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Basic Notation

G : a connected, simply-connected, simple algebraic grp/C
T : a maximal torus of G

B : a Borel subgroup of G containing T

W = ⟨si | i ∈ I⟩ : Weyl group, si : simple reflection

Q∨,+ :=
∑
j∈I

Z≥0α
∨
j ,

{
α∨
i

}
i∈I : the simple coroots

X := G/B : the (full) flag manifold

KT (X) : T -equiv. K-theory ring of X

Ow, Ow ∈ KT (X) for w ∈ W :

Schubert and opposite Schubert class

with dimOw = codimOw = ℓ(w) (the length of w)
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Main Theorem (Conjectured by Buch-Mihalcea)

Let i ∈ I, u, v ∈ W , and d =
∑

j∈I djα
∨
j ∈ Q∨,+.

1 We have

⟨Osi ,Ou,Ov⟩d︸ ︷︷ ︸
3-pt (T -equiv)

K-theoretic
Gromov-Witten (KGW)

invariant

= ⟨Ou,Ov⟩d︸ ︷︷ ︸
2-pt (T -equiv)

KGW invariant

− C(i; u, v, d)︸ ︷︷ ︸
Correction Term,

we describe
in terms of
the QBG

C(i; u, v, d) :=
∑

p∈R◁
u,v,d

(−1)ℓ(p)e−ϖi+wt(ηp)

2 If di = 0, then ⟨Osi ,Ou,Ov⟩d = ⟨Osi • Ou,Ov⟩d, where
• denotes the ordinary product in KT (X).
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Remark

In many cases, R◁
u,v,d = ∅, and hence C(i; u, v, d) = 0.

Let d =
∑

j∈I djα
∨
j ∈ Q∨,+ be such that di > 0.

If ⟨ϖi, θ
∨⟩ = 1, where ϖi is the i-th fundamental weight and

θ ∈ ∆+ is the highest root, then R◁
u,v,d = ∅ for all u, v ∈ W .

In particular, if g is of type A or C, then R◁
u,v,d = ∅.
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K-theoretic Gromov-Witten (KGW) invariant

ϖi : the i-th fundamental weight for i ∈ I

Λ :=
⊕

i∈I Zϖi : the integral weight lattice

♠ We identify the representation ring R(T ) of T with the

group algebra Z[Λ] =
{
eν | ν ∈ Λ

}
.

KT (X) : T -equiv. K-theory ring of X

♣ KT (X) is a free R(T )-module of finite rank.
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For d ∈ Q∨,+ and classes γk ∈ KT (X), 1 ≤ k ≤ m,

m-pt (T -equiv) KGW invariant︷ ︸︸ ︷
⟨γ1, γ2, . . . , γm⟩d
:= χT

M0,m(X,d)
(ev∗1(γ1) · · · · · ev∗m(γm)) ∈ KT (pt) = R(T ),

M0,m(X, d) : the Kontsevich moduli space parametrizing all
m-point, genus 0, degree d stable maps to X, which is equipped
with evaluation maps evk : M0,m(X, d) → X, 1 ≤ k ≤ m, where
evk sends a stable map to its image of the k-th marked point in its
domain

χT
M0,m(X,d)

: the pushforward

along the structure morphism M0,m(X, d) → {pt}

♠ Today I will not use this geometric definition of KGW invariants;

I will use a combinatorial description of them in our special case.
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Fact

The KGW invariant ⟨γ1, γ2, . . . , γm⟩d is R(T )-linear in each
argument γj.

♣ So we are interested in R(T )-bases of KT (X).

B− : the Borel subgroup containing T that is opposite to B

For w ∈ W ,

Xw := BwB/B ⊂ X : Schubert variety

Xw := B−wB/B ⊂ X : opposite Schubert variety

Ow := [OXw ] ∈ KT (X) : Schubert class

Ow := [OXw ] ∈ KT (X) : opposite Schubert class
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Fact

1

{
Ow

}
w∈W forms an R(T )-basis of KT (X).

2

{
Ow

}
w∈W forms an R(T )-basis of KT (X).

