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Basic Notation

GG : a connected, simply-connected, simple algebraic grp/C
T : a maximal torus of GG
B : a Borel subgroup of GG containing T’
W = (s;|i€1I): Weyl group, s; : simple reflection
QVt = ZZZO%V: {a;/}iel . the simple coroots

jel
X = G/B : the (full) flag manifold
Kp(X) : T-equiv. K-theory ring of X
Ou, O" € Kp(X) for w € W:
Schubert and opposite Schubert class

with dim O,, = codim O" = ¢(w) (the length of w)
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Main Theorem (Conjectured by Buch-Mihalcea)

; = Y V,+
LetzGI,u,vGW,andd—zjeldjajEQ .
@ We have
S5 i u ..
(0%, 0 ,Ov>(£ = \(O ,(91,>,£ — \C(z,u,v,d)j
3-pt (T-equiv) 2-pt (T-equiv)  Correction Term,
K-theoretic KGW invariant we describe
Gromov-Witten (KGW) in terms of
invariant the QBG

C(i;u,v,d) == Z (—1)4P)g=itwi(ne)

peR?

w,v,d

@ If d; =0, then (0% O, O,)q = (O% ¢ O" O,)q, Where
e denotes the ordinary product in K7 (X).

2/28



In many cases, R}, ; = (), and hence C(i;u,v,d) = 0.

Let d =) .., djof € Q" be such that d; > 0.

If (zw;, 6¥) = 1, where w; is the i-th fundamental weight and
6 € AT is the highest root, then R , = () for all u,v € W.

In particular, if g is of type A or C, then R , = = (.

jeI

w,v,d T

A
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K-theoretic Gromov-Witten (KGW) invariant

w; : the i-th fundamental weight for © € I
A = P, Zw; : the integral weight lattice

& We identify the representation ring R(T") of T" with the
group algebra Z[A] = {e” | v € A}.

Kr(X) : T-equiv. K-theory ring of X
& Kr(X) is a free R(T)-module of finite rank.
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-
For d € Q¥ and classes v, € Kr(X), 1 <k <m,

m-pt (T-equiv) KGW invariant

<’71772a cee a'7m>d
(VI n) v () € Kr(pt) = R(T)

Mo m(X,d) : the Kontsevich moduli space parametrizing all
m-point, genus 0, degree d stable maps to X, which is equipped
with evaluation maps evy :mo,m(X, d) - X, 1<k <m, where
evy sends a stable map to its image of the k-th marked point in its
domain

T

XMo.m (X,d) : the pushforward

along the structure morphism Mg ,,(X,d) — {pt}

& Today | will not use this geometric definition of KGW invariants;

| will use a combinatorial description of them in our special case.
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The KGW invariant (71,72, ..., %m)a is R(T")-linear in each
argument ;.

& So we are interested in R(T")-bases of K7 (X).
B~ : the Borel subgroup containing 71" that is opposite to B
For w e W,

Xy = BwB/B C X : Schubert variety
X% := B~wB/B C X : opposite Schubert variety

O, :=[Ox,] € K7(X) : Schubert class
O := [Oxw] € Ky(X) : opposite Schubert class
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© {Ou}, .y forms an R(T)-basis of Kp(X).
@ {0"} ., formsan R(T)-basis of Kr(X).

& Fix i € I. We focus on
(0% 0" O,)g foru,v e WanddeQ",

(0", 0,)q foru,v e W andde QV.
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Quantum Bruhat Graph

: W — Z>q : the length function on W
AT : the set of positive roots of g
oV : the coroot of @ € AT

Sq € W : the reflection w.rt. a € AT

p = (1/2) ZaeA+ o
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Definition (Quantum Bruhat graph)
The quantum Bruhat graph of W, denoted by QBG(W), is
the A*-labeled directed graph s.t.
@ the set of vertices = W;
o forz,y € Wandaec At, & = yif y = xs, and
(B) L(y) =4£(x)+1, or
(Q) £(y) = (=) +1—2(p, a”).
An edge satisfying (B) (resp., (Q)) is called a Bruhat edge
(resp., quantum edge).

