get a positive definite coordinate space density  
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|  (x) |2

If we integrate over x, we  get a positive definite momentum space density  
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|  (p) |2

For arbitrary p and x Wigner distribution is not positive definite and does not have probabilistic interpretation 

Can be used to calculate average of observables 

Quantum mechanical ‘phase space’ distribution 
E.P. Wigner, Phys. Rev. 40, 749.  1932. 



Wigner distribution for quarks 
Introduce the Wigner operator 

Quark phase space position 

Phase space momentum conjugate  to η

Bilocal operator, need gauge link for gauge invariance 

Define reduced Wigner operator  Cannot be measured experimentally 

5 D Wigner operator  is defined as 

Belitsky, Ji, Yuan, PRD 69,074014 (2004) 



Wigner distribution for quarks 

Wigner distribution is the 2D Fourier transformation of the GTMD correlator introduced earlier 

GTMDs are in general complex values functions, however, their 2D FT are real valued 

Wigner distributions do not have probabilistic interpretation due to Heisenberg uncertainty principle, and 
they are not positive definite 

One can obtain three dimensional probability densities from Wigner distributions. 

Lorce and Pasquini, PRD 84, 014015 (2011)  

x  is the average fraction of the nucleon 
momentum carried by active quark 
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b?, k? Are not Fourier conjugate variables 

Average quark momentum 
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�? = kf? � ki?Conjugate to 

But do not commute, so subject to uncertainty principle 



Wigner distribution for quarks 

Integration over            effectively sets                 
and gives the TMD correlator 
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b?
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�? = 0

Integration over            sets                      and one 
gets 2 D Fourier transform of GPDs  
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z? = 0

These are the impact parameter dependent pdfs. 

Wigner operator sandwiched between 
nucleon states.

<latexit sha1_base64="641TEkfeKxPxavW4a33AQcZ7RD0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPBi8cK9gPaUDbbSbtks1l2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZeKDnTxvO+ndLG5tb2Tnm3srd/cHhUPT7p6DRTFNs05anqhUQjZwLbhhmOPamQJCHHbhjfzf3uEyrNUvFophKDhIwFixglxkrdeDiQqOSwWvPq3gLuOvELUoMCrWH1azBKaZagMJQTrfu+J02QE2UY5TirDDKNktCYjLFvqSAJ6iBfnDtzL6wycqNU2RLGXai/J3KSaD1NQtuZEDPRq95c/M/rZya6DXImZGZQ0OWiKOOuSd357+6IKaSGTy0hVDF7q0snRBFqbEIVG4K/+vI66TTq/nXdf7iqNRtFHGU4g3O4BB9uoAn30II2UIjhGV7hzZHOi/PufCxbS04xcwp/4Hz+AGqPj5M=</latexit>

k?



Wigner distribution for quarks 
Integrating over by and kx effectively sets  
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�y = zx = 0

One gets 

Wigner distribution for quark with longitudinal polarization 𝛌 in a nucleon with longitudinal polarization 𝛬 is given as 

This can be decomposed as 

Unpolarized quark in unpolarized nucleon 

Longitudinally polarized quark in unpolarized nucleon 

Unpol quark in long pol nucleon Long pol quark in long pol nucleon 

Lorce and Pasquini, PRD 84, 014015 (2011)  



Model calculations of transverse Wigner distributions 
(Wigner distributions integrated over x)

Wigner distributions in a spectator model (ADS-QCD) 

Chakrabarti, Maji, Mondal and Mukherjee, PRD 95,  074028 (2017)  



Wigner distributions and GTMDs 
In terms of GTMDs we have 

FT of GTMDs 

Connection with TMD and GPDs 

Lorce and Pasquini, PRD 84, 014015 (2011)  



Quark orbital angular momentum 
Ji’s sum rule 

So the OAM is given by 

This is called kinetic quark OAM. 

On the other hand, canonical quark OAM  can be given by  

OAM obtained using these two definitions agree in models with no gluonic degree of freedom

Correlation between quark spin and OAM is given by 

If it is greater than zero, quark spin and OAM are aligned



TRANSVERSE MOMENTUM DEPENDENT PARTON
DISTRIBUTIONS (TMDS) 

Large (30-40% ) Single transverse spin asymmetries were 
seen at FermiLab and  RHIC experiments

Such large asymmetries cannot be explained in terms of collinear 
leading twist pdfs : need TMDs, or twist three pdfs  

AN =
d�" � d�#

d�" + d�#

TMDs : functions of x and intrinsic transverse momentum : Gives a 3 D 
picture of the nucleon in momentum space  

Correlations of spin, OAM and kT : in terms of  TMDs 



TRANSVERSE MOMENTUM DEPENDENT PDFS (TMDS) 

TMDs play a role in processes where two scales are present Q2 >> qT
2

For semi-inclusive DIS  and Drell-Yan process,  TMD factorization is proven to all orders in ⍺s and leading 
twist



TRANSVERSE MOMENTUM DEPENDENT PDFS (TMDS) 

TMDs play an important role in single spin and azimuthal asymmetries 

Process dependent due to the gauge link or Wilson line in the operator 

Gauge link : resummation of initial and/or final state gluon exchanges : process dependent 

⏀ : quark correlator, parametrized in terms of TMDs  

Fragmentation function for 
final hadron 



QUARK TMDS 

There are eight quark TMDs at leading 
twist 

Only three of them survive  after 
transverse momentum  integration 

Two TMDs, Sivers function and Boer-
Mulders function are odd under time 
reversal 

TMDs contribute in different 
azimuthal angle asymmetries Quite  a lot of advances in extracting the quark TMDs 

Talk by C Pisano

Also gluon TMDS can be defined. 



Quark TMDs for the nucleon 

Lecture notes,  A. 
Bacchetta

Sivers

Boer Mulders 

Unpolarized 

Helicity 

Transversity

Worm-gear

Pretzelocity



SIMPLE EXAMPLE OF PROCESS DEPENDENCE OF TMDS : 
SIVERS EFFECT 

Diff cross section for SIDIS with transversely polarized proton can be written as 

F functions contain different TMDs : each come with a 
different azimuthal modulation 

Sivers Function 



Summary and Outlook