♣ Fix i ∈ I. We focus on

⟨Osi ,Ou,Ov⟩d for u, v ∈ W and d ∈ Q∨,+,

⟨Ou,Ov⟩d for u, v ∈ W and d ∈ Q∨,+.
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Quantum Bruhat Graph

ℓ : W → Z≥0 : the length function on W

∆+ : the set of positive roots of g

α∨ : the coroot of α ∈ ∆+

sα ∈ W : the reflection w.r.t. α ∈ ∆+

ρ := (1/2)
∑

α∈∆+ α
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Definition (Quantum Bruhat graph)

The quantum Bruhat graph of W , denoted by QBG(W ), is
the ∆+-labeled directed graph s.t.

the set of vertices = W ;

for x, y ∈ W and α ∈ ∆+, x
α−→ y if y = xsα and

(B) ℓ(y) = ℓ(x) + 1, or
(Q) ℓ(y) = ℓ(x) + 1− 2⟨ρ, α∨⟩.

An edge satisfying (B) (resp., (Q)) is called a Bruhat edge
(resp., quantum edge).
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♣ QBG for type A2 (1, 3)

(1, 2, 3)

(1, 2)

(1)

(2, 3)

(1, 3, 2)

(2, 3)(1, 2)

(1, 2)(2, 3)

(2, 3)(1, 2)

Bruhat edge quantum edge

(1, 2) (2, 3)

(1, 2)(2, 3)

(1, 2) (2, 3)

(1, 3)(1, 3)

(1, 3)

w◦ = s1s2s1 = s2s1s2 : the longest element of W
10 / 28



For a directed path

q : y0
β1−−→ y1

β2−−→ · · · βr−−→ yr

in QBG(W ), we set

qwt(q) :=
∑

1≤k≤r

yk−1
βk−−−→ yk is

a quantum edge

β∨
k ∈ Q∨,+.

Let v, w ∈ W , and let q be a shortest directed path from v to

w in QBG(W ). We set qwt(v ⇒ w) := qwt(q), which does

not depend on the choice of a shortest directed path q.
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2-point KGW invariant

Theorem [Buch-Chung-Li-Mihalcea (2020)]

For u, v ∈ W and d ∈ Q∨,+,

⟨Ou,Ov⟩d =

{
1 if d ≥ qwt(u ⇒ v),

0 otherwise,

where for ξ, ζ ∈ Q∨,+, we write ξ ≥ ζ if ξ − ζ ∈ Q∨,+.

Example

If g is of type A2, then qwt(w◦ ⇒ s1) = α∨
1 + α∨

2 . Hence,

⟨Ow◦ ,Os1⟩0 = ⟨Ow◦ ,Os1⟩α∨
1
= ⟨Ow◦ ,Os1⟩α∨

2
= 0,

⟨Ow◦ ,Os1⟩α∨
1 +α∨

2
= 1.
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3-point KGW invariant

R(T )[[Q]] : the ring of formal power series with coefficients in

R(T ) in the (Novikov) variables Qj := Qα∨
j for j ∈ I

QKT (X) = KT (X)⊗R(T ) R(T )[[Q]] : the (small) T -equiv

quantum K-theory ring defined by Givental and Lee

We define the (R(T )[[Q]]-bilinear) quantum K-metric

((·, ·)) : QKT (X)×QKT (X) → R(T )[[Q]] by

((γ1, γ2)) =
∑

ξ∈Q∨,+

Qξ⟨γ1, γ2⟩ξ for γ1, γ2 ∈ KT (X), (A)

where Qξ :=
∏

j∈I Q
ξj
j for ξ =

∑
j∈I ξjα

∨
j ∈ Q∨,+.
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The quantum product ⋆ in QKT (X) is determined by:

((γ1 ⋆ γ2, γ3)) =
∑

ζ∈Q∨,+

Qζ⟨γ1, γ2, γ3⟩ζ (B)

for γ1, γ2, γ3 ∈ KT (X).

Fact

The quantum product ⋆ is R(T )[[Q]]-bilinear, commutative,
and associative, with 1 ∈ KT (X) the multiplicative identity.
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Let i ∈ I, and u ∈ W .

