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Lecture 1: From Classical and Quantum Chaos to
Thermalization in Isolated Quantum Systems 



Quantum Technology of 
Today

Huge advances in recent decades:

M. Kozuma 

C. Monroe J. Martinis 

M. Endres P. Cappellaro 

Cold atomic gases Trapped ions Superconducting qubits

Neutral atoms Nitrogen-vacancy centers in diamond

Highly coherent quantum systems with measurement capabilities

Applications: Computing, Simulation, Sensing…



Quantum Technology of 
Today

Huge advances in recent decades:

M. Kozuma 

C. Monroe J. Martinis 

M. Endres P. Cappellaro 

Cold atomic gases Trapped ions Superconducting qubits

Neutral atoms Nitrogen-vacancy centers in diamond

Generic quantum dynamics is chaotic/thermal, to hard to control in general. 

How can we control and manipulate quantum systems?



Lecture Series Overview

Quantum dynamics in the pre fault tolerant era

Lecture 1: From classical and quantum chaos to thermalization in 
isolated quantum systems

Lecture 2: Analog and digital quantum simulators from unitary 
dynamics to midcircuit measurements.

Lecture 3: Monitored quantum dynamics in random quantum circuits

Lecture 4: Adaptive quantum circuits and control induced phase 
transitions

Lecture 5: Open quantum dynamics software tutorial



Lecture Series, 
learning goals

I. Lecture 1: Classical and Quantum Chaos, from single 
particle to many-body

II. Lecture 2: Quantum platforms

III. Lecture 3: Monitored dynamics, interplay of unitary and 
projective evolution.

IV. Lecture 4: Adaptive dynamics, controlling quantum 
dynamics

V. Lecture 5: Numerical approaches to adaptive quantum 
dynamics



Lecture 1: Goals

Understanding generic quantum dynamics

Classical dynamics, chaotic vs integrable

Quantum dynamics, chaos vs integrable

Thermalization in isolated quantum systems

Models for generators of the dynamics: 
Hamiltonian, Floquet, and random quantum circuits

Breakdown of thermalization



Outline

I. Lecture series layout
II. Classical chaos
III. Quantum chaos
IV. Many-body quantum chaos and  thermalization
V. Evading thermalization



Unpredictability of 
Chaos

Classical Chaos: unpredictable deterministic evolution of 
the classical equations of motion.

Google 

Weather

Public transit

Feldman, Chaos and Fractals an Elementary Introduction, (2012)



Unpredictability of 
Chaos

Classical Chaos: unpredictable deterministic evolution of 
the classical equations of motion.

Google 

Weather

Public transit

3 gravitational bodies

Wikipedia

Feldman, Chaos and Fractals an Elementary Introduction, (2012)



Unpredictability of 
Chaos

Classical Chaos: unpredictable deterministic evolution of 
the classical equations of motion.

Google 

Wikipedia

Weather Billiards in a “stadium” geometry

Public transit



Unpredictability of 
Chaos

Classical Chaos: unpredictable deterministic evolution of 
the classical equations of motion.

Exponential sensitivity to initial conditionsQuantify chaos:
<latexit sha1_base64="DQnzBPuXqej1rOdes6aqw0fngrg=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYxQQi7ItEmELSxjGAekA1hdjKbDJl9MHNXDEtKG3/FxkIRWz/Bzr9xkmyhiQcunDnnXube40aCK7CsbyOztLyyupZdz21sbm3vmLt7DRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd4fXEb94zqXgY3MEoYh2f9APucUpAS13zMHFcDz+MTwpQsYqV9FWwiqdOjwkgXTNvlawp8CKxU5JHKWpd88vphTT2WQBUEKXathVBJyESOBVsnHNixSJCh6TP2poGxGeqk0wPGeNjrfSwF0pdAeCp+nsiIb5SI9/VnT6BgZr3JuJ/XjsG77KT8CCKgQV09pEXCwwhnqSCe1wyCmKkCaGS610xHRBJKOjscjoEe/7kRdI4K9nlUvn2PF+9SuPIogN0hArIRheoim5QDdURRY/oGb2iN+PJeDHejY9Za8ZIZ/bRHxifP9val/w=</latexit>

x0(t = 0) = x(0) + �
<latexit sha1_base64="yAVwkmvGDzvKA6bWALBz3nigXmk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw2m3bpZhN2J0Ip/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvzKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJprxtsslanuhdRwKRRvo0DJe5nmNAkl74bj27nffeTaiFQ94CTjQUKHSsSCUbSS70dcIiW+lMQbVGtu3V2A/CVeQWpQoDWofvpRyvKEK2SSGtP33AyDKdUomOSzip8bnlE2pkPet1TRhJtgurh5Rs6sEpE41bYUkoX6c2JKE2MmSWg7E4ojs+rNxf+8fo7xdTAVKsuRK7ZcFOeSYErmAZBIaM5QTiyhTAt7K2EjqilDG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDBE7zAq5M7z86b875sLTnFzDH8gvPxDQPQkQg=</latexit>

� ⌧ 1



Unpredictability of 
Chaos

Classical Chaos: unpredictable deterministic evolution of 
the classical equations of motion.

<latexit sha1_base64="73EpkEi8zQB2dooz0o1Jf8YBbtc=">AAACHHicbVC7TsMwFHXKu7wKjCwWFQIGqgQQMCJYGBiKRB9SUyrHdamF7UT2DaJK8yEs/AoLAwixMCDxNzhtBygcydbROffa954gEtyA6345uYnJqemZ2bn8/MLi0nJhZbVqwlhTVqGhCHU9IIYJrlgFOAhWjzQjMhCsFtyeZX7tjmnDQ3UFvYg1JblRvMMpASu1Cvv9/v027Ozeb9m73/cNl5hdJ+AL+0abtBJfEuhqmVz0SBSr8C5N01ah6JbcAfBf4o1IEY1QbhU+/HZIY8kUUEGMaXhuBM2EaOBUsDTvx4ZFhN6SG9awVBHJTDMZLJfiTau0cSfU9ijAA/VnR0KkMT0Z2MpsVDPuZeJ/XiOGznEz4SqKgSk6/KgTCwwhzpLCba4ZBdGzhFDN7ayYdokmFGyeeRuCN77yX1LdK3mHpcPLg+LJ6SiOWbSONtA28t AROkHnqIwqiKIH9IRe0Kvz6Dw7b877sDTnjHrW0C84n98ZNaK1</latexit>

||x(t)� x0(t)|| ⇠ et�Lyapunov

Exponential sensitivity to initial conditionsQuantify chaos:

<latexit sha1_base64="nglVIf8X5Wv/w3ktPDRygJ7Escw=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiuSiJSXUnRjQsXFewDmhAmk0k7dGYSZiaFELpy46+4caGIW7/BnX/jpM1CWw8MHM45l7n3BAklUtn2t7G0vLK6tl7ZqG5ube/smnv7HRmnAuE2imksegGUmBKO24ooinuJwJAFFHeD0U3hd8dYSBLzB5Ul2GNwwElEEFRa8s0jl+pwCP3cZVANBcvvMpikPB5PJle2b9bsuj2FtUicktRAiZZvfrlhjFKGuUIUStl37ER5ORSKIIonVTeVOIFoBAe4rymHDEsvn54xsU60ElpRLPTjypqqvydyyKTMWKCTxa5y3ivE/7x+qqJLLyc8SRXmaPZRlFJLxVbRiRUSgZGimSYQCaJ3tdAQCoiUbq6qS3DmT14knbO606g37s9rzeuyjgo4BMfgFDjgAjTBLWiBNkDgETyDV/BmPBkvxrvxMYsuGeXMAfgD4/MHKg+ZlQ==</latexit>

�Lyapunov > 0 Chaotic

<latexit sha1_base64="DQnzBPuXqej1rOdes6aqw0fngrg=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYxQQi7ItEmELSxjGAekA1hdjKbDJl9MHNXDEtKG3/FxkIRWz/Bzr9xkmyhiQcunDnnXube40aCK7CsbyOztLyyupZdz21sbm3vmLt7DRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd4fXEb94zqXgY3MEoYh2f9APucUpAS13zMHFcDz+MTwpQsYqV9FWwiqdOjwkgXTNvlawp8CKxU5JHKWpd88vphTT2WQBUEKXathVBJyESOBVsnHNixSJCh6TP2poGxGeqk0wPGeNjrfSwF0pdAeCp+nsiIb5SI9/VnT6BgZr3JuJ/XjsG77KT8CCKgQV09pEXCwwhnqSCe1wyCmKkCaGS610xHRBJKOjscjoEe/7kRdI4K9nlUvn2PF+9SuPIogN0hArIRheoim5QDdURRY/oGb2iN+PJeDHejY9Za8ZIZ/bRHxifP9val/w=</latexit>

x0(t = 0) = x(0) + �
<latexit sha1_base64="yAVwkmvGDzvKA6bWALBz3nigXmk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWw2m3bpZhN2J0Ip/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvzKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJprxtsslanuhdRwKRRvo0DJe5nmNAkl74bj27nffeTaiFQ94CTjQUKHSsSCUbSS70dcIiW+lMQbVGtu3V2A/CVeQWpQoDWofvpRyvKEK2SSGtP33AyDKdUomOSzip8bnlE2pkPet1TRhJtgurh5Rs6sEpE41bYUkoX6c2JKE2MmSWg7E4ojs+rNxf+8fo7xdTAVKsuRK7ZcFOeSYErmAZBIaM5QTiyhTAt7K2EjqilDG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDBE7zAq5M7z86b875sLTnFzDH8gvPxDQPQkQg=</latexit>

� ⌧ 1

<latexit sha1_base64="xZ4oiRG17P5EJWPDHBcoBsoDWow=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiuSiJSXbgounHhooJ9QBPCZDJph85MwsykEEJXbvwVNy4Uces3uPNvnLRZaOuBgcM55zL3niChRCrb/jaWlldW19YrG9XNre2dXXNvvyPjVCDcRjGNRS+AElPCcVsRRXEvERiygOJuMLop/O4YC0li/qCyBHsMDjiJCIJKS7555FIdDqGfuwyqoWD5XQaTlMfjyeTK9s2aXbensBaJU5IaKNHyzS83jFHKMFeIQin7jp0oL4dCEUTxpOqmEicQjeAA9zXlkGHp5dMzJtaJVkIrioV+XFlT9fdEDpmUGQt0sthVznuF+J/XT1V06eWEJ6nCHM0+ilJqqdgqOrFCIjBSNNMEIkH0rhYaQgGR0s1VdQnO/MmLpHNWdxr1xv15rXld1lEBh+AYnAIHXIAmuAUt0AYIPIJn8ArejCfjxXg3PmbRJaOcOQB/YHz+ACcFmZM=</latexit>

�Lyapunov < 0 Stable



Dynamical Systems

Continuous time

Discrete time

…

<latexit sha1_base64="2GlZ0Rz2M8MKlJWZTWZH0xBM9gY=">AAACFnicbVDLSgMxFM34rPU16tJNsAgVapmpUt0IRUFcFQWrhb7IZDI1mHmQ3JGWYb7Cjb/ixoUibsWdf2NaZ6HWAxcO59xDco8TCa7Asj6NqemZ2bn53EJ+cWl5ZdVcW79SYSwpa9BQhLLpEMUED1gDOAjWjCQjviPYtXN7MvKv75hUPAwuYRixjk/6Afc4JaClnrnb9iShiYsH3aSepokL6dFpr14cdO3SoFvRs1dquyEozeo7PbNgla0x8CSxM1JAGc575ocO09hnAVBBlGrZVgSdhEjgVLA0344Viwi9JX3W0jQgPlOdZHxWire14mIvlHoCwGP1ZyIhvlJD39GbPoEb9dcbif95rRi8w07CgygGFtDvh7xYYAjxqCPscskoiKEmhEqu/4rpDdE9gW4yr0uw/548Sa4qZbtarl7sF2rHWR05tIm2UBHZ6ADV0Bk6Rw1E0T16RM/oxXgwnoxX4+17dcrIMhvoF4z3L5J+nls=</latexit>

dxN

dt
= FN (x1, x2, x3, . . . , xN )

<latexit sha1_base64="/9Tm5VN8XEQtjNnApl312Us/Dmo=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgKWpIo1Y1QFMSVVLBa6IvJZFIHJw9mbqQl5Cvc+CtuXCjiVtz5N05rFlo9cOFwzj3M3OPGgiuwrE9jYnJqema2MFecX1hcWjZXVq9UlEjK6jQSkWy4RDHBQ1YHDoI1YslI4Ap27d6eDP3rOyYVj8JLGMSsHZBeyH1OCWipa+62fElo6uF+J3WyLPUgOzrtOlv9jr3T7zh69nZaXgRKs/PtrlmyytYI+C+xc1JCOWpd80OHaRKwEKggSjVtK4Z2SiRwKlhWbCWKxYTekh5rahqSgKl2Ojorw5ta8bAfST0h4JH6M5GSQKlB4OrNgMCNGveG4n9eMwH/sJ3yME6AhfT7IT8RGCI87Ah7XDIKYqAJoZLrv2J6Q3RPoJss6hLs8ZP/kiunbFfKlYv9UvU4r6OA1tEG2kI2OkBVdIZqqI4oukeP6Bm9GA/Gk/FqvH2vThh5Zg39gvH+BTd+niM=</latexit>

dx2

dt
= F2(x

1, x2, x3, . . . , xN )

<latexit sha1_base64="o2/1yrvoyKCFk9rDRRjrmB7X1Gg=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1ChlhkVdSMUBXElFewD2mnJZDIazDxI7kjLMF/hxl9x40IRt+LOvzFtZ6GtBy4czrmH5B4nElyBaX4bU9Mzs3PzC4u5peWV1bX8+kZdhbGkrEZDEcqmQxQTPGA14CBYM5KM+I5gDef+fOA3HphUPAxuoB8x2ye3Afc4JaClbn6v7UlCExf3OomVpokL6elF1yr2Olap19nXc1BquyEoza52u/mCWTaHwJPEykgBZah28186TGOfBUAFUaplmRHYCZHAqWBprh0rFhF6T25ZS9OA+EzZyfCsFO9oxcVeKPUEgIfq70RCfKX6vqM3fQJ3atwbiP95rRi8EzvhQRQDC+joIS8WGEI86Ai7XDIKoq8JoZLrv2J6R3RPoJvM6RKs8ZMnSX2/bB2Vj64PC5WzrI4FtIW2URFZ6BhV0CWqohqi6BE9o1f0ZjwZL8a78TFanTKyzCb6A+PzBzQ+niE=</latexit>

dx1

dt
= F1(x

1, x2, x3, . . . , xN )

<latexit sha1_base64="mJXj6BB8H+NsjL/g3FtEbanvR/U=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVDdCURCXFewD2lAmk0k7dPJg5kYsIb/gxl9x40IRt+7c+TdO2yy09cCFM+fcy9x73FhwBZb1bRSWlldW14rrpY3Nre0dc3evpaJEUtakkYhkxyWKCR6yJnAQrBNLRgJXsLY7upr47XsmFY/COxjHzAnIIOQ+pwS01DcrPV8Smno47bk+fsiy1IPsYvq4zrq5WIFjp2+Wrao1BV4kdk7KKEejb371vIgmAQuBCqJU17ZicFIigVPBslIvUSwmdEQGrKtpSAKmnHR6UYaPtOJhP5K6QsBT9fdESgKlxoGrOwMCQzXvTcT/vG4C/rmT8jBOgIV09pGfCAwRnsSDPS4ZBTHWhFDJ9a6YDomOCHSIJR2CPX/yImmdVO1atXZ7Wq5f5nEU0QE6RBVkozNURzeogZqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPHxfgnS4=</latexit>

dx

dt
= F[x(t)]N first order order differential equations

<latexit sha1_base64="r88gKGIlZAXyF5olHbem3jUjTT4=">AAACCXicbVDLSgMxFL3js9ZX1aWbYBEqQpkRqW6EohuXFewD2qFk0kwbmskMSUYsw2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49XsSZ0rb9ZS0sLi2vrObW8usbm1vbhZ3dhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94dXYb95RqVgobvUoom6A+4L5jGBtpG4BJR3PR/dpNxHHTnoxeflp6UcVR91C0S7bE6B54mSkCBlq3cJnpxeSOKBCE46Vajt2pN0ES80Ip2m+EysaYTLEfdo2VOCAKjeZXJKiQ6P0kB9KU0Kjifp7IsGBUqPAM50B1gM1643F/7x2rP1zN2EiijUVZPqRH3OkQzSOBfWYpETzkSGYSGZ2RWSAJSbahJc3ITizJ8+TxknZqZQrN6fF6mUWRw724QBK4MAZVOEaalAHAg/wBC/waj1az9ab9T5tXbCymT34A+vjG1djmXw=</latexit>

xn+1 = f(xn)



Hamiltonian Systems

Chaos in dynamical systems, Ott 

<latexit sha1_base64="TmPFplfGu4/tMxbuj+NCYa8HFOA=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCBVKSUSqy6KbLivYC7ShTKaTdujk4sxEKDELX8WNC0Xc+hrufBunbRba+sPAx3/O4Zz53YgzqSzr28itrK6tb+Q3C1vbO7t75v5BS4axILRJQh6Kjosl5SygTcUUp51IUOy7nLbd8c203n6gQrIwuFOTiDo+HgbMYwQrbfXNo3op6bkeuk/LaAZRWlZnqG8WrYo1E1oGO4MiZGr0za/eICSxTwNFOJaya1uRchIsFCOcpoVeLGmEyRgPaVdjgH0qnWR2f4pOtTNAXij0CxSaub8nEuxLOfFd3eljNZKLtan5X60bK+/KSVgQxYoGZL7IizlSIZqGgQZMUKL4RAMmgulbERlhgYnSkRV0CPbil5ehdV6xq5Xq7UWxdp3FkYdjOIES2HAJNahDA5pA4BGe4RXejCfjxXg3PuatOSObOYQ/Mj5/AJpSlJA=</latexit>

H(q,p, t)

Dynamics generated by a Hamiltonian depends on position, 
momentum, and time

Equations of motion

<latexit sha1_base64="AW832zOBUdva4MkpWuJYys8rgoU=">AAACBHicbVC7SgNBFL3rM8bXqmWawSBECGE3SLQRgjZWEsE8IAnL7GQ2GTL7yMysEJYUNv6KjYUitn6EnX/jJNlCEw8MHM65hzv3uBFnUlnWt7Gyura+sZnZym7v7O7tmweHDRnGgtA6CXkoWi6WlLOA1hVTnLYiQbHvctp0h9dTv/lAhWRhcK/GEe36uB8wjxGstOSYuaTjemg0uSyMHLs4csrFTi9UUrPbU8fMWyVrBrRM7JTkIUXNMb90mMQ+DRThWMq2bUWqm2ChGOF0ku3EkkaYDHGftjUNsE9lN5kdMUEnWukhLxT6BQrN1N+JBPtSjn1XT/pYDeSiNxX/89qx8i66CQuiWNGAzBd5MUcqRNNGUI8JShQfa4KJYPqviAywwETp3rK6BHvx5GXSKJfsSqlyd5avXqV1ZCAHx1AAG86hCjdQgzoQeIRneIU348l4Md6Nj/noipFmjuAPjM8fe9KWug==</latexit>

q = (q1, q2, . . . , qN )
<latexit sha1_base64="swoPVAgR5m6qRXAgEM4ZVVLIDjE=">AAACBHicbVDLSgMxFM34rPU16rKbYBEqlDJTpLoRim5cSQX7gHYYMmmmDc1kQpIRytCFG3/FjQtF3PoR7vwb03YW2nogcDjnHm7uCQSjSjvOt7Wyura+sZnbym/v7O7t2weHLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD0fXUbz8QqWjM7/VYEC9CA05DipE2km8X0l4QQjG5LAnfLQu/Wu71Y60Muz317aJTcWaAy8TNSBFkaPj2lwnjJCJcY4aU6rqO0F6KpKaYkUm+lygiEB6hAekaylFElJfOjpjAE6P0YRhL87iGM/V3IkWRUuMoMJMR0kO16E3F/7xuosMLL6VcJJpwPF8UJgzqGE4bgX0qCdZsbAjCkpq/QjxEEmFtesubEtzFk5dJq1pxa5Xa3VmxfpXVkQMFcAxKwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P+eiKlWWOwB9Ynz91jJa2</latexit>

p = (p1, p2, . . . , pN )



Chaos in dynamical systems, Ott 

<latexit sha1_base64="TmPFplfGu4/tMxbuj+NCYa8HFOA=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCBVKSUSqy6KbLivYC7ShTKaTdujk4sxEKDELX8WNC0Xc+hrufBunbRba+sPAx3/O4Zz53YgzqSzr28itrK6tb+Q3C1vbO7t75v5BS4axILRJQh6Kjosl5SygTcUUp51IUOy7nLbd8c203n6gQrIwuFOTiDo+HgbMYwQrbfXNo3op6bkeuk/LaAZRWlZnqG8WrYo1E1oGO4MiZGr0za/eICSxTwNFOJaya1uRchIsFCOcpoVeLGmEyRgPaVdjgH0qnWR2f4pOtTNAXij0CxSaub8nEuxLOfFd3eljNZKLtan5X60bK+/KSVgQxYoGZL7IizlSIZqGgQZMUKL4RAMmgulbERlhgYnSkRV0CPbil5ehdV6xq5Xq7UWxdp3FkYdjOIES2HAJNahDA5pA4BGe4RXejCfjxXg3PuatOSObOYQ/Mj5/AJpSlJA=</latexit>

H(q,p, t)

Dynamics generated by a Hamiltonian depends on position, 
momentum, and time

Equations of motion

Written in the general construction, we have

<latexit sha1_base64="AW832zOBUdva4MkpWuJYys8rgoU=">AAACBHicbVC7SgNBFL3rM8bXqmWawSBECGE3SLQRgjZWEsE8IAnL7GQ2GTL7yMysEJYUNv6KjYUitn6EnX/jJNlCEw8MHM65hzv3uBFnUlnWt7Gyura+sZnZym7v7O7tmweHDRnGgtA6CXkoWi6WlLOA1hVTnLYiQbHvctp0h9dTv/lAhWRhcK/GEe36uB8wjxGstOSYuaTjemg0uSyMHLs4csrFTi9UUrPbU8fMWyVrBrRM7JTkIUXNMb90mMQ+DRThWMq2bUWqm2ChGOF0ku3EkkaYDHGftjUNsE9lN5kdMUEnWukhLxT6BQrN1N+JBPtSjn1XT/pYDeSiNxX/89qx8i66CQuiWNGAzBd5MUcqRNNGUI8JShQfa4KJYPqviAywwETp3rK6BHvx5GXSKJfsSqlyd5avXqV1ZCAHx1AAG86hCjdQgzoQeIRneIU348l4Md6Nj/noipFmjuAPjM8fe9KWug==</latexit>

q = (q1, q2, . . . , qN )
<latexit sha1_base64="swoPVAgR5m6qRXAgEM4ZVVLIDjE=">AAACBHicbVDLSgMxFM34rPU16rKbYBEqlDJTpLoRim5cSQX7gHYYMmmmDc1kQpIRytCFG3/FjQtF3PoR7vwb03YW2nogcDjnHm7uCQSjSjvOt7Wyura+sZnbym/v7O7t2weHLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD0fXUbz8QqWjM7/VYEC9CA05DipE2km8X0l4QQjG5LAnfLQu/Wu71Y60Muz317aJTcWaAy8TNSBFkaPj2lwnjJCJcY4aU6rqO0F6KpKaYkUm+lygiEB6hAekaylFElJfOjpjAE6P0YRhL87iGM/V3IkWRUuMoMJMR0kO16E3F/7xuosMLL6VcJJpwPF8UJgzqGE4bgX0qCdZsbAjCkpq/QjxEEmFtesubEtzFk5dJq1pxa5Xa3VmxfpXVkQMFcAxKwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P+eiKlWWOwB9Ynz91jJa2</latexit>

p = (p1, p2, . . . , pN )

<latexit sha1_base64="6GEgbldO4CE8SX9y92ywUCGmxqs="></latexit>

dx̃

dt
=

(
dp/dt
dq/dt

)

Hamiltonian Systems



Chaos in dynamical systems, Ott 

<latexit sha1_base64="TmPFplfGu4/tMxbuj+NCYa8HFOA=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCBVKSUSqy6KbLivYC7ShTKaTdujk4sxEKDELX8WNC0Xc+hrufBunbRba+sPAx3/O4Zz53YgzqSzr28itrK6tb+Q3C1vbO7t75v5BS4axILRJQh6Kjosl5SygTcUUp51IUOy7nLbd8c203n6gQrIwuFOTiDo+HgbMYwQrbfXNo3op6bkeuk/LaAZRWlZnqG8WrYo1E1oGO4MiZGr0za/eICSxTwNFOJaya1uRchIsFCOcpoVeLGmEyRgPaVdjgH0qnWR2f4pOtTNAXij0CxSaub8nEuxLOfFd3eljNZKLtan5X60bK+/KSVgQxYoGZL7IizlSIZqGgQZMUKL4RAMmgulbERlhgYnSkRV0CPbil5ehdV6xq5Xq7UWxdp3FkYdjOIES2HAJNahDA5pA4BGe4RXejCfjxXg3PuatOSObOYQ/Mj5/AJpSlJA=</latexit>

H(q,p, t)

Dynamics generated by a Hamiltonian depends on position, 
momentum, and time

Equations of motion

Written in the general construction, we have

<latexit sha1_base64="AW832zOBUdva4MkpWuJYys8rgoU=">AAACBHicbVC7SgNBFL3rM8bXqmWawSBECGE3SLQRgjZWEsE8IAnL7GQ2GTL7yMysEJYUNv6KjYUitn6EnX/jJNlCEw8MHM65hzv3uBFnUlnWt7Gyura+sZnZym7v7O7tmweHDRnGgtA6CXkoWi6WlLOA1hVTnLYiQbHvctp0h9dTv/lAhWRhcK/GEe36uB8wjxGstOSYuaTjemg0uSyMHLs4csrFTi9UUrPbU8fMWyVrBrRM7JTkIUXNMb90mMQ+DRThWMq2bUWqm2ChGOF0ku3EkkaYDHGftjUNsE9lN5kdMUEnWukhLxT6BQrN1N+JBPtSjn1XT/pYDeSiNxX/89qx8i66CQuiWNGAzBd5MUcqRNNGUI8JShQfa4KJYPqviAywwETp3rK6BHvx5GXSKJfsSqlyd5avXqV1ZCAHx1AAG86hCjdQgzoQeIRneIU348l4Md6Nj/noipFmjuAPjM8fe9KWug==</latexit>

q = (q1, q2, . . . , qN )
<latexit sha1_base64="swoPVAgR5m6qRXAgEM4ZVVLIDjE=">AAACBHicbVDLSgMxFM34rPU16rKbYBEqlDJTpLoRim5cSQX7gHYYMmmmDc1kQpIRytCFG3/FjQtF3PoR7vwb03YW2nogcDjnHm7uCQSjSjvOt7Wyura+sZnbym/v7O7t2weHLRUnEpMmjlksOwFShFFOmppqRjpCEhQFjLSD0fXUbz8QqWjM7/VYEC9CA05DipE2km8X0l4QQjG5LAnfLQu/Wu71Y60Muz317aJTcWaAy8TNSBFkaPj2lwnjJCJcY4aU6rqO0F6KpKaYkUm+lygiEB6hAekaylFElJfOjpjAE6P0YRhL87iGM/V3IkWRUuMoMJMR0kO16E3F/7xuosMLL6VcJJpwPF8UJgzqGE4bgX0qCdZsbAjCkpq/QjxEEmFtesubEtzFk5dJq1pxa5Xa3VmxfpXVkQMFcAxKwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P+eiKlWWOwB9Ynz91jJa2</latexit>

p = (p1, p2, . . . , pN )

NxN identity matrix NxN zero matrix

<latexit sha1_base64="6GEgbldO4CE8SX9y92ywUCGmxqs="></latexit>

dx̃

dt
=

(
dp/dt
dq/dt

)

Hamiltonian Systems



Iterative maps
Consider 1D maps

<latexit sha1_base64="2MXZa2Im2uUlcGlMyErFr61ylmg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUhJKIVC9C0YvHCvYD2hg22027dLMJuxttCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprRtf1tLyyura+u5jfzm1vbObmFvv6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3Az8ZuPVCoWiXs9iqkb4p5gASNYG+lh6KXi1BlfBaWhJ068QtEu21OgReJkpAgZal7hq9ONSBJSoQnHSrUdO9ZuiqVmhNNxvpMoGmMywD3aNlTgkCo3nV49RsdG6aIgkqaERlP190SKQ6VGoW86Q6z7at6biP957UQHl27KRJxoKshsUZBwpCM0iQB1maRE85EhmEhmbkWkjyUm2gSVNyE48y8vksZZ2amUK3fnxep1FkcODuEISuDABVThFmpQBwISnuEV3qwn68V6tz5mrUtWNnMAf2B9/gCEIZHj</latexit>

xn+1 = f(xn)

Initial condition
<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f



<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xnInitial condition
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

(1964)

Weather forecasting

Iterative maps
Consider 1D maps

<latexit sha1_base64="2MXZa2Im2uUlcGlMyErFr61ylmg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUhJKIVC9C0YvHCvYD2hg22027dLMJuxttCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprRtf1tLyyura+u5jfzm1vbObmFvv6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3Az8ZuPVCoWiXs9iqkb4p5gASNYG+lh6KXi1BlfBaWhJ068QtEu21OgReJkpAgZal7hq9ONSBJSoQnHSrUdO9ZuiqVmhNNxvpMoGmMywD3aNlTgkCo3nV49RsdG6aIgkqaERlP190SKQ6VGoW86Q6z7at6biP957UQHl27KRJxoKshsUZBwpCM0iQB1maRE85EhmEhmbkWkjyUm2gSVNyE48y8vksZZ2amUK3fnxep1FkcODuEISuDABVThFmpQBwISnuEV3qwn68V6tz5mrUtWNnMAf2B9/gCEIZHj</latexit>

xn+1 = f(xn)



<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xnInitial condition
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

(1964)

Weather forecasting

Population growth 

Iterative maps
Consider 1D maps

<latexit sha1_base64="2MXZa2Im2uUlcGlMyErFr61ylmg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUhJKIVC9C0YvHCvYD2hg22027dLMJuxttCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprRtf1tLyyura+u5jfzm1vbObmFvv6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3Az8ZuPVCoWiXs9iqkb4p5gASNYG+lh6KXi1BlfBaWhJ068QtEu21OgReJkpAgZal7hq9ONSBJSoQnHSrUdO9ZuiqVmhNNxvpMoGmMywD3aNlTgkCo3nV49RsdG6aIgkqaERlP190SKQ6VGoW86Q6z7at6biP957UQHl27KRJxoKshsUZBwpCM0iQB1maRE85EhmEhmbkWkjyUm2gSVNyE48y8vksZZ2amUK3fnxep1FkcODuEISuDABVThFmpQBwISnuEV3qwn68V6tz5mrUtWNnMAf2B9/gCEIZHj</latexit>

xn+1 = f(xn)



<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xnInitial condition
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

(1964)

Weather forecasting

Population growth 

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Iterative maps
Consider 1D maps

<latexit sha1_base64="2MXZa2Im2uUlcGlMyErFr61ylmg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJUhJKIVC9C0YvHCvYD2hg22027dLMJuxttCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprRtf1tLyyura+u5jfzm1vbObmFvv6GiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3Az8ZuPVCoWiXs9iqkb4p5gASNYG+lh6KXi1BlfBaWhJ068QtEu21OgReJkpAgZal7hq9ONSBJSoQnHSrUdO9ZuiqVmhNNxvpMoGmMywD3aNlTgkCo3nV49RsdG6aIgkqaERlP190SKQ6VGoW86Q6z7at6biP957UQHl27KRJxoKshsUZBwpCM0iQB1maRE85EhmEhmbkWkjyUm2gSVNyE48y8vksZZ2amUK3fnxep1FkcODuEISuDABVThFmpQBwISnuEV3qwn68V6tz5mrUtWNnMAf2B9/gCEIZHj</latexit>

xn+1 = f(xn)



From Periodic To Chaotic

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="ZLMnHJGSBkaZdh63L/+F4CX6QkI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CkmR6kUoevFYwbSFNpTNdtMu3eyG3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeN5387a+sbm1nZpp7y7t39wWDk6bmmZKUIDIrlUnQhrypmggWGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYKVA3vlvrV6qe682BVolfkCoUaPYrX72BJFlChSEca931vdSEOVaGEU6n5V6maYrJGA9p11KBE6rDfH7sFJ1bZYBiqWwJg+bq74kcJ1pPksh2JtiM9LI3E//zupmJr8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTtiH4yy+vklbN9etu/eGy2rgt4ijBKZzBBfhwBQ24hyYEQIDBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A6+0jfc=</latexit>

r = 1.2 stable
<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9



From Periodic To Chaotic

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="ZLMnHJGSBkaZdh63L/+F4CX6QkI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CkmR6kUoevFYwbSFNpTNdtMu3eyG3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeN5387a+sbm1nZpp7y7t39wWDk6bmmZKUIDIrlUnQhrypmggWGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYKVA3vlvrV6qe682BVolfkCoUaPYrX72BJFlChSEca931vdSEOVaGEU6n5V6maYrJGA9p11KBE6rDfH7sFJ1bZYBiqWwJg+bq74kcJ1pPksh2JtiM9LI3E//zupmJr8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTtiH4yy+vklbN9etu/eGy2rgt4ijBKZzBBfhwBQ24hyYEQIDBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A6+0jfc=</latexit>

r = 1.2
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iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9

stable

<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f



From Periodic To Chaotic

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="ZLMnHJGSBkaZdh63L/+F4CX6QkI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CkmR6kUoevFYwbSFNpTNdtMu3eyG3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeN5387a+sbm1nZpp7y7t39wWDk6bmmZKUIDIrlUnQhrypmggWGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYKVA3vlvrV6qe682BVolfkCoUaPYrX72BJFlChSEca931vdSEOVaGEU6n5V6maYrJGA9p11KBE6rDfH7sFJ1bZYBiqWwJg+bq74kcJ1pPksh2JtiM9LI3E//zupmJr8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTtiH4yy+vklbN9etu/eGy2rgt4ijBKZzBBfhwBQ24hyYEQIDBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A6+0jfc=</latexit>

r = 1.2
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iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="Buqu34wcSxyHJxMF8UHlWa3zXDA=">AAAB8XicbVDLTgIxFL31ifhCXbppJEY3khlj0CXRjUtM5BFhQjqlAw2dzqTtGMnAX7hxoTFu/Rt3/o0FZqHgSdqcnHNv7r3HjwXXxnG+0dLyyuraem4jv7m1vbNb2Nuv6yhRlNVoJCLV9IlmgktWM9wI1owVI6EvWMMf3Ez8xiNTmkfy3gxj5oWkJ3nAKTFWehg9deTJmf1GnULRKTlT4EXiZqQIGaqdwle7G9EkZNJQQbRuuU5svJQow6lg43w70SwmdEB6rGWpJCHTXjrdeIyPrdLFQaTskwZP1d8dKQm1Hoa+rQyJ6et5byL+57USE1x5KZdxYpiks0FBIrCJ8OR83OWKUSOGlhCquN0V0z5RhBobUt6G4M6fvEjq5yW3XCrfXRQr11kcOTiEIzgFFy6hArdQhRpQkPAMr/CGNHpB7+hjVrqEsp4D+AP0+QNiTJC/</latexit>

|x0
n � xn|

iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9

stable

<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
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<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="z32v3y6zfMrIoMfMkb44iwpdRW4=">AAACMXicbVDLTgIxFO34RHyNunTTSAyuyAwx6JLohiUm8kiATDqlQEOnM2nvKGTCL7nxT4wbFhrj1p+wPBY4eJImp+fce9t7/EhwDY4ztTY2t7Z3djN72f2Dw6Nj++S0rsNYUVajoQhV0yeaCS5ZDTgI1owUI4EvWMMf3s/8xhNTmofyEcYR6wSkL3mPUwJG8uzKyHPyuK14fwBEqfAZjzw3LRTzq/d2NwSdqpB5z845BWcOvE7cJcmhJaqe/WYG0ThgEqggWrdcJ4JOQhRwKtgk2441iwgdkj5rGSpJwHQnmW88wZdG6eJeqMyRgOfqakdCAq3HgW8qAwIDnfZm4n9eK4bebSfhMoqBSbp4qBcLDCGexYe7XDEKYmwIoYqbv2I6IIpQMCFnTQhueuV1Ui8W3FKh9HCdK98t48igc3SBrpCLblAZVVAV1RBFL+gdfaBP69WaWl/W96J0w1r2nKE/sH5+Ac3sqgk=</latexit>

x0
0 ! x0

1 ! x0
2 ! · · · ! x0

n



From Periodic To Chaotic

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4Chaotic
<latexit sha1_base64="5jTC9ZvdcWpz+RnbbhmmtyMTbP0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqheh6MVjBdMW2lA22027dLMbdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NIyU4QGRHKpOhHWlDNBA8MMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUqBuLl2vX615rjcHWiV+QWpQoNmvfvUGkmQJFYZwrHXX91IT5lgZRjidVnqZpikmYzykXUsFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzP62Ymvg5zJtLMUEEWi+KMIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPxYbgL7+8SloXrl936w+XtcZtEUcZTuAUzsGHK2jAPTQhAAIMnuEV3hzhvDjvzseiteQUM8fwB87nD7E+jfg=</latexit>

r = 4.0
<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9



From Periodic To Chaotic

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="5jTC9ZvdcWpz+RnbbhmmtyMTbP0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqheh6MVjBdMW2lA22027dLMbdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NIyU4QGRHKpOhHWlDNBA8MMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUqBuLl2vX615rjcHWiV+QWpQoNmvfvUGkmQJFYZwrHXX91IT5lgZRjidVnqZpikmYzykXUsFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzP62Ymvg5zJtLMUEEWi+KMIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPxYbgL7+8SloXrl936w+XtcZtEUcZTuAUzsGHK2jAPTQhAAIMnuEV3hzhvDjvzseiteQUM8fwB87nD7E+jfg=</latexit>

r = 4.0
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x n

iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9

Chaotic

<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f



From Periodic To Chaotic

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="5jTC9ZvdcWpz+RnbbhmmtyMTbP0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqheh6MVjBdMW2lA22027dLMbdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NIyU4QGRHKpOhHWlDNBA8MMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUqBuLl2vX615rjcHWiV+QWpQoNmvfvUGkmQJFYZwrHXX91IT5lgZRjidVnqZpikmYzykXUsFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzP62Ymvg5zJtLMUEEWi+KMIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPxYbgL7+8SloXrl936w+XtcZtEUcZTuAUzsGHK2jAPTQhAAIMnuEV3hzhvDjvzseiteQUM8fwB87nD7E+jfg=</latexit>

r = 4.0
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iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
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iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9

Chaotic

<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f Large number of iterations!



