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A “Solvable” model : What ?
“Particle”

Interaction

∼ O (eN)
Degrees of 
freedom/ Hilbert 
space dimension

Number of 
particles = N
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A “Solvable” model : What ?
“Particle”

Interaction

in some limit…..

∼ O (eN)
Degrees of 
freedom/ Hilbert 
space dimension

F1

F2F3

for some observables…..

Effective coupled 
(dynamical) fields Fi

∼ O (1)
Number of 
particles = N

Partition 
function

Z = Tr(e−βH) = Z(F1, F2, F3)
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A “Solvable” model : Who ?

All-to-All Models:

Particle
Interaction

In general, not solvable!

2 Solvable cases:

Sachdev-Ye-Kitaev model
Fermions/bosons

Phys. Rev. D 94, 106002
Maldacena and Stanford (2016)

Quantum  spin glassp−
Spins

J. Stat. Mech. (2021) 113101
Anous and Haehl (2021)



A “Solvable” model : Why ?

Sachdev-Ye-Kitaev Model: Majorana fermion ̂χ
Random Interaction JI

⟨JI⟩ = 0 ⟨JIJI′ 
⟩ = δI,I′ 

Ω2 = δI,I′ 

(q − 1)!
Nq−1

J2

H = ∑
I

JIΨI =
N

∑
i1,i2,…,iq

Ji1,i2,…,iq ̂χi1 ̂χi2⋯ ̂χiq
JI ≡ Ji1,i2,i3,…,iq

ΨI ≡ ̂χi1 ̂χi2 ̂χi3, …, ̂χiq

ik ∈ {1,…, N}

{ ̂χi, ̂χj} = δij



A “Solvable” model : Why ?

Sachdev-Ye-Kitaev Model: H = ∑
I

JIΨI

A Solvable Model, but what 
exactly does it mean?

N fermions

⟨Z⟩J = ⟨Tr(e−βH)⟩J = ⟨Z⟩(G, Σ)Thermal Partition function

Limit: N → ∞ fermions

G−1 = ∂τ − Σ
Σ = J2Gq−1

Green’s function

Self energy



Why Chaotic?

Short-range correlations: sk = Ek+1 − Ek, k = {1,…, N}

0 1 2 3 4

0.0

0.2

0.4

0.6

0.8

1.0

1.2

PDF of s for Gaussian and Poission

Mean Level-
spacing ratio:

r = ⟨min ( sk

sk−1
,

sk−1

sk )⟩
∼ 0.53 (GOE)
∼ 0.60 (GUE)
∼ 0.67 (GSE)
∼ 0.35 (Poission)

Chaotic  looks like a Gaussian Random Matrix⟹
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K(t) = ⟨ |Z(t) |2

|Z(0) |2 ⟩, Z(t) = Tr (eitH)

Long-range correlations: 

Spectral Form Factor

c.f. talks by:- 
Aritra, Aurelia and Adolfo



A New Model

The same SYK configuration:

H = ∑
i1,i2,…,iq

Ji1,i2,…,iq ̂χi1 ̂χi2⋯ ̂χiq

where Ji1,i2,…,iq ∼ 𝙲μ(γ, β, δ)

SYKμ=0

SYKμ=2

μ

we choose: γ = 𝒥L ( N2

2q (N
q ))

−1
μ

and β = δ = 0

Usual SYK for μ = 2
-10 -5 0 5 10

0.00

0.05

0.10

0.15
PDF for β = δ = 0 and γ = 2

Univariate Stable Distribution 
John. P. Nolan

Lévy Dist.



A New Model

The same SYK configuration:

H = ∑
i1,i2,…,iq

Ji1,i2,…,iq ̂χi1 ̂χi2⋯ ̂χiq

where Ji1,i2,…,iq ∼ 𝙲μ(γ, β, δ)

SYKμ=0

SYKμ=2

μ

we choose: γ = 𝒥L ( N2

2q (N
q ))

−1
μ

and β = δ = 0

Usual SYK for μ = 2
-10 -5 0 5 10

0.00

0.05

0.10

0.15
PDF for β = δ = 0 and γ = 2

Lévy SYK

Univariate Stable Distribution 
John. P. Nolan

Lévy Dist.



The Spectrum - Short Range

SYKμ=0

SYKμ=2

μ
r = ⟨min ( sk

sk−1
,

sk−1

sk )⟩

μc → Value of  where deviation from RMT value is observed.μ

μc(N) ∼ N−1



SYKμ=0

SYKμ=2

μ

Decrease in Thouless time as  decreasesμ

New feature (time-scale) arising 
from breaking RI (Lévy-ness)

Critical Value at which μc,2 → τTh = 1

μc,2(N) ∼ N−1.5

The Spectrum - Long Range



All this is fine, but what is really leading to chaotic transition?

∴  a few   other ∃ JI ≫ JI′ ≠I

H = ∑
I

JIΨI ≈ ∑
I∈Large

JIΨI

The Underlying Mechanism
Chaotic 

Transition!!
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All this is fine, but what is really leading to chaotic transition?

∴  a few   other ∃ JI ≫ JI′ ≠I

H = ∑
I

JIΨI ≈ ∑
I∈Large

JIΨI

Gaussian 

SYK

Lévy 

SYK

The Underlying Mechanism

Emergent symmetry

Chaotic 
Transition!!

Erdös-Rényi



Solving the model
The main issue: ⟨ |Ji1,i2,…,iq |1,2 ⟩ → ∞  Usual approach fails outright⟹

The saviour: STOCHASTIC REPRESENTATION OF STABLE DISTRIBUTION

In the SYK model: H = ∑
I

JIΨI → ∑
I

∞

∑
σ=1

Γ−1/μ
I,σ J̄I,σΨI →

∞

∑
σ=1

∑
I

Γ−1/μ
I,σ J̄I,σΨI

Univariate Stable Distribution 
John. P. Nolan
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The saviour: STOCHASTIC REPRESENTATION OF STABLE DISTRIBUTION

In the SYK model: H = ∑
I

JIΨI → ∑
I

∞

∑
σ=1

Γ−1/μ
I,σ J̄I,σΨI

Lévy SYK is an infinite series of correlated Gaussian SYK!

→
∞

∑
σ=1

∑
I

Γ−1/μ
I,σ J̄I,σΨI

G−1 = ∂τ − Σ

Σ(τ) =
μ
2q

𝒥2
L (∫

β

0
β𝒥2

LGq(τ′ )dτ′ )
μ
2 −1

G(τ)q−1

(In large  limit)−N

Univariate Stable Distribution 
John. P. Nolan



Conclusions
We construct a model that has a chaotic transition and can be solved!

Other models such as 

Sparse SYK, SYK on Graphs etc.

Not Solvable due 
to additional 
structure.

Other models such as  

Binary SYK, SUSY SYK etc.

Almost equivalent 
to Gaussian SYK 
by CLT.

SYKμ=0

SYKμ=2

μ

Chaotic

Non-chaotic



What more can we do?

1. Actually capture the transition analytically   correction to SD eqns.⟹
1
N

3. Dynamics ? Higher-point functions ? Entanglement ? Mobility edge ? Localization ? ………

Lots To Do!!!

2. Different scaling other than large  ? Double-Scaled? Triple-scaled ?−N

SE

n

μ

−0

−2
4. Dissipative Lévy SYK ?

5. Lévy SYK quantum batteries?

JHEP 01 (2024) 094
BB, Cao, Nandy and Pathak