A
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—_— Bruhat edge --—> quantum edge

Wo = S18251 = S28189 : the longest element of W
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For a directed path

qwt(q) == > B QT
1<k<r

B .
Yk—1 —— i is
a quantum edge

Let v,w € W, and let q be a shortest directed path from v to
w in QBG(W). We set qwt(v = w) := qwt(q), which does

not depend on the choice of a shortest directed path q.
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2-point KGW invariant

Theorem [Buch-Chung-Li-Mihalcea (2020)]

Foru,v € W and d € QV'™,

1 ifd > qwt(u = v),

<Oua Ov>d = {

0 otherwise,

where for £, € QV'", wewrite £ > Cif £ — (e QY.

v

If g is of type Ao, then qwt(ws = s1) = o) + a. Hence,

(0%, 0510 = <Ow07081>a1v = (0%, Os1>a§/ =0,

(0", 081>a}/+a§/ =1.
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3-point KGW invariant

R(T)[Q] : the ring of formal power series with coefficients in
R(T) in the (Novikov) variables Q; := Q% for j € I

QEp(X) = Kp(X) ®@pery R(T)[Q] : the (small) T-equiv
quantum K-theory ring defined by Givental and Lee

We define the (R(T)[Q]-bilinear) quantum K-metric
() : QE2(X) x QKr(X) — R(T)[Q] by

(71, 712)) Z Q (711, 72 for v1,v2 € Kr(X), (A)
£eQvot

where Q¢ := [Ticr Q? for § =3 cr 6] € QYT
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The quantum product x in QK7 (X) is determined by:

(v %72, 13) = Z Q{71,725 73)¢ (B)
CEQV,Jr

for 71,792,753 € Kr(X).

The quantum product % is R(T")[Q]-bilinear, commutative,
and associative, with 1 € K7 (X) the multiplicative identity.
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Let7 eI, and u e W.
For z € W, we define aZ ,(Q) € R(T)[Q] by:

O x 0" =Y a; ,(QO. (Q)

zeW

We have

Y Q00,2 (0% x 0", 0,)
CEQV’+

2 .07, 0,)

zeW

O3 0@ T Q07,0

zeW geQVit

& We describe a?

Si,U

(Q) in terms of QBG(WV).
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Pieri type formula for O% x O"

Fix i€ I, and set J := 1\ {i}. We set

A= AT O@Zaj {a e AT | (@, a”) =0}.

jeJ

Definition

A total order <1 on AT is called a reflection order if it satisfies
the condition that for every o, 3 € A%t such that o + 5 € AT,
either of a <a+ B < B or f<a+ 5 <a holds.

3 reflection order <1 on A™ satisfying the condition
vy<1pB forallye At and B e AT\ AT;

fix such a reflection order < arbitrarily.
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For w € W, let QBG., denote the set of all directed paths q
in QBG(WV) of the following form:

q:w:Zo’B—1>zlﬁ—2>---’8—5>25::end(q), where

J/

directed path in QBG(W)

l(q) :==s5>0,
Br € AT\ AT for 1 <k <s,
ﬁ1<]BQ<]"'<]BS.
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Let a € Q. We define QBG,,, (W) to be the subgraph of
QBG(W) such that
@ the set of vertices = W;
e an edge z — y in QBG(W) is an edge in QBG,, (W)
iff a(w;, o) € Z.

& Fix N €Z.s.t.
N

<wi’ av>

€Z forallae AT\ AY. (N)

© w; is minuscule if and only if N =1 satisfies (N).