From Periodic To Chaotic

Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="5jTC9ZvdcWpz+RnbbhmmtyMTbP0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqheh6MVjBdMW2lA22027dLMbdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NIyU4QGRHKpOhHWlDNBA8MMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUqBuLl2vX615rjcHWiV+QWpQoNmvfvUGkmQJFYZwrHXX91IT5lgZRjidVnqZpikmYzykXUsFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzP62Ymvg5zJtLMUEEWi+KMIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPxYbgL7+8SloXrl936w+XtcZtEUcZTuAUzsGHK2jAPTQhAAIMnuEV3hzhvDjvzseiteQUM8fwB87nD7E+jfg=</latexit>

r = 4.0
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iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
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<latexit sha1_base64="Buqu34wcSxyHJxMF8UHlWa3zXDA=">AAAB8XicbVDLTgIxFL31ifhCXbppJEY3khlj0CXRjUtM5BFhQjqlAw2dzqTtGMnAX7hxoTFu/Rt3/o0FZqHgSdqcnHNv7r3HjwXXxnG+0dLyyuraem4jv7m1vbNb2Nuv6yhRlNVoJCLV9IlmgktWM9wI1owVI6EvWMMf3Ez8xiNTmkfy3gxj5oWkJ3nAKTFWehg9deTJmf1GnULRKTlT4EXiZqQIGaqdwle7G9EkZNJQQbRuuU5svJQow6lg43w70SwmdEB6rGWpJCHTXjrdeIyPrdLFQaTskwZP1d8dKQm1Hoa+rQyJ6et5byL+57USE1x5KZdxYpiks0FBIrCJ8OR83OWKUSOGlhCquN0V0z5RhBobUt6G4M6fvEjq5yW3XCrfXRQr11kcOTiEIzgFFy6hArdQhRpQkPAMr/CGNHpB7+hjVrqEsp4D+AP0+QNiTJC/</latexit>

|x0
n � xn|

iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9

Chaotic

<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="z32v3y6zfMrIoMfMkb44iwpdRW4=">AAACMXicbVDLTgIxFO34RHyNunTTSAyuyAwx6JLohiUm8kiATDqlQEOnM2nvKGTCL7nxT4wbFhrj1p+wPBY4eJImp+fce9t7/EhwDY4ztTY2t7Z3djN72f2Dw6Nj++S0rsNYUVajoQhV0yeaCS5ZDTgI1owUI4EvWMMf3s/8xhNTmofyEcYR6wSkL3mPUwJG8uzKyHPyuK14fwBEqfAZjzw3LRTzq/d2NwSdqpB5z845BWcOvE7cJcmhJaqe/WYG0ThgEqggWrdcJ4JOQhRwKtgk2441iwgdkj5rGSpJwHQnmW88wZdG6eJeqMyRgOfqakdCAq3HgW8qAwIDnfZm4n9eK4bebSfhMoqBSbp4qBcLDCGexYe7XDEKYmwIoYqbv2I6IIpQMCFnTQhueuV1Ui8W3FKh9HCdK98t48igc3SBrpCLblAZVVAV1RBFL+gdfaBP69WaWl/W96J0w1r2nKE/sH5+Ac3sqgk=</latexit>

x0
0 ! x0

1 ! x0
2 ! · · · ! x0

n



The Lyapunov Exponent

Consider an infinitesimal perturbation
<latexit sha1_base64="mJXj6BB8H+NsjL/g3FtEbanvR/U=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVDdCURCXFewD2lAmk0k7dPJg5kYsIb/gxl9x40IRt+7c+TdO2yy09cCFM+fcy9x73FhwBZb1bRSWlldW14rrpY3Nre0dc3evpaJEUtakkYhkxyWKCR6yJnAQrBNLRgJXsLY7upr47XsmFY/COxjHzAnIIOQ+pwS01DcrPV8Smno47bk+fsiy1IPsYvq4zrq5WIFjp2+Wrao1BV4kdk7KKEejb371vIgmAQuBCqJU17ZicFIigVPBslIvUSwmdEQGrKtpSAKmnHR6UYaPtOJhP5K6QsBT9fdESgKlxoGrOwMCQzXvTcT/vG4C/rmT8jBOgIV09pGfCAwRnsSDPS4ZBTHWhFDJ9a6YDomOCHSIJR2CPX/yImmdVO1atXZ7Wq5f5nEU0QE6RBVkozNURzeogZqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPHxfgnS4=</latexit>

dx

dt
= F[x(t)]

<latexit sha1_base64="KG5hPcOjSTCp9aJNcWZ3YL0cj3U=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFqAglEaluhKIblxXsBZpQJtNJO3QyCTMnYglduvFV3LhQxK2P4M63cXpZaPWHgY//nMOZ8weJ4Boc58vKLSwuLa/kVwtr6xubW/b2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBmMLga15t3TGkey1sYJsyPSE/ykFMCxurY+5kXhLg1KsHRxQTvx3jsdZkAYqhjF52yMxH+C+4MimimWsf+9LoxTSMmgQqiddt1EvAzooBTwUYFL9UsIXRAeqxtUJKIaT+bHDLCh8bp4jBW5knAE/fnREYirYdRYDojAn09Xxub/9XaKYTnfsZlkgKTdLooTAWGGI9TwV2uGAUxNECo4uavmPaJIhRMdgUTgjt/8l9onJTdSrlyc1qsXs7iyKM9dIBKyEVnqIquUQ3VEUUP6Am9oFfr0Xq23qz3aWvOms3sol+yPr4BZJiYUQ==</latexit>

X(t) = x(t) + ω(t)

<latexit sha1_base64="YtNgNQVwozk1amT4NR/KT6Qn2vs=">AAACH3icbZDLSsNAFIYn9VbrLerSzWARXJVEpLoRioK4rGAv0JQymUzaoZMLMydiCXkTN76KGxeKiLu+jdM2BW39YeDjP+dw5vxuLLgCyxobhZXVtfWN4mZpa3tnd8/cP2iqKJGUNWgkItl2iWKCh6wBHARrx5KRwBWs5Q5vJvXWI5OKR+EDjGLWDUg/5D6nBLTVM6uOLwlNPex4TADJNEF2NTdTx/XxbZbN8SnLZn09s2xVrKnwMtg5lFGues/8dryIJgELgQqiVMe2YuimRAKngmUlJ1EsJnRI+qyjMSQBU910el+GT7TjYT+S+oWAp+7viZQESo0CV3cGBAZqsTYx/6t1EvAvuykP4wRYSGeL/ERgiPAkLOxxySiIkQZCJdd/xXRAdDagIy3pEOzFk5eheVaxq5Xq/Xm5dp3HUURH6BidIhtdoBq6Q3XUQBQ9o1f0jj6MF+PN+DS+Zq0FI585RH9kjH8Ary6jZQ==</latexit>

dω

dt
=

dF

dx
ωLinearizing in 

<latexit sha1_base64="VBFVR0G1NtL7AXY56ioQkCExq3Y="></latexit>

dω

dt
=

dF

dx
ω → F→[x(t)]ω(t)



The Lyapunov Exponent

Consider an infinitesimal perturbation
<latexit sha1_base64="mJXj6BB8H+NsjL/g3FtEbanvR/U=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVDdCURCXFewD2lAmk0k7dPJg5kYsIb/gxl9x40IRt+7c+TdO2yy09cCFM+fcy9x73FhwBZb1bRSWlldW14rrpY3Nre0dc3evpaJEUtakkYhkxyWKCR6yJnAQrBNLRgJXsLY7upr47XsmFY/COxjHzAnIIOQ+pwS01DcrPV8Smno47bk+fsiy1IPsYvq4zrq5WIFjp2+Wrao1BV4kdk7KKEejb371vIgmAQuBCqJU17ZicFIigVPBslIvUSwmdEQGrKtpSAKmnHR6UYaPtOJhP5K6QsBT9fdESgKlxoGrOwMCQzXvTcT/vG4C/rmT8jBOgIV09pGfCAwRnsSDPS4ZBTHWhFDJ9a6YDomOCHSIJR2CPX/yImmdVO1atXZ7Wq5f5nEU0QE6RBVkozNURzeogZqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPHxfgnS4=</latexit>

dx

dt
= F[x(t)]

<latexit sha1_base64="KG5hPcOjSTCp9aJNcWZ3YL0cj3U=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFqAglEaluhKIblxXsBZpQJtNJO3QyCTMnYglduvFV3LhQxK2P4M63cXpZaPWHgY//nMOZ8weJ4Boc58vKLSwuLa/kVwtr6xubW/b2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBmMLga15t3TGkey1sYJsyPSE/ykFMCxurY+5kXhLg1KsHRxQTvx3jsdZkAYqhjF52yMxH+C+4MimimWsf+9LoxTSMmgQqiddt1EvAzooBTwUYFL9UsIXRAeqxtUJKIaT+bHDLCh8bp4jBW5knAE/fnREYirYdRYDojAn09Xxub/9XaKYTnfsZlkgKTdLooTAWGGI9TwV2uGAUxNECo4uavmPaJIhRMdgUTgjt/8l9onJTdSrlyc1qsXs7iyKM9dIBKyEVnqIquUQ3VEUUP6Am9oFfr0Xq23qz3aWvOms3sol+yPr4BZJiYUQ==</latexit>

X(t) = x(t) + ω(t)

<latexit sha1_base64="YtNgNQVwozk1amT4NR/KT6Qn2vs=">AAACH3icbZDLSsNAFIYn9VbrLerSzWARXJVEpLoRioK4rGAv0JQymUzaoZMLMydiCXkTN76KGxeKiLu+jdM2BW39YeDjP+dw5vxuLLgCyxobhZXVtfWN4mZpa3tnd8/cP2iqKJGUNWgkItl2iWKCh6wBHARrx5KRwBWs5Q5vJvXWI5OKR+EDjGLWDUg/5D6nBLTVM6uOLwlNPex4TADJNEF2NTdTx/XxbZbN8SnLZn09s2xVrKnwMtg5lFGues/8dryIJgELgQqiVMe2YuimRAKngmUlJ1EsJnRI+qyjMSQBU910el+GT7TjYT+S+oWAp+7viZQESo0CV3cGBAZqsTYx/6t1EvAvuykP4wRYSGeL/ERgiPAkLOxxySiIkQZCJdd/xXRAdDagIy3pEOzFk5eheVaxq5Xq/Xm5dp3HUURH6BidIhtdoBq6Q3XUQBQ9o1f0jj6MF+PN+DS+Zq0FI585RH9kjH8Ary6jZQ==</latexit>

dω

dt
=

dF

dx
ωLinearizing in 

<latexit sha1_base64="VBFVR0G1NtL7AXY56ioQkCExq3Y="></latexit>

dω

dt
=

dF

dx
ω → F→[x(t)]ω(t)

<latexit sha1_base64="PYYgJ/y8MzB2c/eGdnkmeSkL+T0="></latexit>

ω(t) = exp

{∫ t

0
dt→F→[x(t→)]

}
ω(0)



The Lyapunov Exponent

Consider an infinitesimal perturbation

<latexit sha1_base64="YtNgNQVwozk1amT4NR/KT6Qn2vs=">AAACH3icbZDLSsNAFIYn9VbrLerSzWARXJVEpLoRioK4rGAv0JQymUzaoZMLMydiCXkTN76KGxeKiLu+jdM2BW39YeDjP+dw5vxuLLgCyxobhZXVtfWN4mZpa3tnd8/cP2iqKJGUNWgkItl2iWKCh6wBHARrx5KRwBWs5Q5vJvXWI5OKR+EDjGLWDUg/5D6nBLTVM6uOLwlNPex4TADJNEF2NTdTx/XxbZbN8SnLZn09s2xVrKnwMtg5lFGues/8dryIJgELgQqiVMe2YuimRAKngmUlJ1EsJnRI+qyjMSQBU910el+GT7TjYT+S+oWAp+7viZQESo0CV3cGBAZqsTYx/6t1EvAvuykP4wRYSGeL/ERgiPAkLOxxySiIkQZCJdd/xXRAdDagIy3pEOzFk5eheVaxq5Xq/Xm5dp3HUURH6BidIhtdoBq6Q3XUQBQ9o1f0jj6MF+PN+DS+Zq0FI585RH9kjH8Ary6jZQ==</latexit>

dω

dt
=

dF

dx
ωLinearizing in 

<latexit sha1_base64="5Tbp8SmAYQd9i1iZ6zGD5CSuz8U=">AAACBXicbZDLSsNAFIYnXmu9VV3qYrAIglASkepGKLpxWcFeoAlhMpm0QyeTMHMiltCNG1/FjQtF3PoO7nwbp5eFth4Y+Pj/czhz/iAVXINtf1sLi0vLK6uFteL6xubWdmlnt6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgr6F+P/NY9U5on8g4GKfNi0pU84pSAkfzSQe4GEW4PfXk5pgdDJ27IBBDf2GW7Yo8Lz4MzhTKaVt0vfblhQrOYSaCCaN1x7BS8nCjgVLBh0c00Swntky7rGJQkZtrLx1cM8ZFRQhwlyjwJeKz+nshJrPUgDkxnTKCnZ72R+J/XySC68HIu0wyYpJNFUSYwJHgUCQ65YhTEwAChipu/YtojilAwwRVNCM7syfPQPK041Ur19qxcu5rGUUD76BAdIwedoxq6QXXUQBQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6/MHBnqYSw==</latexit>

Xn = xn + ωn

<latexit sha1_base64="r88gKGIlZAXyF5olHbem3jUjTT4=">AAACCXicbVDLSgMxFL3js9ZX1aWbYBEqQpkRqW6EohuXFewD2qFk0kwbmskMSUYsw2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49XsSZ0rb9ZS0sLi2vrObW8usbm1vbhZ3dhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94dXYb95RqVgobvUoom6A+4L5jGBtpG4BJR3PR/dpNxHHTnoxeflp6UcVR91C0S7bE6B54mSkCBlq3cJnpxeSOKBCE46Vajt2pN0ES80Ip2m+EysaYTLEfdo2VOCAKjeZXJKiQ6P0kB9KU0Kjifp7IsGBUqPAM50B1gM1643F/7x2rP1zN2EiijUVZPqRH3OkQzSOBfWYpETzkSGYSGZ2RWSAJSbahJc3ITizJ8+TxknZqZQrN6fF6mUWRw724QBK4MAZVOEaalAHAg/wBC/waj1az9ab9T5tXbCymT34A+vjG1djmXw=</latexit>

xn+1 = f(xn)

<latexit sha1_base64="b/GNM7DIbHu9hLXpzvLvgT2bT5A="></latexit>

ωn+1 =
df

dx
ωn = f →[xn]ωn



The Lyapunov Exponent

Consider an infinitesimal perturbation

<latexit sha1_base64="YtNgNQVwozk1amT4NR/KT6Qn2vs=">AAACH3icbZDLSsNAFIYn9VbrLerSzWARXJVEpLoRioK4rGAv0JQymUzaoZMLMydiCXkTN76KGxeKiLu+jdM2BW39YeDjP+dw5vxuLLgCyxobhZXVtfWN4mZpa3tnd8/cP2iqKJGUNWgkItl2iWKCh6wBHARrx5KRwBWs5Q5vJvXWI5OKR+EDjGLWDUg/5D6nBLTVM6uOLwlNPex4TADJNEF2NTdTx/XxbZbN8SnLZn09s2xVrKnwMtg5lFGues/8dryIJgELgQqiVMe2YuimRAKngmUlJ1EsJnRI+qyjMSQBU910el+GT7TjYT+S+oWAp+7viZQESo0CV3cGBAZqsTYx/6t1EvAvuykP4wRYSGeL/ERgiPAkLOxxySiIkQZCJdd/xXRAdDagIy3pEOzFk5eheVaxq5Xq/Xm5dp3HUURH6BidIhtdoBq6Q3XUQBQ9o1f0jj6MF+PN+DS+Zq0FI585RH9kjH8Ary6jZQ==</latexit>

dω

dt
=

dF

dx
ωLinearizing in 

<latexit sha1_base64="5Tbp8SmAYQd9i1iZ6zGD5CSuz8U=">AAACBXicbZDLSsNAFIYnXmu9VV3qYrAIglASkepGKLpxWcFeoAlhMpm0QyeTMHMiltCNG1/FjQtF3PoO7nwbp5eFth4Y+Pj/czhz/iAVXINtf1sLi0vLK6uFteL6xubWdmlnt6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgr6F+P/NY9U5on8g4GKfNi0pU84pSAkfzSQe4GEW4PfXk5pgdDJ27IBBDf2GW7Yo8Lz4MzhTKaVt0vfblhQrOYSaCCaN1x7BS8nCjgVLBh0c00Swntky7rGJQkZtrLx1cM8ZFRQhwlyjwJeKz+nshJrPUgDkxnTKCnZ72R+J/XySC68HIu0wyYpJNFUSYwJHgUCQ65YhTEwAChipu/YtojilAwwRVNCM7syfPQPK041Ur19qxcu5rGUUD76BAdIwedoxq6QXXUQBQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6/MHBnqYSw==</latexit>

Xn = xn + ωn

<latexit sha1_base64="r88gKGIlZAXyF5olHbem3jUjTT4=">AAACCXicbVDLSgMxFL3js9ZX1aWbYBEqQpkRqW6EohuXFewD2qFk0kwbmskMSUYsw2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49XsSZ0rb9ZS0sLi2vrObW8usbm1vbhZ3dhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94dXYb95RqVgobvUoom6A+4L5jGBtpG4BJR3PR/dpNxHHTnoxeflp6UcVR91C0S7bE6B54mSkCBlq3cJnpxeSOKBCE46Vajt2pN0ES80Ip2m+EysaYTLEfdo2VOCAKjeZXJKiQ6P0kB9KU0Kjifp7IsGBUqPAM50B1gM1643F/7x2rP1zN2EiijUVZPqRH3OkQzSOBfWYpETzkSGYSGZ2RWSAJSbahJc3ITizJ8+TxknZqZQrN6fF6mUWRw724QBK4MAZVOEaalAHAg/wBC/waj1az9ab9T5tXbCymT34A+vjG1djmXw=</latexit>

xn+1 = f(xn)

<latexit sha1_base64="b/GNM7DIbHu9hLXpzvLvgT2bT5A="></latexit>

ωn+1 =
df

dx
ωn = f →[xn]ωn

<latexit sha1_base64="AUW7gpttGZCIi6VdvavxwL4HGzc="></latexit>

ωn =
df

dx
ωn→1 = f ↑[xn→1]ωn→1 = f ↑[xn→1]f

↑[xn→2]ωn→2

<latexit sha1_base64="GnbFXI8DcFSFYMhfLbHnHjfJkco="></latexit>

ωn = f →[xn↑1]f
→[xn↑2] . . . f

→[x0]ω0 =
n↑1∏

k=0

f →[xk]ω0



The Lyapunov Exponent

Consider an infinitesimal perturbation

<latexit sha1_base64="5Tbp8SmAYQd9i1iZ6zGD5CSuz8U=">AAACBXicbZDLSsNAFIYnXmu9VV3qYrAIglASkepGKLpxWcFeoAlhMpm0QyeTMHMiltCNG1/FjQtF3PoO7nwbp5eFth4Y+Pj/czhz/iAVXINtf1sLi0vLK6uFteL6xubWdmlnt6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgr6F+P/NY9U5on8g4GKfNi0pU84pSAkfzSQe4GEW4PfXk5pgdDJ27IBBDf2GW7Yo8Lz4MzhTKaVt0vfblhQrOYSaCCaN1x7BS8nCjgVLBh0c00Swntky7rGJQkZtrLx1cM8ZFRQhwlyjwJeKz+nshJrPUgDkxnTKCnZ72R+J/XySC68HIu0wyYpJNFUSYwJHgUCQ65YhTEwAChipu/YtojilAwwRVNCM7syfPQPK041Ur19qxcu5rGUUD76BAdIwedoxq6QXXUQBQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6/MHBnqYSw==</latexit>

Xn = xn + ωn

<latexit sha1_base64="r88gKGIlZAXyF5olHbem3jUjTT4=">AAACCXicbVDLSgMxFL3js9ZX1aWbYBEqQpkRqW6EohuXFewD2qFk0kwbmskMSUYsw2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49XsSZ0rb9ZS0sLi2vrObW8usbm1vbhZ3dhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94dXYb95RqVgobvUoom6A+4L5jGBtpG4BJR3PR/dpNxHHTnoxeflp6UcVR91C0S7bE6B54mSkCBlq3cJnpxeSOKBCE46Vajt2pN0ES80Ip2m+EysaYTLEfdo2VOCAKjeZXJKiQ6P0kB9KU0Kjifp7IsGBUqPAM50B1gM1643F/7x2rP1zN2EiijUVZPqRH3OkQzSOBfWYpETzkSGYSGZ2RWSAJSbahJc3ITizJ8+TxknZqZQrN6fF6mUWRw724QBK4MAZVOEaalAHAg/wBC/waj1az9ab9T5tXbCymT34A+vjG1djmXw=</latexit>

xn+1 = f(xn)

<latexit sha1_base64="4vUwWFAkfG3HuIcDjK5tWT0jP/o="></latexit>

log |ωn| =
n→1∑

k=0

log |f ↑[xk]|+ log |ω0|

<latexit sha1_base64="X7KKC3BW+EGNkM9NtcvzoHhs2bo=">AAACIHicbVDLSsNAFJ3UV62vqks3g0V0Y0lEWjeFohuXFewDmhgmk0k7dDIJMxOxhHyKG3/FjQtFdKdf47TNQlsPDBzOOZc793gxo1KZ5pdRWFpeWV0rrpc2Nre2d8q7ex0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeqOrid+9J0LSiN+qcUycEA04DShGSktuuW77hCnkpjxr2LGIfDcdNczsLuWnVpbaXgCD7Lg/JQ+ZO3LyuOmWK2bVnAIuEisnFZCj5ZY/bT/CSUi4wgxJ2bfMWDkpEopiRrKSnUgSIzxCA9LXlKOQSCedHpjBI634MIiEflzBqfp7IkWhlOPQ08kQqaGc9ybif14/UcGFk1IeJ4pwPFsUJAyqCE7agj4VBCs21gRhQfVfIR4igbDSnZZ0Cdb8yYukc1a1atXazXmleZnXUQQH4BCcAAvUQRNcgxZoAwwewTN4BW/Gk/FivBsfs2jByGf2wR8Y3z8w/6Oa</latexit>

ωn =
n→1∏

k=0

f ↑[xk]ω0



The Lyapunov Exponent

Consider an infinitesimal perturbation

<latexit sha1_base64="5Tbp8SmAYQd9i1iZ6zGD5CSuz8U=">AAACBXicbZDLSsNAFIYnXmu9VV3qYrAIglASkepGKLpxWcFeoAlhMpm0QyeTMHMiltCNG1/FjQtF3PoO7nwbp5eFth4Y+Pj/czhz/iAVXINtf1sLi0vLK6uFteL6xubWdmlnt6mTTFHWoIlIVDsgmgkuWQM4CNZOFSNxIFgr6F+P/NY9U5on8g4GKfNi0pU84pSAkfzSQe4GEW4PfXk5pgdDJ27IBBDf2GW7Yo8Lz4MzhTKaVt0vfblhQrOYSaCCaN1x7BS8nCjgVLBh0c00Swntky7rGJQkZtrLx1cM8ZFRQhwlyjwJeKz+nshJrPUgDkxnTKCnZ72R+J/XySC68HIu0wyYpJNFUSYwJHgUCQ65YhTEwAChipu/YtojilAwwRVNCM7syfPQPK041Ur19qxcu5rGUUD76BAdIwedoxq6QXXUQBQ9omf0it6sJ+vFerc+Jq0L1nRmD/0p6/MHBnqYSw==</latexit>

Xn = xn + ωn

<latexit sha1_base64="r88gKGIlZAXyF5olHbem3jUjTT4=">AAACCXicbVDLSgMxFL3js9ZX1aWbYBEqQpkRqW6EohuXFewD2qFk0kwbmskMSUYsw2zd+CtuXCji1j9w59+YtiNo64ELJ+fcS+49XsSZ0rb9ZS0sLi2vrObW8usbm1vbhZ3dhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94dXYb95RqVgobvUoom6A+4L5jGBtpG4BJR3PR/dpNxHHTnoxeflp6UcVR91C0S7bE6B54mSkCBlq3cJnpxeSOKBCE46Vajt2pN0ES80Ip2m+EysaYTLEfdo2VOCAKjeZXJKiQ6P0kB9KU0Kjifp7IsGBUqPAM50B1gM1643F/7x2rP1zN2EiijUVZPqRH3OkQzSOBfWYpETzkSGYSGZ2RWSAJSbahJc3ITizJ8+TxknZqZQrN6fF6mUWRw724QBK4MAZVOEaalAHAg/wBC/waj1az9ab9T5tXbCymT34A+vjG1djmXw=</latexit>

xn+1 = f(xn)

<latexit sha1_base64="NhjEA5ey+u7mEn6Ywk4S+xlWqTw="></latexit>

|ωn| = |ω0| exp
(

n→1∑

k=0

log |f ↑[xk]|
)

→ eωn

<latexit sha1_base64="4vUwWFAkfG3HuIcDjK5tWT0jP/o="></latexit>

log |ωn| =
n→1∑

k=0

log |f ↑[xk]|+ log |ω0|

<latexit sha1_base64="X7KKC3BW+EGNkM9NtcvzoHhs2bo=">AAACIHicbVDLSsNAFJ3UV62vqks3g0V0Y0lEWjeFohuXFewDmhgmk0k7dDIJMxOxhHyKG3/FjQtFdKdf47TNQlsPDBzOOZc793gxo1KZ5pdRWFpeWV0rrpc2Nre2d8q7ex0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeqOrid+9J0LSiN+qcUycEA04DShGSktuuW77hCnkpjxr2LGIfDcdNczsLuWnVpbaXgCD7Lg/JQ+ZO3LyuOmWK2bVnAIuEisnFZCj5ZY/bT/CSUi4wgxJ2bfMWDkpEopiRrKSnUgSIzxCA9LXlKOQSCedHpjBI634MIiEflzBqfp7IkWhlOPQ08kQqaGc9ybif14/UcGFk1IeJ4pwPFsUJAyqCE7agj4VBCs21gRhQfVfIR4igbDSnZZ0Cdb8yYukc1a1atXazXmleZnXUQQH4BCcAAvUQRNcgxZoAwwewTN4BW/Gk/FivBsfs2jByGf2wR8Y3z8w/6Oa</latexit>

ωn =
n→1∏

k=0

f ↑[xk]ω0



The Lyapunov Exponent
<latexit sha1_base64="PYYgJ/y8MzB2c/eGdnkmeSkL+T0="></latexit>

ω(t) = exp

{∫ t

0
dt→F→[x(t→)]

}
ω(0)

<latexit sha1_base64="7p1HrnHD63N9kKMrOKKj+CHvdi0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRjcsK9gFtLJPJTTt0MgkzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uHeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APqx2VJxKCm0a81j2fKKAMwFtzTSHXiKBRD6Hrj+5mfndR5CKxeJeTxPwIjISLGSUaCMN7epAsQjDQzbgJhQQLPKhXXPqzhx4lbgFqaECraH9NQhimkYgNOVEqb7rJNrLiNSMcsgrg1RBQuiEjKBvqCARKC+b357jU6MEOIyleULjufo7kZFIqWnkm8mI6LFa9mbif14/1eGVlzGRpBoEXSwKU451jGdF4IBJoJpPDSFUMnMrpmMiCdWmroopwV3+8irpnNfdRr1xd1FrXhd1lNExOkFnyEWXqIluUQu1EUVP6Bm9ojcrt16sd+tjMVqyiswR+gPr8wemWZQ1</latexit>

→ eωn

<latexit sha1_base64="7xPqdOg17ToiNfGcKK2jaYVtbmA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRjcsK9gFtLJPJTTt0JgkzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uHeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APqx2VJxKCm0a81j2fKKAswjammkOvUQCET6Hrj+5mfndR5CKxdG9nibgCTKKWMgo0UYa2tWBYgLDQzbgJhQQrPOhXXPqzhx4lbgFqaECraH9NQhimgqINOVEqb7rJNrLiNSMcsgrg1RBQuiEjKBvaEQEKC+b357jU6MEOIyleZHGc/V3IiNCqanwzaQgeqyWvZn4n9dPdXjlZSxKUg0RXSwKU451jGdF4IBJoJpPDSFUMnMrpmMiCdWmroopwV3+8irpnNfdRr1xd1FrXhd1lNExOkFnyEWXqIluUQu1EUVP6Bm9ojcrt16sd+tjMVqyiswR+gPr8wevd5Q7</latexit>

→ eωt

The Lyapunov Exponent
(continuous time)

<latexit sha1_base64="VgjBKXaH06PFzbSk9TSJSqKGn28="></latexit>

ω = lim
t→↑

1

t

∫ t

0
dt↓F↓[x(t↓)]

<latexit sha1_base64="Xm1Pz3IaHYjTx5E/jzu7Zc3yO/k="></latexit>

ω = lim
n→↑

1

n

n↓1∑

k=0

log |f ↔[xk]|The Lyapunov Exponent
(discrete time)

<latexit sha1_base64="NhjEA5ey+u7mEn6Ywk4S+xlWqTw="></latexit>

|ωn| = |ω0| exp
(

n→1∑

k=0

log |f ↑[xk]|
)

→ eωn



Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="ZLMnHJGSBkaZdh63L/+F4CX6QkI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CkmR6kUoevFYwbSFNpTNdtMu3eyG3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeN5387a+sbm1nZpp7y7t39wWDk6bmmZKUIDIrlUnQhrypmggWGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYKVA3vlvrV6qe682BVolfkCoUaPYrX72BJFlChSEca931vdSEOVaGEU6n5V6maYrJGA9p11KBE6rDfH7sFJ1bZYBiqWwJg+bq74kcJ1pPksh2JtiM9LI3E//zupmJr8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTtiH4yy+vklbN9etu/eGy2rgt4ijBKZzBBfhwBQ24hyYEQIDBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5A6+0jfc=</latexit>

r = 1.2
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iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn

<latexit sha1_base64="Buqu34wcSxyHJxMF8UHlWa3zXDA=">AAAB8XicbVDLTgIxFL31ifhCXbppJEY3khlj0CXRjUtM5BFhQjqlAw2dzqTtGMnAX7hxoTFu/Rt3/o0FZqHgSdqcnHNv7r3HjwXXxnG+0dLyyuraem4jv7m1vbNb2Nuv6yhRlNVoJCLV9IlmgktWM9wI1owVI6EvWMMf3Ez8xiNTmkfy3gxj5oWkJ3nAKTFWehg9deTJmf1GnULRKTlT4EXiZqQIGaqdwle7G9EkZNJQQbRuuU5svJQow6lg43w70SwmdEB6rGWpJCHTXjrdeIyPrdLFQaTskwZP1d8dKQm1Hoa+rQyJ6et5byL+57USE1x5KZdxYpiks0FBIrCJ8OR83OWKUSOGlhCquN0V0z5RhBobUt6G4M6fvEjq5yW3XCrfXRQr11kcOTiEIzgFFy6hArdQhRpQkPAMr/CGNHpB7+hjVrqEsp4D+AP0+QNiTJC/</latexit>

|x0
n � xn|

<latexit sha1_base64="Kc/9JZmBLLcTksmPLmNK1d1ZZhE=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAhuDEmV6kYounFZwT6gDWUymbRDJ5MwcyOEUH/FjQtF3Poh7vwbp20W2npg4HDOudw7x084U+A438bK6tr6xmZpq7y9s7u3bx4ctlWcSkJbJOax7PpYUc4EbQEDTruJpDjyOe3449up33mkUrFYPECWUC/CQ8FCRjBoaWBW+lyHA3x95ti12nk/iEENzKpjOzNYy8QtSBUVaA7MLz1H0ogKIBwr1XOdBLwcS2CE00m5nyqaYDLGQ9rTVOCIKi+fHT+xTrQSWGEs9RNgzdTfEzmOlMoiXycjDCO16E3F/7xeCuGVlzORpEAFmS8KU25BbE2bsAImKQGeaYKJZPpWi4ywxAR0X2Vdgrv45WXSrtlu3a7fX1QbN0UdJXSEjtEpctElaqA71EQtRFCGntErejOejBfj3fiYR1eMYqaC/sD4/AHh3ZOm</latexit>

� = �0.223 . . .

<latexit sha1_base64="7xPqdOg17ToiNfGcKK2jaYVtbmA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRjcsK9gFtLJPJTTt0JgkzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uHeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APqx2VJxKCm0a81j2fKKAswjammkOvUQCET6Hrj+5mfndR5CKxdG9nibgCTKKWMgo0UYa2tWBYgLDQzbgJhQQrPOhXXPqzhx4lbgFqaECraH9NQhimgqINOVEqb7rJNrLiNSMcsgrg1RBQuiEjKBvaEQEKC+b357jU6MEOIyleZHGc/V3IiNCqanwzaQgeqyWvZn4n9dPdXjlZSxKUg0RXSwKU451jGdF4IBJoJpPDSFUMnMrpmMiCdWmroopwV3+8irpnNfdRr1xd1FrXhd1lNExOkFnyEWXqIluUQu1EUVP6Bm9ojcrt16sd+tjMVqyiswR+gPr8wevd5Q7</latexit>

⇠ e�t

<latexit sha1_base64="gWz+vP/0dxk4/yI6fHhi35FH3ZE="></latexit>

� =
1

N

N�1X

i=0

log |f 0(xi)|

iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9

stable

<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
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<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="z32v3y6zfMrIoMfMkb44iwpdRW4=">AAACMXicbVDLTgIxFO34RHyNunTTSAyuyAwx6JLohiUm8kiATDqlQEOnM2nvKGTCL7nxT4wbFhrj1p+wPBY4eJImp+fce9t7/EhwDY4ztTY2t7Z3djN72f2Dw6Nj++S0rsNYUVajoQhV0yeaCS5ZDTgI1owUI4EvWMMf3s/8xhNTmofyEcYR6wSkL3mPUwJG8uzKyHPyuK14fwBEqfAZjzw3LRTzq/d2NwSdqpB5z845BWcOvE7cJcmhJaqe/WYG0ThgEqggWrdcJ4JOQhRwKtgk2441iwgdkj5rGSpJwHQnmW88wZdG6eJeqMyRgOfqakdCAq3HgW8qAwIDnfZm4n9eK4bebSfhMoqBSbp4qBcLDCGexYe7XDEKYmwIoYqbv2I6IIpQMCFnTQhueuV1Ui8W3FKh9HCdK98t48igc3SBrpCLblAZVVAV1RBFL+gdfaBP69WaWl/W96J0w1r2nKE/sH5+Ac3sqgk=</latexit>

x0
0 ! x0

1 ! x0
2 ! · · · ! x0

n

The Lyapunov Exponent



Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Example: <latexit sha1_base64="On8HBSHjCm05lI+dqJd+2na3ekQ=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbB05KVUr0IRS8eK9gPaJeSTbNtaDa7JFmxLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIrg3G305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gREM8ElaxpuBOskipEoEKwdjG9nfvuRKc1j+WAmCfMjMpQ85JQYK7Wf+vgau9V+uYJdPAdaJV5OKpCj0S9/9QYxTSMmDRVE666HE+NnRBlOBZuWeqlmCaFjMmRdSyWJmPaz+blTdGaVAQpjZUsaNFd/T2Qk0noSBbYzImakl72Z+J/XTU145WdcJqlhki4WhalAJkaz39GAK0aNmFhCqOL2VkRHRBFqbEIlG4K3/PIqaV24Xs2t3Vcr9Zs8jiKcwCmcgweXUIc7aEATKIzhGV7hzUmcF+fd+Vi0Fpx85hj+wPn8AeCWjqE=</latexit>

x0 = 0.4
<latexit sha1_base64="5jTC9ZvdcWpz+RnbbhmmtyMTbP0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqheh6MVjBdMW2lA22027dLMbdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpRypo3nfTultfWNza3ydmVnd2//oHp41NIyU4QGRHKpOhHWlDNBA8MMp51UUZxEnLaj8d3Mbz9RpZkUj2aS0jDBQ8FiRrCxUqBuLl2vX615rjcHWiV+QWpQoNmvfvUGkmQJFYZwrHXX91IT5lgZRjidVnqZpikmYzykXUsFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzP62Ymvg5zJtLMUEEWi+KMIyPR7HM0YIoSwyeWYKKYvRWREVaYGJtPxYbgL7+8SloXrl936w+XtcZtEUcZTuAUzsGHK2jAPTQhAAIMnuEV3hzhvDjvzseiteQUM8fwB87nD7E+jfg=</latexit>

r = 4.0
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iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="4JOYAOfm+2E4kFF+f/kXkJp/pmU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/Vkr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBrto3o</latexit>xn
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<latexit sha1_base64="Buqu34wcSxyHJxMF8UHlWa3zXDA=">AAAB8XicbVDLTgIxFL31ifhCXbppJEY3khlj0CXRjUtM5BFhQjqlAw2dzqTtGMnAX7hxoTFu/Rt3/o0FZqHgSdqcnHNv7r3HjwXXxnG+0dLyyuraem4jv7m1vbNb2Nuv6yhRlNVoJCLV9IlmgktWM9wI1owVI6EvWMMf3Ez8xiNTmkfy3gxj5oWkJ3nAKTFWehg9deTJmf1GnULRKTlT4EXiZqQIGaqdwle7G9EkZNJQQbRuuU5svJQow6lg43w70SwmdEB6rGWpJCHTXjrdeIyPrdLFQaTskwZP1d8dKQm1Hoa+rQyJ6et5byL+57USE1x5KZdxYpiks0FBIrCJ8OR83OWKUSOGlhCquN0V0z5RhBobUt6G4M6fvEjq5yW3XCrfXRQr11kcOTiEIzgFFy6hArdQhRpQkPAMr/CGNHpB7+hjVrqEsp4D+AP0+QNiTJC/</latexit>

|x0
n � xn|

<latexit sha1_base64="7xPqdOg17ToiNfGcKK2jaYVtbmA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1WXRjcsK9gFtLJPJTTt0JgkzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uHeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APqx2VJxKCm0a81j2fKKAswjammkOvUQCET6Hrj+5mfndR5CKxdG9nibgCTKKWMgo0UYa2tWBYgLDQzbgJhQQrPOhXXPqzhx4lbgFqaECraH9NQhimgqINOVEqb7rJNrLiNSMcsgrg1RBQuiEjKBvaEQEKC+b357jU6MEOIyleZHGc/V3IiNCqanwzaQgeqyWvZn4n9dPdXjlZSxKUg0RXSwKU451jGdF4IBJoJpPDSFUMnMrpmMiCdWmroopwV3+8irpnNfdRr1xd1FrXhd1lNExOkFnyEWXqIluUQu1EUVP6Bm9ojcrt16sd+tjMVqyiswR+gPr8wevd5Q7</latexit>

⇠ e�t
<latexit sha1_base64="qyaKfe6GiSSrG3f3LFvTxcOcDms=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IR6qUkRaoXoejFYwVbC00om82mXbrZhN2NUEt/iRcPinj1p3jz37htc9DWgYVhZh7v7QQpZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYUclmSS0TRKeyG6AFeVM0LZmmtNuKimOA04fgtHNzH94pFKxRNzrcUr9GA8EixjB2kh9u+xxEw7xlceTQbV+1rcrTs2ZA60SNycVyNHq219emJAspkITjpXquU6q/QmWmhFOpyUvUzTFZIQHtGeowDFV/mR++BSdGiVEUSLNExrN1d8TExwrNY4Dk4yxHqplbyb+5/UyHV36EybSTFNBFouijCOdoFkLKGSSEs3HhmAimbkVkSGWmGjTVcmU4C5/eZV06jW3UWvcnVea13kdRTiGE6iCCxfQhFtoQRsIZPAMr/BmPVkv1rv1sYgWrHzmCP7A+vwBldGSZw==</latexit>

� = log(2)
<latexit sha1_base64="gWz+vP/0dxk4/yI6fHhi35FH3ZE="></latexit>

� =
1

N

N�1X

i=0

log |f 0(xi)|

iteration
<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="YfA7SaTNqkCPDWVSyVyOaJGQRkU=">AAAB+XicbVDLSgMxFM3UV62vUZdugkUUxJKRUnUhFN24rGAf0I5DJs20oZnMkGSKZeifuHGhiFv/xJ1/Y9rOQlsPXDiccy/33uPHnCmN0LeVW1peWV3Lrxc2Nre2d+zdvYaKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/cHtxG8OqVQsEg96FFM3xD3BAkawNpJn208eOr5GpfKpgx7Ts6uxZxdRCU0BF4mTkSLIUPPsr043IklIhSYcK9V2UKzdFEvNCKfjQidRNMZkgHu0bajAIVVuOr18DI+M0oVBJE0JDafq74kUh0qNQt90hlj31bw3Ef/z2okOLt2UiTjRVJDZoiDhUEdwEgPsMkmJ5iNDMJHM3ApJH0tMtAmrYEJw5l9eJI3zklMpVe7LxepNFkceHIBDcAIccAGq4A7UQB0QMATP4BW8Wan1Yr1bH7PWnJXN7IM/sD5/AG4CkZs=</latexit>

x0
0 = 0.4 + 10�9

Chaotic

<latexit sha1_base64="SAcDmM+RguUmgqKeDFS6HgF7RuE=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjNFqsuiLlxWsA9ohyGTpm1oZjIkd7Rl6A+58VdEcFERt/6GaTsLnXogcO65r9zjR4JrsO2ZlVtb39jcym8Xdnb39g+Kh0dNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+6medbj0xpLsMHmETMDcgg5H1OCRjJK96OPRt3FR8MgSgln/DYczJx5XfY7UnQmQIzpmSX7QXwKnFSUkIp6l7xzcyhccBCoIJo3XHsCNyEKOBUsGmhG2sWEToiA9YxNCQB026yuHaKz4zSw32pzAsBL9TfHQkJtJ4EvqkMCAx1NjcX/8t1YuhfuQkPoxhYSJeL+rHAIPHcOtzjilEQE0MIVdz8FdMhUYSCMbhgTHCyJ6+SZqXsVMvV+4tS7Tq1I49O0Ck6Rw66RDV0h+qogSh6Rq9ohj6sF+vd+rS+lqU5K+05Rn9gff8ABSqpRQ==</latexit>x0 ! x1 ! x2 ! · · · ! xn

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
<latexit sha1_base64="z32v3y6zfMrIoMfMkb44iwpdRW4=">AAACMXicbVDLTgIxFO34RHyNunTTSAyuyAwx6JLohiUm8kiATDqlQEOnM2nvKGTCL7nxT4wbFhrj1p+wPBY4eJImp+fce9t7/EhwDY4ztTY2t7Z3djN72f2Dw6Nj++S0rsNYUVajoQhV0yeaCS5ZDTgI1owUI4EvWMMf3s/8xhNTmofyEcYR6wSkL3mPUwJG8uzKyHPyuK14fwBEqfAZjzw3LRTzq/d2NwSdqpB5z845BWcOvE7cJcmhJaqe/WYG0ThgEqggWrdcJ4JOQhRwKtgk2441iwgdkj5rGSpJwHQnmW88wZdG6eJeqMyRgOfqakdCAq3HgW8qAwIDnfZm4n9eK4bebSfhMoqBSbp4qBcLDCGexYe7XDEKYmwIoYqbv2I6IIpQMCFnTQhueuV1Ui8W3FKh9HCdK98t48igc3SBrpCLblAZVVAV1RBFL+gdfaBP69WaWl/W96J0w1r2nKE/sH5+Ac3sqgk=</latexit>

x0
0 ! x0

1 ! x0
2 ! · · · ! x0

n

The Lyapunov Exponent



Route to chaos: Maps
Logistic map

<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Vary parameter, r

in the limit <latexit sha1_base64="pL6uFFiPzxRaiPjJoYI84YdlFUY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7sqPcVHYyBKxY/Y4zKEbGDXnLozB14lbkFqqEBrYH95w5imEZNABdG67zoJ+DlRwKlg04qXapYQOiEj1jdUkohpP58fP8WnRhniMFamJOC5+nsiJ5HWWRSYzojAWC97M/E/r59CeOXnXCYpMEkXi8JUYIjxLAk85IpREJkhhCpubsV0TBShYPKqmBDc5ZdXSee87jbqjbuLWvO6iKOMjtEJOkMuukRNdItaqI0oytAzekVv1pP1Yr1bH4vWklXMVNEfWJ8/QCiVLQ==</latexit>

n ! 1



Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Period doubling
on the route to chaos

<latexit sha1_base64="UYGNCFwpwXOIOy662Ii/hGTifaQ=">AAACB3icbVDLSsNAFJ3UV62vqktBBovgqiQi1WXRjcsK9gFNKJPppB06mYSZGzWE7tz4K25cKOLWX3Dn3zhts9DWAwOHc87lzj1+LLgG2/62CkvLK6trxfXSxubW9k55d6+lo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9dTfz2HVOaR/IW0ph5IRlIHnBKwEi98qEreNjLpKv4YAhEqegeu1wGkI7xQ88EKnbVngIvEicnFZSj0St/uf2IJiGTQAXRuuvYMXgZUcCpYOOSm2gWEzoiA9Y1VJKQaS+b3jHGx0bp4yBS5knAU/X3REZCrdPQN8mQwFDPexPxP6+bQHDhZVzGCTBJZ4uCRGCI8KQU3OeKURCpIYQqbv6K6ZAoQsFUVzIlOPMnL5LWadWpVWs3Z5X6ZV5HER2gI3SCHHSO6ugaNVATUfSIntErerOerBfr3fqYRQtWPrOP/sD6/AHdk5n1</latexit>

lim
n!1

xn

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r“Strength of chaos”

Vary parameter, r

in the limit <latexit sha1_base64="pL6uFFiPzxRaiPjJoYI84YdlFUY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7sqPcVHYyBKxY/Y4zKEbGDXnLozB14lbkFqqEBrYH95w5imEZNABdG67zoJ+DlRwKlg04qXapYQOiEj1jdUkohpP58fP8WnRhniMFamJOC5+nsiJ5HWWRSYzojAWC97M/E/r59CeOXnXCYpMEkXi8JUYIjxLAk85IpREJkhhCpubsV0TBShYPKqmBDc5ZdXSee87jbqjbuLWvO6iKOMjtEJOkMuukRNdItaqI0oytAzekVv1pP1Yr1bH4vWklXMVNEfWJ8/QCiVLQ==</latexit>

n ! 1

Route to chaos: Maps



Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Period doubling
on the route to chaos

<latexit sha1_base64="UYGNCFwpwXOIOy662Ii/hGTifaQ=">AAACB3icbVDLSsNAFJ3UV62vqktBBovgqiQi1WXRjcsK9gFNKJPppB06mYSZGzWE7tz4K25cKOLWX3Dn3zhts9DWAwOHc87lzj1+LLgG2/62CkvLK6trxfXSxubW9k55d6+lo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9dTfz2HVOaR/IW0ph5IRlIHnBKwEi98qEreNjLpKv4YAhEqegeu1wGkI7xQ88EKnbVngIvEicnFZSj0St/uf2IJiGTQAXRuuvYMXgZUcCpYOOSm2gWEzoiA9Y1VJKQaS+b3jHGx0bp4yBS5knAU/X3REZCrdPQN8mQwFDPexPxP6+bQHDhZVzGCTBJZ4uCRGCI8KQU3OeKURCpIYQqbv6K6ZAoQsFUVzIlOPMnL5LWadWpVWs3Z5X6ZV5HER2gI3SCHHSO6ugaNVATUfSIntErerOerBfr3fqYRQtWPrOP/sD6/AHdk5n1</latexit>

lim
n!1

xn

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r“Strength of chaos”

Lyapunov 
exponent

<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

�

Vary parameter, r

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

Route to chaos: Maps



Logistic map
<latexit sha1_base64="IfEjNiCfpGvXbLZzRxBLKdWO0H8=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMiFQ3QtGNywr2AW0ZMmlaQzOZIclI61D8FTcuFHHrf7jzb0zbWWjrgXs5nHMvuTl+xJnSjvNtZRYWl5ZXsqu5tfWNzS17e6emwlgSWiUhD2XDx4pyJmhVM81pI5IUBz6ndb9/PfbrD1QqFoo7PYxoO8A9wbqMYG0kz94beIk4dkeXEg08UXBPTD/y7LxTdCZA88RNSR5SVDz7q9UJSRxQoQnHSjVdJ9LtBEvNCKejXCtWNMKkj3u0aajAAVXtZHL9CB0apYO6oTQlNJqovzcSHCg1DHwzGWB9r2a9sfif14x196KdMBHFmgoyfagbc6RDNI4CdZikRPOhIZhIZm5F5B5LTLQJLGdCcGe/PE9qp0W3VCzdnuXLV2kcWdiHAyiAC+dQhhuoQBUIPMIzvMKb9WS9WO/Wx3Q0Y6U7u/AH1ucPudKUHw==</latexit>

xn+1 = rxn(1� xn)

Period doubling
on the route to chaos

<latexit sha1_base64="UYGNCFwpwXOIOy662Ii/hGTifaQ=">AAACB3icbVDLSsNAFJ3UV62vqktBBovgqiQi1WXRjcsK9gFNKJPppB06mYSZGzWE7tz4K25cKOLWX3Dn3zhts9DWAwOHc87lzj1+LLgG2/62CkvLK6trxfXSxubW9k55d6+lo0RR1qSRiFTHJ5oJLlkTOAjWiRUjoS9Y2x9dTfz2HVOaR/IW0ph5IRlIHnBKwEi98qEreNjLpKv4YAhEqegeu1wGkI7xQ88EKnbVngIvEicnFZSj0St/uf2IJiGTQAXRuuvYMXgZUcCpYOOSm2gWEzoiA9Y1VJKQaS+b3jHGx0bp4yBS5knAU/X3REZCrdPQN8mQwFDPexPxP6+bQHDhZVzGCTBJZ4uCRGCI8KQU3OeKURCpIYQqbv6K6ZAoQsFUVzIlOPMnL5LWadWpVWs3Z5X6ZV5HER2gI3SCHHSO6ugaNVATUfSIntErerOerBfr3fqYRQtWPrOP/sD6/AHdk5n1</latexit>

lim
n!1

xn

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r“Strength of chaos”

Lyapunov 
exponent

<latexit sha1_base64="2mfovkgD5KTlEg0+C1WKuNHg6EQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1WXRjcsK9gFtKDeTSTt0MgkzE6GEfoQbF4q49Xvc+TdO2yy0emDgcM65zL0nSAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTlLVpIhLVC1AzwSVrG24E66WKYRwI1g0mt3O/+8iU5ol8MNOU+TGOJI84RWOl7kDYaIjDas2tuwuQv8QrSA0KtIbVz0GY0Cxm0lCBWvc9NzV+jspwKtisMsg0S5FOcMT6lkqMmfbzxbozcmaVkESJsk8aslB/TuQYaz2NA5uM0Yz1qjcX//P6mYmu/ZzLNDNM0uVHUSaIScj8dhJyxagRU0uQKm53JXSMCqmxDVVsCd7qyX9J56LuNeqN+8ta86aoowwncArn4MEVNOEOWtAGChN4ghd4dVLn2Xlz3pfRklPMHMMvOB/fQFePiA==</latexit>