For z ∈ W , we define azsi,u(Q) ∈ R(T )[[Q]] by:

Osi ⋆Ou =
∑
z∈W

azsi,u(Q)O
z. (C)

We have∑
ζ∈Q∨,+

Qζ⟨Osi ,Ou,Ov⟩ζ
(B)
= ((Osi ⋆Ou, Ov))

(C)
=

∑
z∈W

azsi,u(Q)((O
z, Ov))

(A)
=

∑
z∈W

azsi,u(Q)
∑

ξ∈Q∨,+

Qξ⟨Oz,Ov⟩ξ.

♣ We describe azsi,u(Q) in terms of QBG(W ).
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Pieri type formula for Osi ⋆Ou

Fix i ∈ I, and set J := I \ {i}. We set

∆+
J := ∆+ ∩

⊕
j∈J

Zαj =
{
α ∈ ∆+ | ⟨ϖi, α

∨⟩ = 0
}
.

Definition

A total order ◁ on ∆+ is called a reflection order if it satisfies
the condition that for every α, β ∈ ∆+ such that α+ β ∈ ∆+,
either of α◁ α + β ◁ β or β ◁ α + β ◁ α holds.

∃ reflection order ◁ on ∆+ satisfying the condition

γ ◁ β for all γ ∈ ∆+
J and β ∈ ∆+ \∆+

J ;

fix such a reflection order ◁ arbitrarily.
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For w ∈ W , let QBG◁
w denote the set of all directed paths q

in QBG(W ) of the following form:

q : w = z0
β1−−→ z1

β2−−→ · · · βs−−→ zs =: end(q),︸ ︷︷ ︸
directed path in QBG(W )

where


ℓ(q) := s ≥ 0,

βk ∈ ∆+ \∆+
J for 1 ≤ k ≤ s,

β1 ◁ β2 ◁ · · ·◁ βs.
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Definition

Let a ∈ Q. We define QBGaϖi
(W ) to be the subgraph of

QBG(W ) such that

the set of vertices = W ;

an edge x
α−→ y in QBG(W ) is an edge in QBGaϖi

(W )
iff a⟨ϖi, α

∨⟩ ∈ Z.

♣ Fix N ∈ Z>0 s.t.

N

⟨ϖi, α∨⟩
∈ Z for all α ∈ ∆+ \∆+

J . (N)

Example

1 ϖi is minuscule if and only if N = 1 satisfies (N).

2 If g is of classical type, and ϖi is not minuscule, then
N = 2 satisfies (N).
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For u ∈ W ,

we define QLS◁
u to be the set of all p = (qN , . . . ,q2,q1)

satisfying the condition that for each 1 ≤ k ≤ N ,

qk ∈ QBG◁
end(qk+1)

, where end(qN+1) := u, and

qk is a directed path in QBG((k−1)/N)ϖi
(W ).

For p = (qN , . . . ,q2,q1) ∈ QLS◁
u , we set

wt(ηp) :=
1

N

N+1∑
k=2

end(qk)ϖi ∈ Λ, qwt(p) :=
N∑
k=1

qwt(qk)

ℓ(p) :=
N∑
k=1

ℓ(qk), end(p) := end(q1).
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Theorem (Naito-Orr-S, Lenart-Naito-S)

For z ∈ W , we have

azsi,u(Q)

= δz,u − (−1)ℓ(z)−ℓ(u)
∑

p∈QLS◁
u

end(p)=z

e−ϖi+wt(ηp)Qqwt(p).

In particular, azsi,u(Q) ∈ R(T )[Q].

Recall that∑
ζ∈Q∨,+

Qζ⟨Osi ,Ou,Ov⟩ζ =
∑
z∈W

azsi,u(Q)
∑

ξ∈Q∨,+

Qξ⟨Oz,Ov⟩ξ,

By combining these formulas and comparing the coefficients of

Qd on both sides, we obtain ...
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⟨Osi ,Ou,Ov⟩d
= ⟨Ou,Ov⟩d −

∑
p∈QLS◁

u
qwt(p)≤d

(−1)ℓ(p)e−ϖi+wt(ηp)⟨Oend(p),Ov⟩d−qwt(p)

= ⟨Ou,Ov⟩d −
∑

p∈QLS◁
u

qwt(end(p)⇒v)≤d−qwt(p)

(−1)ℓ(p)e−ϖi+wt(ηp)

= ⟨Ou,Ov⟩d −
∑

p∈QLS◁
u,v,d

(−1)ℓ(p)e−ϖi+wt(ηp), (Z)

where

QLS◁
u,v,d :=

{
p ∈ QLS◁

u | qwt(end(p) ⇒ v) ≤ d− qwt(p)
}
.