Q If g is of classical type, and w; is not minuscule, then
N = 2 satisfies (N).
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For u e W,
we define QLS to be the set of all p = (qn, ..., 92, q1)
satisfying the condition that for each 1 < k < N,

° q; € QBG_ (q,,,) Where end(qn1) := u, and
@ q is a directed path in QBG (;_1)/n)m; (W)

For p = (qn,...,ds, q1) € QLS we set

N+1 N
|
wt(p) = - > end(qu)wi € A, awt(p) == Y awt(q)
k=2 k=1

l(p) := Zé(qk), end(p) := end(qy).
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Theorem (Naito-Orr-S, Lenart-Naito-S)
For z € W, we have

a;,u(Q)

= 5,4 — (=1)R)—EW Z e~ @itwi(np) Qawt(p)
peQLS]
end(p)==z

In particular, a? ,(Q) € R(T)[Q].

Recall that
Y QUOY, 0% 0, =Y a7, (Q Y QO 0.,
CeQvt zeW ceQV+

By combining these formulas and comparing the coefficients of

Q% on both sides, we obtain ...
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<OS’L7 Oua Ol)>d
= (O",0,)q — Z (,1)Z(p)e—wz-+wt(np)<@end(p), @v>d_qwt(p)

peQLS;]
awt(p)<d

= (0", 0,) g — Z (—1)!P) gt wi(np)

peQLS]

qwt(end(p)=v)<d—qwt(p)

= (0%, 04)q — Z (—1)!P)g=mitwtlp) (2)
péQLSiU,d

where

QLSi,v,d = {p € QLS | qwt(end(p) = v) < d — qwt(p)}.

@& The rightmost-hand side of (Z) contains cancellations. By

removing cancellations, we obtain part (1) of the main theorem.
21/28



Main Theorem

Theorem (Lenart-Naito-S-Xu)
Leti €I, u,v €W, and d € QV'". We have

<CQSi7C)u7C)v>d
= (0%, Op)a — Z (_1)‘3(P)efwi+wt(np)’

peR?

w,v,d

where R}, is the subset of QLS ; consisting of all
elements p = (qu, ..., s, q1) € QLS ; which satisfy the
conditions that

laq1) =0, end(p)e€vW,, (w; d—qwt(p))=0.

A
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-
® For z € W, we define ¢, € R(T') by

O% o OV = Zcz OZ,

Si,u
zeW

recall that e denotes the ordinary product in K7(X). We
know that

cji,u = ajl,u(Q)‘QZO (X)

For p € QLS;, we see that
qwt(p) > 0 < Q™' e Q;R(T)[Q] (Y)

By using the formulas on page 20, together with (X) and (),

we deduce .....
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Theorem (Lenart-Naito-S-Xu)

Let d =) .., djof € Q¥ with d; = 0. We have

jel

(0%, 0", Oy)a = Z e, O, O0h)a = (0% 0 O, Oy)a.

zeW
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Formulas for Line Bundles

O(N) € Kp(X) for A € A : line bundle over X ass. to A

Since 0% =1 —e “O(—w;) for i € I, we obtain

Corollary of [LNSX]

Leti e I, u,v €W, and d € QV'". We have

(O(=:),0% 0= 3 (~1)®lenitm)

peR?

u,v,d
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Fix minuscule A € A. We set

At ={ae AT () ozv>:—1},
Ay i={ae AT | (A =0},
AT = {ae AT (A =1}.

& We fix a reflection order < satisfying the condition that
B=<a=<yforal e At, aecAl, ve Al.
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For w € W, we denote by M, the set of all directed paths m
in QBG(W) of the form:

::m@
m:w=To - T
Yt—1
y—>yt1—> -2y,

with s,t>0and 81 < -+ < Bs <y < -+ <.
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Theorem (recent joint work with Naito)

Assume that \ is minuscule. Let w,w € W, and d € Q7.
We have

(O(=A), 0%, Op)a = Z eend(mp)r

mESuﬂ,,d

where S, , 4 is the subset of M,, consisting of all elements
m € M,, which satisfy the conditions that

qwt(end(m) = v) < d — qwt(m),

((m,) =0, tlend(m)=v)¢ A7,
(g, qwt(end(m) = v)) < (wyg, d — qwt(m))
forall ke I'st. (\, o)) =1.
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