�

Onset of chaos

Vary parameter, r

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

Route to chaos: Maps



A Simpler Chaotic Map

Bernoulli map 
(or doubling map)

For r=4, where this is chaotic it can be reduced to the Bernoulli map

<latexit sha1_base64="PPNHr7nPHE1QzdOSJWFDD00K0aE=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOPCRQX7gCaEyWTaDp1MwsykEELXbvwVNy4UcesXuPNvnLRZaOuBgcM55zL3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP77J/e6ECEkj/qDSmLghGnI6oBgpLXnmscN0OEBe5oRIjUSY3aUoTng0mU6vHMZh3TOrVs2aAS4TuyBVUKDlmV9OEOEkJFxhhqTs21as3AwJRTEj04qTSBIjPEZD0teUo5BIN5udMoWnWgngIBL6cQVn6u+JDIVSpqGvk/m+ctHLxf+8fqIGl25GeZwowvH8o0HCoIpg3gsMqCBYsVQThAXVu0I8QgJhpdur6BLsxZOXSadesxu1xv15tXld1FEGR+AEnAEbXIAmuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/APjgmxQ=</latexit>

�Lyapunov = ln 2

<latexit sha1_base64="afBtG43WguwgHT0v0HeHbXZHESI=">AAACEXicbVA9SwNBEN3zM8avqKXNYhBiE+6CRBshaGMZwXxALh57m71kyd7esTsnhiN/wca/YmOhiK2dnf/GTXKFJj4YeLw3w8w8PxZcg21/W0vLK6tr67mN/ObW9s5uYW+/qaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfXk381j1TmkfyFkYx64akL3nAKQEjeYXSgycvXM3lXcUVLICSGyhCUzfmGDw5TitjV/H+AE68QtEu21PgReJkpIgy1L3Cl9uLaBIyCVQQrTuOHUM3JQo4FWycdxPNYkKHpM86hkoSMt1Npx+N8bFRejiIlCkJeKr+nkhJqPUo9E1nSGCg572J+J/XSSA476ZcxgkwSWeLgkRgiPAkHtzjilEQI0MIVdzciumAmEjAhJg3ITjzLy+SZqXsVMvVm9Ni7TKLI4cO0REqIQedoRq6RnXUQBQ9omf0it6sJ+vFerc+Zq1LVjZzgP7A+vwBkSCdgA==</latexit>

xn = sin2
✓
⇡tn
2

◆
<latexit sha1_base64="NST2K3a6eTxRGj2s4Li62cJ8viU=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFbHMSKluhKIblxXsA9oyZNK0Dc1khiQjrUPxV9y4UMSt/+HOvzF9LLT1wL0czrmX3Bw/4kxpx/m2UkvLK6tr6fXMxubW9o69u1dVYSwJrZCQh7LuY0U5E7Simea0HkmKA5/Tmt+/Gfu1ByoVC8W9Hka0FeCuYB1GsDaSZx8MvEScuqOrAhp4IueemX7i2Vkn70yAFok7I1mYoezZX812SOKACk04VqrhOpFuJVhqRjgdZZqxohEmfdylDUMFDqhqJZPrR+jYKG3UCaUpodFE/b2R4ECpYeCbyQDrnpr3xuJ/XiPWnctWwkQUayrI9KFOzJEO0TgK1GaSEs2HhmAimbkVkR6WmGgTWMaE4M5/eZFUz/NuMV+8K2RL17M40nAIR5ADFy6gBLdQhgoQeIRneIU368l6sd6tj+loyprt7MMfWJ8/WTCT4Q==</latexit>

xn+1 = 4xn(1→ xn)

<latexit sha1_base64="DpkxxlkGNsb/rA9vXBgeG5wRV28=">AAACMnicbZDLSgMxFIYz9VbrbdSlm2ARWoQ6U0p1Uyi60V0Fe4FOLZk0bUMzyZBkhDL0mdz4JIILXSji1ocwvSyc6g+Bn++cw8n5/ZBRpR3n1UqtrK6tb6Q3M1vbO7t79v5BQ4lIYlLHggnZ8pEijHJS11Qz0golQYHPSNMfXU3rzQciFRX8To9D0gnQgNM+xUgb1LVvPEX5fTHnhRTqbsxP3clZMV8pJTA3yMNCJUAl2ZLv2lmn4MwE/xp3YbJgoVrXfvZ6AkcB4RozpFTbdULdiZHUFDMyyXiRIiHCIzQgbWM5CojqxLOTJ/DEkB7sC2ke13BGf0/EKFBqHPimM0B6qJZrU/hfrR3p/kUnpjyMNOF4vqgfMagFnOYHe1QSrNnYGIQlNX+FeIgkwtqknDEhuMsn/zWNYsEtF8q3pWz1chFHGhyBY5ADLjgHVXANaqAOMHgEL+AdfFhP1pv1aX3NW1PWYuYQJGR9/wA94qck</latexit>

sin2(ωtn+1/2) = 4 sin2(ωtn/2) cos
2(ωtn/2) = sin2(ωtn)

<latexit sha1_base64="ISFCro45eQffq+cJRexUlUiEtFU=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQLXWmSHUjFN24rGAf0ClDJk3b0CQzJBmhDPMPbvwVNy4UcevGnX9j2s5CWw8ETs65l3vvCSJGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2wFShFFBGppqRtqRJIgHjLSC0c3Ebz0QqWgo7vU4Il2OBoL2KUbaSL594kUUaj8Rp256Vrma/QT0Sh5Heih5wsNe6pWgMXy76JSdKeAicTNSBBnqvv3l9UIccyI0ZkipjutEupsgqSlmJC14sSIRwiM0IB1DBeJEdZPpTSk8MkoP9kNpntBwqv7uSBBXaswDUznZVM17E/E/rxPr/mU3oSKKNRF4NqgfM6hDOAkI9qgkWLOxIQhLanaFeIgkwtrEWDAhuPMnL5JmpexWy9W782LtOosjDw7AITgGLrgANXAL6qABMHgEz+AVvFlP1ov1bn3MSnNW1rMP/sD6/AEiKZ0a</latexit>

ωtn+1/2 = ωtn modω

<latexit sha1_base64="hGCxc2yvUQaEiNfUnqRvz4xPPTk=">AAACEXicbVDLSgMxFM3UV62vqks3wSIUlDJTpLoRim5cVrAPaMuQSdM2NMkMyR2hDP0FN/6KGxeKuHXnzr8x03ahrScEDufcy733BJHgBlz328msrK6tb2Q3c1vbO7t7+f2DhgljTVmdhiLUrYAYJrhideAgWCvSjMhAsGYwukn95gPThofqHsYR60oyULzPKQEr+fki+Ik69SZXZQy+wp2z9OGOJDDUMpFhbzLVsOfnC27JnQIvE29OCmiOmp//6vRCGkumgApiTNtzI+gmRAOngk1yndiwiNARGbC2pYpIZrrJ9KIJPrFKD/dDbb8CPFV/dyREGjOWga1MVzWLXir+57Vj6F92E66iGJiis0H9WGAIcRoP7nHNKIixJYRqbnfFdEg0oWBDzNkQvMWTl0mjXPIqpcrdeaF6PY8ji47QMSoiD12gKrpFNVRHFD2iZ/SK3pwn58V5dz5mpRln3nOI/sD5/AHQZJsh</latexit>

tn+1 = 2tn mod 1
<latexit sha1_base64="vMuqKL3zVCLOubmF7LjnZKFkNnA=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EokWKoI1lBM8EkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NEkmWbcZ4lMdDukhkuhuI8CJW+nmtM4lLwVjm5nfuuJayMS9YDjlAcxHSgRCUbRSr5bx7rXK1fcqjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXyeNF1atVa/eXlcZNHkcRTuAUzsGDK2jAHTTBBwYCnuEV3hzlvDjvzseiteDkM8fwB87nD8LxjgQ=</latexit>

0 < t < 1



A Simpler Chaotic Map

binary bit strings on a classical computer

Bernoulli map 
(or doubling map) <latexit sha1_base64="PPNHr7nPHE1QzdOSJWFDD00K0aE=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOPCRQX7gCaEyWTaDp1MwsykEELXbvwVNy4UcesXuPNvnLRZaOuBgcM55zL3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP77J/e6ECEkj/qDSmLghGnI6oBgpLXnmscN0OEBe5oRIjUSY3aUoTng0mU6vHMZh3TOrVs2aAS4TuyBVUKDlmV9OEOEkJFxhhqTs21as3AwJRTEj04qTSBIjPEZD0teUo5BIN5udMoWnWgngIBL6cQVn6u+JDIVSpqGvk/m+ctHLxf+8fqIGl25GeZwowvH8o0HCoIpg3gsMqCBYsVQThAXVu0I8QgJhpdur6BLsxZOXSadesxu1xv15tXld1FEGR+AEnAEbXIAmuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/APjgmxQ=</latexit>

�Lyapunov = ln 2

<latexit sha1_base64="0qhZlhPJwf9cc2lWXHWA/Qq0IFk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVC9C0YvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRndTv/XEtRGxesRxwv2IDpQIBaNopVbQEzfuudcrld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsdu6EnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMNrPxMqSZErNl8UppJgTKa/k77QnKEcW0KZFvZWwoZUU4Y2oaINwVt8eZk0LypetVJ9uCzXbvM4CnAMJ3AGHlxBDe6hDg1gMIJneIU3J3FenHfnY9664uQzR/AHzucPDnuOvw==</latexit>

bi = 0, 1

<latexit sha1_base64="hGCxc2yvUQaEiNfUnqRvz4xPPTk=">AAACEXicbVDLSgMxFM3UV62vqks3wSIUlDJTpLoRim5cVrAPaMuQSdM2NMkMyR2hDP0FN/6KGxeKuHXnzr8x03ahrScEDufcy733BJHgBlz328msrK6tb2Q3c1vbO7t7+f2DhgljTVmdhiLUrYAYJrhideAgWCvSjMhAsGYwukn95gPThofqHsYR60oyULzPKQEr+fki+Ik69SZXZQy+wp2z9OGOJDDUMpFhbzLVsOfnC27JnQIvE29OCmiOmp//6vRCGkumgApiTNtzI+gmRAOngk1yndiwiNARGbC2pYpIZrrJ9KIJPrFKD/dDbb8CPFV/dyREGjOWga1MVzWLXir+57Vj6F92E66iGJiis0H9WGAIcRoP7nHNKIixJYRqbnfFdEg0oWBDzNkQvMWTl0mjXPIqpcrdeaF6PY8ji47QMSoiD12gKrpFNVRHFD2iZ/SK3pwn58V5dz5mpRln3nOI/sD5/AHQZJsh</latexit>

tn+1 = 2tn mod 1
<latexit sha1_base64="vMuqKL3zVCLOubmF7LjnZKFkNnA=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EokWKoI1lBM8EkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NEkmWbcZ4lMdDukhkuhuI8CJW+nmtM4lLwVjm5nfuuJayMS9YDjlAcxHSgRCUbRSr5bx7rXK1fcqjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXyeNF1atVa/eXlcZNHkcRTuAUzsGDK2jAHTTBBwYCnuEV3hzlvDjvzseiteDkM8fwB87nD8LxjgQ=</latexit>

0 < t < 1

<latexit sha1_base64="0243EDj7PGdDLVZe5W9zkRRe2/s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5BUqW6EohuXFWwrtCFMppN26GQSZm6EWoq/4saFIm79D3f+jdM2C209MHA45x7unROmgmtw3W+rsLS8srpWXC9tbG5t79i7e02dZIqyBk1Eou5DopngkjWAg2D3qWIkDgVrhYPrid96YErzRN7BMGV+THqSR5wSMFJgH0AgL10nDLwwqITBaaebgA7ssuu4U+BF4uWkjHLUA/vL5GgWMwlUEK3bnpuCPyIKOBVsXOpkmqWEDkiPtQ2VJGbaH02vH+Njo3RxlCjzJOCp+jsxIrHWwzg0kzGBvp73JuJ/XjuD6MIfcZlmwCSdLYoygSHBkypwlytGQQwNIVRxcyumfaIIBVNYyZTgzX95kTQrjld1qrdn5dpVXkcRHaIjdII8dI5q6AbVUQNR9Iie0St6s56sF+vd+piNFqw8s4/+wPr8AfTBlEk=</latexit>

tn = 0.b1b2b3 . . .

For r=4, where this is chaotic it can be reduced to the Bernoulli map



A Simpler Chaotic Map

binary bit strings on a classical computer

Bernoulli map 
(or doubling map) <latexit sha1_base64="PPNHr7nPHE1QzdOSJWFDD00K0aE=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOPCRQX7gCaEyWTaDp1MwsykEELXbvwVNy4UcesXuPNvnLRZaOuBgcM55zL3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP77J/e6ECEkj/qDSmLghGnI6oBgpLXnmscN0OEBe5oRIjUSY3aUoTng0mU6vHMZh3TOrVs2aAS4TuyBVUKDlmV9OEOEkJFxhhqTs21as3AwJRTEj04qTSBIjPEZD0teUo5BIN5udMoWnWgngIBL6cQVn6u+JDIVSpqGvk/m+ctHLxf+8fqIGl25GeZwowvH8o0HCoIpg3gsMqCBYsVQThAXVu0I8QgJhpdur6BLsxZOXSadesxu1xv15tXld1FEGR+AEnAEbXIAmuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/APjgmxQ=</latexit>

�Lyapunov = ln 2

<latexit sha1_base64="0qhZlhPJwf9cc2lWXHWA/Qq0IFk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVC9C0YvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRndTv/XEtRGxesRxwv2IDpQIBaNopVbQEzfuudcrld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsdu6EnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMNrPxMqSZErNl8UppJgTKa/k77QnKEcW0KZFvZWwoZUU4Y2oaINwVt8eZk0LypetVJ9uCzXbvM4CnAMJ3AGHlxBDe6hDg1gMIJneIU3J3FenHfnY9664uQzR/AHzucPDnuOvw==</latexit>

bi = 0, 1

<latexit sha1_base64="0243EDj7PGdDLVZe5W9zkRRe2/s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5BUqW6EohuXFWwrtCFMppN26GQSZm6EWoq/4saFIm79D3f+jdM2C209MHA45x7unROmgmtw3W+rsLS8srpWXC9tbG5t79i7e02dZIqyBk1Eou5DopngkjWAg2D3qWIkDgVrhYPrid96YErzRN7BMGV+THqSR5wSMFJgH0AgL10nDLwwqITBaaebgA7ssuu4U+BF4uWkjHLUA/vL5GgWMwlUEK3bnpuCPyIKOBVsXOpkmqWEDkiPtQ2VJGbaH02vH+Njo3RxlCjzJOCp+jsxIrHWwzg0kzGBvp73JuJ/XjuD6MIfcZlmwCSdLYoygSHBkypwlytGQQwNIVRxcyumfaIIBVNYyZTgzX95kTQrjld1qrdn5dpVXkcRHaIjdII8dI5q6AbVUQNR9Iie0St6s56sF+vd+piNFqw8s4/+wPr8AfTBlEk=</latexit>

tn = 0.b1b2b3 . . .
<latexit sha1_base64="zY9gfEAuUrhJ8zyIHcWb3iEnbh8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBosgCCWpUt0IRTcuK9gHtCFMppN26GQSZm6EEgr+ihsXirj1O9z5N07bLLT1wMDhnHu4d06QCK7Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoa3E7/1yJTmsXyAUcK8iPQlDzklYCTfPgQ/k2fu+NopB34l8M+7vRi0b5ecsjMFXiRuTkooR923v0yOphGTQAXRuuM6CXgZUcCpYONiN9UsIXRI+qxjqCQR0142PX+MT4zSw2GszJOAp+rvREYirUdRYCYjAgM9703E/7xOCuGVl3GZpMAknS0KU4EhxpMucI8rRkGMDCFUcXMrpgOiCAXTWNGU4M5/eZE0K2W3Wq7eX5RqN3kdBXSEjtEpctElqqE7VEcNRFGGntErerOerBfr3fqYjS5ZeeYA/YH1+QO3BZS1</latexit>

tn+1 = 0.b2b3 . . .

<latexit sha1_base64="hGCxc2yvUQaEiNfUnqRvz4xPPTk=">AAACEXicbVDLSgMxFM3UV62vqks3wSIUlDJTpLoRim5cVrAPaMuQSdM2NMkMyR2hDP0FN/6KGxeKuHXnzr8x03ahrScEDufcy733BJHgBlz328msrK6tb2Q3c1vbO7t7+f2DhgljTVmdhiLUrYAYJrhideAgWCvSjMhAsGYwukn95gPThofqHsYR60oyULzPKQEr+fki+Ik69SZXZQy+wp2z9OGOJDDUMpFhbzLVsOfnC27JnQIvE29OCmiOmp//6vRCGkumgApiTNtzI+gmRAOngk1yndiwiNARGbC2pYpIZrrJ9KIJPrFKD/dDbb8CPFV/dyREGjOWga1MVzWLXir+57Vj6F92E66iGJiis0H9WGAIcRoP7nHNKIixJYRqbnfFdEg0oWBDzNkQvMWTl0mjXPIqpcrdeaF6PY8ji47QMSoiD12gKrpFNVRHFD2iZ/SK3pwn58V5dz5mpRln3nOI/sD5/AHQZJsh</latexit>

tn+1 = 2tn mod 1
<latexit sha1_base64="vMuqKL3zVCLOubmF7LjnZKFkNnA=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EokWKoI1lBM8EkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NEkmWbcZ4lMdDukhkuhuI8CJW+nmtM4lLwVjm5nfuuJayMS9YDjlAcxHSgRCUbRSr5bx7rXK1fcqjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXyeNF1atVa/eXlcZNHkcRTuAUzsGDK2jAHTTBBwYCnuEV3hzlvDjvzseiteDkM8fwB87nD8LxjgQ=</latexit>

0 < t < 1

For r=4, where this is chaotic it can be reduced to the Bernoulli map



A Simpler Chaotic Map

binary bit strings on a classical computer

Starting from

Bernoulli map 
(or doubling map) <latexit sha1_base64="PPNHr7nPHE1QzdOSJWFDD00K0aE=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOPCRQX7gCaEyWTaDp1MwsykEELXbvwVNy4UcesXuPNvnLRZaOuBgcM55zL3Hj9mVCrL+jZKK6tr6xvlzcrW9s7unrl/0JFRIjBp44hFoucjSRjlpK2oYqQXC4JCn5GuP77J/e6ECEkj/qDSmLghGnI6oBgpLXnmscN0OEBe5oRIjUSY3aUoTng0mU6vHMZh3TOrVs2aAS4TuyBVUKDlmV9OEOEkJFxhhqTs21as3AwJRTEj04qTSBIjPEZD0teUo5BIN5udMoWnWgngIBL6cQVn6u+JDIVSpqGvk/m+ctHLxf+8fqIGl25GeZwowvH8o0HCoIpg3gsMqCBYsVQThAXVu0I8QgJhpdur6BLsxZOXSadesxu1xv15tXld1FEGR+AEnAEbXIAmuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/APjgmxQ=</latexit>

�Lyapunov = ln 2

<latexit sha1_base64="0qhZlhPJwf9cc2lWXHWA/Qq0IFk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIVC9C0YvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRndTv/XEtRGxesRxwv2IDpQIBaNopVbQEzfuudcrld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsdu6EnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMNrPxMqSZErNl8UppJgTKa/k77QnKEcW0KZFvZWwoZUU4Y2oaINwVt8eZk0LypetVJ9uCzXbvM4CnAMJ3AGHlxBDe6hDg1gMIJneIU3J3FenHfnY9664uQzR/AHzucPDnuOvw==</latexit>

bi = 0, 1

<latexit sha1_base64="0243EDj7PGdDLVZe5W9zkRRe2/s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5BUqW6EohuXFWwrtCFMppN26GQSZm6EWoq/4saFIm79D3f+jdM2C209MHA45x7unROmgmtw3W+rsLS8srpWXC9tbG5t79i7e02dZIqyBk1Eou5DopngkjWAg2D3qWIkDgVrhYPrid96YErzRN7BMGV+THqSR5wSMFJgH0AgL10nDLwwqITBaaebgA7ssuu4U+BF4uWkjHLUA/vL5GgWMwlUEK3bnpuCPyIKOBVsXOpkmqWEDkiPtQ2VJGbaH02vH+Njo3RxlCjzJOCp+jsxIrHWwzg0kzGBvp73JuJ/XjuD6MIfcZlmwCSdLYoygSHBkypwlytGQQwNIVRxcyumfaIIBVNYyZTgzX95kTQrjld1qrdn5dpVXkcRHaIjdII8dI5q6AbVUQNR9Iie0St6s56sF+vd+piNFqw8s4/+wPr8AfTBlEk=</latexit>

tn = 0.b1b2b3 . . .
<latexit sha1_base64="zY9gfEAuUrhJ8zyIHcWb3iEnbh8=">AAAB/nicbVDLSsNAFJ34rPUVFVduBosgCCWpUt0IRTcuK9gHtCFMppN26GQSZm6EEgr+ihsXirj1O9z5N07bLLT1wMDhnHu4d06QCK7Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoa3E7/1yJTmsXyAUcK8iPQlDzklYCTfPgQ/k2fu+NopB34l8M+7vRi0b5ecsjMFXiRuTkooR923v0yOphGTQAXRuuM6CXgZUcCpYONiN9UsIXRI+qxjqCQR0142PX+MT4zSw2GszJOAp+rvREYirUdRYCYjAgM9703E/7xOCuGVl3GZpMAknS0KU4EhxpMucI8rRkGMDCFUcXMrpgOiCAXTWNGU4M5/eZE0K2W3Wq7eX5RqN3kdBXSEjtEpctElqqE7VEcNRFGGntErerOerBfr3fqYjS5ZeeYA/YH1+QO3BZS1</latexit>

tn+1 = 0.b2b3 . . .

<latexit sha1_base64="czwErJ7+D5PwP01kSlk7mZMwpP4=">AAAB/3icbVBNS8NAEN34WetXVPDiJVgETyUpUr0IRS8eK9gPaELYbDft0s0m7k6EEnPwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXlBwpkC2/42lpZXVtfWSxvlza3tnV1zb7+t4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxhdT/zOA5WKxeIOxgn1IjwQLGQEg5Z88xB8+9INJSaZk2euupeQ1fLcNyt21Z7CWiROQSqoQNM3v9x+TNKICiAcK9Vz7AS8DEtghNO87KaKJpiM8ID2NBU4osrLpvfn1olW+lYYS10CrKn6eyLDkVLjKNCdEYahmvcm4n9eL4XwwsuYSFKggswWhSm3ILYmYVh9JikBPtYEE8n0rRYZYh0G6MjKOgRn/uVF0q5VnXq1fntWaVwVcZTQETpGp8hB56iBblATtRBBj+gZvaI348l4Md6Nj1nrklHMHKA/MD5/ACxYljs=</latexit>

t0 =
1→
2

<latexit sha1_base64="QhaWXmnGoOlgmZu6DZZxvnONEzE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpl272YTdiVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94CThfkSHSoSCUbRSA/ulsltx5yCrxMtJGXLU+6Wv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/ND52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyexrMhCaM5QTSyjTwt5K2IhqytBmU7QheMsvr5LWZcWrVqqNq3LtNo+jAKdwBhfgwTXU4B7q0AQGHJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A47uNAw==</latexit>

t

<latexit sha1_base64="hGCxc2yvUQaEiNfUnqRvz4xPPTk=">AAACEXicbVDLSgMxFM3UV62vqks3wSIUlDJTpLoRim5cVrAPaMuQSdM2NMkMyR2hDP0FN/6KGxeKuHXnzr8x03ahrScEDufcy733BJHgBlz328msrK6tb2Q3c1vbO7t7+f2DhgljTVmdhiLUrYAYJrhideAgWCvSjMhAsGYwukn95gPThofqHsYR60oyULzPKQEr+fki+Ik69SZXZQy+wp2z9OGOJDDUMpFhbzLVsOfnC27JnQIvE29OCmiOmp//6vRCGkumgApiTNtzI+gmRAOngk1yndiwiNARGbC2pYpIZrrJ9KIJPrFKD/dDbb8CPFV/dyREGjOWga1MVzWLXir+57Vj6F92E66iGJiis0H9WGAIcRoP7nHNKIixJYRqbnfFdEg0oWBDzNkQvMWTl0mjXPIqpcrdeaF6PY8ji47QMSoiD12gKrpFNVRHFD2iZ/SK3pwn58V5dz5mpRln3nOI/sD5/AHQZJsh</latexit>

tn+1 = 2tn mod 1
<latexit sha1_base64="vMuqKL3zVCLOubmF7LjnZKFkNnA=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EokWKoI1lBM8EkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+Qfnw6NEkmWbcZ4lMdDukhkuhuI8CJW+nmtM4lLwVjm5nfuuJayMS9YDjlAcxHSgRCUbRSr5bx7rXK1fcqjsHWSVeTiqQo9krf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QYXQcTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXyeNF1atVa/eXlcZNHkcRTuAUzsGDK2jAHTTBBwYCnuEV3hzlvDjvzseiteDkM8fwB87nD8LxjgQ=</latexit>

0 < t < 1

For r=4, where this is chaotic it can be reduced to the Bernoulli map



Chaotic Hamiltonian 
Systems: Kicked Rotor

Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

<latexit sha1_base64="QMEQ4kRUrRRSKdleA3v3VJORa28="></latexit>

HKR =
p
2

2I
+ k cos(ω)

+→∑

n=↑→
ε(t→ nT )

Chaos in dynamical systems, Ott 



Chaotic Hamiltonian 
Systems: Kicked Rotor

Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓
Equations of motion

<latexit sha1_base64="QMEQ4kRUrRRSKdleA3v3VJORa28="></latexit>

HKR =
p
2

2I
+ k cos(ω)

+→∑

n=↑→
ε(t→ nT )

<latexit sha1_base64="vrm3Qfx86CVtNa52OynFVSuDNj0=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBD0YNgVUS+C6MVjhLwgG8LsbK8ZMju7zPQKYclfePFXvHhQxKve/Bsnj4NGCxqKqm66u4JUCoOu++XMzS8sLi0XVoqra+sbm6Wt7YZJMs2hzhOZ6FbADEihoI4CJbRSDSwOJDSD/vXIb96DNiJRNRyk0InZnRKR4Ayt1C1V/Egznoc0HeYhDi/6vhHKxx4go77J4q6ifggS2QEeqdpht1R2K+4Y9C/xpqRMpqh2S59+mPAsBoVcMmPanptiJ2caBZcwLPqZgZTxPruDtqWKxWA6+fivId23SkijRNtSSMfqz4mcxcYM4sB2xgx7ZtYbif957Qyj804uVJohKD5ZFGWSYkJHIdFQaOAoB5YwroW9lfIes0GhjbJoQ/BmX/5LGscV77RyentSvryaxlEgu2SPHBCPnJFLckOqpE44eSBP5IW8Oo/Os/PmvE9a55zpzA75BefjGwHYn84=</latexit>

dp

dt
= k sin ω

∑

n

ε(t→ nT )

<latexit sha1_base64="0KCjxFfL4toKEzzy9REM3x7+yjw=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEqhuh6EZ3FewDmlAmk0k7dPJg5kYoIUs3/oobF4q49RPc+TdO2yy09cCFwzn3cu89XiK4Asv6NkpLyyura+X1ysbm1vaOubvXVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcbXU/8zgOTisfRPYwT5oZkEPGAUwJa6puHTiAJzXzswJAByTMf8suZluTZbd43q1bNmgIvErsgVVSg2Te/HD+macgioIIo1bOtBNyMSOBUsLzipIolhI7IgPU0jUjIlJtNH8nxsVZ8HMRSVwR4qv6eyEio1Dj0dGdIYKjmvYn4n9dLIbhwMx4lKbCIzhYFqcAQ40kq2OeSURBjTQiVXN+K6ZDoFEBnV9Eh2PMvL5L2ac2u1+p3Z9XGVRFHGR2gI3SCbHSOGugGNVELUfSIntErejOejBfj3fiYtZaMYmYf/YHx+QPN1JqA</latexit>

dω

dt
=

p

I
Constant at times 
not equal to nT

Let <latexit sha1_base64="aJGvfkak1jBjI04sri3sqOUYwPs=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxgnlAsiyzk0kyZHZ2nekNhJDv8OJBEa9+jDf/xkmyB00saCiquunuChMpDLrut5NbW9/Y3MpvF3Z29/YPiodHDROnmvE6i2WsWyE1XArF6yhQ8laiOY1CyZvh8G7mN0dcGxGrRxwn3I9oX4meYBSt5CeBuiAdHHCkgQqKJbfszkFWiZeREmSoBcWvTjdmacQVMkmNaXtugv6EahRM8mmhkxqeUDakfd62VNGIG38yP3pKzqzSJb1Y21JI5urviQmNjBlHoe2MKA7MsjcT//PaKfZu/IlQSYpcscWiXioJxmSWAOkKzRnKsSWUaWFvJWxANWVocyrYELzll1dJ47LsVcqVh6tS9TaLIw8ncArn4ME1VOEealAHBk/wDK/w5oycF+fd+Vi05pxs5hj+wPn8AUpIkc8=</latexit>

pn, ωn be these 
constant at times

<latexit sha1_base64="D+dkZUdOEWjyBdo6o9n+FVCTXEM=">AAAB73icbVBNS8NAEJ34WetX1aOXYBGEQklEqheh6MVjhX5BG8tmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbm+bHgGh3n21pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2j7RTHDJGshRsHasGAl9wVr+6Hbqt56Y0jySdRzHzAvJQPKAU4JGauO1rJech1KvUHTKzgz2MnEzUoQMtV7hq9uPaBIyiVQQrTuuE6OXEoWcCjbJdxPNYkJHZMA6hkoSMu2ls3sn9qlR+nYQKVMS7Zn6eyIlodbj0DedIcGhXvSm4n9eJ8Hgyku5jBNkks4XBYmwMbKnz9t9rhhFMTaEUMXNrTYdEkUomojyJgR38eVl0jwvu5Vy5f6iWL3J4sjBMZzAGbhwCVW4gxo0gIKAZ3iFN+vRerHerY9564qVzRzBH1ifP8u4jyw=</latexit>

t = nT + 0+
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Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Equations of motion
<latexit sha1_base64="vrm3Qfx86CVtNa52OynFVSuDNj0=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBD0YNgVUS+C6MVjhLwgG8LsbK8ZMju7zPQKYclfePFXvHhQxKve/Bsnj4NGCxqKqm66u4JUCoOu++XMzS8sLi0XVoqra+sbm6Wt7YZJMs2hzhOZ6FbADEihoI4CJbRSDSwOJDSD/vXIb96DNiJRNRyk0InZnRKR4Ayt1C1V/Egznoc0HeYhDi/6vhHKxx4go77J4q6ifggS2QEeqdpht1R2K+4Y9C/xpqRMpqh2S59+mPAsBoVcMmPanptiJ2caBZcwLPqZgZTxPruDtqWKxWA6+fivId23SkijRNtSSMfqz4mcxcYM4sB2xgx7ZtYbif957Qyj804uVJohKD5ZFGWSYkJHIdFQaOAoB5YwroW9lfIes0GhjbJoQ/BmX/5LGscV77RyentSvryaxlEgu2SPHBCPnJFLckOqpE44eSBP5IW8Oo/Os/PmvE9a55zpzA75BefjGwHYn84=</latexit>

dp

dt
= k sin ω

∑

n

ε(t→ nT )

<latexit sha1_base64="0KCjxFfL4toKEzzy9REM3x7+yjw=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEqhuh6EZ3FewDmlAmk0k7dPJg5kYoIUs3/oobF4q49RPc+TdO2yy09cCFwzn3cu89XiK4Asv6NkpLyyura+X1ysbm1vaOubvXVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcbXU/8zgOTisfRPYwT5oZkEPGAUwJa6puHTiAJzXzswJAByTMf8suZluTZbd43q1bNmgIvErsgVVSg2Te/HD+macgioIIo1bOtBNyMSOBUsLzipIolhI7IgPU0jUjIlJtNH8nxsVZ8HMRSVwR4qv6eyEio1Dj0dGdIYKjmvYn4n9dLIbhwMx4lKbCIzhYFqcAQ40kq2OeSURBjTQiVXN+K6ZDoFEBnV9Eh2PMvL5L2ac2u1+p3Z9XGVRFHGR2gI3SCbHSOGugGNVELUfSIntErejOejBfj3fiYtZaMYmYf/YHx+QPN1JqA</latexit>

dω

dt
=

p

I Constant at times 
not equal to nT

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor

Integrating the equations, 
across one period

Let <latexit sha1_base64="aJGvfkak1jBjI04sri3sqOUYwPs=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxgnlAsiyzk0kyZHZ2nekNhJDv8OJBEa9+jDf/xkmyB00saCiquunuChMpDLrut5NbW9/Y3MpvF3Z29/YPiodHDROnmvE6i2WsWyE1XArF6yhQ8laiOY1CyZvh8G7mN0dcGxGrRxwn3I9oX4meYBSt5CeBuiAdHHCkgQqKJbfszkFWiZeREmSoBcWvTjdmacQVMkmNaXtugv6EahRM8mmhkxqeUDakfd62VNGIG38yP3pKzqzSJb1Y21JI5urviQmNjBlHoe2MKA7MsjcT//PaKfZu/IlQSYpcscWiXioJxmSWAOkKzRnKsSWUaWFvJWxANWVocyrYELzll1dJ47LsVcqVh6tS9TaLIw8ncArn4ME1VOEealAHBk/wDK/w5oycF+fd+Vi05pxs5hj+wPn8AUpIkc8=</latexit>

pn, ωn be these 
constant at times

<latexit sha1_base64="D+dkZUdOEWjyBdo6o9n+FVCTXEM=">AAAB73icbVBNS8NAEJ34WetX1aOXYBGEQklEqheh6MVjhX5BG8tmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbm+bHgGh3n21pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2j7RTHDJGshRsHasGAl9wVr+6Hbqt56Y0jySdRzHzAvJQPKAU4JGauO1rJech1KvUHTKzgz2MnEzUoQMtV7hq9uPaBIyiVQQrTuuE6OXEoWcCjbJdxPNYkJHZMA6hkoSMu2ls3sn9qlR+nYQKVMS7Zn6eyIlodbj0DedIcGhXvSm4n9eJ8Hgyku5jBNkks4XBYmwMbKnz9t9rhhFMTaEUMXNrTYdEkUomojyJgR38eVl0jwvu5Vy5f6iWL3J4sjBMZzAGbhwCVW4gxo0gIKAZ3iFN+vRerHerY9564qVzRzBH1ifP8u4jyw=</latexit>

t = nT + 0+
<latexit sha1_base64="FoySEJezN+QoElKL8+/iiynZunk=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQIpQZkeqy6MZlhb6grSWTpm1okhmSO0IZunLjr7hxoYhbv8Gdf2P6WGjrgcDhnHu4uSeIBDfged9OamV1bX0jvZnZ2t7Z3XP3D2omjDVlVRqKUDcCYpjgilWBg2CNSDMiA8HqwfBm4tcfmDY8VBUYRawtSV/xHqcErNRxj1tcQSeRlfF9kpNnfr4yxl3AuVY3BJPvuFmv4E2Bl4k/J1k0R7njftkgjSVTQAUxpul7EbQTooFTwcaZVmxYROiQ9FnTUkUkM+1kesYYn1qli3uhtk8Bnqq/EwmRxoxkYCclgYFZ9Cbif14zht5VO+EqioEpOlvUiwWGEE86wV2uGQUxsoRQze1fMR0QTSjY5jK2BH/x5GVSOy/4xULx7iJbup7XkUZH6ATlkI8uUQndojKqIooe0TN6RW/Ok/PivDsfs9GUM88coj9wPn8AeO+X2g==</latexit>∫ (m+1)T

mT
dt(. . . )



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Equations of motion
<latexit sha1_base64="vrm3Qfx86CVtNa52OynFVSuDNj0=">AAACF3icbVDLSgNBEJz1GeMr6tHLYBD0YNgVUS+C6MVjhLwgG8LsbK8ZMju7zPQKYclfePFXvHhQxKve/Bsnj4NGCxqKqm66u4JUCoOu++XMzS8sLi0XVoqra+sbm6Wt7YZJMs2hzhOZ6FbADEihoI4CJbRSDSwOJDSD/vXIb96DNiJRNRyk0InZnRKR4Ayt1C1V/Egznoc0HeYhDi/6vhHKxx4go77J4q6ifggS2QEeqdpht1R2K+4Y9C/xpqRMpqh2S59+mPAsBoVcMmPanptiJ2caBZcwLPqZgZTxPruDtqWKxWA6+fivId23SkijRNtSSMfqz4mcxcYM4sB2xgx7ZtYbif957Qyj804uVJohKD5ZFGWSYkJHIdFQaOAoB5YwroW9lfIes0GhjbJoQ/BmX/5LGscV77RyentSvryaxlEgu2SPHBCPnJFLckOqpE44eSBP5IW8Oo/Os/PmvE9a55zpzA75BefjGwHYn84=</latexit>

dp

dt
= k sin ω

∑

n

ε(t→ nT )

<latexit sha1_base64="0KCjxFfL4toKEzzy9REM3x7+yjw=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEqhuh6EZ3FewDmlAmk0k7dPJg5kYoIUs3/oobF4q49RPc+TdO2yy09cCFwzn3cu89XiK4Asv6NkpLyyura+X1ysbm1vaOubvXVnEqKWvRWMSy6xHFBI9YCzgI1k0kI6EnWMcbXU/8zgOTisfRPYwT5oZkEPGAUwJa6puHTiAJzXzswJAByTMf8suZluTZbd43q1bNmgIvErsgVVSg2Te/HD+macgioIIo1bOtBNyMSOBUsLzipIolhI7IgPU0jUjIlJtNH8nxsVZ8HMRSVwR4qv6eyEio1Dj0dGdIYKjmvYn4n9dLIbhwMx4lKbCIzhYFqcAQ40kq2OeSURBjTQiVXN+K6ZDoFEBnV9Eh2PMvL5L2ac2u1+p3Z9XGVRFHGR2gI3SCbHSOGugGNVELUfSIntErejOejBfj3fiYtZaMYmYf/YHx+QPN1JqA</latexit>

dω

dt
=

p

I Constant at times 
not equal to nT

Integrating the equations, 
across one period

Let <latexit sha1_base64="aJGvfkak1jBjI04sri3sqOUYwPs=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuSPQY9OIxgnlAsiyzk0kyZHZ2nekNhJDv8OJBEa9+jDf/xkmyB00saCiquunuChMpDLrut5NbW9/Y3MpvF3Z29/YPiodHDROnmvE6i2WsWyE1XArF6yhQ8laiOY1CyZvh8G7mN0dcGxGrRxwn3I9oX4meYBSt5CeBuiAdHHCkgQqKJbfszkFWiZeREmSoBcWvTjdmacQVMkmNaXtugv6EahRM8mmhkxqeUDakfd62VNGIG38yP3pKzqzSJb1Y21JI5urviQmNjBlHoe2MKA7MsjcT//PaKfZu/IlQSYpcscWiXioJxmSWAOkKzRnKsSWUaWFvJWxANWVocyrYELzll1dJ47LsVcqVh6tS9TaLIw8ncArn4ME1VOEealAHBk/wDK/w5oycF+fd+Vi05pxs5hj+wPn8AUpIkc8=</latexit>

pn, ωn be these 
constant at times

<latexit sha1_base64="D+dkZUdOEWjyBdo6o9n+FVCTXEM=">AAAB73icbVBNS8NAEJ34WetX1aOXYBGEQklEqheh6MVjhX5BG8tmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbm+bHgGh3n21pZXVvf2Mxt5bd3dvf2CweHTR0lirIGjUSk2j7RTHDJGshRsHasGAl9wVr+6Hbqt56Y0jySdRzHzAvJQPKAU4JGauO1rJech1KvUHTKzgz2MnEzUoQMtV7hq9uPaBIyiVQQrTuuE6OXEoWcCjbJdxPNYkJHZMA6hkoSMu2ls3sn9qlR+nYQKVMS7Zn6eyIlodbj0DedIcGhXvSm4n9eJ8Hgyku5jBNkks4XBYmwMbKnz9t9rhhFMTaEUMXNrTYdEkUomojyJgR38eVl0jwvu5Vy5f6iWL3J4sjBMZzAGbhwCVW4gxo0gIKAZ3iFN+vRerHerY9564qVzRzBH1ifP8u4jyw=</latexit>

t = nT + 0+
<latexit sha1_base64="FoySEJezN+QoElKL8+/iiynZunk=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQIpQZkeqy6MZlhb6grSWTpm1okhmSO0IZunLjr7hxoYhbv8Gdf2P6WGjrgcDhnHu4uSeIBDfged9OamV1bX0jvZnZ2t7Z3XP3D2omjDVlVRqKUDcCYpjgilWBg2CNSDMiA8HqwfBm4tcfmDY8VBUYRawtSV/xHqcErNRxj1tcQSeRlfF9kpNnfr4yxl3AuVY3BJPvuFmv4E2Bl4k/J1k0R7njftkgjSVTQAUxpul7EbQTooFTwcaZVmxYROiQ9FnTUkUkM+1kesYYn1qli3uhtk8Bnqq/EwmRxoxkYCclgYFZ9Cbif14zht5VO+EqioEpOlvUiwWGEE86wV2uGQUxsoRQze1fMR0QTSjY5jK2BH/x5GVSOy/4xULx7iJbup7XkUZH6ATlkI8uUQndojKqIooe0TN6RW/Ok/PivDsfs9GUM88coj9wPn8AeO+X2g==</latexit>∫ (m+1)T

mT
dt(. . . )

<latexit sha1_base64="cU4YPttnmhUIyqg8g+0qZjadi4s=">AAACF3icbZDLSgMxFIYz9V5vVZdugkVokZYZkepGKLpxWaFVoS1DJk3b0CQTkjNCGfoWbnwVNy4Ucas738b0slDrD4Gf75zDyfkjLbgF3//yMguLS8srq2vZ9Y3Nre3czu6NjRNDWYPGIjZ3EbFMcMUawEGwO20YkZFgt9Hgcly/vWfG8ljVYahZW5Ke4l1OCTgU5sq6UJBHQbFeLOmCrBfPsQ5TB0YlHcrzQcty1YI+AzKlYS7vl/2J8LwJZiaPZqqFuc9WJ6aJZAqoINY2A19DOyUGOBVslG0llmlCB6THms4qIpltp5O7RvjQkQ7uxsY9BXhCf06kRFo7lJHrlAT69m9tDP+rNRPonrVTrnQCTNHpom4iMMR4HBLucMMoiKEzhBru/oppnxhCwUWZdSEEf0+eNzfH5aBSrlyf5KsXszhW0T46QAUUoFNURVeohhqIogf0hF7Qq/foPXtv3vu0NePNZvbQL3kf30PhnZY=</latexit>

p((m+ 1)T )→ p(mT ) = pm+1 → pm = k sin ωm+1

<latexit sha1_base64="w+owcTJZAwouf58mIPAUOtm3n5E=">AAACJ3icbZDLSsNAFIYn9VbrrerSTbAILWJJRKqbStGN7ir0Bm0Jk+mkHTqThJkToYS8jRtfxY2gIrr0TZy2WWj1wMA3/38OM+d3Q84UWNankVlaXlldy67nNja3tnfyu3stFUSS0CYJeCA7LlaUM582gQGnnVBSLFxO2+74euq376lULPAbMAlpX+ChzzxGMGjJyV/2YEQBF4vi2C41SifpVTRK1Tk6sXaSVHdENXREz5OYxI0kvk2cfMEqW7My/4KdQgGlVXfyL71BQCJBfSAcK9W1rRD6MZbACKdJrhcpGmIyxkPa1ehjQVU/nu2ZmEdaGZheIPXxwZypPydiLJSaCFd3CgwjtehNxf+8bgTeRT9mfhgB9cn8IS/iJgTmNDRzwCQlwCcaMJFM/9UkI6xTAB1tTodgL678F1qnZbtSrtydFWpXaRxZdIAOURHZ6BzV0A2qoyYi6AE9oVf0Zjwaz8a78TFvzRjpzD76VcbXN4mZpTw=</latexit>

ω((m+ 1)T )→ ω(mT ) = ωm+1 → ωm = pm
T

I

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

This is the “standard map”
<latexit sha1_base64="vXQv62au62DFeVxCht3swvtgznA="></latexit>