♠ The rightmost-hand side of (Z) contains cancellations. By

removing cancellations, we obtain part (1) of the main theorem.
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Main Theorem

Theorem (Lenart-Naito-S-Xu)

Let i ∈ I, u, v ∈ W , and d ∈ Q∨,+. We have

⟨Osi ,Ou,Ov⟩d
= ⟨Ou,Ov⟩d −

∑
p∈R◁

u,v,d

(−1)ℓ(p)e−ϖi+wt(ηp),

where R◁
u,v,d is the subset of QLS◁

u,v,d consisting of all
elements p = (qN , . . . ,q2,q1) ∈ QLS◁

u,v,d which satisfy the
conditions that

ℓ(q1) = 0, end(p) ∈ vWJ , ⟨ϖi, d− qwt(p)⟩ = 0.
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♠ For z ∈ W , we define czsi,u ∈ R(T ) by

Osi • Ou =
∑
z∈W

czsi,uO
z;

recall that • denotes the ordinary product in KT (X). We

know that

czsi,u = azsi,u(Q)|Q=0. (X)

For p ∈ QLS◁
u , we see that

qwt(p) > 0 ⇐⇒ Qqwt(p) ∈ QiR(T )[Q] (Y)

By using the formulas on page 20, together with (X) and (Y),

we deduce .....
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Theorem (Lenart-Naito-S-Xu)

Let d =
∑

j∈I djα
∨
j ∈ Q∨,+ with di = 0. We have

⟨Osi ,Ou,Ov⟩d =
∑
z∈W

czsi,u⟨O
z,Ov⟩d = ⟨Osi • Ou, Ov⟩d.

24 / 28



Formulas for Line Bundles

O(λ) ∈ KT (X) for λ ∈ Λ : line bundle over X ass. to λ

Since Osi = 1− e−ϖiO(−ϖi) for i ∈ I, we obtain

Corollary of [LNSX]

Let i ∈ I, u, v ∈ W , and d ∈ Q∨,+. We have

⟨O(−ϖi),Ou,Ov⟩d =
∑

p∈R◁
u,v,d

(−1)ℓ(p)ewt(ηp).
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Fix minuscule λ ∈ Λ. We set

∆+
−1 :=

{
α ∈ ∆+ | ⟨λ, α∨⟩ = −1

}
,

∆+
0 :=

{
α ∈ ∆+ | ⟨λ, α∨⟩ = 0

}
,

∆+
1 :=

{
α ∈ ∆+ | ⟨λ, α∨⟩ = 1

}
.

♠ We fix a reflection order ≺ satisfying the condition that

β ≺ α ≺ γ for all β ∈ ∆+
−1, α ∈ ∆+

0 , γ ∈ ∆+
1 .
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For w ∈ W , we denote by Mw the set of all directed paths m

in QBG(W ) of the form :

m :

=:mβ︷ ︸︸ ︷
w = x0

β1−−→ x1
β2−−→ · · · βs−−→ xs

= yt
γt−→ yt−1

γt−1−−−→ · · · γ1−−→ y1︸ ︷︷ ︸
=:mγ

,

with s, t ≥ 0 and β1 ≺ · · · ≺ βs ≺ γt ≺ · · · ≺ γ1.
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Theorem (recent joint work with Naito)

Assume that λ is minuscule. Let u,w ∈ W , and d ∈ Q∨,+.
We have

⟨O(−λ),Ou,Ov⟩d =
∑

m∈Su,v,d

eend(mβ)λ,

where Su,v,d is the subset of Mu consisting of all elements
m ∈ Mu which satisfy the conditions that

qwt(end(m) ⇒ v) ≤ d− qwt(m),

ℓ(mγ) = 0, ι(end(m) ⇒ v) /∈ ∆+
1 ,

⟨ϖk, qwt(end(m) ⇒ v)⟩ ≤ ⟨ϖk, d− qwt(m)⟩
for all k ∈ I s.t. ⟨λ, α∨

k ⟩ = 1.
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