ωm+1 = (ωm + pm
T

I
) modulo 2ε

<latexit sha1_base64="+o4dL0do1WDpmIyzfEhjJBzn1o4=">AAACBnicbVBNS8NAEN3Ur1q/oh5FCBZBKJREpHoRil48VrCt0ISw2W7bpbubsDsRSujJi3/FiwdFvPobvPlv3LY5aOuDgcd7M8zMixLONLjut1VYWl5ZXSuulzY2t7Z37N29lo5TRWiTxDxW9xHWlDNJm8CA0/tEUSwiTtvR8Hritx+o0iyWdzBKaCBwX7IeIxiMFNqHSZiJije+HPqaSR8GFPBMqSShCO2yW3WncBaJl5MyytEI7S+/G5NUUAmEY607nptAkGEFjHA6LvmppgkmQ9ynHUMlFlQH2fSNsXNslK7Ti5UpCc5U/T2RYaH1SESmU2AY6HlvIv7ndVLoXQQZk0kKVJLZol7KHYidSSZOlylKgI8MwUQxc6tDBlhhAia5kgnBm395kbROq16tWrs9K9ev8jiK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH8FdmK8=</latexit>

pm+1 = k sin ωm+1 + pm

Setting T/I=1

Chaos in dynamical systems, Ott 

Increasing k

Chaotic Hamiltonian 
Systems: Kicked Rotor

<latexit sha1_base64="cZpFQo/AOnN/P/FhqCAQABY4aUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdD++cvvlilt15yB/iZeTCuRo9MufvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolJ1YZkDDWthSSufpzIqORMZMosJ0RxZFZ9mbif143xfDSz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZf/ktaZ1WvVq3dnVfq13kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgGxjeNew==</latexit>

k = 0
Integrable

<latexit sha1_base64="MJ1wgiFJymD+F4mGNJS3urkMVY0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAEIeyKRC9C0IvHCOYBm2WZncwmQ+bFzKwQlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXohg11ve/vZXVtfWNzdJWeXtnd2+/cnDYNjLTmLSwZFJ3E2QIo4K0LLWMdJUmiCeMdJLR3dTvPBFtqBSPdqxIxNFA0JRiZJ0Uqjjn58HkRsU8rlT9mj8DXCZBQaqgQDOufPX6EmecCIsZMiYMfGWjHGlLMSOTci8zRCE8QgMSOioQJybKZydP4KlT+jCV2pWwcKb+nsgRN2bME9fJkR2aRW8q/ueFmU2vo5wKlVki8HxRmjFoJZz+D/tUE2zZ2BGENXW3QjxEGmHrUiq7EILFl5dJ+6IW1Gv1h8tq47aIowSOwQk4AwG4Ag1wD5qgBTCQ4Bm8gjfPei/eu/cxb13xipkj8Afe5w/XpZD8</latexit>pm+1 = pm

<latexit sha1_base64="wZJonwIbN12Jw7qzkyNtXJAs9iA=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4qkmR6rHoxWMF+wFJKJvtpl262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU34Lrfztr6xubWdmmnvLu3f3BYOTruGJVpytpUCaV7ETFMcMnawEGwXqoZSSLButH4buZ3n5g2XMlHmKQsTMhQ8phTAlbyAxgxIJf1IOX9StWtuXPgVeIVpIoKtPqVr2CgaJYwCVQQY3zPTSHMiQZOBZuWg8ywlNAxGTLfUkkSZsJ8fvIUn1tlgGOlbUnAc/X3RE4SYyZJZDsTAiOz7M3E/zw/g/gmzLlMM2CSLhbFmcCg8Ox/POCaURATSwjV3N6K6YhoQsGmVLYheMsvr5JOveY1ao2Hq2rztoijhE7RGbpAHrpGTXSPWqiNKFLoGb2iNwecF+fd+Vi0rjnFzAn6A+fzB9Z8kPs=</latexit>

ω/2ε

<latexit sha1_base64="oNgT5aC0GFZaMsKmOrjwCIWNNLk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU90tUj0WvXisYD+gXUo2zbax2SQkWaGU/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUw1oQ0iudTtCBvKmaANyyynbaUpTiJOW9Hodua3nqg2TIoHO1Y0TPBAsJgRbJ3UVBeVrmK9Yskv+3OgVRJkpAQZ6r3iV7cvSZpQYQnHxnQCX9lwgrVlhNNpoZsaqjAZ4QHtOCpwQk04mV87RWdO6aNYalfCorn6e2KCE2PGSeQ6E2yHZtmbif95ndTG1+GECZVaKshiUZxyZCWavY76TFNi+dgRTDRztyIyxBoT6wIquBCC5ZdXSbNSDqrl6v1lqXaTxZGHEziFcwjgCmpwB3VoAIFHeIZXePOk9+K9ex+L1pyXzRzDH3ifPwJxjsc=</latexit>

p/2ω



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

This is the “standard map”
<latexit sha1_base64="vXQv62au62DFeVxCht3swvtgznA="></latexit>

ωm+1 = (ωm + pm
T

I
) modulo 2ε

<latexit sha1_base64="+o4dL0do1WDpmIyzfEhjJBzn1o4=">AAACBnicbVBNS8NAEN3Ur1q/oh5FCBZBKJREpHoRil48VrCt0ISw2W7bpbubsDsRSujJi3/FiwdFvPobvPlv3LY5aOuDgcd7M8zMixLONLjut1VYWl5ZXSuulzY2t7Z37N29lo5TRWiTxDxW9xHWlDNJm8CA0/tEUSwiTtvR8Hritx+o0iyWdzBKaCBwX7IeIxiMFNqHSZiJije+HPqaSR8GFPBMqSShCO2yW3WncBaJl5MyytEI7S+/G5NUUAmEY607nptAkGEFjHA6LvmppgkmQ9ynHUMlFlQH2fSNsXNslK7Ti5UpCc5U/T2RYaH1SESmU2AY6HlvIv7ndVLoXQQZk0kKVJLZol7KHYidSSZOlylKgI8MwUQxc6tDBlhhAia5kgnBm395kbROq16tWrs9K9ev8jiK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH8FdmK8=</latexit>

pm+1 = k sin ωm+1 + pm

Setting T/I=1

Mixed phase space Chaotic

Chaos in dynamical systems, Ott 

Critical
<latexit sha1_base64="f65prZl+PKt1LVVHWVTVHKUOMVY=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgKiQ+Ul0IRTcuK9gHtKFMppN26GQSZiZCCf0NNy4UcevPuPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqrKyurW8UN0tb2zu7e+X9g6aKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2gtHd1G89UalYLB71OKF+hAeChYxgbaTuqEduHPu66nrnl71yxbGdGdAycXNSgRz1Xvmr249JGlGhCcdKdVwn0X6GpWaE00mpmyqaYDLCA9oxVOCIKj+b3TxBJ0bpozCWpoRGM/X3RIYjpcZRYDojrIdq0ZuK/3mdVIdXfsZEkmoqyHxRmHKkYzQNAPWZpETzsSGYSGZuRWSIJSbaxFQyIbiLLy+T5pnterb3cFGp3eZxFOEIjuEUXKhCDe6hDg0gkMAzvMKblVov1rv1MW8tWPnMIfyB9fkDdFyQBA==</latexit>

kc = 0.971635
<latexit sha1_base64="rexFoZZ7KybcV2+CmtH+eLFjBe8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqgcPRS8eK5i20Iay2W7aJbubsLsRSuhv8OJBEa/+IG/+G7dtDtr6YODx3gwz88KUM21c99spra1vbG6Vtys7u3v7B9XDo7ZOMkWoTxKeqG6INeVMUt8ww2k3VRSLkNNOGN/N/M4TVZol8tFMUhoIPJIsYgQbK/nxTTwgg2rNrbtzoFXiFaQGBVqD6ld/mJBMUGkIx1r3PDc1QY6VYYTTaaWfaZpiEuMR7VkqsaA6yOfHTtGZVYYoSpQtadBc/T2RY6H1RIS2U2Az1sveTPzP62Umug5yJtPMUEkWi6KMI5Og2edoyBQlhk8swUQxeysiY6wwMTafig3BW355lbQv6l6j3ni4rDVvizjKcAKncA4eXEET7qEFPhBg8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwCQmY6L</latexit>

k < kc
<latexit sha1_base64="T/22QwTGya+MV0JoYhGV3bfNOLo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFYwbSFNpTNdtMu2d2E3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6acaeO6305pbX1jc6u8XdnZ3ds/qB4etXWSKUJ9kvBEdUOsKWeS+oYZTrupoliEnHbC+G7md56o0iyRj2aS0kDgkWQRI9hYyY9v4gEZVGtu3Z0DrRKvIDUo0BpUv/rDhGSCSkM41rrnuakJcqwMI5xOK/1M0xSTGI9oz1KJBdVBPj92is6sMkRRomxJg+bq74kcC60nIrSdApuxXvZm4n9eLzPRdZAzmWaGSrJYFGUcmQTNPkdDpigxfGIJJorZWxEZY4WJsflUbAje8surpH1R9xr1xsNlrXlbxFGGEziFc/DgCppwDy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A5Onjo0=</latexit>

k > kc

Chaotic Hamiltonian 
Systems: Kicked Rotor

<latexit sha1_base64="cZpFQo/AOnN/P/FhqCAQABY4aUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdD++cvvlilt15yB/iZeTCuRo9MufvUHM0ogrZJIa0/XcBP2Mah RM8mmplxqeUDamQ961VNGIGz+bnzolJ1YZkDDWthSSufpzIqORMZMosJ0RxZFZ9mbif143xfDSz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZf/ktaZ1WvVq3dnVfq13kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgGxjeNew==</latexit>

k = 0
Integrable

<latexit sha1_base64="MJ1wgiFJymD+F4mGNJS3urkMVY0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBAEIeyKRC9C0IvHCOYBm2WZncwmQ+bFzKwQlnyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXohg11ve/vZXVtfWNzdJWeXtnd2+/cnDYNjLTmLSwZFJ3E2QIo4K0LLWMdJUmiCeMdJLR3dTvPBFtqBSPdqxIxNFA0JRiZJ0Uqjjn58HkRsU8rlT9mj8DXCZBQaqgQDOufPX6EmecCIsZMiYMfGWjHGlLMSOTci8zRCE8QgMSOioQJybKZydP4KlT+jCV2pWwcKb+nsgRN2bME9fJkR2aRW8q/ueFmU2vo5wKlVki8HxRmjFoJZz+D/tUE2zZ2BGENXW3QjxEGmHrUiq7EILFl5dJ+6IW1Gv1h8tq47aIowSOwQk4AwG4Ag1wD5qgBTCQ4Bm8gjfPei/eu/cxb13xipkj8Afe5w/XpZD8</latexit>pm+1 = pm

<latexit sha1_base64="wZJonwIbN12Jw7qzkyNtXJAs9iA=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4qkmR6rHoxWMF+wFJKJvtpl262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU34Lrfztr6xubWdmmnvLu3f3BYOTruGJVpytpUCaV7ETFMcMnawEGwXqoZSSLButH4buZ3n5g2XMlHmKQsTMhQ8phTAlbyAxgxIJf1IOX9StWtuXPgVeIVpIoKtPqVr2CgaJYwCVQQY3zPTSHMiQZOBZuWg8ywlNAxGTLfUkkSZsJ8fvIUn1tlgGOlbUnAc/X3RE4SYyZJZDsTAiOz7M3E/zw/g/gmzLlMM2CSLhbFmcCg8Ox/POCaURATSwjV3N6K6YhoQsGmVLYheMsvr5JOveY1ao2Hq2rztoijhE7RGbpAHrpGTXSPWqiNKFLoGb2iNwecF+fd+Vi0rjnFzAn6A+fzB9Z8kPs=</latexit>

ω/2ε

<latexit sha1_base64="oNgT5aC0GFZaMsKmOrjwCIWNNLk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU90tUj0WvXisYD+gXUo2zbax2SQkWaGU/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUw1oQ0iudTtCBvKmaANyyynbaUpTiJOW9Hodua3nqg2TIoHO1Y0TPBAsJgRbJ3UVBeVrmK9Yskv+3OgVRJkpAQZ6r3iV7cvSZpQYQnHxnQCX9lwgr VlhNNpoZsaqjAZ4QHtOCpwQk04mV87RWdO6aNYalfCorn6e2KCE2PGSeQ6E2yHZtmbif95ndTG1+GECZVaKshiUZxyZCWavY76TFNi+dgRTDRztyIyxBoT6wIquBCC5ZdXSbNSDqrl6v1lqXaTxZGHEziFcwjgCmpwB3VoAIFHeIZXePOk9+K9ex+L1pyXzRzDH3ifPwJxjsc=</latexit>

p/2ω



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

This is the “standard map”
<latexit sha1_base64="vXQv62au62DFeVxCht3swvtgznA="></latexit>

ωm+1 = (ωm + pm
T

I
) modulo 2ε

<latexit sha1_base64="+o4dL0do1WDpmIyzfEhjJBzn1o4=">AAACBnicbVBNS8NAEN3Ur1q/oh5FCBZBKJREpHoRil48VrCt0ISw2W7bpbubsDsRSujJi3/FiwdFvPobvPlv3LY5aOuDgcd7M8zMixLONLjut1VYWl5ZXSuulzY2t7Z37N29lo5TRWiTxDxW9xHWlDNJm8CA0/tEUSwiTtvR8Hritx+o0iyWdzBKaCBwX7IeIxiMFNqHSZiJije+HPqaSR8GFPBMqSShCO2yW3WncBaJl5MyytEI7S+/G5NUUAmEY607nptAkGEFjHA6LvmppgkmQ9ynHUMlFlQH2fSNsXNslK7Ti5UpCc5U/T2RYaH1SESmU2AY6HlvIv7ndVLoXQQZk0kKVJLZol7KHYidSSZOlylKgI8MwUQxc6tDBlhhAia5kgnBm395kbROq16tWrs9K9ev8jiK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH8FdmK8=</latexit>

pm+1 = k sin ωm+1 + pm

Setting T/I=1

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

This is the “standard map”
<latexit sha1_base64="vXQv62au62DFeVxCht3swvtgznA="></latexit>

ωm+1 = (ωm + pm
T

I
) modulo 2ε

<latexit sha1_base64="+o4dL0do1WDpmIyzfEhjJBzn1o4=">AAACBnicbVBNS8NAEN3Ur1q/oh5FCBZBKJREpHoRil48VrCt0ISw2W7bpbubsDsRSujJi3/FiwdFvPobvPlv3LY5aOuDgcd7M8zMixLONLjut1VYWl5ZXSuulzY2t7Z37N29lo5TRWiTxDxW9xHWlDNJm8CA0/tEUSwiTtvR8Hritx+o0iyWdzBKaCBwX7IeIxiMFNqHSZiJije+HPqaSR8GFPBMqSShCO2yW3WncBaJl5MyytEI7S+/G5NUUAmEY607nptAkGEFjHA6LvmppgkmQ9ynHUMlFlQH2fSNsXNslK7Ti5UpCc5U/T2RYaH1SESmU2AY6HlvIv7ndVLoXQQZk0kKVJLZol7KHYidSSZOlylKgI8MwUQxc6tDBlhhAia5kgnBm395kbROq16tWrs9K9ev8jiK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH8FdmK8=</latexit>

pm+1 = k sin ωm+1 + pm

Setting T/I=1

Chaos in dynamical systems, Ott 

<latexit sha1_base64="1/oA7xTSOv5B6WHgsQi84Um6xjM=">AAACHHicbZDLSsNAFIYnXmu9VV26CRahUiyJSnUjFN24rGAv0IQymU7boZNJmDkRSsiDuPFV3LhQxI0Lwbdx0gbR1h8Gfr5zDmfO74WcKbCsL2NhcWl5ZTW3ll/f2NzaLuzsNlUQSUIbJOCBbHtYUc4EbQADTtuhpNj3OG15o+u03rqnUrFA3ME4pK6PB4L1GcGgUbdwGnZjv2wnlyNHMeHAkAKekvKElH5QclROe4/tpFsoWhVrInPe2Jkpokz1buHD6QUk8qkAwrFSHdsKwY2xBEY4TfJOpGiIyQgPaEdbgX2q3HhyXGIeatIz+4HUT4A5ob8nYuwrNfY93eljGKrZWgr/q3Ui6F+4MRNhBFSQ6aJ+xE0IzDQps8ckJcDH2mAimf6rSYZYYgI6z7wOwZ49ed40Typ2tVK9PSvWrrI4cmgfHaASstE5qqEbVEcNRNADekIv6NV4NJ6NN+N92rpgZDN76I+Mz2+CfKGk</latexit>

pm+1 = k sin ωm+1 + k sin(ωm) + pm→1

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

This is the “standard map”
<latexit sha1_base64="vXQv62au62DFeVxCht3swvtgznA="></latexit>

ωm+1 = (ωm + pm
T

I
) modulo 2ε

<latexit sha1_base64="+o4dL0do1WDpmIyzfEhjJBzn1o4=">AAACBnicbVBNS8NAEN3Ur1q/oh5FCBZBKJREpHoRil48VrCt0ISw2W7bpbubsDsRSujJi3/FiwdFvPobvPlv3LY5aOuDgcd7M8zMixLONLjut1VYWl5ZXSuulzY2t7Z37N29lo5TRWiTxDxW9xHWlDNJm8CA0/tEUSwiTtvR8Hritx+o0iyWdzBKaCBwX7IeIxiMFNqHSZiJije+HPqaSR8GFPBMqSShCO2yW3WncBaJl5MyytEI7S+/G5NUUAmEY607nptAkGEFjHA6LvmppgkmQ9ynHUMlFlQH2fSNsXNslK7Ti5UpCc5U/T2RYaH1SESmU2AY6HlvIv7ndVLoXQQZk0kKVJLZol7KHYidSSZOlylKgI8MwUQxc6tDBlhhAia5kgnBm395kbROq16tWrs9K9ev8jiK6AAdoRPkoXNURzeogZqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH8FdmK8=</latexit>

pm+1 = k sin ωm+1 + pm

Setting T/I=1

Chaos in dynamical systems, Ott 

<latexit sha1_base64="1/oA7xTSOv5B6WHgsQi84Um6xjM=">AAACHHicbZDLSsNAFIYnXmu9VV26CRahUiyJSnUjFN24rGAv0IQymU7boZNJmDkRSsiDuPFV3LhQxI0Lwbdx0gbR1h8Gfr5zDmfO74WcKbCsL2NhcWl5ZTW3ll/f2NzaLuzsNlUQSUIbJOCBbHtYUc4EbQADTtuhpNj3OG15o+u03rqnUrFA3ME4pK6PB4L1GcGgUbdwGnZjv2wnlyNHMeHAkAKekvKElH5QclROe4/tpFsoWhVrInPe2Jkpokz1buHD6QUk8qkAwrFSHdsKwY2xBEY4TfJOpGiIyQgPaEdbgX2q3HhyXGIeatIz+4HUT4A5ob8nYuwrNfY93eljGKrZWgr/q3Ui6F+4MRNhBFSQ6aJ+xE0IzDQps8ckJcDH2mAimf6rSYZYYgI6z7wOwZ49ed40Typ2tVK9PSvWrrI4cmgfHaASstE5qqEbVEcNRNADekIv6NV4NJ6NN+N92rpgZDN76I+Mz2+CfKGk</latexit>

pm+1 = k sin ωm+1 + k sin(ωm) + pm→1

<latexit sha1_base64="IWtM7lJw5XVbqezV2+3MdFx+6LE=">AAACE3icbVDLSgNBEJz1GeMr6tHLYhCigbArEr0Egl48RjAPyMZldjJJJpmZXWZ6hbDkH7z4K148KOLVizf/xsnjoIkFDUVVN91dQcSZBsf5tpaWV1bX1lMb6c2t7Z3dzN5+TYexIrRKQh6qRoA15UzSKjDgtBEpikXAaT0YXI/9+gNVmoXyDoYRbQnclazDCAYj+ZnTyE9E3h2VPB0LP+mX3NH9RPA0kzkPehSw3z/JR77jZ7JOwZnAXiTujGTRDBU/8+W1QxILKoFwrHXTdSJoJVgBI5yO0l6saYTJAHdp01CJBdWtZPLTyD42StvuhMqUBHui/p5IsNB6KALTKTD09Lw3Fv/zmjF0LlsJk1EMVJLpok7MbQjtcUB2mylKgA8NwUQxc6tNelhhAibGtAnBnX95kdTOCm6xULw9z5avZnGk0CE6QjnkogtURjeogqqIoEf0jF7Rm/VkvVjv1se0dcmazRygP7A+fwDWlJ2C</latexit>

pm+1 =
m+1∑

j=1

sin(ωj) + p0

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Diffusion in the kicked rotor

Average over kicks

Chaos in dynamical systems, Ott 

<latexit sha1_base64="IWtM7lJw5XVbqezV2+3MdFx+6LE=">AAACE3icbVDLSgNBEJz1GeMr6tHLYhCigbArEr0Egl48RjAPyMZldjJJJpmZXWZ6hbDkH7z4K148KOLVizf/xsnjoIkFDUVVN91dQcSZBsf5tpaWV1bX1lMb6c2t7Z3dzN5+TYexIrRKQh6qRoA15UzSKjDgtBEpikXAaT0YXI/9+gNVmoXyDoYRbQnclazDCAYj+ZnTyE9E3h2VPB0LP+mX3NH9RPA0kzkPehSw3z/JR77jZ7JOwZnAXiTujGTRDBU/8+W1QxILKoFwrHXTdSJoJVgBI5yO0l6saYTJAHdp01CJBdWtZPLTyD42StvuhMqUBHui/p5IsNB6KALTKTD09Lw3Fv/zmjF0LlsJk1EMVJLpok7MbQjtcUB2mylKgA8NwUQxc6tNelhhAibGtAnBnX95kdTOCm6xULw9z5avZnGk0CE6QjnkogtURjeogqqIoEf0jF7Rm/VkvVjv1se0dcmazRygP7A+fwDWlJ2C</latexit>

pm+1 =
m+1∑

j=1

sin(ωj) + p0

<latexit sha1_base64="aTdKxH/8BoJ5XnKf/Vez+ceh6UA="></latexit>

→(pm ↑ p0)
2↓ = k2

m∑

i,j

→sin ωi sin ωj↓

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Diffusion in the kicked rotor

Average over kicks

Chaos in dynamical systems, Ott 

<latexit sha1_base64="IWtM7lJw5XVbqezV2+3MdFx+6LE=">AAACE3icbVDLSgNBEJz1GeMr6tHLYhCigbArEr0Egl48RjAPyMZldjJJJpmZXWZ6hbDkH7z4K148KOLVizf/xsnjoIkFDUVVN91dQcSZBsf5tpaWV1bX1lMb6c2t7Z3dzN5+TYexIrRKQh6qRoA15UzSKjDgtBEpikXAaT0YXI/9+gNVmoXyDoYRbQnclazDCAYj+ZnTyE9E3h2VPB0LP+mX3NH9RPA0kzkPehSw3z/JR77jZ7JOwZnAXiTujGTRDBU/8+W1QxILKoFwrHXTdSJoJVgBI5yO0l6saYTJAHdp01CJBdWtZPLTyD42StvuhMqUBHui/p5IsNB6KALTKTD09Lw3Fv/zmjF0LlsJk1EMVJLpok7MbQjtcUB2mylKgA8NwUQxc6tNelhhAibGtAnBnX95kdTOCm6xULw9z5avZnGk0CE6QjnkogtURjeogqqIoEf0jF7Rm/VkvVjv1se0dcmazRygP7A+fwDWlJ2C</latexit>

pm+1 =
m+1∑

j=1

sin(ωj) + p0

In the limit k>>1, kicks are totally random and uncorrelated 
<latexit sha1_base64="fbUA/3rfIMzeBKy2+QAnwa7SqVY="></latexit>

→sin ωi sin ωj↑ = εi,j→sin(ωi)2↑ = εi,j
1

2

<latexit sha1_base64="aTdKxH/8BoJ5XnKf/Vez+ceh6UA="></latexit>

→(pm ↑ p0)
2↓ = k2

m∑

i,j

→sin ωi sin ωj↓

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Diffusion in the kicked rotor

Average over kicks

Chaos in dynamical systems, Ott 

In the limit k>>1, kicks are totally random and uncorrelated 
<latexit sha1_base64="fbUA/3rfIMzeBKy2+QAnwa7SqVY="></latexit>

→sin ωi sin ωj↑ = εi,j→sin(ωi)2↑ = εi,j
1

2
<latexit sha1_base64="9k5bra6/2PUa9WI4oe+/GTldjJc=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGIhXE3SLQRgjaWEcwDsskyO5lNhszMLjOzQgjpbfwVGwtFbP0BO//GyWYLTTxw4XDOvdx7jx8xqrRtf1uZldW19Y3sZm5re2d3L79/0FRhLDFp4JCFsu0jRRgVpKGpZqQdSYK4z0jLH93M/NYDkYqG4l6PI9LlaCBoQDHSRvLyBZchMWAEliKPn0aefdKruDKRrka9CuRnFS9ftMt2ArhMnJQUQYq6l/9y+yGOOREaM6RUx7Ej3Z0gqSlmZJpzY0UihEdoQDqGCsSJ6k6SX6bw2Ch9GITSlNAwUX9PTBBXasx908mRHqpFbyb+53ViHVx2J1REsSYCzxcFMYM6hLNgYJ9KgjUbG4KwpOZWiIdIIqxNfDkTgrP48jJpVspOtVy9Oy/WrtM4suAIFEAJOOAC1MAtqIMGwOARPINX8GY9WS/Wu/Uxb81Y6cwh+APr8wcvcZk9</latexit>

→(pm ↑ p0)
2↓ = k2m/2

<latexit sha1_base64="aTdKxH/8BoJ5XnKf/Vez+ceh6UA="></latexit>

→(pm ↑ p0)
2↓ = k2

m∑

i,j

→sin ωi sin ωj↓

The root-mean-square 
of a diffusion process

<latexit sha1_base64="IvErFG8QRw+SZKa7ki3wvrVWzvI=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoC8tMkepGKOrCZQX7gM44ZNK0DU0yQ5IRytC/cOOvuHGhiFvd+Tem0y609cCFwzn3cu89Ycyo0o7zbeWWlldW1/LrhY3Nre0de3evqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vJr4rQciFY3EnR7FxOeoL2iPYqSNFNhljyHRZwSW4oCfxIFzfF/xZCYFqceRHkieSq7G44vKNeSBXXTKTga4SNwZKYIZ6oH95XUjnHAiNGZIqY7rxNpPkdQUMzIueIkiMcJD1CcdQwXiRPlp9tcYHhmlC3uRNCU0zNTfEyniSo14aDonl6p5byL+53US3Tv3UyriRBOBp4t6CYM6gpOQYJdKgjUbGYKwpOZWiAdIIqxNlAUTgjv/8iJpVsputVy9PS3WLmdx5MEBOAQl4IIzUAM3oA4aAINH8AxewZv1ZL1Y79bHtDVnzWb2wR9Ynz8poZ9V</latexit>

→(pm ↑ p0)
2↓rms = 2Dm

<latexit sha1_base64="2lZXYWlksM59PpO/XJu+U1mGt2Y=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZh4wl1C0CNRDx4xkY8EFtItXWjobpu2qxLC//DiQWO8+l+8+W8ssAcFXzLJy3szmZkXSM60cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWtUgUoTUiuFDNAGvKWUxrhhlOm1JRHAWcNoLh9dRvPFClmYjvzUhSP8L9mIWMYGOlzk0bS6nEExp2iuelbi7vFtwZ0DLxUpKHFNVu7qvdEySJaGwIx1q3PFcaf4yVYYTTSbadaCoxGeI+bVka44hqfzy7eoJOrdJDoVC2YoNm6u+JMY60HkWB7YywGehFbyr+57USE176YxbLxNCYzBeFCUdGoGkEqMcUJYaPLMFEMXsrIgOsMDE2qKwNwVt8eZnUiwWvXCjflfKVqzSODBzDCZyBBxdQgVuoQg0IKHiGV3hzHp0X5935mLeuOOnMEfyB8/kDXSORyQ==</latexit>

D → k2/4

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Diffusion in the kicked rotor

Chaos in dynamical systems, Ott 

The root-mean-square 
of a diffusion process

<latexit sha1_base64="IvErFG8QRw+SZKa7ki3wvrVWzvI=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoC8tMkepGKOrCZQX7gM44ZNK0DU0yQ5IRytC/cOOvuHGhiFvd+Tem0y609cCFwzn3cu89Ycyo0o7zbeWWlldW1/LrhY3Nre0de3evqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vJr4rQciFY3EnR7FxOeoL2iPYqSNFNhljyHRZwSW4oCfxIFzfF/xZCYFqceRHkieSq7G44vKNeSBXXTKTga4SNwZKYIZ6oH95XUjnHAiNGZIqY7rxNpPkdQUMzIueIkiMcJD1CcdQwXiRPlp9tcYHhmlC3uRNCU0zNTfEyniSo14aDonl6p5byL+53US3Tv3UyriRBOBp4t6CYM6gpOQYJdKgjUbGYKwpOZWiAdIIqxNlAUTgjv/8iJpVsputVy9PS3WLmdx5MEBOAQl4IIzUAM3oA4aAINH8AxewZv1ZL1Y79bHtDVnzWb2wR9Ynz8poZ9V</latexit>

→(pm ↑ p0)
2↓rms = 2Dm

<latexit sha1_base64="2lZXYWlksM59PpO/XJu+U1mGt2Y=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZh4wl1C0CNRDx4xkY8EFtItXWjobpu2qxLC//DiQWO8+l+8+W8ssAcFXzLJy3szmZkXSM60cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWtUgUoTUiuFDNAGvKWUxrhhlOm1JRHAWcNoLh9dRvPFClmYjvzUhSP8L9mIWMYGOlzk0bS6nEExp2iuelbi7vFtwZ0DLxUpKHFNVu7qvdEySJaGwIx1q3PFcaf4yVYYTTSbadaCoxGeI+bVka44hqfzy7eoJOrdJDoVC2YoNm6u+JMY60HkWB7YywGehFbyr+57USE176YxbLxNCYzBeFCUdGoGkEqMcUJYaPLMFEMXsrIgOsMDE2qKwNwVt8eZnUiwWvXCjflfKVqzSODBzDCZyBBxdQgVuoQg0IKHiGV3hzHp0X5935mLeuOOnMEfyB8/kDXSORyQ==</latexit>

D → k2/4

Chaotic Hamiltonian 
Systems: Kicked Rotor



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Diffusion in the kicked rotor

Chaos in dynamical systems, Ott 

The root-mean-square 
of a diffusion process

<latexit sha1_base64="IvErFG8QRw+SZKa7ki3wvrVWzvI=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoC8tMkepGKOrCZQX7gM44ZNK0DU0yQ5IRytC/cOOvuHGhiFvd+Tem0y609cCFwzn3cu89Ycyo0o7zbeWWlldW1/LrhY3Nre0de3evqaJEYtLAEYtkO0SKMCpIQ1PNSDuWBPGQkVY4vJr4rQciFY3EnR7FxOeoL2iPYqSNFNhljyHRZwSW4oCfxIFzfF/xZCYFqceRHkieSq7G44vKNeSBXXTKTga4SNwZKYIZ6oH95XUjnHAiNGZIqY7rxNpPkdQUMzIueIkiMcJD1CcdQwXiRPlp9tcYHhmlC3uRNCU0zNTfEyniSo14aDonl6p5byL+53US3Tv3UyriRBOBp4t6CYM6gpOQYJdKgjUbGYKwpOZWiAdIIqxNlAUTgjv/8iJpVsputVy9PS3WLmdx5MEBOAQl4IIzUAM3oA4aAINH8AxewZv1ZL1Y79bHtDVnzWb2wR9Ynz8poZ9V</latexit>

→(pm ↑ p0)
2↓rms = 2Dm

<latexit sha1_base64="2lZXYWlksM59PpO/XJu+U1mGt2Y=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZh4wl1C0CNRDx4xkY8EFtItXWjobpu2qxLC//DiQWO8+l+8+W8ssAcFXzLJy3szmZkXSM60cd1vZ2V1bX1jM7OV3d7Z3dvPHRzWtUgUoTUiuFDNAGvKWUxrhhlOm1JRHAWcNoLh9dRvPFClmYjvzUhSP8L9mIWMYGOlzk0bS6nEExp2iuelbi7vFtwZ0DLxUpKHFNVu7qvdEySJaGwIx1q3PFcaf4yVYYTTSbadaCoxGeI+bVka44hqfzy7eoJOrdJDoVC2YoNm6u+JMY60HkWB7YywGehFbyr+57USE176YxbLxNCYzBeFCUdGoGkEqMcUJYaPLMFEMXsrIgOsMDE2qKwNwVt8eZnUiwWvXCjflfKVqzSODBzDCZyBBxdQgVuoQg0IKHiGV3hzHp0X5935mLeuOOnMEfyB8/kDXSORyQ==</latexit>

D → k2/4

<latexit sha1_base64="B80fnGuX0DSUmtN6WzRbB1uIPqM=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARWoplppTqsqgLcVXBXqAzLZk004ZmLiQZsQx9CDe+ihsXirh14c63MdPOQlsPhHz8/zkk53dCRoU0jG8ts7K6tr6R3cxtbe/s7un7By0RRByTJg5YwDsOEoRRnzQllYx0Qk6Q5zDSdsaXid++J1zQwL+Tk5DYHhr61KUYSSX19dKVhcKQBw/QcjnC8bhXmcbVacE8rdz0K4VxsZTcvYSKfT1vlI1ZwWUwU8iDtBp9/csaBDjyiC8xQ0J0TSOUdoy4pJiRac6KBAkRHqMh6Sr0kUeEHc+WmsITpQygG3B1fAln6u+JGHlCTDxHdXpIjsSil4j/ed1Iuud2TP0wksTH84fciEEZwCQhOKCcYMkmChDmVP0V4hFS4UiVY06FYC6uvAytStmslWu31Xz9Io0jC47AMSgAE5yBOrgGDdAEGDyCZ/AK3rQn7UV71z7mrRktnTkEf0r7/AFXtZvR</latexit>

D → k2

4
(1↑ 2J2(k) + 2J2

2 (k))

Rechester and White, PRL (1980)

Chaotic Hamiltonian 
Systems: Kicked Rotor

Corrections in the diffusion constant
(Correlations between kicks)



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Lyapunov exponent

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor

Rosenbaum, Ganeshan, Galitski, PRL (2017)Chirikov, Phys. Rep. (1979)



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Lyapunov exponent

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor

Rosenbaum, Ganeshan, Galitski, PRL (2017)Chirikov, Phys. Rep. (1979)

2 nearby trajectories



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor

Rosenbaum, Ganeshan, Galitski, PRL (2017)Chirikov, Phys. Rep. (1979)

2 nearby trajectories

Lyapunov exponent



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor

Rosenbaum, Ganeshan, Galitski, PRL (2017)Chirikov, Phys. Rep. (1979)

2 nearby trajectories

Lyapunov exponent

Trig identity

To leading order 
in the deviations



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor

Rosenbaum, Ganeshan, Galitski, PRL (2017)Chirikov, Phys. Rep. (1979)

Lyapunov exponent
To leading order 
in the deviations

<latexit sha1_base64="aMJ16MQd+E61xAESYeXFBa01GVM=">AAACEHicbZDLSgMxFIYz9VbrrerSTbCIlUKZEaluhKIbwU0Fe4FOGTJppg3NJEOSkZahj+DGV3HjQhG3Lt35NqbtLLT1QMjH/59Dcn4/YlRp2/62MkvLK6tr2fXcxubW9k5+d6+hRCwxqWPBhGz5SBFGOalrqhlpRZKg0Gek6Q+uJ37zgUhFBb/Xo4h0QtTjNKAYaSN5+WN3SL2El5zx5YR4ySUamat462Kh4NDjJ1Pdyxfssj0tuAhOCgWQVs3Lf7ldgeOQcI0ZUqrt2JHuJEhqihkZ59xYkQjhAeqRtkGOQqI6yXShMTwyShcGQprDNZyqvycSFCo1Cn3TGSLdV/PeRPzPa8c6uOgklEexJhzPHgpiBrWAk3Rgl0qCNRsZQFhS81eI+0girE2GOROCM7/yIjROy06lXLk7K1Sv0jiy4AAcgiJwwDmoghtQA3WAwSN4Bq/gzXqyXqx362PWmrHSmX3wp6zPH4KrnEY=</latexit>

ωn+1 = ωn + εn + (K cosxn)ωn

<latexit sha1_base64="o+LZQz6PPaGh68PAdBHacWZmgK4="></latexit>

ω± = 1 +
k cos(xn)

2
±

√

k cos(xn)

(
1 +

k cos(xn)

4

)
Eigenvalues

<latexit sha1_base64="7QmUU1iN04hEtXcgZBcuVILJoso="></latexit>(
ωn+1

εn+1

)
=

(
1 k cos(xn)
1 k cos(xn) + 1

)(
ωn+1

εn+1

)

Focusing on 
<latexit sha1_base64="MCF2vzchF+vhW3k86wEK4QbFaeI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Y+v3H654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWt355X6dR5HEY7gGE7Bgwuowy00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4Bx7yNfA==</latexit>

k > 0

<latexit sha1_base64="WLCYd9Y75Bq051nM9fC/S9xqNjU="></latexit>

ω → ↑↑l+[k cos(xn)]↓↓ =
1

2ε

∫ ω

→ω
dx ln |l+[k cos(x)]|



Kicked rotor

<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓

Chaos in dynamical systems, Ott 

Chaotic Hamiltonian 
Systems: Kicked Rotor

Rosenbaum, Ganeshan, Galitski, PRL (2017)Chirikov, Phys. Rep. (1979)

Lyapunov exponent
<latexit sha1_base64="o+LZQz6PPaGh68PAdBHacWZmgK4="></latexit>

ω± = 1 +
k cos(xn)

2
±

√

k cos(xn)

(
1 +

k cos(xn)

4

)
Eigenvalues

<latexit sha1_base64="MCF2vzchF+vhW3k86wEK4QbFaeI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Y+v3H654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWt355X6dR5HEY7gGE7Bgwuowy00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4Bx7yNfA==</latexit>

k > 0

<latexit sha1_base64="WLCYd9Y75Bq051nM9fC/S9xqNjU="></latexit>

ω → ↑↑l+[k cos(xn)]↓↓ =
1

2ε

∫ ω

→ω
dx ln |l+[k cos(x)]|

At large k
<latexit sha1_base64="4P6hAgrqz+VJhfkR6z6WqtvP9+8="></latexit>

ω → 1

2ε

∫ ω

→ω
dx ln(k| cos(x)|) = log(k/2)

<latexit sha1_base64="4P6hAgrqz+VJhfkR6z6WqtvP9+8="></latexit>

ω → 1

2ε

∫ ω

→ω
dx ln(k| cos(x)|) = log(k/2)

Focus on blue data and
on black dashed line
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le

Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)

Chaotic Hamiltonian 
Systems: Kicked Top
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z

yx
Stab

le

Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)

Conserved angular 
momentum

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="7TPR3/XfT12eUyZQOJqku4pt72o=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkoiUt0IRTfSVQX7gCaEyXTSTjOZhJmJUEJ2bvwVNy4UcesvuPNvnD4W2nrgwuGce7n3Hj9hVCrL+jYKS8srq2vF9dLG5tb2jrm715JxKjBp4pjFouMjSRjlpKmoYqSTCIIin5G2H96M/fYDEZLG/F6NEuJGqM9pQDFSWvLMQyere/S07g2d/Io6JJGUaT2jwzCve6Fnlq2KNQFcJPaMlMEMDc/8cnoxTiPCFWZIyq5tJcrNkFAUM5KXnFSSBOEQ9UlXU44iIt1s8kcOj7XSg0EsdHEFJ+rviQxFUo4iX3dGSA3kvDcW//O6qQou3YzyJFWE4+miIGVQxXAcCuxRQbBiI00QFlTfCvEACYSVjq6kQ7DnX14krbOKXa1U787LtetZHEVwAI7ACbDBBaiBW9AATYDBI3gGr+DNeDJejHfjY9paMGYz++APjM8fKqyZiA==</latexit>

{Ji, Jj} = iωijkJk
<latexit sha1_base64="JpXPvD5ev/9jZXf48+qIVySOjWY=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCBwm7QaIXIegleIpgHpCNYXYymwyZfTAzq4R1P8WLB0W8+iXe/BsnyR40saChqOqmu8uNOJPKsr6N3Mrq2vpGfrOwtb2zu2cW91syjAWhTRLyUHRcLClnAW0qpjjtRIJi3+W07Y6vp377gQrJwuBOTSLa8/EwYB4jWGmpbxadJHFcD92k95XTupNeWn2zZJWtGdAysTNSggyNvvnlDEIS+zRQhGMpu7YVqV6ChWKE07TgxJJGmIzxkHY1DbBPZS+ZnZ6iY60MkBcKXYFCM/X3RIJ9KSe+qzt9rEZy0ZuK/3ndWHkXvYQFUaxoQOaLvJgjFaJpDmjABCWKTzTBRDB9KyIjLDBROq2CDsFefHmZtCplu1qu3p6ValdZHHk4hCM4ARvOoQZ1aEATCDzCM7zCm/FkvBjvxse8NWdkMwfwB8bnD73rkwc=</latexit>

{J2
, H} = 0

Equation of Motion

<latexit sha1_base64="U/OX7uxb7VI4KVp6G10p0zn4B5Y="></latexit>

dJ

dt
= {J, H} = →J↑ ωH

ωJ
<latexit sha1_base64="zlePQ/81iZ0MFOzeilXLWB/ymSo=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJA2EaluhKIbcVWpvUAbwmQ6aYdOLsxMpGkobnwVNy4UcetTuPNtnLRZaOsPAx//OYcz53dCRoU0jG9tYXFpeWU1t5Zf39jc2tZ3dhsiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6Qyu03rzgXBBA/9exiGxPNTzqUsxksqy9f3h5a09LNVOYKwgTmGkYFSq2XrBKBoTwXkwMyiATFVb/+p0Axx5xJeYISHaphFKK0FcUszION+JBAkRHqAeaSv0kUeElUxOGMMj5XShG3D1fAkn7u+JBHlCxJ6jOj0k+2K2lpr/1dqRdC+shPphJImPp4vciEEZwDQP2KWcYMliBQhzqv4KcR9xhKVKLa9CMGdPnofGadEsF8t3Z4XKVRZHDhyAQ3AMTHAOKuAGVEEdYPAInsEreNOetBftXfuYti5o2cwe+CPt8wcZs5VW</latexit>

x = Jx/S, y = Jy/S, z = Jz/SClassical 
limit



Kicked top
z

yx
Stab

le
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<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)

Conserved angular 
momentum

<latexit sha1_base64="7TPR3/XfT12eUyZQOJqku4pt72o=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkoiUt0IRTfSVQX7gCaEyXTSTjOZhJmJUEJ2bvwVNy4UcesvuPNvnD4W2nrgwuGce7n3Hj9hVCrL+jYKS8srq2vF9dLG5tb2jrm715JxKjBp4pjFouMjSRjlpKmoYqSTCIIin5G2H96M/fYDEZLG/F6NEuJGqM9pQDFSWvLMQyere/S07g2d/Io6JJGUaT2jwzCve6Fnlq2KNQFcJPaMlMEMDc/8cnoxTiPCFWZIyq5tJcrNkFAUM5KXnFSSBOEQ9UlXU44iIt1s8kcOj7XSg0EsdHEFJ+rviQxFUo4iX3dGSA3kvDcW//O6qQou3YzyJFWE4+miIGVQxXAcCuxRQbBiI00QFlTfCvEACYSVjq6kQ7DnX14krbOKXa1U787LtetZHEVwAI7ACbDBBaiBW9AATYDBI3gGr+DNeDJejHfjY9paMGYz++APjM8fKqyZiA==</latexit>

{Ji, Jj} = iωijkJk

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="JpXPvD5ev/9jZXf48+qIVySOjWY=">AAAB+nicbVDLSgNBEOyNrxhfGz16GQyCBwm7QaIXIegleIpgHpCNYXYymwyZfTAzq4R1P8WLB0W8+iXe/BsnyR40saChqOqmu8uNOJPKsr6N3Mrq2vpGfrOwtb2zu2cW91syjAWhTRLyUHRcLClnAW0qpjjtRIJi3+W07Y6vp377gQrJwuBOTSLa8/EwYB4jWGmpbxadJHFcD92k95XTupNeWn2zZJWtGdAysTNSggyNvvnlDEIS+zRQhGMpu7YVqV6ChWKE07TgxJJGmIzxkHY1DbBPZS+ZnZ6iY60MkBcKXYFCM/X3RIJ9KSe+qzt9rEZy0ZuK/3ndWHkXvYQFUaxoQOaLvJgjFaJpDmjABCWKTzTBRDB9KyIjLDBROq2CDsFefHmZtCplu1qu3p6ValdZHHk4hCM4ARvOoQZ1aEATCDzCM7zCm/FkvBjvxse8NWdkMwfwB8bnD73rkwc=</latexit>

{J2
, H} = 0

Integrating the equations, 
across one period

<latexit sha1_base64="FoySEJezN+QoElKL8+/iiynZunk=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQIpQZkeqy6MZlhb6grSWTpm1okhmSO0IZunLjr7hxoYhbv8Gdf2P6WGjrgcDhnHu4uSeIBDfged9OamV1bX0jvZnZ2t7Z3XP3D2omjDVlVRqKUDcCYpjgilWBg2CNSDMiA8HqwfBm4tcfmDY8VBUYRawtSV/xHqcErNRxj1tcQSeRlfF9kpNnfr4yxl3AuVY3BJPvuFmv4E2Bl4k/J1k0R7njftkgjSVTQAUxpul7EbQTooFTwcaZVmxYROiQ9FnTUkUkM+1kesYYn1qli3uhtk8Bnqq/EwmRxoxkYCclgYFZ9Cbif14zht5VO+EqioEpOlvUiwWGEE86wV2uGQUxsoRQze1fMR0QTSjY5jK2BH/x5GVSOy/4xULx7iJbup7XkUZH6ATlkI8uUQndojKqIooe0TN6RW/Ok/PivDsfs9GUM88coj9wPn8AeO+X2g==</latexit>∫ (m+1)T

mT
dt(. . . )

<latexit sha1_base64="6hlzitAwilmlJYLtyX4nFbJcsqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIRKocyIVDdC0Y3LCvYB7TBk0kwbmkmGJCMdh36AG3/FjQtF3PoB7vwb03YW2nogcO4593Jzjx8xqrRtf1tLyyura+u5jfzm1vbObmFvv6lELDFpYMGEbPtIEUY5aWiqGWlHkqDQZ6TlD68nfuueSEUFv9NJRNwQ9TkNKEbaSF6hOPJSXnbGlw8e72KhSsORx0/KiakU5bPKdNkVewq4SJyMFEGGulf46vYEjkPCNWZIqY5jR9pNkdQUMzLOd2NFIoSHqE86hnIUEuWm02PG8NgoPRgIaR7XcKr+nkhRqFQS+qYzRHqg5r2J+J/XiXVw4aaUR7EmHM8WBTGDWsBJMrBHJcGaJYYgLKn5K8QDJBHWJr+8CcGZP3mRNE8rTrVSvT0r1q6yOHLgEByBEnDAOaiBG1AHDYDBI3gGr+DNerJerHfrY9a6ZGUzB+APrM8f7RWa6w==</latexit>

xn+1 = zn cos(kxn) + yn sin(kxn)
<latexit sha1_base64="3rQV11GyboDDBIeNmw6sOUWNt60=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoFEsiUt0IRTcuK9gHtCFMppN26GQSZiZiDP0BN/6KGxeKuHXvzr9x2mahrQcGzj3nXu7c40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhldjv3VHhKQhv1VJRJwA9Tn1KUZKS655kLgpL9uji+MHl3cl5aXhvcuPyomucCinlWsWrYo1AZwndkaKIEPdNb+6vRDHAeEKMyRlx7Yi5aRIKIoZGRW6sSQRwkPUJx1NOQqIdNLJNSN4qJUe9EOhH1dwov6eSFEgZRJ4ujNAaiBnvbH4n9eJlX/upJRHsSIcTxf5MYMqhONoYI8KghVLNEFYUP1XiAdIIKx0gAUdgj178jxpnlTsaqV6c1qsXWZx5MEe2AclYIMzUAPXoA4aAINH8AxewZvxZLwY78bHtDVnZDO74A+Mzx9gIZsj</latexit>

yn+1 = →zn sin(kxn) + yn cos(kxn)
<latexit sha1_base64="GzdGK/Yi61ssIwvPD4eGYohI78Q=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEsiUr0IRS8eK9gPaEPYbDft0s0m7G7EGvI3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6WiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3Qz8dsPVCoWiXs9jqkb4oFgASNYG6n35KXixMmuTh894ZUrdtWeAi0SJycVyNHwyl+9fkSSkApNOFaq69ixdlMsNSOcZqVeomiMyQgPaNdQgUOq3HR6c4aOjNJHQSRNCY2m6u+JFIdKjUPfdIZYD9W8NxH/87qJDi7dlIk40VSQ2aIg4UhHaBIA6jNJieZjQzCRzNyKyBBLTLSJqWRCcOZfXiSts6pTq9buziv16zyOIhzAIRyDAxdQh1toQBMIxPAMr/BmJdaL9W59zFoLVj6zD39gff4AYwqRRw==</latexit>zn+1 = →xn

<latexit sha1_base64="zlePQ/81iZ0MFOzeilXLWB/ymSo=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJA2EaluhKIbcVWpvUAbwmQ6aYdOLsxMpGkobnwVNy4UcetTuPNtnLRZaOsPAx//OYcz53dCRoU0jG9tYXFpeWU1t5Zf39jc2tZ3dhsiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6Qyu03rzgXBBA/9exiGxPNTzqUsxksqy9f3h5a09LNVOYKwgTmGkYFSq2XrBKBoTwXkwMyiATFVb/+p0Axx5xJeYISHaphFKK0FcUszION+JBAkRHqAeaSv0kUeElUxOGMMj5XShG3D1fAkn7u+JBHlCxJ6jOj0k+2K2lpr/1dqRdC+shPphJImPp4vciEEZwDQP2KWcYMliBQhzqv4KcR9xhKVKLa9CMGdPnofGadEsF8t3Z4XKVRZHDhyAQ3AMTHAOKuAGVEEdYPAInsEreNOetBftXfuYti5o2cwe+CPt8wcZs5VW</latexit>

x = Jx/S, y = Jy/S, z = Jz/SClassical 
limit

Equation of Motion

<latexit sha1_base64="U/OX7uxb7VI4KVp6G10p0zn4B5Y="></latexit>

dJ

dt
= {J, H} = →J↑ ωH

ωJ



Kicked top
z

yx
Stab

le

Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

<latexit sha1_base64="cZpFQo/AOnN/P/FhqCAQABY4aUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdD++cvvlilt15yB/iZeTCuRo9MufvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolJ1YZkDDWthSSufpzIqORMZMosJ0RxZFZ9mbif143xfDSz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZf/ktaZ1WvVq3dnVfq13kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgGxjeNew==</latexit>

k = 0
<latexit sha1_base64="2rmXwXl0gXm1SCV+nA9CWQKJlw8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdD++8vrlilt15yB/iZeTCuRo9MufvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolJ1YZkDDWthSSufpzIqORMZMosJ0RxZFZ9mbif143xfDSz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZf/ktaZ1WvVq3dnVfq13kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgGx7uNfA==</latexit>

k = 1
<latexit sha1_base64="3siKihSqipTywFgnW9urC9GxhrE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEc0DkiXMTnqTIbOzy8ysEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/loxkn6Ed0IHnIGTVWehhdV3rFklt25yCrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MT52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IRX/oTLJDUo2WJRmApiYjL7m/S5QmbE2BLKFLe3EjakijJj0ynYELzll1dJs1L2quXq/UWpdpPFkYcTOIVz8OASanAHdWgAgwE8wyu8OcJ5cd6dj0VrzslmjuEPnM8fyT+NfQ==</latexit>

k = 2
<latexit sha1_base64="uIhJa2Y3fKio0u/mgQcRg2ADEnQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9C0IvHiOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfy0Yxj9EM6kLzPGTVWehhdX3SLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvpXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJ46zsVcqV+/NS9SaLIw9HcAyn4MElVOEOalAHBgN4hld4c4Tz4rw7H/PWnJPNHMIfOJ8/zcuNgA==</latexit>

k = 5

<latexit sha1_base64="zlePQ/81iZ0MFOzeilXLWB/ymSo=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJA2EaluhKIbcVWpvUAbwmQ6aYdOLsxMpGkobnwVNy4UcetTuPNtnLRZaOsPAx//OYcz53dCRoU0jG9tYXFpeWU1t5Zf39jc2tZ3dhsiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6Qyu03rzgXBBA/9exiGxPNTzqUsxksqy9f3h5a09LNVOYKwgTmGkYFSq2XrBKBoTwXkwMyiATFVb/+p0Axx5xJeYISHaphFKK0FcUszION+JBAkRHqAeaSv0kUeElUxOGMMj5XShG3D1fAkn7u+JBHlCxJ6jOj0k+2K2lpr/1dqRdC+shPphJImPp4vciEEZwDQP2KWcYMliBQhzqv4KcR9xhKVKLa9CMGdPnofGadEsF8t3Z4XKVRZHDhyAQ3AMTHAOKuAGVEEdYPAInsEreNOetBftXfuYti5o2cwe+CPt8wcZs5VW</latexit>

x = Jx/S, y = Jy/S, z = Jz/S

<latexit sha1_base64="hM+F4reRQ58UXKtE5H2EuRiqbD0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBM0DkiXMTnqTIbOzy8ysEEM+wYsHRbz6Rd78GyfJHjRa0FBUddPdFSSCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn5rQdUmsfy3owT9CM6kDzkjBor3T1e1XvFklt25yB/iZeREmSo9Yqf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZnzolJ1bpkzBWtqQhc/XnxIRGWo+jwHZG1Az1sjcT//M6qQkv/QmXSWpQssWiMBXExGT2N+lzhcyIsSWUKW5vJWxIFWXGplOwIXjLL/8lzbOyVylX6uel6nUWRx6O4BhOwYMLqMIt1KABDAbwBC/w6gjn2Xlz3hetOSebOYRfcD6+AQ8kjas=</latexit>

z = Q

Equation of 
Motion

Phase space 
coordinates

<latexit sha1_base64="uANsua/8ZILYo/yEBs7oyjLiYz8=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyxCXVhmilQ3QtGNyxbsAzpjyaRpG5pJxiQjlrELf8WNC0Xc+hvu/BvTdhbaeuDC4Zx7ufeeIGJUacf5thYWl5ZXVjNr2fWNza1te2e3rkQsMalhwYRsBkgRRjmpaaoZaUaSoDBgpBEMrsZ+455IRQW/0cOI+CHqcdqlGGkjte39hwtP3UmduCfV2+LIw0Lli5Xjtp1zCs4EcJ64KcmBFJW2/eV1BI5DwjVmSKmW60TaT5DUFDMyynqxIhHCA9QjLUM5Conyk8n9I3hklA7sCmmKazhRf08kKFRqGAamM0S6r2a9sfif14p199xPKI9iTTieLurGDGoBx2HADpUEazY0BGFJza0Q95FEWJvIsiYEd/bleVIvFtxSoVQ9zZUv0zgy4AAcgjxwwRkog2tQATWAwSN4Bq/gzXqyXqx362PaumClM3vgD6zPH3HalRg=</latexit>

x =
√

1→Q2 cos(2P )
<latexit sha1_base64="2j3d7pFAlpqSoBo4E0L2BvIcxH8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKSFKluhKIbly3YBzSxTKaTduhkEmcmQohd+CtuXCji1t9w5984bbPQ1gMXDufcy733eBGjUlnWt5FbWl5ZXcuvFzY2t7Z3zN29lgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90fXEbz8QIWnIb1USETdAA059ipHSUs88SC4deS9Uap827ipjR1JeqtRPembRKltTwEViZ6QIMtR75pfTD3EcEK4wQ1J2bStSboqEopiRccGJJYkQHqEB6WrKUUCkm07vH8NjrfShHwpdXMGp+nsiRYGUSeDpzgCpoZz3JuJ/XjdW/oWbUh7FinA8W+THDKoQTsKAfSoIVizRBGFB9a0QD5FAWOnICjoEe/7lRdKqlO1qudo4K9ausjjy4BAcgRKwwTmogRtQB02AwSN4Bq/gzXgyXox342PWmjOymX3wB8bnD3s1lR4=</latexit>

y =
√
1→Q2 sin(2P )

Passarelli, et al, Quantum (2025)

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="6hlzitAwilmlJYLtyX4nFbJcsqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIRKocyIVDdC0Y3LCvYB7TBk0kwbmkmGJCMdh36AG3/FjQtF3PoB7vwb03YW2nogcO4593Jzjx8xqrRtf1tLyyura+u5jfzm1vbObmFvv6lELDFpYMGEbPtIEUY5aWiqGWlHkqDQZ6TlD68nfuueSEUFv9NJRNwQ9TkNKEbaSF6hOPJSXnbGlw8e72KhSsORx0/KiakU5bPKdNkVewq4SJyMFEGGulf46vYEjkPCNWZIqY5jR9pNkdQUMzLOd2NFIoSHqE86hnIUEuWm02PG8NgoPRgIaR7XcKr+nkhRqFQS+qYzRHqg5r2J+J/XiXVw4aaUR7EmHM8WBTGDWsBJMrBHJcGaJYYgLKn5K8QDJBHWJr+8CcGZP3mRNE8rTrVSvT0r1q6yOHLgEByBEnDAOaiBG1AHDYDBI3gGr+DNerJerHfrY9a6ZGUzB+APrM8f7RWa6w==</latexit>

xn+1 = zn cos(kxn) + yn sin(kxn)
<latexit sha1_base64="3rQV11GyboDDBIeNmw6sOUWNt60=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoFEsiUt0IRTcuK9gHtCFMppN26GQSZiZiDP0BN/6KGxeKuHXvzr9x2mahrQcGzj3nXu7c40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhldjv3VHhKQhv1VJRJwA9Tn1KUZKS655kLgpL9uji+MHl3cl5aXhvcuPyomucCinlWsWrYo1AZwndkaKIEPdNb+6vRDHAeEKMyRlx7Yi5aRIKIoZGRW6sSQRwkPUJx1NOQqIdNLJNSN4qJUe9EOhH1dwov6eSFEgZRJ4ujNAaiBnvbH4n9eJlX/upJRHsSIcTxf5MYMqhONoYI8KghVLNEFYUP1XiAdIIKx0gAUdgj178jxpnlTsaqV6c1qsXWZx5MEe2AclYIMzUAPXoA4aAINH8AxewZvxZLwY78bHtDVnZDO74A+Mzx9gIZsj</latexit>

yn+1 = →zn sin(kxn) + yn cos(kxn)
<latexit sha1_base64="GzdGK/Yi61ssIwvPD4eGYohI78Q=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEsiUr0IRS8eK9gPaEPYbDft0s0m7G7EGvI3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6WiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3Qz8dsPVCoWiXs9jqkb4oFgASNYG6n35KXixMmuTh894ZUrdtWeAi0SJycVyNHwyl+9fkSSkApNOFaq69ixdlMsNSOcZqVeomiMyQgPaNdQgUOq3HR6c4aOjNJHQSRNCY2m6u+JFIdKjUPfdIZYD9W8NxH/87qJDi7dlIk40VSQ2aIg4UhHaBIA6jNJieZjQzCRzNyKyBBLTLSJqWRCcOZfXiSts6pTq9buziv16zyOIhzAIRyDAxdQh1toQBMIxPAMr/BmJdaL9W59zFoLVj6zD39gff4AYwqRRw==</latexit>zn+1 = →xn



Kicked top
z

yx
Stab

le

Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)
<latexit sha1_base64="zlePQ/81iZ0MFOzeilXLWB/ymSo=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJA2EaluhKIbcVWpvUAbwmQ6aYdOLsxMpGkobnwVNy4UcetTuPNtnLRZaOsPAx//OYcz53dCRoU0jG9tYXFpeWU1t5Zf39jc2tZ3dhsiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6Qyu03rzgXBBA/9exiGxPNTzqUsxksqy9f3h5a09LNVOYKwgTmGkYFSq2XrBKBoTwXkwMyiATFVb/+p0Axx5xJeYISHaphFKK0FcUszION+JBAkRHqAeaSv0kUeElUxOGMMj5XShG3D1fAkn7u+JBHlCxJ6jOj0k+2K2lpr/1dqRdC+shPphJImPp4vciEEZwDQP2KWcYMliBQhzqv4KcR9xhKVKLa9CMGdPnofGadEsF8t3Z4XKVRZHDhyAQ3AMTHAOKuAGVEEdYPAInsEreNOetBftXfuYti5o2cwe+CPt8wcZs5VW</latexit>

x = Jx/S, y = Jy/S, z = Jz/S

Equation of 
Motion

But in the limit of short times and large kicking strengths it is diffusive

Phase space is compact, NO notion of diffusion in the long time limit

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="6hlzitAwilmlJYLtyX4nFbJcsqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIRKocyIVDdC0Y3LCvYB7TBk0kwbmkmGJCMdh36AG3/FjQtF3PoB7vwb03YW2nogcO4593Jzjx8xqrRtf1tLyyura+u5jfzm1vbObmFvv6lELDFpYMGEbPtIEUY5aWiqGWlHkqDQZ6TlD68nfuueSEUFv9NJRNwQ9TkNKEbaSF6hOPJSXnbGlw8e72KhSsORx0/KiakU5bPKdNkVewq4SJyMFEGGulf46vYEjkPCNWZIqY5jR9pNkdQUMzLOd2NFIoSHqE86hnIUEuWm02PG8NgoPRgIaR7XcKr+nkhRqFQS+qYzRHqg5r2J+J/XiXVw4aaUR7EmHM8WBTGDWsBJMrBHJcGaJYYgLKn5K8QDJBHWJr+8CcGZP3mRNE8rTrVSvT0r1q6yOHLgEByBEnDAOaiBG1AHDYDBI3gGr+DNerJerHfrY9a6ZGUzB+APrM8f7RWa6w==</latexit>

xn+1 = zn cos(kxn) + yn sin(kxn)
<latexit sha1_base64="3rQV11GyboDDBIeNmw6sOUWNt60=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoFEsiUt0IRTcuK9gHtCFMppN26GQSZiZiDP0BN/6KGxeKuHXvzr9x2mahrQcGzj3nXu7c40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhldjv3VHhKQhv1VJRJwA9Tn1KUZKS655kLgpL9uji+MHl3cl5aXhvcuPyomucCinlWsWrYo1AZwndkaKIEPdNb+6vRDHAeEKMyRlx7Yi5aRIKIoZGRW6sSQRwkPUJx1NOQqIdNLJNSN4qJUe9EOhH1dwov6eSFEgZRJ4ujNAaiBnvbH4n9eJlX/upJRHsSIcTxf5MYMqhONoYI8KghVLNEFYUP1XiAdIIKx0gAUdgj178jxpnlTsaqV6c1qsXWZx5MEe2AclYIMzUAPXoA4aAINH8AxewZvxZLwY78bHtDVnZDO74A+Mzx9gIZsj</latexit>

yn+1 = →zn sin(kxn) + yn cos(kxn)
<latexit sha1_base64="GzdGK/Yi61ssIwvPD4eGYohI78Q=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEsiUr0IRS8eK9gPaEPYbDft0s0m7G7EGvI3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6WiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3Qz8dsPVCoWiXs9jqkb4oFgASNYG6n35KXixMmuTh894ZUrdtWeAi0SJycVyNHwyl+9fkSSkApNOFaq69ixdlMsNSOcZqVeomiMyQgPaNdQgUOq3HR6c4aOjNJHQSRNCY2m6u+JFIdKjUPfdIZYD9W8NxH/87qJDi7dlIk40VSQ2aIg4UhHaBIA6jNJieZjQzCRzNyKyBBLTLSJqWRCcOZfXiSts6pTq9buziv16zyOIhzAIRyDAxdQh1toQBMIxPAMr/BmJdaL9W59zFoLVj6zD39gff4AYwqRRw==</latexit>zn+1 = →xn
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z

yx
Stab

le

Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)
<latexit sha1_base64="zlePQ/81iZ0MFOzeilXLWB/ymSo=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJA2EaluhKIbcVWpvUAbwmQ6aYdOLsxMpGkobnwVNy4UcetTuPNtnLRZaOsPAx//OYcz53dCRoU0jG9tYXFpeWU1t5Zf39jc2tZ3dhsiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6Qyu03rzgXBBA/9exiGxPNTzqUsxksqy9f3h5a09LNVOYKwgTmGkYFSq2XrBKBoTwXkwMyiATFVb/+p0Axx5xJeYISHaphFKK0FcUszION+JBAkRHqAeaSv0kUeElUxOGMMj5XShG3D1fAkn7u+JBHlCxJ6jOj0k+2K2lpr/1dqRdC+shPphJImPp4vciEEZwDQP2KWcYMliBQhzqv4KcR9xhKVKLa9CMGdPnofGadEsF8t3Z4XKVRZHDhyAQ3AMTHAOKuAGVEEdYPAInsEreNOetBftXfuYti5o2cwe+CPt8wcZs5VW</latexit>

x = Jx/S, y = Jy/S, z = Jz/S

Diffusion in the kicked top, in the limit of 
large kicking strength (k>>1) and SHORT times! 

k>>1, all kicks are random and independent

Phase space is compact, NO notion of 
diffusion in the long time limit

<latexit sha1_base64="4xDSl/HlGVXtIYDjGvaLMbA7zbc=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4qrtVqheh6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxneZ336iSrNIPppJTH2Bh5KFjGCTSTfV84t+qexW3BnQMvFyUoYcjX7pqzeISCKoNIRjrbueGxs/xcowwum02Es0jTEZ4yHtWiqxoNpPZ7dO0alVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadoQ/AWX14mrWrFq1VqD5fl+m0eRwGO4QTOwIMrqMM9NKAJBEbwDK/w5gjnxXl3PuatK04+cwR/4Hz+AOC6jX4=</latexit>

= 2/3

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="BC/WodIpCJ2iXUsbng609B+s3j0="></latexit>

→[zn+1 ↑ zn]
2↓ = →[xn ↑ zn]

2↓ ↔ →x2
n↓+ →z2n↓

<latexit sha1_base64="AMi/IKkWi9xc3HWusNKtITjv+2c=">AAACU3icbZFNS8MwHMbT+jbnW9Wjl+AQhOFoh6gXYejFo4JToa0lzdIZlyYlScWt7DuK4MEv4sWDZrWKb38IPPyeJyR5EmeMKu26z5Y9NT0zO1ebry8sLi2vOKtrF0rkEpMuFkzIqxgpwignXU01I1eZJCiNGbmMB8cT//KOSEUFP9fDjIQp6nOaUIy0QZFzGzDE+4xAfxQVvOmNd0YRD6/bgSzx4Zd9H/HmDytAWSbFPfxMmM CX1/yEo28wchpuyy0H/hVeJRqgmtPIeQx6Aucp4RozpJTvuZkOCyQ1xYyM60GuSIbwAPWJbyRHKVFhUXYyhluG9GAipFlcw5J+31GgVKlhGptkivSN+u1N4H+en+vkICwoz3JNOP44KMkZ1AJOCoY9KgnWbGgEwpKau0J8gyTC2nxD3ZTg/X7yX3HRbnl7rb2z3UbnqKqjBjbAJtgGHtgHHXACTkEXYPAAXsCbBawn69W27emPqG1Ve9bBj7GX3gGivrRu</latexit>

→[zn+1 ↑ zn]
2↓ = →[xn + zn]

2↓ ↔ →x2
n↓+ →z2n↓



Kicked top
z

yx
Stab

le

Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)
<latexit sha1_base64="zlePQ/81iZ0MFOzeilXLWB/ymSo=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuJA2EaluhKIbcVWpvUAbwmQ6aYdOLsxMpGkobnwVNy4UcetTuPNtnLRZaOsPAx//OYcz53dCRoU0jG9tYXFpeWU1t5Zf39jc2tZ3dhsiiDgmdRywgLccJAijPqlLKhlphZwgz2Gk6Qyu03rzgXBBA/9exiGxPNTzqUsxksqy9f3h5a09LNVOYKwgTmGkYFSq2XrBKBoTwXkwMyiATFVb/+p0Axx5xJeYISHaphFKK0FcUszION+JBAkRHqAeaSv0kUeElUxOGMMj5XShG3D1fAkn7u+JBHlCxJ6jOj0k+2K2lpr/1dqRdC+shPphJImPp4vciEEZwDQP2KWcYMliBQhzqv4KcR9xhKVKLa9CMGdPnofGadEsF8t3Z4XKVRZHDhyAQ3AMTHAOKuAGVEEdYPAInsEreNOetBftXfuYti5o2cwe+CPt8wcZs5VW</latexit>

x = Jx/S, y = Jy/S, z = Jz/S

Diffusion in the kicked top, in the limit of 
large kicking strength (k>>1) and SHORT times! 

k>>1, all kicks are random and independent

<latexit sha1_base64="Kb43bn9rjIOI4KFOPYN8b9oYQVI="></latexit>

→[z(t+ 1)↑ z(t)]2↓ = →[x(t)↑ z(t)]2↓ ↔ →x(t)2↓+ →z(t)2↓
<latexit sha1_base64="4xDSl/HlGVXtIYDjGvaLMbA7zbc=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4qrtVqheh6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxneZ336iSrNIPppJTH2Bh5KFjGCTSTfV84t+qexW3BnQMvFyUoYcjX7pqzeISCKoNIRjrbueGxs/xcowwum02Es0jTEZ4yHtWiqxoNpPZ7dO0alVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi14m/ud1ExNe+ymTcWKoJPNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadoQ/AWX14mrWrFq1VqD5fl+m0eRwGO4QTOwIMrqMM9NKAJBEbwDK/w5gjnxXl3PuatK04+cwR/4Hz+AOC6jX4=</latexit>

= 2/3

<latexit sha1_base64="tsMtplNnpJjKrNHmeplPOkqt1tI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU91VqR6LevBYwX5AdynZNNuGZrMhyYpl6d/w4kERr/4Zb/4b03YPWn0w8Hhvhpl5oeRMG9f9cgpLyyura8X10sbm1vZOeXevpZNUEdokCU9UJ8SaciZo0zDDaUcqiuOQ03Y4up767QeqNEvEvRlLGsR4IFjECDZW8m98LKVKHpF3ctYrV9yqOwP6S7ycVCBHo1f+9PsJSWMqDOFY667nShNkWBlGOJ2U/FRTickID2jXUoFjqoNsdvMEHVmlj6JE2RIGzdSfExmOtR7Hoe2MsRnqRW8q/ud1UxNdBhkTMjVUkPmiKOXIJGgaAOozRYnhY0swUczeisgQK0yMjalkQ/AWX/5LWqdVr1at3Z1X6ld5HEU4gEM4Bg8uoA630IAmEJDwBC/w6qTOs/PmvM9bC04+sw+/4Hx8A9XnkOo=</latexit>

D → 1/3

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="BC/WodIpCJ2iXUsbng609B+s3j0="></latexit>

→[zn+1 ↑ zn]
2↓ = →[xn ↑ zn]

2↓ ↔ →x2
n↓+ →z2n↓

k independent! 
Consequence of compact phase space

<latexit sha1_base64="0B2M0xcAM6wu4Hb9ynTXnfv9IHY=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQxJIUqW6Eoi5cVrAPSGOYTKft0MkkzEyENnTtxl9x40IRt36BO//GaZqFth64cDjnXu69x48Ylcqyvo3cwuLS8kp+tbC2vrG5ZW7vNGQYC0zqOGShaPlIEkY5qSuqGGlFgqDAZ6TpD64mfvOBCElDfqeGEXED1OO0SzFSWvLM/TZDvMcIdEZewo/t8cnI4+59uS1S+aJ87ZlFq2SlgPPEzkgRZKh55le7E+I4IFxhhqR0bCtSboKEopiRcaEdSxIhPEA94mjKUUCkm6SvjOGhVjqwGwpdXMFU/T2RoEDKYeDrzgCpvpz1JuJ/nhOr7rmbUB7FinA8XdSNGVQhnOQCO1QQrNhQE4QF1bdC3EcCYaXTK+gQ7NmX50mjXLIrpcrtabF6mcWRB3vgABwBG5yBKrgBNVAHGDyCZ/AK3own48V4Nz6mrTkjm9kFf2B8/gD2JZnO</latexit>

→[zn+1 ↑ zn]
2↓ = 2D
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z
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le

Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Stable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="wI876GUYMmCwd0rYNSq4wKLqNQ0=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBEEoiUr0IRS8eK9gPaEPYbDft0s0m7G6kNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg79VuPVCoWiwc9TqgX4b5gISNYG8m3SyM/E2fu5HrkC1OOb5edijMDWiZuTsqQo+7bX91eTNKICk04VqrjOon2Miw1I5xOit1U0QSTIe7TjqECR1R52ezwCToxSg+FsTQlNJqpvycyHCk1jgLTGWE9UIveVPzP66Q6vPIyJpJUU0Hmi8KUIx2jaQqoxyQlmo8NwUQycysiAywx0SarognBXXx5mTTPK261Ur2/KNdu8jgKcATHcAouXEIN7qAODSCQwjO8wpv1ZL1Y79bHvHXFymcO4Q+szx/8pJKr</latexit>xn+1 = xn = x0
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<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Stable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)

<latexit sha1_base64="UJIT/sXeXmnBN7aU4ot4ZO+/JXs=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBiyURqV6EohePFewHtCFstpt26WYTdzdiDf0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprTjfFuFpeWV1bXiemljc2t7x97da6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF5P/NYDlYrF4k6PEupFuC9YyAjWRmo/+c7lyaPv+HbZqThToEXi5qQMOeq+/dXtxSSNqNCEY6U6rpNoL8NSM8LpuNRNFU0wGeI+7RgqcESVl03vHaMjo/RQGEtTQqOp+nsiw5FSoygwnRHWAzXvTcT/vE6qwwsvYyJJNRVktihMOdIxmjyPekxSovnIEEwkM7ciMsASE20iKpkQ3PmXF0nztOJWK9Xbs3LtKo+jCAdwCMfgwjnU4Abq0AACHJ7hFd6se+vFerc+Zq0FK5/Zhz+wPn8AAM6PTw==</latexit>z0 = →x0
<latexit sha1_base64="6Ub9LTcYMw3/BH56Mm4KdNw5am4=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFqAhlRqS6EYpuXFawF+gMQybNtKGZZEgy4lC6dOOruHGhiFsfwZ1vY9rOQqs/BL785xyS84cJo0o7zpdVWFhcWl4prpbW1jc2t+ztnZYSqcSkiQUTshMiRRjlpKmpZqSTSILikJF2OLya1Nt3RCoq+K3OEuLHqM9pRDHSxgrs/SxwLu4Dx1OUV4YGjo6N42GhZrfALjtVZyr4F9wcyiBXI7A/vZ7AaUy4xgwp1XWdRPsjJDXFjIxLXqpIgvAQ9UnXIEcxUf5ousgYHhqnByMhzeEaTt2fEyMUK5XFoemMkR6o+drE/K/WTXV07o8oT1JNOJ49FKUMagEnqcAelQRrlhlAWFLzV4gHSCKsTXYlE4I7v/JfaJ1U3Vq1dnNarl/mcRTBHjgAFeCCM1AH16ABmgCDB/AEXsCr9Wg9W2/W+6y1YOUzu+CXrI9vPiiYOA==</latexit>

y0 = x0 sin(kx0) + y0 cos(kx0)

<latexit sha1_base64="DUdBpzx2SfGqcllxE81qXzh0jhM=">AAACF3icbZBNS8MwGMdTX+d8q3r0UhzCdrBrh0wvg6EXjxPcC6ylpFm6haVpSVJxlH0LL34VLx4U8ao3v41Z14Nu/iHwy/95HpLn78eUCGlZ39rK6tr6xmZhq7i9s7u3rx8cdkSUcITbKKIR7/lQYEoYbksiKe7FHMPQp7jrj69n9e495oJE7E5OYuyGcMhIQBCUyvJ0c+JZ1QfPajiCsPJYUaVats8cFIn5rdJQLDOu1iqeXrJMK5OxDHYOJZCr5elfziBCSYiZRBQK0betWLop5JIgiqdFJxE4hmgMh7ivkMEQCzfN9poap8oZGEHE1WHSyNzfEykMhZiEvuoMoRyJxdrM/K/WT2Rw6aaExYnEDM0fChJqyMiYhWQMCMdI0okCiDhRfzXQCHKIpIqyqEKwF1dehk7NtOtm/fa81LzK4yiAY3ACysAGF6AJbkALtAECj+AZvII37Ul70d61j3nripbPHIE/0j5/APKRnKs=</latexit>

y0/x0 = sin(kx0)/(1→ cos(kx0)) = cot(kx0/2)

<latexit sha1_base64="OOH/LYPqEf8lVtyRYOvAG9rW5UA=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEEoSRFqhuh6MZlBfuANobJdNIOnUzCzESMof6KGxeKuPVD3Pk3TtIstPXAXA7n3Mu9c7yIUaks69tYWl5ZXVsvbZQ3t7Z3ds29/Y4MY4FJG4csFD0PScIoJ21FFSO9SBAUeIx0vclV5nfviZA05LcqiYgToBGnPsVIack1Kw+udVc/SfL6mNUL2zWrVs3KAReJXZAqKNByza/BMMRxQLjCDEnZt61IOSkSimJGpuVBLEmE8ASNSF9TjgIinTQ/fgqPtDKEfij04wrm6u+JFAVSJoGnOwOkxnLey8T/vH6s/HMnpTyKFeF4tsiPGVQhzJKAQyoIVizRBGFB9a0Qj5FAWOm8yjoEe/7Li6RTr9mNWuPmtNq8LOIogQNwCI6BDc5AE1yDFmgDDBLwDF7Bm/FkvBjvxsesdckoZirgD4zPH+M1kwA=</latexit>

x2
0 + y20 + z20 = 1

Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="wI876GUYMmCwd0rYNSq4wKLqNQ0=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBEEoiUr0IRS8eK9gPaEPYbDft0s0m7G6kNfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2wWtorbO7t7JXv/oKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg79VuPVCoWiwc9TqgX4b5gISNYG8m3SyM/E2fu5HrkC1OOb5edijMDWiZuTsqQo+7bX91eTNKICk04VqrjOon2Miw1I5xOit1U0QSTIe7TjqECR1R52ezwCToxSg+FsTQlNJqpvycyHCk1jgLTGWE9UIveVPzP66Q6vPIyJpJUU0Hmi8KUIx2jaQqoxyQlmo8NwUQycysiAywx0SarognBXXx5mTTPK261Ur2/KNdu8jgKcATHcAouXEIN7qAODSCQwjO8wpv1ZL1Y79bHvHXFymcO4Q+szx/8pJKr</latexit>xn+1 = xn = x0
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Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Stable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)

<latexit sha1_base64="f+A6GJNrT1wSD8GPONMNBiPF1oU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHoxWMF+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZq9wQS77LaL5XdijsHWSVeTsqQo9EvffUGMUsjlIYJqnXXcxPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m587JedWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U4GXCEzYmIJZYrbWwkbUUWZsQkVbQje8surpFWteLVK7eGqXL/N4yjAKZzBBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9F65qTz5zAHzifP+5Tjqo=</latexit>

→ 1/2This must satisfy

Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Chaotic Hamiltonian 
Systems: Kicked Top
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<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Stable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)

<latexit sha1_base64="f+A6GJNrT1wSD8GPONMNBiPF1oU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHoxWMF+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZq9wQS77LaL5XdijsHWSVeTsqQo9EvffUGMUsjlIYJqnXXcxPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m587JedWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U4GXCEzYmIJZYrbWwkbUUWZsQkVbQje8surpFWteLVK7eGqXL/N4yjAKZzBBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9F65qTz5zAHzifP+5Tjqo=</latexit>

→ 1/2This must satisfy

For at least one solution to exist in the small x0 limit
<latexit sha1_base64="LrtIWvThy6VgvjSbUOIVCa0DCeU=">AAACGnicbVDLSgMxFM34rPVVdekmWIQWsc4MUt0IRTcuK9gHdKYlk2ba0MyD5I5YSr/Djb/ixoUi7sSNf2P6WNTWA4HDOfdwc48XC67ANH+MpeWV1bX11EZ6c2t7Zzezt19VUSIpq9BIRLLuEcUED1kFOAhWjyUjgSdYzevdjPzaA5OKR+E99GPmBqQTcp9TAlpqZazHltm0r3I9rMmZnW/ajmA+5KzTGenEaUegHMk7Xci3MlmzYI6BF4k1JVk0RbmV+dJxmgQsBCqIUg3LjMEdEAmcCjZMO4liMaE90mENTUMSMOUOxqcN8bFW2tiPpH4h4LE6mxiQQKl+4OnJgEBXzXsj8T+vkYB/6Q54GCfAQjpZ5CcCQ4RHPeE2l4yC6GtCqOT6r5h2iSQUdJtpXYI1f/IiqdoFq1go3p1nS9fTOlLoEB2hHLLQBSqhW1RGFUTRE3pBb+jdeDZejQ/jczK6ZEwzB+gPjO9fmdCdjQ==</latexit>

x2
0 = (kx0/2)

2
(
1→ (kx0/2)

2 + . . .
)

<latexit sha1_base64="tpB6o8LFwrNemf3bcY3SL+SUIHM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3aTTbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWqGLaYFFJ1AqpR8BhbhhuBnUQhjQKBD8H4ZuY/PKHSXMb3ZpKgH9FhzEPOqLFSe9wbIqn1yxW36s5BVomXkwrkaPbLX72BZGmEsWGCat313MT4GVWGM4HTUi/VmFA2pkPsWhrTCLWfza+dkjOrDEgola3YkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCKz/jcZIajNliUZgKYiSZvU4GXCEzYmIJZYrbWwkbUUWZsQGVbAje8surpF2revVq/e6i0rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9FajqY=</latexit>

k → 2 Guarantees one solution exists with
<latexit sha1_base64="W97O9n90vKNdMbxqwK6oQ7f8ugA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SRFLx4rmLbQhrLZTtqlm03Y3Ygl9Dd48aCIV3+QN/+N24+Dtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwduI3H1FpnsgHM0oxiGlf8ogzaqzkP3Xda7dbKrsVdwqyTLw5KcMc9W7pq9NLWBajNExQrduem5ogp8pwJnBc7GQaU8qGtI9tSyWNUQf59NgxObVKj0SJsiUNmaq/J3Iaaz2KQ9sZUzPQi95E/M9rZya6CnIu08ygZLNFUSaIScjkc9LjCpkRI0soU9zeStiAKsqMzadoQ/AWX14mjfOKV61U7y/KtZt5HAU4hhM4Aw8uoQZ3UAcfGHB4hld4c6Tz4rw7H7PWFWc+cwR/4Hz+AACjjiw=</latexit>

x0 > 0

Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Chaotic Hamiltonian 
Systems: Kicked Top
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Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Stable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)

<latexit sha1_base64="f+A6GJNrT1wSD8GPONMNBiPF1oU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qkmR6rHoxWMF+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZq9wQS77LaL5XdijsHWSVeTsqQo9EvffUGMUsjlIYJqnXXcxPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m587JedWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U4GXCEzYmIJZYrbWwkbUUWZsQkVbQje8surpFWteLVK7eGqXL/N4yjAKZzBBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9F65qTz5zAHzifP+5Tjqo=</latexit>

→ 1/2This must satisfy

For at least one solution to exist in the small x0 limit
<latexit sha1_base64="LrtIWvThy6VgvjSbUOIVCa0DCeU=">AAACGnicbVDLSgMxFM34rPVVdekmWIQWsc4MUt0IRTcuK9gHdKYlk2ba0MyD5I5YSr/Djb/ixoUi7sSNf2P6WNTWA4HDOfdwc48XC67ANH+MpeWV1bX11EZ6c2t7Zzezt19VUSIpq9BIRLLuEcUED1kFOAhWjyUjgSdYzevdjPzaA5OKR+E99GPmBqQTcp9TAlpqZazHltm0r3I9rMmZnW/ajmA+5KzTGenEaUegHMk7Xci3MlmzYI6BF4k1JVk0RbmV+dJxmgQsBCqIUg3LjMEdEAmcCjZMO4liMaE90mENTUMSMOUOxqcN8bFW2tiPpH4h4LE6mxiQQKl+4OnJgEBXzXsj8T+vkYB/6Q54GCfAQjpZ5CcCQ4RHPeE2l4yC6GtCqOT6r5h2iSQUdJtpXYI1f/IiqdoFq1go3p1nS9fTOlLoEB2hHLLQBSqhW1RGFUTRE3pBb+jdeDZejQ/jczK6ZEwzB+gPjO9fmdCdjQ==</latexit>

x2
0 = (kx0/2)

2
(
1→ (kx0/2)

2 + . . .
)

<latexit sha1_base64="tpB6o8LFwrNemf3bcY3SL+SUIHM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3aTTbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWqGLaYFFJ1AqpR8BhbhhuBnUQhjQKBD8H4ZuY/PKHSXMb3ZpKgH9FhzEPOqLFSe9wbIqn1yxW36s5BVomXkwrkaPbLX72BZGmEsWGCat313MT4GVWGM4HTUi/VmFA2pkPsWhrTCLWfza+dkjOrDEgola3YkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCKz/jcZIajNliUZgKYiSZvU4GXCEzYmIJZYrbWwkbUUWZsQGVbAje8surpF2revVq/e6i0rjO4yjCCZzCOXhwCQ24hSa0gMEjPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9FajqY=</latexit>

k → 2 Guarantees one solution exists with
<latexit sha1_base64="W97O9n90vKNdMbxqwK6oQ7f8ugA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SRFLx4rmLbQhrLZTtqlm03Y3Ygl9Dd48aCIV3+QN/+N24+Dtj4YeLw3w8y8MBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+HwduI3H1FpnsgHM0oxiGlf8ogzaqzkP3Xda7dbKrsVdwqyTLw5KcMc9W7pq9NLWBajNExQrduem5ogp8pwJnBc7GQaU8qGtI9tSyWNUQf59NgxObVKj0SJsiUNmaq/J3Iaaz2KQ9sZUzPQi95E/M9rZya6CnIu08ygZLNFUSaIScjkc9LjCpkRI0soU9zeStiAKsqMzadoQ/AWX14mjfOKV61U7y/KtZt5HAU4hhM4Aw8uoQZ3UAcfGHB4hld4c6Tz4rw7H7PWFWc+cwR/4Hz+AACjjiw=</latexit>

x0 > 0

Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)
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<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Unstable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Linearize about the fixed points

Chaotic Hamiltonian 
Systems: Kicked Top
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<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Unstable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Linearize about the fixed points

Chaotic Hamiltonian 
Systems: Kicked Top

Eigenvalues
<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1 &

For stability
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Unstable

<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Unstable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Chaotic Hamiltonian 
Systems: Kicked Top

For stability

Becomes unstable when
<latexit sha1_base64="8yyDsKC23KrS0v/UASNjNxx+ONs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7VG5fH5tdcvltyKOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia88lMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv7xKWhcVr1ap3VdL9ZssjjycwCmUwYNLqMMdNKAJBB7hGV7hzZHOi/PufCxac042cwx/4Hz+AFJgjlM=</latexit>

h(k) = 1
<latexit sha1_base64="pP5k2TlVxlOfExB+0zqYArE7hJ8=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS90tUr0IRS8eK9gPaNeSTbNtaDZZkqxaSv+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npmI7u5tb2zm9vbr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg+uJ33igSjMp7swwpn6Ee4KFjGBjpfs2kboweOq4p6WTS7eTy7tFdwq0SLyU5CFFtZP7anclSSIqDOFY65bnxsYfYWUY4XScbSeaxpgMcI+2LBU4otofTa8eo2OrdFEolS1h0FT9PTHCkdbDKLCdETZ9Pe9NxP+8VmLCC3/ERJwYKshsUZhwZCSaRIC6TFFi+NASTBSztyLSxwoTY4PK2hC8+ZcXSb1U9MrF8u1ZvnKVxpGBQziCAnhwDhW4gSrUgICCZ3iFN+fReXHenY9Z65KTzhzAHzifP5ABkUM=</latexit>

cos(kx0/2) = 0

<latexit sha1_base64="8V8S3SGh/ZMw6O/obzPjp/fx31M=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmKCF2wJQS8mRC8eMZGPBCrZLlvYsN02u1uVNPwPLx40xqv/xZv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uh66rceqFQsFHd6HFE3wAPBfEawNtJ9VzFRHD317LPy6aXTyxfskj0DWiZOSgqQot7Lf3X7IYkDKjThWKmOY0faTbDUjHA6yXVjRSNMRnhAO4YKHFDlJrOrJ+jEKH3kh9KU0Gim/p5IcKDUOPBMZ4D1UC16U/E/rxNr/8JNmIhiTQWZL/JjjnSIphGgPpOUaD42BBPJzK2IDLHERJugciYEZ/HlZdIsl5xqqXpbKdSu0jiycATHUAQHzqEGN1CHBhCQ8Ayv8GY9Wi/Wu/Uxb81Y6cwh/IH1+QOZZZFJ</latexit>

sin(kx0/2) = 1
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<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Unstable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Chaotic Hamiltonian 
Systems: Kicked Top

For stability

Becomes unstable when
<latexit sha1_base64="8yyDsKC23KrS0v/UASNjNxx+ONs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7VG5fH5tdcvltyKOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia88lMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv7xKWhcVr1ap3VdL9ZssjjycwCmUwYNLqMMdNKAJBB7hGV7hzZHOi/PufCxac042cwx/4Hz+AFJgjlM=</latexit>

h(k) = 1
<latexit sha1_base64="pP5k2TlVxlOfExB+0zqYArE7hJ8=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS90tUr0IRS8eK9gPaNeSTbNtaDZZkqxaSv+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npmI7u5tb2zm9vbr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg+uJ33igSjMp7swwpn6Ee4KFjGBjpfs2kboweOq4p6WTS7eTy7tFdwq0SLyU5CFFtZP7anclSSIqDOFY65bnxsYfYWUY4XScbSeaxpgMcI+2LBU4otofTa8eo2OrdFEolS1h0FT9PTHCkdbDKLCdETZ9Pe9NxP+8VmLCC3/ERJwYKshsUZhwZCSaRIC6TFFi+NASTBSztyLSxwoTY4PK2hC8+ZcXSb1U9MrF8u1ZvnKVxpGBQziCAnhwDhW4gSrUgICCZ3iFN+fReXHenY9Z65KTzhzAHzifP5ABkUM=</latexit>

cos(kx0/2) = 0

<latexit sha1_base64="8V8S3SGh/ZMw6O/obzPjp/fx31M=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmKCF2wJQS8mRC8eMZGPBCrZLlvYsN02u1uVNPwPLx40xqv/xZv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uh66rceqFQsFHd6HFE3wAPBfEawNtJ9VzFRHD317LPy6aXTyxfskj0DWiZOSgqQot7Lf3X7IYkDKjThWKmOY0faTbDUjHA6yXVjRSNMRnhAO4YKHFDlJrOrJ+jEKH3kh9KU0Gim/p5IcKDUOPBMZ4D1UC16U/E/rxNr/8JNmIhiTQWZL/JjjnSIphGgPpOUaD42BBPJzK2IDLHERJugciYEZ/HlZdIsl5xqqXpbKdSu0jiycATHUAQHzqEGN1CHBhCQ8Ayv8GY9Wi/Wu/Uxb81Y6cwh/IH1+QOZZZFJ</latexit>

sin(kx0/2) = 1

<latexit sha1_base64="dkiMNknO6Nmn8iDzzc6unCb7uBI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU7tbpHoRil48VrAf0F1KNs22odlsSLJiKf0bXjwo4tU/481/Y9ruQVsfDDzem2FmXig508Z1v53c2vrG5lZ+u7Czu7d/UDw8aukkVYQ2ScIT1QmxppwJ2jTMcNqRiuI45LQdjm5nfvuRKs0S8WDGkgYxHggWMYKNlfzRU8+tVK99ySrVXrHklt050CrxMlKCDI1e8cvvJySNqTCEY627nitNMMHKMMLptOCnmkpMRnhAu5YKHFMdTOY3T9GZVfooSpQtYdBc/T0xwbHW4zi0nTE2Q73szcT/vG5qoqtgwoRMDRVksShKOTIJmgWA+kxRYvjYEkwUs7ciMsQKE2NjKtgQvOWXV0mrWvZq5dr9Ral+k8WRhxM4hXPw4BLqcAcNaAIBCc/wCm9O6rw4787HojXnZDPH8AfO5w9nrZCj</latexit>

kx0/2 = ω/2
<latexit sha1_base64="y/Nc7JEdBJVjEjH92hyTHwv5nww=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4qrtFqheh6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7O0vLK6tp7byG9ube/sFvb2GzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw+uJ33ykSrNI3plRTH2B+5KFjGBjpfunrvtQvvROy91C0S25U6BF4mWkCBlq3cJXpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9ODx6jY6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjhp0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRnkbgjf/8iJplEtepVS5PStWr7I4cnAIR3ACHpxDFW6gBnUgIOAZXuHNUc6L8+58zFqXnGzmAP7A+fwBCYWPRQ==</latexit>

x2
0 = 1/2

<latexit sha1_base64="X8dAjoRHHiYLBJTrEX35ZXcQawM=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchaSE6kYounFZwT6gCWEynbRDJ8k4MxFL6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPyBmVyra/jZXVtfWNzdJWeXtnd2/fPDhsyzQTmLRwylLRDZEkjCakpahipMsFQXHISCccXU39zj0RkqbJrRpz4sdokNCIYqS0FJiVUYAvPHknVF6beJx6iHORPkDXct3ArNqWPQNcJk5BqqBAMzC/vH6Ks5gkCjMkZc+xufJzJBTFjEzKXiYJR3iEBqSnaYJiIv189sQEnmilD6NU6EoUnKm/J3IUSzmOQ90ZIzWUi95U/M/rZSo693Oa8EyRBM8XRRmDKoXTRGCfCoIVG2uCsKD6VoiHSCCsdG5lHYKz+PIyadcsp27Vb9xq47KIowQq4BicAgecgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+5q0rRjFzBP7A+PwB1nyXkw==</latexit>

kc =
→
2ω ↑ 4.44
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<latexit sha1_base64="Wqd6vrKsucNURmnat2v7ZLltRU4=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahgpREpHosevFYwX5AE8pmu2mWbjZxd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zM8xPBNdj2t1VYW9/Y3Cpul3Z29/YPyodHbR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTr+6G7md8ZMaR7LR5gkzIvIUPKAUwJG8qouhAzIhZuE/Lxfrtg1ew68SpycVFCOZr/85Q5imkZMAhVE655jJ+BlRAGngk1LbqpZQuiIDFnPUEkipr1sfvQUnxllgINYmZKA5+rviYxEWk8i33RGBEK97M3E/7xeCsGNl3GZpMAkXSwKUoEhxrME8IArRkFMDCFUcXMrpiFRhILJqWRCcJZfXiXty5pTr9UfriqN2zyOIjpBp6iKHHSNGugeNVELUfSEntErerPG1ov1bn0sWgtWPnOM/sD6/AHvOpGT</latexit>

(✓,�)

Unstable fixed points of the map

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)

Chaotic Hamiltonian 
Systems: Kicked Top

For stability

Becomes unstable when
<latexit sha1_base64="8yyDsKC23KrS0v/UASNjNxx+ONs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7VG5fH5tdcvltyKOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia88lMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv7xKWhcVr1ap3VdL9ZssjjycwCmUwYNLqMMdNKAJBB7hGV7hzZHOi/PufCxac042cwx/4Hz+AFJgjlM=</latexit>

h(k) = 1
<latexit sha1_base64="pP5k2TlVxlOfExB+0zqYArE7hJ8=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS90tUr0IRS8eK9gPaNeSTbNtaDZZkqxaSv+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npmI7u5tb2zm9vbr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg+uJ33igSjMp7swwpn6Ee4KFjGBjpfs2kboweOq4p6WTS7eTy7tFdwq0SLyU5CFFtZP7anclSSIqDOFY65bnxsYfYWUY4XScbSeaxpgMcI+2LBU4otofTa8eo2OrdFEolS1h0FT9PTHCkdbDKLCdETZ9Pe9NxP+8VmLCC3/ERJwYKshsUZhwZCSaRIC6TFFi+NASTBSztyLSxwoTY4PK2hC8+ZcXSb1U9MrF8u1ZvnKVxpGBQziCAnhwDhW4gSrUgICCZ3iFN+fReXHenY9Z65KTzhzAHzifP5ABkUM=</latexit>

cos(kx0/2) = 0

<latexit sha1_base64="8V8S3SGh/ZMw6O/obzPjp/fx31M=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmKCF2wJQS8mRC8eMZGPBCrZLlvYsN02u1uVNPwPLx40xqv/xZv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uh66rceqFQsFHd6HFE3wAPBfEawNtJ9VzFRHD317LPy6aXTyxfskj0DWiZOSgqQot7Lf3X7IYkDKjThWKmOY0faTbDUjHA6yXVjRSNMRnhAO4YKHFDlJrOrJ+jEKH3kh9KU0Gim/p5IcKDUOPBMZ4D1UC16U/E/rxNr/8JNmIhiTQWZL/JjjnSIphGgPpOUaD42BBPJzK2IDLHERJugciYEZ/HlZdIsl5xqqXpbKdSu0jiycATHUAQHzqEGN1CHBhCQ8Ayv8GY9Wi/Wu/Uxb81Y6cwh/IH1+QOZZZFJ</latexit>

sin(kx0/2) = 1

<latexit sha1_base64="dkiMNknO6Nmn8iDzzc6unCb7uBI=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU7tbpHoRil48VrAf0F1KNs22odlsSLJiKf0bXjwo4tU/481/Y9ruQVsfDDzem2FmXig508Z1v53c2vrG5lZ+u7Czu7d/UDw8aukkVYQ2ScIT1QmxppwJ2jTMcNqRiuI45LQdjm5nfvuRKs0S8WDGkgYxHggWMYKNlfzRU8+tVK99ySrVXrHklt050CrxMlKCDI1e8cvvJySNqTCEY627nitNMMHKMMLptOCnmkpMRnhAu5YKHFMdTOY3T9GZVfooSpQtYdBc/T0xwbHW4zi0nTE2Q73szcT/vG5qoqtgwoRMDRVksShKOTIJmgWA+kxRYvjYEkwUs7ciMsQKE2NjKtgQvOWXV0mrWvZq5dr9Ral+k8WRhxM4hXPw4BLqcAcNaAIBCc/wCm9O6rw4787HojXnZDPH8AfO5w9nrZCj</latexit>

kx0/2 = ω/2
<latexit sha1_base64="y/Nc7JEdBJVjEjH92hyTHwv5nww=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4qrtFqheh6MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7O0vLK6tp7byG9ube/sFvb2GzpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw+uJ33ykSrNI3plRTH2B+5KFjGBjpfunrvtQvvROy91C0S25U6BF4mWkCBlq3cJXpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9ODx6jY6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjhp0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRnkbgjf/8iJplEtepVS5PStWr7I4cnAIR3ACHpxDFW6gBnUgIOAZXuHNUc6L8+58zFqXnGzmAP7A+fwBCYWPRQ==</latexit>

x2
0 = 1/2

<latexit sha1_base64="X8dAjoRHHiYLBJTrEX35ZXcQawM=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFchaSE6kYounFZwT6gCWEynbRDJ8k4MxFL6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPyBmVyra/jZXVtfWNzdJWeXtnd2/fPDhsyzQTmLRwylLRDZEkjCakpahipMsFQXHISCccXU39zj0RkqbJrRpz4sdokNCIYqS0FJiVUYAvPHknVF6beJx6iHORPkDXct3ArNqWPQNcJk5BqqBAMzC/vH6Ks5gkCjMkZc+xufJzJBTFjEzKXiYJR3iEBqSnaYJiIv189sQEnmilD6NU6EoUnKm/J3IUSzmOQ90ZIzWUi95U/M/rZSo693Oa8EyRBM8XRRmDKoXTRGCfCoIVG2uCsKD6VoiHSCCsdG5lHYKz+PIyadcsp27Vb9xq47KIowQq4BicAgecgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+5q0rRjFzBP7A+PwB1nyXkw==</latexit>

kc =
→
2ω ↑ 4.44All fixed points unstable

<latexit sha1_base64="T/22QwTGya+MV0JoYhGV3bfNOLo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFYwbSFNpTNdtMu2d2E3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6acaeO6305pbX1jc6u8XdnZ3ds/qB4etXWSKUJ9kvBEdUOsKWeS+oYZTrupoliEnHbC+G7md56o0iyRj2aS0kDgkWQRI9hYyY9v4gEZVGtu3Z0DrRKvIDUo0BpUv/rDhGSCSkM41rrnuakJcqwMI5xOK/1M0xSTGI9oz1KJBdVBPj92is6sMkRRomxJg+bq74kcC60nIrSdApuxXvZm4n9eLzPRdZAzmWaGSrJYFGUcmQTNPkdDpigxfGIJJorZWxEZY4WJsflUbAje8surpH1R9xr1xsNlrXlbxFGGEziFc/DgCppwDy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A5Onjo0=</latexit>

k > kc



Kicked top

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)

Chaotic Hamiltonian 
Systems: Kicked Top

Tangent map
<latexit sha1_base64="6hlzitAwilmlJYLtyX4nFbJcsqM=">AAACDHicbVDLSgMxFM34rPVVdekmWIRKocyIVDdC0Y3LCvYB7TBk0kwbmkmGJCMdh36AG3/FjQtF3PoB7vwb03YW2nogcO4593Jzjx8xqrRtf1tLyyura+u5jfzm1vbObmFvv6lELDFpYMGEbPtIEUY5aWiqGWlHkqDQZ6TlD68nfuueSEUFv9NJRNwQ9TkNKEbaSF6hOPJSXnbGlw8e72KhSsORx0/KiakU5bPKdNkVewq4SJyMFEGGulf46vYEjkPCNWZIqY5jR9pNkdQUMzLOd2NFIoSHqE86hnIUEuWm02PG8NgoPRgIaR7XcKr+nkhRqFQS+qYzRHqg5r2J+J/XiXVw4aaUR7EmHM8WBTGDWsBJMrBHJcGaJYYgLKn5K8QDJBHWJr+8CcGZP3mRNE8rTrVSvT0r1q6yOHLgEByBEnDAOaiBG1AHDYDBI3gGr+DNerJerHfrY9a6ZGUzB+APrM8f7RWa6w==</latexit>

xn+1 = zn cos(kxn) + yn sin(kxn)
<latexit sha1_base64="3rQV11GyboDDBIeNmw6sOUWNt60=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoFEsiUt0IRTcuK9gHtCFMppN26GQSZiZiDP0BN/6KGxeKuHXvzr9x2mahrQcGzj3nXu7c40WMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyhldjv3VHhKQhv1VJRJwA9Tn1KUZKS655kLgpL9uji+MHl3cl5aXhvcuPyomucCinlWsWrYo1AZwndkaKIEPdNb+6vRDHAeEKMyRlx7Yi5aRIKIoZGRW6sSQRwkPUJx1NOQqIdNLJNSN4qJUe9EOhH1dwov6eSFEgZRJ4ujNAaiBnvbH4n9eJlX/upJRHsSIcTxf5MYMqhONoYI8KghVLNEFYUP1XiAdIIKx0gAUdgj178jxpnlTsaqV6c1qsXWZx5MEe2AclYIMzUAPXoA4aAINH8AxewZvxZLwY78bHtDVnZDO74A+Mzx9gIZsj</latexit>

yn+1 = →zn sin(kxn) + yn cos(kxn)
<latexit sha1_base64="GzdGK/Yi61ssIwvPD4eGYohI78Q=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBZBEEsiUr0IRS8eK9gPaEPYbDft0s0m7G7EGvI3vHhQxKt/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6WiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3Qz8dsPVCoWiXs9jqkb4oFgASNYG6n35KXixMmuTh894ZUrdtWeAi0SJycVyNHwyl+9fkSSkApNOFaq69ixdlMsNSOcZqVeomiMyQgPaNdQgUOq3HR6c4aOjNJHQSRNCY2m6u+JFIdKjUPfdIZYD9W8NxH/87qJDi7dlIk40VSQ2aIg4UhHaBIA6jNJieZjQzCRzNyKyBBLTLSJqWRCcOZfXiSts6pTq9buziv16zyOIhzAIRyDAxdQh1toQBMIxPAMr/BmJdaL9W59zFoLVj6zD39gff4AYwqRRw==</latexit>zn+1 = →xn

<latexit sha1_base64="RjTidbUMDYXg2O+XMetG+cGGBkc=">AAACEXicbZDLSsNAFIYnXmu9RV26GSxiN5ZEpLoRim5cVrAXaEKZTE/aoZNJmJkIJfQV3Pgqblwo4tadO9/G6QWqrT8MfPznHM6cP0g4U9pxvq2l5ZXVtfXcRn5za3tn197br6s4lRRqNOaxbAZEAWcCapppDs1EAokCDo2gfzOqNx5AKhaLez1IwI9IV7CQUaKN1baLXge4JjjzghDLYVvgqxmfzvCkbReckjMWXgR3CgU0VbVtf3mdmKYRCE05UarlOon2MyI1oxyGeS9VkBDaJ11oGRQkAuVn44uG+Ng4HRzG0jyh8dj9PZGRSKlBFJjOiOiemq+NzP9qrVSHl37GRJJqEHSyKEw51jEexYM7TALVfGCAUMnMXzHtEUmoNiHmTQju/MmLUD8rueVS+e68ULmexpFDh+gIFZGLLlAF3aIqqiGKHtEzekVv1pP1Yr1bH5PWJWs6c4D+yPr8AXwnnC4=</latexit>

ωrn = rn → r→n

<latexit sha1_base64="LxbRZEyDG5ZYrNTGQpC6A8KJ0L4=">AAACAnicbVDLSgNBEOyNrxhfq57Ey2AQIkjYFYlehKAXjxHMA5KwzE5mkyGzs8vMrBiX4MVf8eJBEa9+hTf/xsnjoIkFDUVVN91dfsyZ0o7zbWUWFpeWV7KrubX1jc0te3unpqJEElolEY9kw8eKciZoVTPNaSOWFIc+p3W/fzXy63dUKhaJWz2IaTvEXcECRrA2kmfvpS0/QHLoCXSBCveeOB6YevDEkWfnnaIzBpon7pTkYYqKZ3+1OhFJQio04VippuvEup1iqRnhdJhrJYrGmPRxlzYNFTikqp2OXxiiQ6N0UBBJU0Kjsfp7IsWhUoPQN50h1j01643E/7xmooPzdspEnGgqyGRRkHCkIzTKA3WYpETzgSGYSGZuRaSHJSbapJYzIbizL8+T2knRLRVLN6f58uU0jizswwEUwIUzKMM1VKAKBB7hGV7hzXqyXqx362PSmrGmM7vwB9bnD1r5liM=</latexit>

rn = (xn, yn, zn)

<latexit sha1_base64="ozdaopaxBzAI9Q831Ad9nhmjaWo=">AAACG3icbVDLSgMxFM3UV62vqks3wSJWhDJTpLoRim5cVrAP6JSSSe+0oZnMkGSEMvQ/3Pgrblwo4kpw4d+YtiNo64HA4ZxzubnHizhT2ra/rMzS8srqWnY9t7G5tb2T391rqDCWFOo05KFseUQBZwLqmmkOrUgCCTwOTW94PfGb9yAVC8WdHkXQCUhfMJ9Roo3UzZfdHnBNcOJ6PpbjbiJOnfGlf1z8EcTJXMIMFeySPQVeJE5KCihFrZv/cHshjQMQmnKiVNuxI91JiNSMchjn3FhBROiQ9KFtqCABqE4yvW2Mj4zSw34ozRMaT9XfEwkJlBoFnkkGRA/UvDcR//PasfYvOgkTUaxB0NkiP+ZYh3hSFO4xCVTzkSGESmb+iumASEK1qTNnSnDmT14kjXLJqZQqt2eF6lVaRxYdoENURA46R1V0g2qojih6QE/oBb1aj9az9Wa9z6IZK53ZR39gfX4Dqdqglg==</latexit>

ωrn+1 = f →(rn)ωrn

<latexit sha1_base64="Y1azax5coGU8lLzvoZ1z6pz0AzE=">AAACDXicbZDLSgMxFIbP1Futt1GXboJVqAhlRqS6EYpuXFawF2hLyaSZNjSTGZKMUIa+gBtfxY0LRdy6d+fbmLajaOsPgS//OYfk/F7EmdKO82llFhaXlleyq7m19Y3NLXt7p6bCWBJaJSEPZcPDinImaFUzzWkjkhQHHqd1b3A1rtfvqFQsFLd6GNF2gHuC+YxgbayOfZC0PB/JUScRx+7owi9838UR+sGOnXeKzkRoHtwU8pCq0rE/Wt2QxAEVmnCsVNN1It1OsNSMcDrKtWJFI0wGuEebBgUOqGonk21G6NA4XeSH0hyh0cT9PZHgQKlh4JnOAOu+mq2Nzf9qzVj75+2EiSjWVJDpQ37MkQ7ROBrUZZISzYcGMJHM/BWRPpaYaBNgzoTgzq48D7WTolsqlm5O8+XLNI4s7ME+FMCFMyjDNVSgCgTu4RGe4cV6sJ6sV+tt2pqx0pld+CPr/QsaL5r3</latexit>

rn+1 = f(rn)rn

<latexit sha1_base64="4cOreykQ/6GetpN1WL2YAWkycFE=">AAACKHicbVDLSsNAFJ3UV62vqks3g0WsCCURqW7EohtxVcE+oAlhMp20QyeTMDMRSsjnuPFX3Igo0q1f4jTNQlsPXDicc+/MvceLGJXKNCdGYWl5ZXWtuF7a2Nza3inv7rVlGAtMWjhkoeh6SBJGOWkpqhjpRoKgwGOk441up37niQhJQ/6oxhFxAjTg1KcYKS255Wv/uJrYng/vU5efXNm+QDixIyQURQxmjkjdhJ9aabqo89QtV8yamQEuEisnFZCj6Zbf7X6I44BwhRmSsmeZkXKS6cOYkbRkx5JECI/QgPQ05Sgg0kmyQ1N4pJU+9EOhiyuYqb8nEhRIOQ483RkgNZTz3lT8z+vFyr90EsqjWBGOZx/5MYMqhNPUYJ8KghUba4KwoHpXiIdIZ6V0tiUdgjV/8iJpn9Wseq3+cF5p3ORxFMEBOARVYIEL0AB3oAlaAINn8Ao+wKfxYrwZX8Zk1low8pl98AfG9w/6b6ae</latexit>

f →(Jn) =
ωrn+1

ωrn

<latexit sha1_base64="LgKjgWZe20ga1XlPCFILLoYYjTM=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQhJIUqW6Eohs3QgX7gCYNk+mknXYyCTMToYT8hxt/xY0LRVwJLvwbp49FbT1w4XDOvTP3Hj9mVCrL+jFyK6tr6xv5zcLW9s7unrl/0JBRIjCp44hFouUjSRjlpK6oYqQVC4JCn5GmP7wZ+81HIiSN+IMaxcQNUY/TgGKktOSZ5TsvpYOsw6+cQCCcOjESiiIGRYd6KT+zs2xeG3g888yiVbImgMvEnpEimKHmmV9ON8JJSLjCDEnZtq1Yuen4UcxIVnASSWKEh6hH2ppyFBLpppPbMniilS4MIqGLKzhR5ydSFEo5Cn3dGSLVl4veWPzPaycquHRTyuNEEY6nHwUJgyqC46BglwqCFRtpgrCgeleI+0hnpHScBR2CvXjyMmmUS3alVLk/L1avZ3HkwRE4BqfABhegCm5BDdQBBk/gBbyBd+PZeDU+jM9pa86YzRyCPzC+fwFh9KJF</latexit>

Mn
ij =

ωrin+1

ωrjn
<latexit sha1_base64="ZvIbsoawnXMZ6R5w2H8f4z5shxA=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0WsCCURqW4KRTcuK9gHNDVMJpN22skkzEyEEvI7bvwVNwqKuvVHnD4ErR4YOJxzLnfu8WJGpbKsdyO3sLi0vJJfLaytb2xumds7TRklApMGjlgk2h6ShFFOGooqRtqxICj0GGl5w8ux37ojQtKI36hRTLoh6nEaUIyUllyz5viEKQRTxwugyNyUH9tZ1YlF5LvpoGpntxwGh6Vve3A0l7dcs2iVrQngX2LPSBHMUHfNZ8ePcBISrjBDUnZsK1bdFAlFMSNZwUkkiREeoh7paMpRSGQ3nVyawQOt+DCIhH5cwYn6cyJFoZSj0NPJEKm+nPfG4n9eJ1HBeTelPE4U4Xi6KEgYVBEc1wZ9KghWbKQJwoLqv0LcRwJhpcst6BLs+ZP/kuZJ2a6UK9enxdrFrI482AP7oARscAZq4ArUQQNgcA8ewQt4NR6MJ+PN+JhGc8ZsZhf8gvH5BU0qpgw=</latexit>

ωrn+1 =
n∏

j=1

f →(rj)ωr0



Kicked top

Lyapunov exponent

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)

Chaotic Hamiltonian 
Systems: Kicked Top

Define the largest 
exponent of the product

<latexit sha1_base64="0WnSpu00/6BBrVyeGUuZwGxlYtc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuqx6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB+G7mt56o0kyKRzOJqR/hgWAhI9hYqTnqXZTFea9YcivuHGiVeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFroJprGmIzxgHYsFTii2k/n107RmVX6KJTKljBorv6eSHGk9SQKbGeEzVAvezPxP6+TmPDGT5mIE0MFWSwKE46MRLPXUZ8pSgyfWIKJYvZWRIZYYWJsQAUbgrf88ippViveVcV7uCzVbrM48nACp1AGD66hBvdQhwYQGMEzvMKbI50X5935WLTmnGzmGP7A+fwBgx+Obw==</latexit>

j+(n)

<latexit sha1_base64="ipJ3VsKwyxlaJK6A7HIFrL2jdCM="></latexit>

ω = log( lim
n→↑

|j+(n)|1/n)

<latexit sha1_base64="ZvIbsoawnXMZ6R5w2H8f4z5shxA=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0WsCCURqW4KRTcuK9gHNDVMJpN22skkzEyEEvI7bvwVNwqKuvVHnD4ErR4YOJxzLnfu8WJGpbKsdyO3sLi0vJJfLaytb2xumds7TRklApMGjlgk2h6ShFFOGooqRtqxICj0GGl5w8ux37ojQtKI36hRTLoh6nEaUIyUllyz5viEKQRTxwugyNyUH9tZ1YlF5LvpoGpntxwGh6Vve3A0l7dcs2iVrQngX2LPSBHMUHfNZ8ePcBISrjBDUnZsK1bdFAlFMSNZwUkkiREeoh7paMpRSGQ3nVyawQOt+DCIhH5cwYn6cyJFoZSj0NPJEKm+nPfG4n9eJ1HBeTelPE4U4Xi6KEgYVBEc1wZ9KghWbKQJwoLqv0LcRwJhpcst6BLs+ZP/kuZJ2a6UK9enxdrFrI482AP7oARscAZq4ArUQQNgcA8ewQt4NR6MJ+PN+JhGc8ZsZhf8gvH5BU0qpgw=</latexit>

ωrn+1 =
n∏

j=1

f →(rj)ωr0
<latexit sha1_base64="IXM/b5Je5OMBFxlHRaiiY+IOaeY="></latexit>

f →(rn) =




→kzn sin(kxn) + kyn cos(kxn) sin(kxn) cos(kxn)
→kzn cos(kxn)→ kyn sin(kxn) cos(kxn) → sin(kxn)

→1 0 0







Kicked top

Lyapunov exponent

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)

Chaotic Hamiltonian 
Systems: Kicked Top

Define the largest 
exponent of the product

<latexit sha1_base64="0WnSpu00/6BBrVyeGUuZwGxlYtc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIpTdIuqx6MVjBfsB7VKyabZNm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB+G7mt56o0kyKRzOJqR/hgWAhI9hYqTnqXZTFea9YcivuHGiVeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFroJprGmIzxgHYsFTii2k/n107RmVX6KJTKljBorv6eSHGk9SQKbGeEzVAvezPxP6+TmPDGT5mIE0MFWSwKE46MRLPXUZ8pSgyfWIKJYvZWRIZYYWJsQAUbgrf88ippViveVcV7uCzVbrM48nACp1AGD66hBvdQhwYQGMEzvMKbI50X5935WLTmnGzmGP7A+fwBgx+Obw==</latexit>

j+(n)

<latexit sha1_base64="ZvIbsoawnXMZ6R5w2H8f4z5shxA=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0WsCCURqW4KRTcuK9gHNDVMJpN22skkzEyEEvI7bvwVNwqKuvVHnD4ErR4YOJxzLnfu8WJGpbKsdyO3sLi0vJJfLaytb2xumds7TRklApMGjlgk2h6ShFFOGooqRtqxICj0GGl5w8ux37ojQtKI36hRTLoh6nEaUIyUllyz5viEKQRTxwugyNyUH9tZ1YlF5LvpoGpntxwGh6Vve3A0l7dcs2iVrQngX2LPSBHMUHfNZ8ePcBISrjBDUnZsK1bdFAlFMSNZwUkkiREeoh7paMpRSGQ3nVyawQOt+DCIhH5cwYn6cyJFoZSj0NPJEKm+nPfG4n9eJ1HBeTelPE4U4Xi6KEgYVBEc1wZ9KghWbKQJwoLqv0LcRwJhpcst6BLs+ZP/kuZJ2a6UK9enxdrFrI482AP7oARscAZq4ArUQQNgcA8ewQt4NR6MJ+PN+JhGc8ZsZhf8gvH5BU0qpgw=</latexit>

ωrn+1 =
n∏

j=1

f →(rj)ωr0

<latexit sha1_base64="xn62lSOzvErL1pAmu5EIum4WcYE="></latexit>

ω = log( lim
n→↑

|j+(n)|1/n) → lim
n→↑

1

n

∑

n

log(|j+(n)max|)

Largest eigenvalue of f’ 

<latexit sha1_base64="IXM/b5Je5OMBFxlHRaiiY+IOaeY="></latexit>

f →(rn) =




→kzn sin(kxn) + kyn cos(kxn) sin(kxn) cos(kxn)
→kzn cos(kxn)→ kyn sin(kxn) cos(kxn) → sin(kxn)

→1 0 0







Kicked top

Lyapunov exponent

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)

Chaotic Hamiltonian 
Systems: Kicked Top

<latexit sha1_base64="xn62lSOzvErL1pAmu5EIum4WcYE="></latexit>

ω = log( lim
n→↑

|j+(n)|1/n) → lim
n→↑

1

n

∑

n

log(|j+(n)max|)

<latexit sha1_base64="vbzEYwiFKprwDw4HhxrA5OyMkjU=">AAACD3icbVBNSwMxFMzW7/q16tFLsCjtpe4WqR5FLx4VrArdpbxN0zY0m4QkK5biP/DiX/HiQRGvXr35b0zrHrR1IDDMzOPlTaI4MzYIvrzCzOzc/MLiUnF5ZXVt3d/YvDIy04Q2iORS3yRgKGeCNiyznN4oTSFNOL1O+qcj//qWasOkuLQDReMUuoJ1GAHrpJa/F3EXbgOOQCkt73DEZbccAVc9pxkmyv39WqXS8ktBNRgDT5MwJyWU47zlf0ZtSbKUCks4GNMMA2XjIWjLCKf3xSgzVAHpQ5c2HRWQUhMPx/fc412ntHFHaveExWP198QQUmMGaeKSKdiemfRG4n9eM7Odo3jIhMosFeRnUSfj2Eo8Kge3mabE8oEjQDRzf8WkBxqIdRUWXQnh5MnT5KpWDevV+sVB6fgkr2MRbaMdVEYhOkTH6AydowYi6AE9oRf06j16z96b9/4TLXj5zBb6A+/jG/ydm1k=</latexit>

ω → log(ε sin(k/2))

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>ω

Large        limit<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>ω



So far only considered single particle problems

Chaotic Hamiltonian Systems: 
Heisenberg spin chain

Now moving to many-body chaos

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)



So far only considered single particle problems

Chaotic Hamiltonian Systems: 
Heisenberg spin chain

Now moving to many-body chaos

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)

<latexit sha1_base64="ZQGf28vQ9gScRr9rCi/ZrY8/0qA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUxJKIVDdC0U1xVdE+oAlhMp20QyeZMDMRSsgnuPFX3LhQxK1Ld/6N0zaIVg9cOHPOvcy9x48ZlcqyPo3C3PzC4lJxubSyura+YW5utSRPBCZNzBkXHR9JwmhEmooqRjqxICj0GWn7w8ux374jQlIe3apRTNwQ9SMaUIyUljxzv35+dOXIJPQoTB0/gDeZRx3c4+r7mdJDO/PMslWxJoB/iZ2TMsjR8MwPp8dxEpJIYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGqGQSDedHJTBPa30YMCFrkjBifpzIkWhlKPQ150hUgM5643F/7xuooIzN6VRnCgS4elHQcKg4nCcDuxRQbBiI00QFlTvCvEACYSVzrCkQ7BnT/5LWscVu1qpXp+Uaxd5HEWwA3bBAbDBKaiBOmiAJsDgHjyCZ/BiPBhPxqvxNm0tGPnMNvgF4/0LAt2b+Q==</latexit>

H = �J

X

i

Si · Si+1

Interacting spin chain

<latexit sha1_base64="lr0LqR1EQLXpL4Wuk+UW0vImMM4="></latexit>

dSj

dt
= {Sj , H} = →J(Sj→1 + Sj+1)↑ Sj



So far only considered single particle problems

Chaotic Hamiltonian Systems: 
Heisenberg spin chain

Now moving to many-body chaos

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)

<latexit sha1_base64="ZQGf28vQ9gScRr9rCi/ZrY8/0qA=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0UUxJKIVDdC0U1xVdE+oAlhMp20QyeZMDMRSsgnuPFX3LhQxK1Ld/6N0zaIVg9cOHPOvcy9x48ZlcqyPo3C3PzC4lJxubSyura+YW5utSRPBCZNzBkXHR9JwmhEmooqRjqxICj0GWn7w8ux374jQlIe3apRTNwQ9SMaUIyUljxzv35+dOXIJPQoTB0/gDeZRx3c4+r7mdJDO/PMslWxJoB/iZ2TMsjR8MwPp8dxEpJIYYak7NpWrNwUCUUxI1nJSSSJER6iPulqGqGQSDedHJTBPa30YMCFrkjBifpzIkWhlKPQ150hUgM5643F/7xuooIzN6VRnCgS4elHQcKg4nCcDuxRQbBiI00QFlTvCvEACYSVzrCkQ7BnT/5LWscVu1qpXp+Uaxd5HEWwA3bBAbDBKaiBOmiAJsDgHjyCZ/BiPBhPxqvxNm0tGPnMNvgF4/0LAt2b+Q==</latexit>

H = �J

X

i

Si · Si+1

Interacting spin chain

<latexit sha1_base64="lr0LqR1EQLXpL4Wuk+UW0vImMM4="></latexit>

dSj

dt
= {Sj , H} = →J(Sj→1 + Sj+1)↑ Sj

Most initial states are chaotic
<latexit sha1_base64="xCldPuzFj325Cv7EbR6J/0DnkwA="></latexit>

ωmax → 1

4

√
2(J2

x + J2
y + J2

z )



Chaotic Hamiltonian Systems: 
Spin models

Now many-body chaos in higher dimensions

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)

Interacting spins models
<latexit sha1_base64="WhvAGKnTh+HQaYHriM8baz92x28="></latexit>

H =
∑

→i,j↑

(JxS
x
i S

x
j + JyS

y
i S

y
j + JzS

z
i S

z
j )

Sum over 
nearest neighbors



Chaotic Hamiltonian Systems: 
Spin models

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)

Interacting spins models
<latexit sha1_base64="WhvAGKnTh+HQaYHriM8baz92x28="></latexit>

H =
∑

→i,j↑

(JxS
x
i S

x
j + JyS

y
i S

y
j + JzS

z
i S

z
j )

Ising limit

Sum over 
nearest neighbors

Now many-body chaos in higher dimensions



Numerical Evaluation of the 
leading Lyapunov Exponent
Numerical estimates of Lyapunov exponents can be non-
trivial, finite size effects and numerical round off error can 
be hard to track. 

<latexit sha1_base64="73EpkEi8zQB2dooz0o1Jf8YBbtc="></latexit>

||x(t)� x0(t)|| ⇠ et�Lyapunov
<latexit sha1_base64="DQnzBPuXqej1rOdes6aqw0fngrg=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYxQQi7ItEmELSxjGAekA1hdjKbDJl9MHNXDEtKG3/FxkIRWz/Bzr9xkmyhiQcunDnnXube40aCK7CsbyOztLyyupZdz21sbm3vmLt7DRXGkrI6DUUoWy5RTPCA1YGDYK1IMuK7gjXd4fXEb94zqXgY3MEoYh2f9APucUpAS13zMHFcDz+MTwpQsYqV9FWwiqdOjwkgXTNvlawp8CKxU5JHKWpd88vphTT2WQBUEKXathVBJyESOBVsnHNixSJCh6TP2poGxGeqk0wPGeNjrfSwF0pdAeCp+nsiIb5SI9/VnT6BgZr3JuJ/XjsG77KT8CCKgQV09pEXCwwhnqSCe1wyCmKkCaGS610xHRBJKOjscjoEe/7kRdI4K9nlUvn2PF+9SuPIogN0hArIRheoim5QDdURRY/oGb2iN+PJeDHejY9Za8ZIZ/bRHxifP9val/w=</latexit>

x0(t = 0) = x(0) + �

“Brute Force”
<latexit sha1_base64="9jnRxrOocIvRjBSTQNAiMpgUqzg="></latexit>

1

t
log(||x(t)→ x(t→)|| = ωLyapunov

Trajectories eventually get too far apart and its not exponential deviation any 
longer

Bad way to go…



Numerical Evaluation of the 
leading Lyapunov Exponent

Optimal Numerical Approach:

Discretize the time evolution into n,    steps<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω

Make two copies, A and B. Let A evolve under the time 
evolution of the problem, 
After time  , reset B to a distance   .

A

B

<latexit sha1_base64="1Lym2pIKMt9vtZz8fhSf8X6lEpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTAQ36HlfTmltfWNzq7xd2dnd2z+oHh51TJxqyto0FrHuhcQwwRVrI0fBeolmRIaCdcPpbe53H5k2PFYPOEtYIMlY8YhTgrk0QJIOqzWv7i3g/iV+QWpQoDWsfg5GMU0lU0gFMabvewkGGdHIqWDzyiA1LCF0Ssasb6kikpkgW9w6d8+sMnKjWNtS6C7UnxMZkcbMZGg7JcGJWfVy8T+vn2J0HWRcJSkyRZeLolS4GLv54+6Ia0ZRzCwhVHN7q0snRBOKNp6KDcFfffkv6VzU/Ua9cX9Za94UcZThBE7hHHy4gibcQQvaQGECT/ACr450np03533ZWnKKmWP4BefjGyS/jlM=</latexit>ω <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>ω

<latexit sha1_base64="p2XczaYFoZjUX1/68rziSCrFi9I=">AAACHXicbZDLSgMxFIYz9VbrrerSzWAR6sIyI6W6EWrduKxgL9CWIZM5bdNmLiQZsUznRdz4Km5cKOLCjfg2ptOC2nog8PP95+Qkvx0wKqRhfGmppeWV1bX0emZjc2t7J7u7Vxd+yAnUiM983rSxAEY9qEkqGTQDDti1GTTs4dXEb9wBF9T3buUogI6Lex7tUoKlQla26FiDi/H43orayWURBye+jPPSGhyf/FCbhRBXpng8trI5o2AkpS8KcyZyaFZVK/vRdnwSuuBJwrAQLdMIZCfCXFLCIM60QwEBJkPcg5aSHnZBdKJkdawfKeLoXZ+r40k9ob8nIuwKMXJt1eli2Rfz3gT+57VC2T3vRNQLQgkemS7qhkyXvj6JSncoByLZSAlMOFVv1Ukfc0ykCjSjQjDnv7wo6qcFs1Qo3RRz5cosjjQ6QIcoj0x0hsroGlVRDRH0gJ7QC3rVHrVn7U17n7amtNnMPvpT2uc3TLKjSw==</latexit>

dj = ||xA(tj)→ xB(tj)||

Benettin, Galgani, Streclyn, PRA (1976)

<latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>ω

<latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>ω

<latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>ω



Summary of What We Have 
Learned

Chaotic dynamics in maps and Hamiltonian dynamics

Single particle models

Kicked rotor

Bernoulli mapLogistic map

Kicked top

Many-body models

Heisenberg spin chain

d-dimensional hyper cubic spin models



Outline

I. Lecture series layout
II. Classical chaos
III. Quantum chaos
IV. Quantum thermalization 
V. Evading thermalization



Chaos in the Quantum 
limit?

Quantum systems lack the notion of a trajectory, cannot define a Lyapunov 
exponent from the separation between trajectories.

Unitarity enforces time dependent overlaps to be constant, no deviation between 
wave functions 

Can we define quantum notions of chaos that have a classical chaotic limit?

Are there quantum chaotic systems that don’t have a simple classical limit?

<latexit sha1_base64="iAfPtpB6UqBFrtskzRlKB6ca6M8=">AAACU3icdVFLSwMxGMyuVWu1uurRS7AI7aXsilQvQtGLxwr2Ad1asmnaRrPZJflWKNv+RxE8+Ee8eND0cbCtDoQMM/ORZBLEgmtw3Q/L3shsbm1nd3K7e/n9A+fwqKGjRFFWp5GIVCsgmgkuWR04CNaKFSNhIFgzeL6d+s0XpjSP5AOMYtYJyUDyPqcEjNR1nnxB5EAw7MdDXoTS2I/1dPfVTL5est3SuN6Fx9TvkcHEsHnY/Te8bHedglt2Z8DrxFuQAlqg1nXe/F5Ek5BJoIJo3fbcGDopUcCpYJOcn2gWE/pMBqxtqCQh05101skEnxmlh/uRMksCnqm/J1ISaj0KA5MMCQz1qjcV//LaCfSvOimXcQJM0vlB/URgiPC0YNzjilEQI0MIVdzcFdMhUYSC+YacKcFbffI6aZyXvUq5cn9RqN4s6siiE3SKishDl6iK7lAN1RFFr+gTfVvIere+bNvOzKO2tZg5Rkuw8z9+wLMf</latexit>

→ω(t)|ε(t)↑ = →ω(0)|U †
t Ut|ε(0)↑ = →ω(0)|ε(0)↑

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner



Chaos in the Quantum 
limit

Quantum Hamiltonians have an energy spectrum

And similarly for Floquet Unitaries, their spectrum is phases

<latexit sha1_base64="zd321AyJA3YrE1bKW+hNbvGPJLc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj00mMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23jEo1402mpNKdgBouRcybKFDyTqI5jQLJ28H4bua3n7g2QsUPOEm4H9FhLELBKFqp1RtRJPV+qexW3DnIKvFyUoYcjX7pqzdQLI14jExSY7qem6CfUY2CST4t9lLDE8rGdMi7lsY04sbP5tdOyblVBiRU2laMZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88TMRJynymC0WhakkqMjsdTIQmjOUE0so08LeStiIasrQBlS0IXjLL6+S1mXFq1aq91fl2m0eRwFO4QwuwINrqEEdGtAEBo/wDK/w5ijnxXl3Phata04+cwJ/4Hz+APu7jsI=</latexit>

Ĥ

<latexit sha1_base64="64Fx2B+41fCZmKTJTaGwe/aOB0g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9Pn/XLFrbpzkL/Ey0kFcjT65c/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TEKgMSxsqWNGSu/pzIaKT1JApsZ0TNSC97M/E/r5ua8NLPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW375L2mdVb1atXZ3Xqlf5XEU4QiO4RQ8uIA63EIDmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xsWcI2w</latexit>

Ei

<latexit sha1_base64="cygYCwz1VedVRwN9nscn4y0wHqA=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1Y1QdOOygn1AE8NkctMOnUzCzEQooeCvuHGhiFu/w51/4/Sx0NYDA4dzzuXeOWHGmdKO820tLa+srq2XNsqbW9s7u/befkuluaTQpClPZSckCjgT0NRMc+hkEkgScmiHg5ux334EqVgq7vUwAz8hPcFiRok2UmAfetyEIxKwK3gomJf1WcBGgV1xqs4EeJG4M1JBMzQC+8uLUponIDTlRKmu62TaL4jUjHIYlb1cQUbogPSga6ggCSi/mJw/widGiXCcSvOExhP190RBEqWGSWiSCdF9Ne+Nxf+8bq7jS79gIss1CDpdFOcc6xSPu8ARk0A1HxpCqGTmVkz7RBKqTWNlU4I7/+VF0jqrurVq7e68Ur+e1VFCR+gYnSIXXaA6ukUN1EQUFegZvaI368l6sd6tj2l0yZrNHKA/sD5/AHN+ldM=</latexit>

ωi = eiωi

The structure of these matrices and their eigenvalues 
distinguishes integrable and quantum chaotic systems

<latexit sha1_base64="reOe8jHXQOb79oYyNSrjmlsTyn0=">AAACA3icbVBNS8NAEN3Ur1q/qt70slgETyURqR6LXnqsYD+gCWWy3bRrN5uwuxFKWvDiX/HiQRGv/glv/hu3bQ7a+mDg8d4MM/P8mDOlbfvbyq2srq1v5DcLW9s7u3vF/YOmihJJaINEPJJtHxTlTNCGZprTdiwphD6nLX94M/VbD1QqFok7PYqpF0JfsIAR0EbqFo9cDqLPKWZjdwAa18b32JUzqVss2WV7BrxMnIyUUIZ6t/jl9iKShFRowkGpjmPH2ktBakY4nRTcRNEYyBD6tGOogJAqL539MMGnRunhIJKmhMYz9fdECqFSo9A3nSHogVr0puJ/XifRwZWXMhEnmgoyXxQkHOsITwPBPSYp0XxkCBDJzK2YDEAC0Sa2ggnBWXx5mTTPy06lXLm9KFWvszjy6BidoDPkoEtURTVURw1E0CN6Rq/ozXqyXqx362PemrOymUP0B9bnD3Knl2o=</latexit>

→i|Ĥ|j↑

<latexit sha1_base64="4OuNLbyb2CWoyrKvokHvWnr5loM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgUxGMF0xbaUDbbbbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmDjVjPsslrFuhdRwKRT3UaDkrURzGoWSN8PRzdRvPnFtRKwecJzwIKIDJfqCUbRSqzOkSPzubbdUdivuDGSZeDkpQ456t/TV6cUsjbhCJqkxbc9NMMioRsEknxQ7qeEJZSM64G1LFY24CbLZvRNyapUe6cfalkIyU39PZDQyZhyFtjOiODSL3lT8z2un2L8KMqGSFLli80X9VBKMyfR50hOaM5RjSyjTwt5K2JBqytBGVLQheIsvL5PGecWrVqr3F+XadR5HAY7hBM7Ag0uowR3UwQcGEp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4AV/qPiA==</latexit>

ÛF

<latexit sha1_base64="MsBK3NS7XxTimviD7RVUTUFZbTo=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5KIVI9FQTxWMG2hCWGz3bRrN5uwuxFK2oMX/4oXD4p49Ud489+4TXPQ1gcDj/dmmJkXJIxKZVnfRmlldW19o7xZ2dre2d0z9w/aMk4FJg6OWSy6AZKEUU4cRRUj3UQQFAWMdILR1czvPBAhaczv1DghXoQGnIYUI6Ul36y6DPEBI5BO3CFS0PGvJ/euyDXfrFl1KwdcJnZBaqBAyze/3H6M04hwhRmSsmdbifIyJBTFjEwrbipJgvAIDUhPU44iIr0sf2IKj7XSh2EsdHEFc/X3RIYiKcdRoDsjpIZy0ZuJ/3m9VIUXXkZ5kirC8XxRmDKoYjhLBPapIFixsSYIC6pvhXiIBMJK51bRIdiLLy+T9mndbtQbt2e15mURRxlUwRE4ATY4B01wA1rAARg8gmfwCt6MJ+PFeDc+5q0lo5g5BH9gfP4Af/2YBg==</latexit>

→i|ÛF |j↑
Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner



Absence of Level Repulsion: 
Integrable Systems

Integrable Hamiltonians are exactly solvable, 
NO off-diagonal elements

Examples:
<latexit sha1_base64="FXV7Gi2dmRYUEvJw8NI/mLPEEEo=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJYhDsRtRFEESwVjAq5cMxtJsnq3t6xOyeEM//Bxr9iY6GIrY2d/8ZNTOHXg4HHezPMzIszJS35/oc3Mjo2PjE5NV2amZ2bXygvLp3bNDcCayJVqbmMwaKSGmskSeFlZhCSWOFFfH3Y9y9u0FiZ6jPqZthIoK1lSwogJ0XljVCBbivk8jbsAPHj2ysemoG0FzZREUSFvOrxo0hG5Ypf9Qfgf0kwJBU2xElUfg+bqcgT1CQUWFsP/IwaBRiSQmGvFOYWMxDX0Ma6oxoStI1i8FOPrzmlyVupcaWJD9TvEwUk1naT2HUmQB372+uL/3n1nFq7jULqLCfU4mtRK1ecUt4PiDelQUGq6wgII92tXHTAgCAXY8mFEPx++S8536wG29Xt063K/sEwjim2wlbZOgvYDttnx+yE1Zhgd+yBPbFn79579F6816/WEW84s8x+wHv7BJ6dngQ=</latexit>

→i|Ĥ|j↑ = ωijEi

<latexit sha1_base64="iQo25DAnk69hNIJAkfXZiu08bh8="></latexit>

=





E1 0 0 . . .
0 E2 0 . . .
0 0 E3 . . .
...

...
...

. . .





Cahn, et al PRL (2014)

Level crossings between Zeeman multiplets

Quantum Signatures of Chaos, Haake

<latexit sha1_base64="LXNk/QIBDrEJIuLQ36VdXUB6ziY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCi1JmqlSXRSm4rGAf0A5DJs20oZkHSUYpYz/FjQtF3Pol7vwb03YW2nrgwuGce8jN8WLOpLKsbyO3tr6xuZXfLuzs7u0fmMXDtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1445uZ33mgQrIovFeTmDoBHobMZwQrLblmseHa5YZb1XNe7g8iJV2zZFWsOdAqsTNSggxN1/zSOZIENFSEYyl7thUrJ8VCMcLptNBPJI0xGeMh7Wka4oBKJ52fPkWnWhkgPxJ6QoXm6u9EigMpJ4GnNwOsRnLZm4n/eb1E+VdOysI4UTQki4f8hCMVoVkPaMAEJYpPNMFEMH0rIiMsMFG6rYIuwV7+8ippVyt2rVK7uyjVr7M68nAMJ3AGNlxCHW6hCS0g8AjP8ApvxpPxYrwbH4vVnJFljuAPjM8f3m2SfA==</latexit>

E1, E2, E3, . . .

Can be become equal as we 
vary one parameter



Examples:
<latexit sha1_base64="FXV7Gi2dmRYUEvJw8NI/mLPEEEo=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJYhDsRtRFEESwVjAq5cMxtJsnq3t6xOyeEM//Bxr9iY6GIrY2d/8ZNTOHXg4HHezPMzIszJS35/oc3Mjo2PjE5NV2amZ2bXygvLp3bNDcCayJVqbmMwaKSGmskSeFlZhCSWOFFfH3Y9y9u0FiZ6jPqZthIoK1lSwogJ0XljVCBbivk8jbsAPHj2ysemoG0FzZREUSFvOrxo0hG5Ypf9Qfgf0kwJBU2xElUfg+bqcgT1CQUWFsP/IwaBRiSQmGvFOYWMxDX0Ma6oxoStI1i8FOPrzmlyVupcaWJD9TvEwUk1naT2HUmQB372+uL/3n1nFq7jULqLCfU4mtRK1ecUt4PiDelQUGq6wgII92tXHTAgCAXY8mFEPx++S8536wG29Xt063K/sEwjim2wlbZOgvYDttnx+yE1Zhgd+yBPbFn79579F6816/WEW84s8x+wHv7BJ6dngQ=</latexit>

→i|Ĥ|j↑ = ωijEi

<latexit sha1_base64="iQo25DAnk69hNIJAkfXZiu08bh8="></latexit>

=





E1 0 0 . . .
0 E2 0 . . .
0 0 E3 . . .
...

...
...

. . .





Treat as N independent levels.

Quantum Signatures of Chaos, Haake

<latexit sha1_base64="LXNk/QIBDrEJIuLQ36VdXUB6ziY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyyCi1JmqlSXRSm4rGAf0A5DJs20oZkHSUYpYz/FjQtF3Pol7vwb03YW2nrgwuGce8jN8WLOpLKsbyO3tr6xuZXfLuzs7u0fmMXDtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO1445uZ33mgQrIovFeTmDoBHobMZwQrLblmseHa5YZb1XNe7g8iJV2zZFWsOdAqsTNSggxN1/zSOZIENFSEYyl7thUrJ8VCMcLptNBPJI0xGeMh7Wka4oBKJ52fPkWnWhkgPxJ6QoXm6u9EigMpJ4GnNwOsRnLZm4n/eb1E+VdOysI4UTQki4f8hCMVoVkPaMAEJYpPNMFEMH0rIiMsMFG6rYIuwV7+8ippVyt2rVK7uyjVr7M68nAMJ3AGNlxCHW6hCS0g8AjP8ApvxpPxYrwbH4vVnJFljuAPjM8f3m2SfA==</latexit>

E1, E2, E3, . . .
Can be become equal as we 
vary one parameter

What is the distribution of the level spacing?

Level spacing <latexit sha1_base64="o9TaGdbBUp7XUC/d/Gy/0hymyLk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXloSkepFKErBYwX7AW0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJZLQJol4JDsBVpQzQZuaaU47saQ4DDhtB+Pbmd9+pFKxSDzoSUy9EA8FGzCCtZF8u6h8dl33Wbnup6zsTn275FScOdAqcTNSggwN3/7q9SOShFRowrFSXdeJtZdiqRnhdFroJYrGmIzxkHYNFTikykvnh0/RqVH6aBBJU0Kjufp7IsWhUpMwMJ0h1iO17M3E/7xuogdXXspEnGgqyGLRIOFIR2iWAuozSYnmE0MwkczcisgIS0y0yapgQnCXX14lrfOKW61U7y9KtZssjjwcwwmcgQuXUIM7aEATCCTwDK/wZj1ZL9a79bFozVnZzBH8gfX5A4mXkmE=</latexit>

si = Ei → Ei→1

<latexit sha1_base64="Lf3Tew6R765HCxXQeZDOArmDmAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrus/O++WKW3PnQKvEy0kFcvj98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R1UfPqtfr9ZaVxk8dRhBM4hSp4cAUNuAMfmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/CwI6d</latexit>

P (si)

Random Matrices in Physics, Wigner

Absence of Level Repulsion: 
Integrable Systems

Integrable Hamiltonians are exactly solvable, 
NO off-diagonal elements



Treat as N independent levels.

Quantum Signatures of Chaos, Haake

What is the distribution of the level spacing?

Level spacing <latexit sha1_base64="o9TaGdbBUp7XUC/d/Gy/0hymyLk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXloSkepFKErBYwX7AW0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJZLQJol4JDsBVpQzQZuaaU47saQ4DDhtB+Pbmd9+pFKxSDzoSUy9EA8FGzCCtZF8u6h8dl33Wbnup6zsTn275FScOdAqcTNSggwN3/7q9SOShFRowrFSXdeJtZdiqRnhdFroJYrGmIzxkHYNFTikykvnh0/RqVH6aBBJU0Kjufp7IsWhUpMwMJ0h1iO17M3E/7xuogdXXspEnGgqyGLRIOFIR2iWAuozSYnmE0MwkczcisgIS0y0yapgQnCXX14lrfOKW61U7y9KtZssjjwcwwmcgQuXUIM7aEATCCTwDK/wZj1ZL9a79bFozVnZzBH8gfX5A4mXkmE=</latexit>

si = Ei → Ei→1

<latexit sha1_base64="Lf3Tew6R765HCxXQeZDOArmDmAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrus/O++WKW3PnQKvEy0kFcvj98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R1UfPqtfr9ZaVxk8dRhBM4hSp4cAUNuAMfmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/CwI6d</latexit>

P (si)

P(s)=Probability of finding the nearest neighbor of level E in dE at E+s
      =P(we find a level between E+s and E+s+ds given one at E)
        *P(no other level is between E and E+S)
     = P(s|E)*P(no other level is between E and E+S)

Random Matrices in Physics, Wigner

Absence of Level Repulsion: 
Integrable Systems



Treat as N independent levels.

Quantum Signatures of Chaos, Haake

What is the distribution of the level spacing?

Level spacing <latexit sha1_base64="o9TaGdbBUp7XUC/d/Gy/0hymyLk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXloSkepFKErBYwX7AW0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJZLQJol4JDsBVpQzQZuaaU47saQ4DDhtB+Pbmd9+pFKxSDzoSUy9EA8FGzCCtZF8u6h8dl33Wbnup6zsTn275FScOdAqcTNSggwN3/7q9SOShFRowrFSXdeJtZdiqRnhdFroJYrGmIzxkHYNFTikykvnh0/RqVH6aBBJU0Kjufp7IsWhUpMwMJ0h1iO17M3E/7xuogdXXspEnGgqyGLRIOFIR2iWAuozSYnmE0MwkczcisgIS0y0yapgQnCXX14lrfOKW61U7y9KtZssjjwcwwmcgQuXUIM7aEATCCTwDK/wZj1ZL9a79bFozVnZzBH8gfX5A4mXkmE=</latexit>

si = Ei → Ei→1

<latexit sha1_base64="Lf3Tew6R765HCxXQeZDOArmDmAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrus/O++WKW3PnQKvEy0kFcvj98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R1UfPqtfr9ZaVxk8dRhBM4hSp4cAUNuAMfmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/CwI6d</latexit>

P (si)

P(s)=Probability of finding the nearest neighbor of level E in dE at E+s
      =P(we find a level between E+s and E+s+ds given one at E)
        *P(no other level is between E and E+S)
     = P(s|E)*P(no other level is between E and E+S)

Random Matrices in Physics, Wigner

Assume a constant density of states
<latexit sha1_base64="rUQJ5BcbkA4RtSeKj/D2u6w5Vqs=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSK0l7IrUr0IRRE8VrAf0C4lm2bb0CS7JtlCqf0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5uZrez2zu7efu7gsK6jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLiZ+o0hVZpF8sGMYuoL3JMsZAQbK/nVgn66LV61RVLQxU4u75bcGdAy8VKShxTVTu6r3Y1IIqg0hGOtW54bG3+MlWGE00m2nWgaYzLAPdqyVGJBtT+eHT1Bp1bpojBStqRBM/X3xBgLrUcisJ0Cm75e9Kbif14rMeGlP2YyTgyVZL4oTDgyEZomgLpMUWL4yBJMFLO3ItLHChNjc8raELzFl5dJ/azklUvl+/N85TqNIwPHcAIF8OACKnAHVagBgUd4hld4c4bOi/PufMxbV5x05gj+wPn8ATaQkRs=</latexit>

P (s|E) = µ(s) Independent of E, as the density of states is constant
<latexit sha1_base64="xzdtZNP458t/6LnaP9ErXOY8sW8=">AAAB83icbVDLSsNAFL2pr1pfVZduBotQNyURqW6EohuXFewDmlAm00k7dDIJ8xBK6G+4caGIW3/GnX/jtM1CWw9c7uGce5k7J0w5U9p1v53C2vrG5lZxu7Szu7d/UD48aqvESEJbJOGJ7IZYUc4EbWmmOe2mkuI45LQTju9mfueJSsUS8agnKQ1iPBQsYgRrK/l+bKrq/Ma2vtsvV9yaOwdaJV5OKpCj2S9/+YOEmJgKTThWque5qQ4yLDUjnE5LvlE0xWSMh7RnqcAxVUE2v3mKzqwyQFEibQmN5urvjQzHSk3i0E7GWI/UsjcT//N6RkfXQcZEajQVZPFQZDjSCZoFgAZMUqL5xBJMJLO3IjLCEhNtYyrZELzlL6+S9kXNq9fqD5eVxm0eRxFO4BSq4MEVNOAemtACAik8wyu8OcZ5cd6dj8Vowcl3juEPnM8fA6yRCQ==</latexit>

µ(s) = µ0 Assuming all levels are independent 

Absence of Level Repulsion: 
Integrable Systems



Treat as N independent levels.

Quantum Signatures of Chaos, Haake

What is the distribution of the level spacing?

Level spacing <latexit sha1_base64="o9TaGdbBUp7XUC/d/Gy/0hymyLk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXloSkepFKErBYwX7AW0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJZLQJol4JDsBVpQzQZuaaU47saQ4DDhtB+Pbmd9+pFKxSDzoSUy9EA8FGzCCtZF8u6h8dl33Wbnup6zsTn275FScOdAqcTNSggwN3/7q9SOShFRowrFSXdeJtZdiqRnhdFroJYrGmIzxkHYNFTikykvnh0/RqVH6aBBJU0Kjufp7IsWhUpMwMJ0h1iO17M3E/7xuogdXXspEnGgqyGLRIOFIR2iWAuozSYnmE0MwkczcisgIS0y0yapgQnCXX14lrfOKW61U7y9KtZssjjwcwwmcgQuXUIM7aEATCCTwDK/wZj1ZL9a79bFozVnZzBH8gfX5A4mXkmE=</latexit>

si = Ei → Ei→1

<latexit sha1_base64="Lf3Tew6R765HCxXQeZDOArmDmAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrus/O++WKW3PnQKvEy0kFcvj98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R1UfPqtfr9ZaVxk8dRhBM4hSp4cAUNuAMfmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/CwI6d</latexit>

P (si)

P(s)= P(s|E)*P(no other level is between E and E+S)

Random Matrices in Physics, Wigner

Can now solve the differential equation for P(s)

<latexit sha1_base64="OAibharDDVbQS5pj/3bgFnNzXAY=">AAACJXicbZDLSgMxFIYz9VbrrerSTbBI24VlRqS6UBDduKxgtdBOh0yaaUMzmSE5I5ShL+PGV3HjQhHBla9iehG09UDIz/+dQ3J+PxZcg21/WpmFxaXllexqbm19Y3Mrv71zp6NEUVankYhUwyeaCS5ZHTgI1ogVI6Ev2L3fvxrx+wemNI/kLQxi5oakK3nAKQFjefmzWkmXz1th4tlN57DFJXh2W+OOLhpQLLsTNPZ1OzV3AIPhD/XyBbtijwvPC2cqCmhaNS//1upENAmZBCqI1k3HjsFNiQJOBRvmWolmMaF90mVNIyUJmXbT8ZZDfGCcDg4iZY4EPHZ/T6Qk1HoQ+qYzJNDTs2xk/seaCQSnbsplnACTdPJQkAgMER5FhjtcMQpiYAShipu/YtojilAwweZMCM7syvPi7qjiVCvVm+PCxeU0jizaQ/uohBx0gi7QNaqhOqLoET2jV/RmPVkv1rv1MWnNWNOZXfSnrK9vFsajOg==</latexit>

P (s) = µ0[1→
∫ s

0
ds→P (s→)] = µ0

∫ ↑

s
ds→P (s→)

Used the normalization
<latexit sha1_base64="y6dMhTedw+FEB3x8KTvkS++7yL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzItWNUHTjsoJ9QDuWTJppQzOZIbkjlKG48VfcuFDErV/hzr8xbWehrQcu93DOvST3+LHgGhzn28otLa+sruXXCxubW9s79u5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/vJ74zQemNI/kHYxi5oWkL3nAKQEjde2DDpfQde5T0wMYjXFP41pJn1y6XbvolJ0p8CJxM1JEGWpd+6vTi2gSMglUEK3brhODlxIFnAo2LnQSzWJCh6TP2oZKEjLtpdMTxvjYKD0cRMqUBDxVf2+kJNR6FPpmMiQw0PPeRPzPaycQXHgpl3ECTNLZQ0EiMER4kgfuccUoiJEhhCpu/orpgChCwaRWMCG48ycvksZp2a2UK7dnxepVFkceHaIjVEIuOkdVdINqqI4oekTP6BW9WU/Wi/VufcxGc1a2s4/+wPr8Aboulls=</latexit>∫ →

0
dsP (s) = 1

Absence of Level Repulsion: 
Integrable Systems



Treat as N independent levels.

Quantum Signatures of Chaos, Haake

What is the distribution of the level spacing?

Level spacing <latexit sha1_base64="o9TaGdbBUp7XUC/d/Gy/0hymyLk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXloSkepFKErBYwX7AW0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJZLQJol4JDsBVpQzQZuaaU47saQ4DDhtB+Pbmd9+pFKxSDzoSUy9EA8FGzCCtZF8u6h8dl33Wbnup6zsTn275FScOdAqcTNSggwN3/7q9SOShFRowrFSXdeJtZdiqRnhdFroJYrGmIzxkHYNFTikykvnh0/RqVH6aBBJU0Kjufp7IsWhUpMwMJ0h1iO17M3E/7xuogdXXspEnGgqyGLRIOFIR2iWAuozSYnmE0MwkczcisgIS0y0yapgQnCXX14lrfOKW61U7y9KtZssjjwcwwmcgQuXUIM7aEATCCTwDK/wZj1ZL9a79bFozVnZzBH8gfX5A4mXkmE=</latexit>

si = Ei → Ei→1

<latexit sha1_base64="Lf3Tew6R765HCxXQeZDOArmDmAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrus/O++WKW3PnQKvEy0kFcvj98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R1UfPqtfr9ZaVxk8dRhBM4hSp4cAUNuAMfmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/CwI6d</latexit>

P (si)

Random Matrices in Physics, Wigner

<latexit sha1_base64="OAibharDDVbQS5pj/3bgFnNzXAY=">AAACJXicbZDLSgMxFIYz9VbrrerSTbBI24VlRqS6UBDduKxgtdBOh0yaaUMzmSE5I5ShL+PGV3HjQhHBla9iehG09UDIz/+dQ3J+PxZcg21/WpmFxaXllexqbm19Y3Mrv71zp6NEUVankYhUwyeaCS5ZHTgI1ogVI6Ev2L3fvxrx+wemNI/kLQxi5oakK3nAKQFjefmzWkmXz1th4tlN57DFJXh2W+OOLhpQLLsTNPZ1OzV3AIPhD/XyBbtijwvPC2cqCmhaNS//1upENAmZBCqI1k3HjsFNiQJOBRvmWolmMaF90mVNIyUJmXbT8ZZDfGCcDg4iZY4EPHZ/T6Qk1HoQ+qYzJNDTs2xk/seaCQSnbsplnACTdPJQkAgMER5FhjtcMQpiYAShipu/YtojilAwweZMCM7syvPi7qjiVCvVm+PCxeU0jizaQ/uohBx0gi7QNaqhOqLoET2jV/RmPVkv1rv1MWnNWNOZXfSnrK9vFsajOg==</latexit>

P (s) = µ0[1→
∫ s

0
ds→P (s→)] = µ0

∫ ↑

s
ds→P (s→)

<latexit sha1_base64="+OopvhfgSRYhhvvmukHhATE5d7c=">AAACF3icbZDLSsNAFIYn9VbrrerSTbAI6aIlEaluCkU3LiPYCzQhTCaTduhkEmYmQgl9Cze+ihsXirjVnW/jJO1CW38Y+PjPOZw5v59QIqRpfmultfWNza3ydmVnd2//oHp41BNxyhHuopjGfOBDgSlhuCuJpHiQcAwjn+K+P7nJ6/0HzAWJ2b2cJtiN4IiRkCAoleVVm07IIcoCe5YFYtZ2otQzDdtwCAvltN6wDVGvtxuFnbNXrZlNs5C+CtYCamAh26t+OUGM0ggziSgUYmiZiXQzyCVBFM8qTipwAtEEjvBQIYMRFm5W3DXTz5QT6GHM1WNSL9zfExmMhJhGvuqMoByL5Vpu/lcbpjK8cjPCklRihuaLwpTqMtbzkPSAcIwknSqAiBP1Vx2NoQpKqigrKgRr+eRV6J03rVazdXdR61wv4iiDE3AKDGCBS9ABt8AGXYDAI3gGr+BNe9JetHftY95a0hYzx+CPtM8fLgaeAw==</latexit>

dP

ds
= µ0(P (→)↑ P (s)) = ↑µ0P (s)

<latexit sha1_base64="ObVyD2WUgGvE3RAEUlEx8Ps3fGw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqwpKIVDdC1Y3LCvYBbQyT6aQdOjMJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wQxo0o7zre1tLyyurZe2Chubm3v7Np7+y0VJRKTJo5YJDsBUoRRQZqaakY6sSSIB4y0g9HNxG8/EqloJO51GhOPo4GgIcVIG8m3S42KOr68Ig/ZCezxxHegGvt22ak6U8BF4uakDHI0fPur149wwonQmCGluq4Tay9DUlPMyLjYSxSJER6hAekaKhAnysumx4/hkVH6MIykKaHhVP09kSGuVMoD08mRHqp5byL+53UTHV54GRVxoonAs0VhwqCO4CQJ2KeSYM1SQxCW1NwK8RBJhLXJq2hCcOdfXiSt06pbq9buzsr16zyOAjgAh6ACXHAO6uAWNEATYJCCZ/AK3qwn68V6tz5mrUtWPlMCf2B9/gCHt5Nu</latexit>

P (s) = Ae→µ0s
Normalizing and scaling

<latexit sha1_base64="y6dMhTedw+FEB3x8KTvkS++7yL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEuikzItWNUHTjsoJ9QDuWTJppQzOZIbkjlKG48VfcuFDErV/hzr8xbWehrQcu93DOvST3+LHgGhzn28otLa+sruXXCxubW9s79u5eQ0eJoqxOIxGplk80E1yyOnAQrBUrRkJfsKY/vJ74zQemNI/kHYxi5oWkL3nAKQEjde2DDpfQde5T0wMYjXFP41pJn1y6XbvolJ0p8CJxM1JEGWpd+6vTi2gSMglUEK3brhODlxIFnAo2LnQSzWJCh6TP2oZKEjLtpdMTxvjYKD0cRMqUBDxVf2+kJNR6FPpmMiQw0PPeRPzPaycQXHgpl3ECTNLZQ0EiMER4kgfuccUoiJEhhCpu/orpgChCwaRWMCG48ycvksZp2a2UK7dnxepVFkceHaIjVEIuOkdVdINqqI4oekTP6BW9WU/Wi/VufcxGc1a2s4/+wPr8Aboulls=</latexit>∫ →

0
dsP (s) = 1

<latexit sha1_base64="HA08NpqU0wv2VHherwnZhYTnLLQ=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVDdC0Y3LCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnHu7NCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+C7z2xOqNJPi0Uxj6kd4KFjICDZW8nvSmlkW6RuvX664VXcOtEq8nFQgR6Nf/uoNJEkiKgzhWOuu58bGT7EyjHA6K/USTWNMxnhIu5YKHFHtp/OjZ+jMKgMUSmWfMGiu/k6kONJ6GgV2MsJmpJe9TPzP6yYmvPZTJuLEUEEWi8KEIyNR1gAaMEWJ4VNLMFHM3orICCtMjO2pZEvwlr+8SloXVa9WrT1cVuq3eR1FOIFTOAcPrqAO99CAJhB4gmd4hTdn4rw4787HYrTg5Jlj+APn8wdDn5HI</latexit>

s = 1

<latexit sha1_base64="zaAlzzs20sp/fIPAsbdNbJyZl7s=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQD5ZdkepFKHrxWMF+wHYt2XTahmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiaLQoJJL1Q6JBs4ENAwzHNqxAhKFHFrh6Hbqt55AaSbFgxnHEERkIFifUWKs5NfL+vQaHtMzPekWS27FnQEvEy8jJZSh3i1+dXqSJhEIQznR2vfc2AQpUYZRDpNCJ9EQEzoiA/AtFSQCHaSzkyf4xCo93JfKljB4pv6eSEmk9TgKbWdEzFAvelPxP89PTP8qSJmIEwOCzhf1E46NxNP/cY8poIaPLSFUMXsrpkOiCDU2pYINwVt8eZk0zytetVK9vyjVbrI48ugIHaMy8tAlqqE7VEcNRJFEz+gVvTnGeXHenY95a87JZg7RHzifP0aikJ8=</latexit>

P (s) = e→s

Absence of Level Repulsion: 
Integrable Systems

<latexit sha1_base64="G9Tvg6JX3ERiwN1T4gyff7HeUNQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpJil48VrAf0C4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxrczv/1ElWZSPJhJTP0IDwULGcHGSq1G2T2/dvvFkltx50CrxMtICTI0+sWv3kCSJKLCEI617npubP wUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKzqwyQKFUtoRBc/X3RIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll1dJ66Li1Sq1+2qpfpPFkYcTOIUyeHAJdbiDBjSBwCM8wyu8OdJ5cd6dj0VrzslmjuEPnM8f012OAA==</latexit>

P (0) > 0



Consider interactions between level 1 and 2. 
Start with a 2x2 matrix <latexit sha1_base64="jhDNLv5RfyGdWXd0MivACFV3r3E="></latexit>

Hij =

(
E1 V

V
→

E2

)

Level Repulsion: 
Hermitian Matrix

Quantum Signatures of Chaos, Haake

Eigenvalues
<latexit sha1_base64="AAJozUOs+opkFq1HbNJLc49eQpQ="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V →V

Level spacing
<latexit sha1_base64="Y0JWOwQ3HTYn5q4VaxBhw1ahZm8="></latexit>

|E+ → E→| = 2

√
1

4
(E1 → E2)2 + V ↑V



Consider interactions between level 1 and 2. 
Start with a 2x2 matrix <latexit sha1_base64="jhDNLv5RfyGdWXd0MivACFV3r3E="></latexit>

Hij =

(
E1 V

V
→

E2

)

Level Repulsion: 
Hermitian Matrix

Quantum Signatures of Chaos, Haake

Eigenvalues
<latexit sha1_base64="AAJozUOs+opkFq1HbNJLc49eQpQ="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V →V

Requires tuning 3 non-negative terms
to make the levels cross

Level spacing
<latexit sha1_base64="Y0JWOwQ3HTYn5q4VaxBhw1ahZm8="></latexit>

|E+ → E→| = 2

√
1

4
(E1 → E2)2 + V ↑V

<latexit sha1_base64="LnXUWUXA0fzdQmUDmC5t4KVbCh4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSII0pKIVC9CUQoeK9gPaEPYbLft0s0m7m4KJe3v8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yIM6Vt+9taWV1b39jMbGW3d3b39nMHh3UVxpLQGgl5KJs+VpQzQWuaaU6bkaQ48Dlt+IO7qd8YUqlYKB71KKJugHuCdRnB2kjuuOIl55NCxSuMb2wvl7eL9gxomTgpyUOKqpf7andCEgdUaMKxUi3HjrSbYKkZ4XSSbceKRpgMcI+2DBU4oMpNZkdP0KlROqgbSlNCo5n6eyLBgVKjwDedAdZ9tehNxf+8Vqy7127CRBRrKsh8UTfmSIdomgDqMEmJ5iNDMJHM3IpIH0tMtMkpa0JwFl9eJvWLolMqlh4u8+XbNI4MHMMJnIEDV1CGe6hCDQg8wTO8wps1tF6sd+tj3rpipTNH8AfW5w9acZEx</latexit>

|E+ → E→| = 0
<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

Eigenvalues

Tuning all three

Co-dimension of the avoided crossing
<latexit sha1_base64="1Cnah/W+1a0JcUgKRfMjJdV8Wlk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvHiOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfy0Yxj9EM6kLzPGTVWepDX591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl/qJUvcniyMMRHMMpeHAJVbiDGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucPz1WNgQ==</latexit>

n = 3

<latexit sha1_base64="vu+KBVZD9E5UzcQHhw7Q1XGps84=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIVWpJilSPRSl4rGDTQhvDZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT6YODx3gwz8/yYUaks68vIrayurW/kNwtb2zu7RXNv35FRIjBp44hFousjSRjlpK2oYqQbC4JCn5GOP76e+Z0HIiSN+J2axMQN0ZDTgGKktOSZxXLTs8+aXu2k4tyfVhzPLFlVaw74l9gZKYEMLc/87A8inISEK8yQlD3bipWbIqEoZmRa6CeSxAiP0ZD0NOUoJNJN54dP4bFWBjCIhC6u4Fz9OZGiUMpJ6OvOEKmRXPZm4n9eL1HBpZtSHieKcLxYFCQMqgjOUoADKghWbKIJwoLqWyEeIYGw0lkVdAj28st/iVOr2vVq/fa81LjK4siDQ3AEysAGF6ABbkALtAEGCXgCL+DVeDSejTfjfdGaM7KZA/ALxsc3aSORAQ==</latexit>

(E1 → E2), V
→, V



Now make 

Level Repulsion: Real 
Matrix

Quantum Signatures of Chaos, Haake

Eigenvalues

Level spacing

<latexit sha1_base64="DWKNbh8lhrf5eEfpQAaL4DyFec8=">AAACIXicbVBNS8NAFNz4bfyKevSyWBRPJSlSexFEKfSoYKvQlLDZvrRrN5uwuxFLyF/x4l/x4kERb+KfcVuLaHVgYZiZx743YcqZ0q77bs3Mzs0vLC4t2yura+sbzuZWSyWZpNCkCU/kdUgUcCagqZnmcJ1KIHHI4SocnI38q1uQiiXiUg9T6MSkJ1jEKNFGCpxaI8jZTXHsh9BjIk9joiW7K+x64OF93MK+b7cMqQcVbPsgut+JwCm5ZXcM/Jd4E1JCE5wHzpvfTWgWg9CUE6XanpvqTk6kZpRDYfuZgpTQAelB21BBYlCdfHxhgfeM0sVRIs0TGo/VnxM5iZUaxqFJmv36atobif957UxHtU7ORJppEPTroyjjWCd4VBfuMglU86EhhEpmdsW0TySh2pRqmxK86ZP/klal7FXL1YvD0snppI4ltIN20QHy0BE6QQ10jpqIonv0iJ7Ri/VgPVmv1ttXdMaazGyjX7A+PgFJPqG8</latexit>

Hij =

(
E1 V

V E2

)
<latexit sha1_base64="0oZV3JFAwqVovZs2w5HG2zow2bg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS6LblxWsQ9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiQU8T6kd4JFjICNZGGtjVjscE8iKsx0GQ3c8Gds2pO3OgVeIWpAYFWgP7yxvGJI2o0IRjpfquk2g/w1Izwums4qWKJphM8Ij2DRU4osrP5sFn6NQoQxTG0jyh0Vz9vZHhSKlpFJjJPKFa9nLxP6+f6vDKz5hIUk0FWRwKU450jPIW0JBJSjSfGoKJZCYrImMsMdGmq4opwV3+8irpnNfdRr1xd1FrXhd1lOEYTuAMXLiEJtxCC9pAIIVneIU368l6sd6tj8VoySp2juAPrM8fii6TCQ==</latexit>

V → R

<latexit sha1_base64="udT8xSKm1cdwEO/Kpd9y+NHkQBo="></latexit>

|E+ → E→| = 2

√
1

4
(E1 → E2)2 + V 2

<latexit sha1_base64="uaR03y5wlDr6CyWb8Ovc7XxbP+k="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V 2



Now make 

Level Repulsion: Real 
Matrix

Quantum Signatures of Chaos, Haake

Eigenvalues

Requires tuning 2 non-negative terms
to make the levels cross

Level spacing

<latexit sha1_base64="LnXUWUXA0fzdQmUDmC5t4KVbCh4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSII0pKIVC9CUQoeK9gPaEPYbLft0s0m7m4KJe3v8OJBEa/+GG/+G7dtDtr6YODx3gwz8/yIM6Vt+9taWV1b39jMbGW3d3b39nMHh3UVxpLQGgl5KJs+VpQzQWuaaU6bkaQ48Dlt+IO7qd8YUqlYKB71KKJugHuCdRnB2kjuuOIl55NCxSuMb2wvl7eL9gxomTgpyUOKqpf7andCEgdUaMKxUi3HjrSbYKkZ4XSSbceKRpgMcI+2DBU4oMpNZkdP0KlROqgbSlNCo5n6eyLBgVKjwDedAdZ9tehNxf+8Vqy7127CRBRrKsh8UTfmSIdomgDqMEmJ5iNDMJHM3IpIH0tMtMkpa0JwFl9eJvWLolMqlh4u8+XbNI4MHMMJnIEDV1CGe6hCDQg8wTO8wps1tF6sd+tj3rpipTNH8AfW5w9acZEx</latexit>

|E+ → E→| = 0
<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

Eigenvalues

Tuning two parameters

Co-dimension of the avoided crossing

<latexit sha1_base64="DWKNbh8lhrf5eEfpQAaL4DyFec8=">AAACIXicbVBNS8NAFNz4bfyKevSyWBRPJSlSexFEKfSoYKvQlLDZvrRrN5uwuxFLyF/x4l/x4kERb+KfcVuLaHVgYZiZx743YcqZ0q77bs3Mzs0vLC4t2yura+sbzuZWSyWZpNCkCU/kdUgUcCagqZnmcJ1KIHHI4SocnI38q1uQiiXiUg9T6MSkJ1jEKNFGCpxaI8jZTXHsh9BjIk9joiW7K+x64OF93MK+b7cMqQcVbPsgut+JwCm5ZXcM/Jd4E1JCE5wHzpvfTWgWg9CUE6XanpvqTk6kZpRDYfuZgpTQAelB21BBYlCdfHxhgfeM0sVRIs0TGo/VnxM5iZUaxqFJmv36atobif957UxHtU7ORJppEPTroyjjWCd4VBfuMglU86EhhEpmdsW0TySh2pRqmxK86ZP/klal7FXL1YvD0snppI4ltIN20QHy0BE6QQ10jpqIonv0iJ7Ri/VgPVmv1ttXdMaazGyjX7A+PgFJPqG8</latexit>

Hij =

(
E1 V

V E2

)
<latexit sha1_base64="0oZV3JFAwqVovZs2w5HG2zow2bg=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqS6LblxWsQ9oQplMJ+3QySTMTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiQU8T6kd4JFjICNZGGtjVjscE8iKsx0GQ3c8Gds2pO3OgVeIWpAYFWgP7yxvGJI2o0IRjpfquk2g/w1Izwums4qWKJphM8Ij2DRU4osrP5sFn6NQoQxTG0jyh0Vz9vZHhSKlpFJjJPKFa9nLxP6+f6vDKz5hIUk0FWRwKU450jPIW0JBJSjSfGoKJZCYrImMsMdGmq4opwV3+8irpnNfdRr1xd1FrXhd1lOEYTuAMXLiEJtxCC9pAIIVneIU368l6sd6tj8VoySp2juAPrM8fii6TCQ==</latexit>

V → R

<latexit sha1_base64="udT8xSKm1cdwEO/Kpd9y+NHkQBo="></latexit>

|E+ → E→| = 2

√
1

4
(E1 → E2)2 + V 2

<latexit sha1_base64="UXBcUMUj/tcZh7g95zUOQvi32eo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00oO6rvSKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6f1Gq3WRx5OEETuEcPLiEGtxBHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHzdGNgA==</latexit>

n = 2

<latexit sha1_base64="vu+KBVZD9E5UzcQHhw7Q1XGps84=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEIVWpJilSPRSl4rGDTQhvDZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT6YODx3gwz8/yYUaks68vIrayurW/kNwtb2zu7RXNv35FRIjBp44hFousjSRjlpK2oYqQbC4JCn5GOP76e+Z0HIiSN+J2axMQN0ZDTgGKktOSZxXLTs8+aXu2k4tyfVhzPLFlVaw74l9gZKYEMLc/87A8inISEK8yQlD3bipWbIqEoZmRa6CeSxAiP0ZD0NOUoJNJN54dP4bFWBjCIhC6u4Fz9OZGiUMpJ6OvOEKmRXPZm4n9eL1HBpZtSHieKcLxYFCQMqgjOUoADKghWbKIJwoLqWyEeIYGw0lkVdAj28st/iVOr2vVq/fa81LjK4siDQ3AEysAGF6ABbkALtAEGCXgCL+DVeDSejTfjfdGaM7KZA/ALxsc3aSORAQ==</latexit>

(E1 → E2), V
→, V

<latexit sha1_base64="uaR03y5wlDr6CyWb8Ovc7XxbP+k="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V 2



<latexit sha1_base64="RHhcb+kPWCrzhYNRaz6auY/W2hk="></latexit>

=





E1 V
V → E2

0 0 E3 . . .
...

...
...

. . .





Level Repulsion, Symmetries, 
and Random Matrices

Thinking more broadly, this crossing will be embedded in a 
larger matrix. The levels will have contributions from some 
kind of randomness; e.g. disorder, kicking, measurements

This implies we need to think about:

(1)The symmetries of the Hamiltonian
(2)The statistics of random matrices

Quantum Signatures of Chaos, Haake



Symmetry and Level 
Repulsion

(1) Consider the symmetry properties of the matrices formed 
from Hamiltonians matrix elements 

<latexit sha1_base64="MY9GvVNRt5SdzRkKvXqrJCyvR0s=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRKR6kYouumygn1AE8JkOmmnnUzCzEQoaddu/BU3LhRx6xe482+cpllo64ELh3Pu5d57/JhRqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6Hbmtx+IkDTi92ocEzdEfU4DipHSkmce172UDqfXDkO8zwikE2eAFKxPhtARmeSZZatiZYDLxM5JGeRoeOaX04twEhKuMENSdm0rVm6KhKKYkWnJSSSJER6hPulqylFIpJtmr0zhqVZ6MIiELq5gpv6eSFEo5Tj0dWeI1EAuejPxP6+bqODKTSmPE0U4ni8KEgZVBGe5wB4VBCs21gRhQfWtEA+QQFjp9Eo6BHvx5WXSOq/Y1Ur17qJcu8njKIIjcALOgA0uQQ3UQQM0AQaP4Bm8gjfjyXgx3o2PeWvByGcOwR8Ynz/WlJpf</latexit>

Hij = →i|Ĥ|j↑

The 10 fold Cartan classification, includes time reversal, spin-
rotation, and particle-hole symmetries.

Quantum Signatures of Chaos, HaakeHasan and Kane, RMP (2010)

Unitary (no TR)
Hermitian Matrix

Time reversal 

Particle-hole
<latexit sha1_base64="tpXk3UUggPr912WD27fcETNuSdw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OvwfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAu143A</latexit>

!

Chiral
<latexit sha1_base64="tpXk3UUggPr912WD27fcETNuSdw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OvwfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAu143A</latexit>

!

Dimension

Orthogonal (has TR)
Real matrix

Symplectic (has TR)

<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T

<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T <latexit sha1_base64="Gj6Qt4KlPAzdhOPjHTQEFfDhjGk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBPsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD08aus4VYS2SMxj1Q2xppxJ2jLMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMEml276PhtUa27dnQOtEq8gNSjgD6pf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippX9S9Rr3xcFlr3hZxlOEETuEcPLiCJtyDDy0gMIZneIU3RzgvzrvzsWgtOcXMMfyB8/kDpMKN/w==</latexit>

= !

<latexit sha1_base64="OrJekCCGCkJ/S1Z0bnAX1IYQ3W8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r9AXToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7SxubW9U96t7O0fHB5Vj0+6WqaK0A6RXKp+iDXlTNCOYYbTfqIojkNOe+H0Pvd7T1RpJkXbzBIaxHgsWMQINlbyBzE2E4J51p4PqzW37i6A1olXkBoUaA2rX4ORJGlMhSEca+17bmKCDCvDCKfzyiDVNMFkisfUt1TgmOogW0SeowurjFAklX3CoIX6eyPDsdazOLSTeUS96uXif56fmug2yJhIUkMFWX4UpRwZifL70YgpSgyfWYKJYjYrIhOsMDG2pYotwVs9eZ10r+peo954vK4174o6ynAG53AJHtxAEx6gBR0gIOEZXuHNMc6L8+58LEdLTrFzCn/gfP4AkL+RdQ==</latexit>

T



Random Matrix Theory 
and Ensembles

(2)The statistics of random matrices: Overwhelming 
evidence of universality between classically chaotic systems 
and their quantum limit having universal level statistics

Universality of level repulsion can be described using random matrix theory

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;



Random Matrix Theory 
and Ensembles

(2)The statistics of random matrices: Overwhelming 
evidence of universality between classically chaotic systems 
and their quantum limit having universal level statistics

Universality of level repulsion can be described using random matrix theory

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

Interested in the probability distribution of the Hamiltonian’s matrix elements
P(H)=P(E1)P(E2)P(V) (for real symmetric matrices)
P(H)=P(E1)P(E2)P(V,V*) (for Hermitian matrices)

Our aim is to use this to derive the distribution of level spacings

<latexit sha1_base64="uPar5L+IImzoP2stEtJOU+If7RA=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvQLixJkepGqHbTZYW+oE3LZDpph84kYWYilJCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HiegREjT/NYya+sbm1vZ7dzO7t7+gX541BZ+yBFuIZ/6vOtAgSnxcEsSSXE34Bgyh+KOM60lfucBc0F8rylnAbYZHHvEJQhKJQ3100ahXryp4UF0cdtnUE44i5o8LtQH5WI81PNmyZzDWCVWSvIgRWOof/VHPgoZ9iSiUIieZQbSjiCXBFEc5/qhwAFEUzjGPUU9yLCwo/kXsXGulJHh+lyVJ425+nsigkyIGXNUZ3KoWPYS8T+vF0r32o6IF4QSe2ixyA2pIX0jicQYEY6RpDNFIOJE3WqgCeQQSRVcToVgLb+8StrlklUpVe4v89W7NI4sOAFnoAAscAWqoA4aoAUQeATP4BW8aU/ai/aufSxaM1o6cwz+QPv8AUBXlyw=</latexit>

P (H) = Ce
→ATr(H2)In general

<latexit sha1_base64="DWKNbh8lhrf5eEfpQAaL4DyFec8=">AAACIXicbVBNS8NAFNz4bfyKevSyWBRPJSlSexFEKfSoYKvQlLDZvrRrN5uwuxFLyF/x4l/x4kERb+KfcVuLaHVgYZiZx743YcqZ0q77bs3Mzs0vLC4t2yura+sbzuZWSyWZpNCkCU/kdUgUcCagqZnmcJ1KIHHI4SocnI38q1uQiiXiUg9T6MSkJ1jEKNFGCpxaI8jZTXHsh9BjIk9joiW7K+x64OF93MK+b7cMqQcVbPsgut+JwCm5ZXcM/Jd4E1JCE5wHzpvfTWgWg9CUE6XanpvqTk6kZpRDYfuZgpTQAelB21BBYlCdfHxhgfeM0sVRIs0TGo/VnxM5iZUaxqFJmv36atobif957UxHtU7ORJppEPTroyjjWCd4VBfuMglU86EhhEpmdsW0TySh2pRqmxK86ZP/klal7FXL1YvD0snppI4ltIN20QHy0BE6QQ10jpqIonv0iJ7Ri/VgPVmv1ttXdMaazGyjX7A+PgFJPqG8</latexit>

Hij =

(
E1 V

V E2

)

<latexit sha1_base64="jhDNLv5RfyGdWXd0MivACFV3r3E="></latexit>

Hij =

(
E1 V

V
→

E2

)



Random Matrix Theory 
and Ensembles

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1
<latexit sha1_base64="T4NdPltGN2qvMkiON4BYWLz/Y40=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DIniMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw22v0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLVfvL0q16yyOPJzAKZyDB5dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AwwWNeQ==</latexit>

E2

<latexit sha1_base64="a+h4Y/tEnfq8O5zejykj60dNi3U="></latexit>

P (E+, E→) = det
ω(E1, E2, V )

ω(E+, E→,!)
P (E1, E2, V ) = C|E+ → E→|e→ATrH2

<latexit sha1_base64="a/3WOuoThYsc2/U5ABVn4je2rk0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdN+66pcrbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw0s/EypJkSu2WBSmkmBMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BW375L2mdVb1atXZ3Xqlf53EU4QiO4RQ8uIA63EIDmsAghCd4gVdn7Dw7b877orXg5DOH8AvOxzc4AI0s</latexit>

V =

<latexit sha1_base64="uPar5L+IImzoP2stEtJOU+If7RA=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvQLixJkepGqHbTZYW+oE3LZDpph84kYWYilJCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HiegREjT/NYya+sbm1vZ7dzO7t7+gX541BZ+yBFuIZ/6vOtAgSnxcEsSSXE34Bgyh+KOM60lfucBc0F8rylnAbYZHHvEJQhKJQ3100ahXryp4UF0cdtnUE44i5o8LtQH5WI81PNmyZzDWCVWSvIgRWOof/VHPgoZ9iSiUIieZQbSjiCXBFEc5/qhwAFEUzjGPUU9yLCwo/kXsXGulJHh+lyVJ425+nsigkyIGXNUZ3KoWPYS8T+vF0r32o6IF4QSe2ixyA2pIX0jicQYEY6RpDNFIOJE3WqgCeQQSRVcToVgLb+8StrlklUpVe4v89W7NI4sOAFnoAAscAWqoA4aoAUQeATP4BW8aU/ai/aufSxaM1o6cwz+QPv8AUBXlyw=</latexit>

P (H) = Ce
→ATr(H2)

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transformation

For real symmetric matrices this ensemble will be symmetric 
under all orthogonal transformations

Focus on 2x2 matrices
<latexit sha1_base64="DWKNbh8lhrf5eEfpQAaL4DyFec8=">AAACIXicbVBNS8NAFNz4bfyKevSyWBRPJSlSexFEKfSoYKvQlLDZvrRrN5uwuxFLyF/x4l/x4kERb+KfcVuLaHVgYZiZx743YcqZ0q77bs3Mzs0vLC4t2yura+sbzuZWSyWZpNCkCU/kdUgUcCagqZnmcJ1KIHHI4SocnI38q1uQiiXiUg9T6MSkJ1jEKNFGCpxaI8jZTXHsh9BjIk9joiW7K+x64OF93MK+b7cMqQcVbPsgut+JwCm5ZXcM/Jd4E1JCE5wHzpvfTWgWg9CUE6XanpvqTk6kZpRDYfuZgpTQAelB21BBYlCdfHxhgfeM0sVRIs0TGo/VnxM5iZUaxqFJmv36atobif957UxHtU7ORJppEPTroyjjWCd4VBfuMglU86EhhEpmdsW0TySh2pRqmxK86ZP/klal7FXL1YvD0snppI4ltIN20QHy0BE6QQ10jpqIonv0iJ7Ri/VgPVmv1ttXdMaazGyjX7A+PgFJPqG8</latexit>

Hij =

(
E1 V

V E2

) <latexit sha1_base64="uaR03y5wlDr6CyWb8Ovc7XxbP+k="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V 2

H is diagonalized with the orthogonal transformation



Random Matrix Theory 
and Ensembles

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

<latexit sha1_base64="B7B/Nl3rsE3nJ5WUl8Eq3a8/WTE=">AAACB3icbVBdSwJBFJ21L7OvrR6DWJLAEGVXwnoJLBF6NMgP0HWZHUcdnJ1dZmYDWX3rpb/SSw9F9Npf6K1/06j7UNqBgXPPuZc797gBJUKa5reWWFldW99Ibqa2tnd29/T9g7rwQ45wDfnU500XCkwJwzVJJMXNgGPouRQ33GF56jceMBfEZ/dyFGDbg31GegRBqSRHP74qjytONldxcmPciXLXGVV1CllVdwpnE0dPm3lzBmOZWDFJgxhVR/9qd30UephJRKEQLcsMpB1BLgmieJJqhwIHEA1hH7cUZdDDwo5md0yMU6V0jZ7P1WPSmKm/JyLoCTHyXNXpQTkQi95U/M9rhbJ3aUeEBaHEDM0X9UJqSN+YhmJ0CcdI0pEiEHGi/mqgAeQQSRVdSoVgLZ68TOqFvFXMF+/O06WbOI4kOAInIAMscAFK4BZUQQ0g8AiewSt40560F+1d+5i3JrR45hD8gfb5A4Fklow=</latexit>

= C|E+ → E→|e→A(E2
++E2

→)

<latexit sha1_base64="a+h4Y/tEnfq8O5zejykj60dNi3U="></latexit>

P (E+, E→) = det
ω(E1, E2, V )

ω(E+, E→,!)
P (E1, E2, V ) = C|E+ → E→|e→ATrH2

<latexit sha1_base64="uPar5L+IImzoP2stEtJOU+If7RA=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvQLixJkepGqHbTZYW+oE3LZDpph84kYWYilJCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HiegREjT/NYya+sbm1vZ7dzO7t7+gX541BZ+yBFuIZ/6vOtAgSnxcEsSSXE34Bgyh+KOM60lfucBc0F8rylnAbYZHHvEJQhKJQ3100ahXryp4UF0cdtnUE44i5o8LtQH5WI81PNmyZzDWCVWSvIgRWOof/VHPgoZ9iSiUIieZQbSjiCXBFEc5/qhwAFEUzjGPUU9yLCwo/kXsXGulJHh+lyVJ425+nsigkyIGXNUZ3KoWPYS8T+vF0r32o6IF4QSe2ixyA2pIX0jicQYEY6RpDNFIOJE3WqgCeQQSRVcToVgLb+8StrlklUpVe4v89W7NI4sOAFnoAAscAWqoA4aoAUQeATP4BW8aU/ai/aufSxaM1o6cwz+QPv8AUBXlyw=</latexit>

P (H) = Ce
→ATr(H2)

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transformation

For real symmetric matrices this ensemble will be symmetric 
under all orthogonal transformations

Focus on 2x2 matrices
<latexit sha1_base64="DWKNbh8lhrf5eEfpQAaL4DyFec8=">AAACIXicbVBNS8NAFNz4bfyKevSyWBRPJSlSexFEKfSoYKvQlLDZvrRrN5uwuxFLyF/x4l/x4kERb+KfcVuLaHVgYZiZx743YcqZ0q77bs3Mzs0vLC4t2yura+sbzuZWSyWZpNCkCU/kdUgUcCagqZnmcJ1KIHHI4SocnI38q1uQiiXiUg9T6MSkJ1jEKNFGCpxaI8jZTXHsh9BjIk9joiW7K+x64OF93MK+b7cMqQcVbPsgut+JwCm5ZXcM/Jd4E1JCE5wHzpvfTWgWg9CUE6XanpvqTk6kZpRDYfuZgpTQAelB21BBYlCdfHxhgfeM0sVRIs0TGo/VnxM5iZUaxqFJmv36atobif957UxHtU7ORJppEPTroyjjWCd4VBfuMglU86EhhEpmdsW0TySh2pRqmxK86ZP/klal7FXL1YvD0snppI4ltIN20QHy0BE6QQ10jpqIonv0iJ7Ri/VgPVmv1ttXdMaazGyjX7A+PgFJPqG8</latexit>

Hij =

(
E1 V

V E2

) <latexit sha1_base64="uaR03y5wlDr6CyWb8Ovc7XxbP+k="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V 2

H is diagonalized with the orthogonal transformation



Random Matrix Theory 
and Ensembles

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

For Hermitian matrices this ensemble will be symmetric 
under all unitary transformations

H is diagonalized with the unitary transformation

<latexit sha1_base64="AAJozUOs+opkFq1HbNJLc49eQpQ="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V →V

<latexit sha1_base64="a21ZDUL6GVBBC/ueaom5FccipXk=">AAAB9HicbVBdSwJBFL1rX2ZfVo+9DEkQIbIrYT1KIfRokKug2zI7zurg7Eczs4Is/o5eeiii135Mb/2bRt2H0g5cOJxzL/fe48WcSWWa30ZubX1jcyu/XdjZ3ds/KB4e2TJKBKEtEvFIdDwsKWchbSmmOO3EguLA47TtjW5nfntMhWRR+KAmMXUCPAiZzwhWWnIarlVuuNWy/XhRtt1iyayYc6BVYmWkBBmabvGr149IEtBQEY6l7FpmrJwUC8UIp9NCL5E0xmSEB7SraYgDKp10fvQUnWmlj/xI6AoVmqu/J1IcSDkJPN0ZYDWUy95M/M/rJsq/dlIWxomiIVks8hOOVIRmCaA+E5QoPtEEE8H0rYgMscBE6ZwKOgRr+eVVYlcrVq1Su78s1W+yOPJwAqdwDhZcQR3uoAktIPAEz/AKb8bYeDHejY9Fa87IZo7hD4zPHyYWkGo=</latexit>

E1, E2, V
→, V

<latexit sha1_base64="uPar5L+IImzoP2stEtJOU+If7RA=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvQLixJkepGqHbTZYW+oE3LZDpph84kYWYilJCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HiegREjT/NYya+sbm1vZ7dzO7t7+gX541BZ+yBFuIZ/6vOtAgSnxcEsSSXE34Bgyh+KOM60lfucBc0F8rylnAbYZHHvEJQhKJQ3100ahXryp4UF0cdtnUE44i5o8LtQH5WI81PNmyZzDWCVWSvIgRWOof/VHPgoZ9iSiUIieZQbSjiCXBFEc5/qhwAFEUzjGPUU9yLCwo/kXsXGulJHh+lyVJ425+nsigkyIGXNUZ3KoWPYS8T+vF0r32o6IF4QSe2ixyA2pIX0jicQYEY6RpDNFIOJE3WqgCeQQSRVcToVgLb+8StrlklUpVe4v89W7NI4sOAFnoAAscAWqoA4aoAUQeATP4BW8aU/ai/aufSxaM1o6cwz+QPv8AUBXlyw=</latexit>

P (H) = Ce
→ATr(H2)

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transformation

<latexit sha1_base64="G7y9IM5jcyi44/uvpiyt3bQ+Iy0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvYbsqMSHUjFN10OYJ9YDuUTJppQzOZIckIZehfuHGhiFv/xp1/Y9rOQlsPJBzOuZd77/FjzpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sd3M7/9RKVikXjQk5h6IR4KFjCCtZEe3XKjcmO+80q/WLKr9hxolTgZKUEGt1/86g0ikoRUaMKxUl3HjrWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpL5xtP0ZlRBiiIpHlCo7n6uyPFoVKT0DeVIdYjtezNxP+8bqKDay9lIk40FWQxKEg40hGanY8GTFKi+cQQTCQzuyIywhITbUIqmBCc5ZNXSeui6tSqtfvLUv02iyMPJ3AKZXDgCurQABeaQEDAM7zCm6WsF+vd+liU5qys5xj+wPr8AeTpjx8=</latexit>

P (H) = P (H →)
<latexit sha1_base64="mrdbGqMw8ZaBGh9RS06ldVMW2dk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbRiyURqV6EopceK5i2kMay2W7apZts2N0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeUHCmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUuJVBLqEsGF7ARYUc5i6mqmOe0kkuIo4LQdjO6mfvuJSsVE/KDHCfUjPIhZyAjWRvIapzduw33Mzp1Jr1yxq/YMaJk4OalAjmav/NXtC5JGNNaEY6U8x060n2GpGeF0UuqmiiaYjPCAeobGOKLKz2YnT9CJUfooFNJUrNFM/T2R4UipcRSYzgjroVr0puJ/npfq8NrPWJykmsZkvihMOdICTf9HfSYp0XxsCCaSmVsRGWKJiTYplUwIzuLLy6R1UXVq1dr9ZaV+m8dRhCM4hjNw4Arq0IAmuEBAwDO8wpulrRfr3fqYtxasfOYQ/sD6/AG9BpBF</latexit>

H
→ = UHU

↑1

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1
<latexit sha1_base64="T4NdPltGN2qvMkiON4BYWLz/Y40=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DIniMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw22v0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzyJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqalbJXLVfvL0q16yyOPJzAKZyDB5dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AwwWNeQ==</latexit>

E2
<latexit sha1_base64="a/3WOuoThYsc2/U5ABVn4je2rk0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdN+66pcrbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw0s/EypJkSu2WBSmkmBMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BW375L2mdVb1atXZ3Xqlf53EU4QiO4RQ8uIA63EIDmsAghCd4gVdn7Dw7b877orXg5DOH8AvOxzc4AI0s</latexit>

V =

<latexit sha1_base64="Xm1+ysUnroCvv3ayoaG/qF9f3Y0="></latexit>

P (E+, E→) = det
ω(E1, E2, V, V ↑)

ω(E+, E→,!,ε)
P (E1, E2, V, V

↑) = C|E+ → E→|2e→ATrH2



Random Matrix Theory 
and Ensembles

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

For Hermitian matrices this ensemble will be symmetric 
under all unitary transformations

H is diagonalized with the unitary transformation

<latexit sha1_base64="AAJozUOs+opkFq1HbNJLc49eQpQ="></latexit>

E± =
1

2
(E1 + E2)±

√
1

4
(E1 → E2)2 + V →V

<latexit sha1_base64="a21ZDUL6GVBBC/ueaom5FccipXk=">AAAB9HicbVBdSwJBFL1rX2ZfVo+9DEkQIbIrYT1KIfRokKug2zI7zurg7Eczs4Is/o5eeiii135Mb/2bRt2H0g5cOJxzL/fe48WcSWWa30ZubX1jcyu/XdjZ3ds/KB4e2TJKBKEtEvFIdDwsKWchbSmmOO3EguLA47TtjW5nfntMhWRR+KAmMXUCPAiZzwhWWnIarlVuuNWy/XhRtt1iyayYc6BVYmWkBBmabvGr149IEtBQEY6l7FpmrJwUC8UIp9NCL5E0xmSEB7SraYgDKp10fvQUnWmlj/xI6AoVmqu/J1IcSDkJPN0ZYDWUy95M/M/rJsq/dlIWxomiIVks8hOOVIRmCaA+E5QoPtEEE8H0rYgMscBE6ZwKOgRr+eVVYlcrVq1Su78s1W+yOPJwAqdwDhZcQR3uoAktIPAEz/AKb8bYeDHejY9Fa87IZo7hD4zPHyYWkGo=</latexit>

E1, E2, V
→, V

<latexit sha1_base64="uPar5L+IImzoP2stEtJOU+If7RA=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvQLixJkepGqHbTZYW+oE3LZDpph84kYWYilJCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HiegREjT/NYya+sbm1vZ7dzO7t7+gX541BZ+yBFuIZ/6vOtAgSnxcEsSSXE34Bgyh+KOM60lfucBc0F8rylnAbYZHHvEJQhKJQ3100ahXryp4UF0cdtnUE44i5o8LtQH5WI81PNmyZzDWCVWSvIgRWOof/VHPgoZ9iSiUIieZQbSjiCXBFEc5/qhwAFEUzjGPUU9yLCwo/kXsXGulJHh+lyVJ425+nsigkyIGXNUZ3KoWPYS8T+vF0r32o6IF4QSe2ixyA2pIX0jicQYEY6RpDNFIOJE3WqgCeQQSRVcToVgLb+8StrlklUpVe4v89W7NI4sOAFnoAAscAWqoA4aoAUQeATP4BW8aU/ai/aufSxaM1o6cwz+QPv8AUBXlyw=</latexit>

P (H) = Ce
→ATr(H2)

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transformation

<latexit sha1_base64="G7y9IM5jcyi44/uvpiyt3bQ+Iy0=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvYbsqMSHUjFN10OYJ9YDuUTJppQzOZIckIZehfuHGhiFv/xp1/Y9rOQlsPJBzOuZd77/FjzpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sd3M7/9RKVikXjQk5h6IR4KFjCCtZEe3XKjcmO+80q/WLKr9hxolTgZKUEGt1/86g0ikoRUaMKxUl3HjrWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpL5xtP0ZlRBiiIpHlCo7n6uyPFoVKT0DeVIdYjtezNxP+8bqKDay9lIk40FWQxKEg40hGanY8GTFKi+cQQTCQzuyIywhITbUIqmBCc5ZNXSeui6tSqtfvLUv02iyMPJ3AKZXDgCurQABeaQEDAM7zCm6WsF+vd+liU5qys5xj+wPr8AeTpjx8=</latexit>

P (H) = P (H →)
<latexit sha1_base64="mrdbGqMw8ZaBGh9RS06ldVMW2dk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbRiyURqV6EopceK5i2kMay2W7apZts2N0IJfRnePGgiFd/jTf/jds2B219MPB4b4aZeUHCmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUuJVBLqEsGF7ARYUc5i6mqmOe0kkuIo4LQdjO6mfvuJSsVE/KDHCfUjPIhZyAjWRvIapzduw33Mzp1Jr1yxq/YMaJk4OalAjmav/NXtC5JGNNaEY6U8x060n2GpGeF0UuqmiiaYjPCAeobGOKLKz2YnT9CJUfooFNJUrNFM/T2R4UipcRSYzgjroVr0puJ/npfq8NrPWJykmsZkvihMOdICTf9HfSYp0XxsCCaSmVsRGWKJiTYplUwIzuLLy6R1UXVq1dr9ZaV+m8dRhCM4hjNw4Arq0IAmuEBAwDO8wpulrRfr3fqYtxasfOYQ/sD6/AG9BpBF</latexit>

H
→ = UHU

↑1

<latexit sha1_base64="Xm1+ysUnroCvv3ayoaG/qF9f3Y0="></latexit>

P (E+, E→) = det
ω(E1, E2, V, V ↑)

ω(E+, E→,!,ε)
P (E1, E2, V, V

↑) = C|E+ → E→|2e→ATrH2

<latexit sha1_base64="ThR/+SkuZK9Gq2luFu4+mUSaYUw=">AAACCXicbVBNSwJBGJ61L7Mvq2OXIQkMUXYlrEtgidDRIDVQd5kdZ3VwdnaZmQ1k9dqlv9KlQxFd+wfd+jeNH4fSHnjhmed5X+Z9HzdkVCrT/DYSK6tr6xvJzdTW9s7uXnr/oCGDSGBSxwELxL2LJGGUk7qiipH7UBDku4w03UFl4jcfiJA04HdqGJKOj3qcehQjpSUnDS8ro6qTy1ed/MguEjvOX2X12y7mtGIXT8dOOmMWzCngMrHmJAPmqDnpr3Y3wJFPuMIMSdmyzFB1YiQUxYyMU+1IkhDhAeqRlqYc+UR24uklY3iilS70AqGLKzhVf0/EyJdy6Lu600eqLxe9ifif14qUd9GJKQ8jRTiefeRFDKoATmKBXSoIVmyoCcKC6l0h7iOBsNLhpXQI1uLJy6RRLFilQun2LFO+nseRBEfgGGSBBc5BGdyAGqgDDB7BM3gFb8aT8WK8Gx+z1oQxnzkEf2B8/gC3x5cw</latexit>

= C|E+ → E→|2e→A(E2
++E2

→)



Random Matrix Theory 
and Ensembles

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

For Hermitian matrices, Gaussian Unitary ensemble (GUE)

Summary

<latexit sha1_base64="Xm1+ysUnroCvv3ayoaG/qF9f3Y0="></latexit>

P (E+, E→) = det
ω(E1, E2, V, V ↑)

ω(E+, E→,!,ε)
P (E1, E2, V, V

↑) = C|E+ → E→|2e→ATrH2

For real symmetric matrices, Gaussian Orthogonal ensemble (GOE)
<latexit sha1_base64="a+h4Y/tEnfq8O5zejykj60dNi3U="></latexit>

P (E+, E→) = det
ω(E1, E2, V )

ω(E+, E→,!)
P (E1, E2, V ) = C|E+ → E→|e→ATrH2

Power law is set by the co-dimension  
of the avoided level crossing (n-1), general result

<latexit sha1_base64="7pXbaNu9i0BRc+87pBlme8uhdhw="></latexit>

P (E+, E→) = C|E+ → E→|n→1e→ATrH2



Random Matrix Theory 
and Ensembles

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

Generalizing to NxN matrices

Power law is set by the co-dimension 
of the avoided level crossing, general result

<latexit sha1_base64="7pXbaNu9i0BRc+87pBlme8uhdhw="></latexit>

P (E+, E→) = C|E+ → E→|n→1e→ATrH2

Focused on 2x2 matrices so far

<latexit sha1_base64="JAG8GRwC6mYkjwIXHqsAUATwlqM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVKSItWNUJSCK6lgH9CGMJlO26GTSZi5EUoo+CtuXCji1u9w5984bbPQ1gMDh3Pu4d45fsSZAtv+NjIrq2vrG9nN3Nb2zu6euX/QVGEsCW2QkIey7WNFORO0AQw4bUeS4sDntOWPbqZ+65FKxULxAOOIugEeCNZnBIOWPPOoXqh5TrHmlYvdXghKs7uzK8/M2yV7BmuZOCnJoxR1z/zSaRIHVADhWKmOY0fgJlgCI5xOct1Y0QiTER7QjqYCB1S5yez8iXWqlZ7VD6V+AqyZ+juR4ECpceDryQDDUC16U/E/rxND/9JNmIhioILMF/VjbkFoTbuwekxSAnysCSaS6VstMsQSE9CN5XQJzuKXl0mzXHIqpcr9eb56ndaRRcfoBBWQgy5QFd2iOmogghL0jF7Rm/FkvBjvxsd8NGOkmUP0B8bnDwNbk50=</latexit>

P (E1, E2, . . . , EN ) =
<latexit sha1_base64="UXBcUMUj/tcZh7g95zUOQvi32eo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEc0DkiXMTmaTIbOzy0yvEEI+wYsHRbz6Rd78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeI44X5EB0qEglG00oO6rvSKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6f1Gq3WRx5OEETuEcPLiEGtxBHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MHzdGNgA==</latexit>

n = 2
<latexit sha1_base64="1Cnah/W+1a0JcUgKRfMjJdV8Wlk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9C0IvHiOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfy0Yxj9EM6kLzPGTVWepDX591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl/qJUvcniyMMRHMMpeHAJVbiDGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucPz1WNgQ==</latexit>

n = 3
<latexit sha1_base64="BtBaNBYC4Zqlz+c0bf+AbCRnH9w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRi9C0IvHiOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfy0Yxj9EM6kLzPGTVWepDXF91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl/rxUvcniyMMRHMMpeHAJVbiDGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP0l2Ngw==</latexit>

n = 5

Orthogonal, GOE

Unitary, GUE

Symplectic, GSE



Random Matrix Theory 
and Ensembles

Quantum Signatures of Chaos, HaakeRandom Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor;

<latexit sha1_base64="7pXbaNu9i0BRc+87pBlme8uhdhw="></latexit>

P (E+, E→) = C|E+ → E→|n→1e→ATrH2

Focused on 2x2 matrices so far

From this, we can compute 
<latexit sha1_base64="YIpJxkK3FDts9OqldmK/7wpDEk0="></latexit>

P (s) =

∫ →

↑→
dE+

∫ →

↑→
dE↑ω(s→ |E+ → E↑|)P (E+, E↑)

<latexit sha1_base64="sWRwGdb0pbysAuvFVT4ZiCyRYuY=">AAACD3icbVDLSgMxFM34rPU16tJNsChuLDOlVDdC0Y3LCvYBnbZk0kwbmskMSUYoYf7Ajb/ixoUibt26829M20G09cCFwzn3cu89fsyoVI7zZS0tr6yurec28ptb2zu79t5+Q0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+6HriN++JkDTid2ock06IBpwGFCNlpJ59cukFAmHtxTTVpVRC0tVnPxKU3VKqy2naswtO0ZkCLhI3IwWQodazP71+hJOQcIUZkrLtOrHqaCQUxYykeS+RJEZ4hAakbShHIZEdPf0nhcdG6cMgEqa4glP194RGoZTj0DedIVJDOe9NxP+8dqKCi46mPE4U4Xi2KEgYVBGchAP7VBCs2NgQhAU1t0I8RCYMZSLMmxDc+ZcXSaNUdCvFym25UL3K4siBQ3AEToELzkEV3IAaqAMMHsATeAGv1qP1bL1Z77PWJSubOQB/YH18AwhunK0=</latexit>

=
ω

2
se→

ωs2

4 Orthogonal

<latexit sha1_base64="xOUXloD3WH0FV+DkdjCpFZIE3Gw=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCWJJYqhuh6MZlBfuAJi2T6aQdOpmEmYlQQj7Cjb/ixoUibl2482+cpl1o64ELZ865l7n3+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5o5uJ33ogQtKI36txTLwQDTgNKEZKSz3z9MoNBMLpuZOlbky7Tia7DiTd9GyqV6B+51aW9cySVbZywEViz0gJzFDvmV9uP8JJSLjCDEnZsa1YeSkSimJGsqKbSBIjPEID0tGUo5BIL82PyuCxVvowiIQurmCu/p5IUSjlOPR1Z4jUUM57E/E/r5Oo4NJLKY8TRTiefhQkDKoIThKCfSoIVmysCcKC6l0hHiIdhtI5FnUI9vzJi6TplO1quXpXKdWuZ3EUwCE4AifABhegBm5BHTQABo/gGbyCN+PJeDHejY9p65IxmzkAf2B8/gD+cJ4y</latexit>

=
32

ω2
s2e→

4s2

ω Unitary

Level repulsion appears through
<latexit sha1_base64="vbU6ybsEWtXu0s4yI/7fTjdB1WA=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXpHopFL14rGA/oF1KNs22odnsmmSFsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeX4suDaO841ya+sbm1v57cLO7t7+QfHwqKWjRFHWpJGIVMcnmgkuWdNwI1gnVoyEvmBtf3w789tPTGkeyQcziZkXkqHkAafEWKnTKOuac15z+sWSU3HmwKvEzUgJMjT6xa/eIKJJyKShgmjddZ3YeClRhlPBpoVeollM6JgMWddSSUKmvXR+7xSfWWWAg0jZkgbP1d8TKQm1noS+7QyJGellbyb+53UTE1x7KZdxYpiki0VBIrCJ8Ox5POCKUSMmlhCquL0V0xFRhBobUcGG4C6/vEpaFxW3WqneX5bqN1kceTiBUyiDC1dQhztoQBMoCHiGV3hDj+gFvaOPRWsOZTPH8Afo8wcqt47D</latexit>

P (s = 0) = 0



Statistics and Level 
Repulsion

Quantum Signatures of Chaos, Haake

(2)The statistics of random matrices: Overwhelming 
evidence of universality between classically chaotic systems 
and their quantum limit having universal level statistics



Statistics and Level 
Repulsion

Quantum Signatures of Chaos, Haake

<latexit sha1_base64="MFkZ2B/zYSC5dvgP8VWrhtg6dxU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU92VUj0WvXisYD+gu5Rsmm1Ds9mYZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5oeRMG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vp35nSeqNEvEg5lIGsR4KFjECDZW6vpyxC58yfrlilt150CrxMtJBXI0++Uvf5CQNKbCEI617nmuNEGGlWGE02nJTzWVmIzxkPYsFTimOsjm907RmVUGKEqULWHQXP09keFY60kc2s4Ym5Fe9mbif14vNdF1kDEhU0MFWSyKUo5MgmbPowFTlBg+sQQTxeytiIywwsTYiEo2BG/55VXSvqx69Wr9vlZp3ORxFOEETuEcPLiCBtxBE1pAgMMzvMKb8+i8OO/Ox6K14OQzx/AHzucPzqWP1g==</latexit>

ω/ε

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k
<latexit sha1_base64="Y48pEqnCRXwxbJTrIAOHnf7JqBM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Gf9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBHPI3Q</latexit>

kc

Classically integrable,
Quantum levels are 
crossing

Classically 
chaotic regime, 
levels DO NOT 
cross

Quantum kicked top
<latexit sha1_base64="0+U4puPDx97OYpt6FmIYIXMTjSU="></latexit>

ĤKT = ωĴy +
kĴ

2
z

2S

→∑

n=↑→
ε(t→ nT )

(2)The statistics of random matrices: Overwhelming 
evidence of universality between classically chaotic systems 
and their quantum limit having universal level statistics

<latexit sha1_base64="csHM20HaQto6NWHaLT4DLEfr4rI="></latexit>

ÛKT = e→iωĴyT e→ikĴ2
z/(2S)



Statistics and Level 
Repulsion

Quantum Signatures of Chaos, Haake

Consider the distribution of level spacings <latexit sha1_base64="o9TaGdbBUp7XUC/d/Gy/0hymyLk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXloSkepFKErBYwX7AW0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJZLQJol4JDsBVpQzQZuaaU47saQ4DDhtB+Pbmd9+pFKxSDzoSUy9EA8FGzCCtZF8u6h8dl33Wbnup6zsTn275FScOdAqcTNSggwN3/7q9SOShFRowrFSXdeJtZdiqRnhdFroJYrGmIzxkHYNFTikykvnh0/RqVH6aBBJU0Kjufp7IsWhUpMwMJ0h1iO17M3E/7xuogdXXspEnGgqyGLRIOFIR2iWAuozSYnmE0MwkczcisgIS0y0yapgQnCXX14lrfOKW61U7y9KtZssjjwcwwmcgQuXUIM7aEATCCTwDK/wZj1ZL9a79bFozVnZzBH8gfX5A4mXkmE=</latexit>

si = Ei → Ei→1

<latexit sha1_base64="MFkZ2B/zYSC5dvgP8VWrhtg6dxU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU92VUj0WvXisYD+gu5Rsmm1Ds9mYZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5oeRMG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vp35nSeqNEvEg5lIGsR4KFjECDZW6vpyxC58yfrlilt150CrxMtJBXI0++Uvf5CQNKbCEI617nmuNEGGlWGE02nJTzWVmIzxkPYsFTimOsjm907RmVUGKEqULWHQXP09keFY60kc2s4Ym5Fe9mbif14vNdF1kDEhU0MFWSyKUo5MgmbPowFTlBg+sQQTxeytiIywwsTYiEo2BG/55VXSvqx69Wr9vlZp3ORxFOEETuEcPLiCBtxBE1pAgMMzvMKb8+i8OO/Ox6K14OQzx/AHzucPzqWP1g==</latexit>

ω/ε

<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k
<latexit sha1_base64="Y48pEqnCRXwxbJTrIAOHnf7JqBM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Gf9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBHPI3Q</latexit>

kc

<latexit sha1_base64="Lf3Tew6R765HCxXQeZDOArmDmAY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OJxBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDvz209UaSbFg5kkNIjxULCIEWys1PKrus/O++WKW3PnQKvEy0kFcvj98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6R1UfPqtfr9ZaVxk8dRhBM4hSp4cAUNuAMfmkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/CwI6d</latexit>

P (si)

Chaotic regimeintegrable regime

Quantum kicked top
<latexit sha1_base64="0+U4puPDx97OYpt6FmIYIXMTjSU="></latexit>

ĤKT = ωĴy +
kĴ

2
z

2S

→∑

n=↑→
ε(t→ nT )

<latexit sha1_base64="csHM20HaQto6NWHaLT4DLEfr4rI="></latexit>

ÛKT = e→iωĴyT e→ikĴ2
z/(2S)

(2)The statistics of random matrices: Overwhelming 
evidence of universality between classically chaotic systems 
and their quantum limit having universal level statistics



Not so fast: Absence of 
Quantum Chaos in the Rotor

Lets begin with single particle models with canonical quantization

Quantum kicked rotor

<latexit sha1_base64="ekYFwanu++zbmw63NS8Y8UeQReU="></latexit>

ĤKR =
p̂
2

2I
+ k cos(ω̂)

+→∑

n=↑→
ε(t→ nT )

<latexit sha1_base64="Ph5ad7FbJD7B/q3Msr0XeAYEhkI=">AAACHHicbVA9SwNBEN3z2/gVtbRZDEIsjHdR1EYQbRQblUSFXAx7m0myZO+D3TkhHPdDbPwrNhaK2FgI/hs3lxQafTDweG+GmXleJIVG2/6yxsYnJqemZ2Zzc/MLi0v55ZVrHcaKQ5WHMlS3HtMgRQBVFCjhNlLAfE/Cjdc96fs396C0CIMK9iKo+6wdiJbgDI3UyO9UG8n5VXoId8mWoG6HIY3uyrSyXT5LM63r8lAXM8PFDiDbTBv5gl2yM9C/xBmSAhniopH/cJshj30IkEumdc2xI6wnTKHgEtKcG2uIGO+yNtQMDZgPup5kz6V0wyhN2gqVqQBppv6cSJivdc/3TKfPsKNHvb74n1eLsXVQT0QQxQgBHyxqxZJiSPtJ0aZQwFH2DGFcCXMr5R2mGEeTZ86E4Iy+/Jdcl0vOXmnvcrdwdDyMY4askXVSJA7ZJ0fklFyQKuHkgTyRF/JqPVrP1pv1Pmgds4Yzq+QXrM9vY5igWw==</latexit>

UKR = e→ip̂2T/2Ie→ik cos(ω̂)

Classical

Quantum Quantum model undergoes 
dynamical localization

Classical model has diffusion

Quantum Signatures of Chaos, Haake



Not so fast: Absence of 
Quantum Chaos in the Rotor

Lets begin with single particle models with canonical quantization

Quantum kicked rotor

<latexit sha1_base64="ekYFwanu++zbmw63NS8Y8UeQReU="></latexit>

ĤKR =
p̂
2

2I
+ k cos(ω̂)

+→∑

n=↑→
ε(t→ nT )

<latexit sha1_base64="Ph5ad7FbJD7B/q3Msr0XeAYEhkI=">AAACHHicbVA9SwNBEN3z2/gVtbRZDEIsjHdR1EYQbRQblUSFXAx7m0myZO+D3TkhHPdDbPwrNhaK2FgI/hs3lxQafTDweG+GmXleJIVG2/6yxsYnJqemZ2Zzc/MLi0v55ZVrHcaKQ5WHMlS3HtMgRQBVFCjhNlLAfE/Cjdc96fs396C0CIMK9iKo+6wdiJbgDI3UyO9UG8n5VXoId8mWoG6HIY3uyrSyXT5LM63r8lAXM8PFDiDbTBv5gl2yM9C/xBmSAhniopH/cJshj30IkEumdc2xI6wnTKHgEtKcG2uIGO+yNtQMDZgPup5kz6V0wyhN2gqVqQBppv6cSJivdc/3TKfPsKNHvb74n1eLsXVQT0QQxQgBHyxqxZJiSPtJ0aZQwFH2DGFcCXMr5R2mGEeTZ86E4Iy+/Jdcl0vOXmnvcrdwdDyMY4askXVSJA7ZJ0fklFyQKuHkgTyRF/JqPVrP1pv1Pmgds4Yzq+QXrM9vY5igWw==</latexit>

UKR = e→ip̂2T/2Ie→ik cos(ω̂)

Classical

Quantum Quantum model undergoes 
dynamical localization

Classical model has diffusion

Quantum Signatures of Chaos, Haake

Motion is reversed, exponentially sensitive
Only in the classical limit



Not so fast: Absence of 
Quantum Chaos in the Rotor

Lets begin with single particle models with canonical quantization

Quantum kicked rotor

<latexit sha1_base64="ekYFwanu++zbmw63NS8Y8UeQReU="></latexit>

ĤKR =
p̂
2

2I
+ k cos(ω̂)

+→∑

n=↑→
ε(t→ nT )

<latexit sha1_base64="Ph5ad7FbJD7B/q3Msr0XeAYEhkI=">AAACHHicbVA9SwNBEN3z2/gVtbRZDEIsjHdR1EYQbRQblUSFXAx7m0myZO+D3TkhHPdDbPwrNhaK2FgI/hs3lxQafTDweG+GmXleJIVG2/6yxsYnJqemZ2Zzc/MLi0v55ZVrHcaKQ5WHMlS3HtMgRQBVFCjhNlLAfE/Cjdc96fs396C0CIMK9iKo+6wdiJbgDI3UyO9UG8n5VXoId8mWoG6HIY3uyrSyXT5LM63r8lAXM8PFDiDbTBv5gl2yM9C/xBmSAhniopH/cJshj30IkEumdc2xI6wnTKHgEtKcG2uIGO+yNtQMDZgPup5kz6V0wyhN2gqVqQBppv6cSJivdc/3TKfPsKNHvb74n1eLsXVQT0QQxQgBHyxqxZJiSPtJ0aZQwFH2DGFcCXMr5R2mGEeTZ86E4Iy+/Jdcl0vOXmnvcrdwdDyMY4askXVSJA7ZJ0fklFyQKuHkgTyRF/JqPVrP1pv1Pmgds4Yzq+QXrM9vY5igWw==</latexit>

UKR = e→ip̂2T/2Ie→ik cos(ω̂)

We wish to transform this eigenvalue equation
<latexit sha1_base64="gZCbFsaORkQ1fRoStZ6cr2e999Y=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSAIYtgViV6EoAgeI+QFSVxmJ51kktnZZWZWCGs+wou/4sWDIl49ePNvnDwOJrGgoajqprvLjzhT2nF+rIXFpeWV1dRaen1jc2vb3tktqzCWFEo05KGs+kQBZwJKmmkO1UgCCXwOFb93PfQrDyAVC0VR9yNoBKQtWItRoo3k2celx3rUYV63Loloc8CXcJ+cMHzjdXFxMO15dsbJOiPgeeJOSAZNUPDs73ozpHEAQlNOlKq5TqQbCZGaUQ6DdD1WEBHaI22oGSpIAKqRjJ4a4EOjNHErlKaExiP170RCAqX6gW86A6I7atYbiv95tVi3LhoJE1GsQdDxolbMsQ7xMCHcZBKo5n1DCJXM3Ipph0hCtckxbUJwZ1+eJ+XTrJvL5u7OMvmrSRwptI8O0BFy0TnKo1tUQCVE0RN6QW/o3Xq2Xq0P63PcumBNZvbQFKyvX3GSnnc=</latexit>

U |ωj→ = e→iEjT |ωj→

Quantum Signatures of Chaos, Haake



Not so fast: Absence of 
Quantum Chaos in the Rotor

<latexit sha1_base64="Ph5ad7FbJD7B/q3Msr0XeAYEhkI=">AAACHHicbVA9SwNBEN3z2/gVtbRZDEIsjHdR1EYQbRQblUSFXAx7m0myZO+D3TkhHPdDbPwrNhaK2FgI/hs3lxQafTDweG+GmXleJIVG2/6yxsYnJqemZ2Zzc/MLi0v55ZVrHcaKQ5WHMlS3HtMgRQBVFCjhNlLAfE/Cjdc96fs396C0CIMK9iKo+6wdiJbgDI3UyO9UG8n5VXoId8mWoG6HIY3uyrSyXT5LM63r8lAXM8PFDiDbTBv5gl2yM9C/xBmSAhniopH/cJshj30IkEumdc2xI6wnTKHgEtKcG2uIGO+yNtQMDZgPup5kz6V0wyhN2gqVqQBppv6cSJivdc/3TKfPsKNHvb74n1eLsXVQT0QQxQgBHyxqxZJiSPtJ0aZQwFH2DGFcCXMr5R2mGEeTZ86E4Iy+/Jdcl0vOXmnvcrdwdDyMY4askXVSJA7ZJ0fklFyQKuHkgTyRF/JqPVrP1pv1Pmgds4Yzq+QXrM9vY5igWw==</latexit>

UKR = e→ip̂2T/2Ie→ik cos(ω̂)

Eigenvalue equation
<latexit sha1_base64="gZCbFsaORkQ1fRoStZ6cr2e999Y=">AAACFHicbVDLSgNBEJz1GeNr1aOXwSAIYtgViV6EoAgeI+QFSVxmJ51kktnZZWZWCGs+wou/4sWDIl49ePNvnDwOJrGgoajqprvLjzhT2nF+rIXFpeWV1dRaen1jc2vb3tktqzCWFEo05KGs+kQBZwJKmmkO1UgCCXwOFb93PfQrDyAVC0VR9yNoBKQtWItRoo3k2celx3rUYV63Loloc8CXcJ+cMHzjdXFxMO15dsbJOiPgeeJOSAZNUPDs73ozpHEAQlNOlKq5TqQbCZGaUQ6DdD1WEBHaI22oGSpIAKqRjJ4a4EOjNHErlKaExiP170RCAqX6gW86A6I7atYbiv95tVi3LhoJE1GsQdDxolbMsQ7xMCHcZBKo5n1DCJXM3Ipph0hCtckxbUJwZ1+eJ+XTrJvL5u7OMvmrSRwptI8O0BFy0TnKo1tUQCVE0RN6QW/o3Xq2Xq0P63PcumBNZvbQFKyvX3GSnnc=</latexit>

U |ωj→ = e→iEjT |ωj→

Floquet operator

<latexit sha1_base64="ea6sUValpZjNEhddyvY1oAGZGrM=">AAACB3icbVDLSgMxFL1TX7W+Rl0KEiyCqzIjUt0IRTcuK9gHtMOQSTNtbCYzJBmhjN258VfcuFDErb/gzr8xfSxs64ELJ+fcS+49QcKZ0o7zY+WWlldW1/LrhY3Nre0de3evruJUElojMY9lM8CKciZoTTPNaTORFEcBp42gfz3yGw9UKhaLOz1IqBfhrmAhI1gbybcPH9tJj/n3bYlFl1N0Ofv27aJTcsZAi8SdkiJMUfXt73YnJmlEhSYcK9VynUR7GZaaEU6HhXaqaIJJH3dpy1CBI6q8bHzHEB0bpYPCWJoSGo3VvxMZjpQaRIHpjLDuqXlvJP7ntVIdXngZE0mqqSCTj8KUIx2jUSiowyQlmg8MwUQysysiPSwx0Sa6ggnBnT95kdRPS265VL49K1aupnHk4QCO4ARcOIcK3EAVakDgCV7gDd6tZ+vV+rA+J605azqzDzOwvn4BawaZrQ==</latexit>

|ωj→ = |ωj→

Decompose the Floquet operator
<latexit sha1_base64="aeYWoYHh4aaY+zJDbNIUq2MwDj4=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoiHWmSHUjFN24rGAf0Kklk2ba0ExmSDLSMswvuPFX3LhQxK07d/6NaTuL2nrgwsk595J7jxsyKpVl/RiZpeWV1bXsem5jc2t7x9zdq8sgEpjUcMAC0XSRJIxyUlNUMdIMBUG+y0jDHdyM/cYjEZIG/F6NQtL2UY9Tj2KktNQxC+QhpsPkyvEEwrF9Qh2FeGF4VjpOYvt05tUx81bRmgAuEjsleZCi2jG/nW6AI59whRmSsmVboWrHSCiKGUlyTiRJiPAA9UhLU458Itvx5KIEHmmlC71A6OIKTtTZiRj5Uo58V3f6SPXlvDcW//NakfIu2zHlYaQIx9OPvIhBFcBxPLBLBcGKjTRBWFC9K8R9pLNROsScDsGeP3mR1EtFu1ws353nK9dpHFlwAA5BAdjgAlTALaiCGsDgCbyAN/BuPBuvxofxOW3NGOnMPvgD4+sXeK2cJQ==</latexit>

eix =
1 + i tan(x/2)

1→ i tan(x/2)

<latexit sha1_base64="dfaabqzdLFKwuRhrEhEYtnY/mvg=">AAACK3icbZDLSgNBEEV7fBtfUZduGoMQEcOMSHQjSNy4jGBMIDOGnk6NadLzoLtGCEP+x42/4kIXPnDrf9gZI2i0oOFybhXVdf1ECo22/WpNTc/Mzs0vLBaWlldW14rrG1c6ThWHBo9lrFo+0yBFBA0UKKGVKGChL6Hp989GfvMWlBZxdImDBLyQ3UQiEJyhQZ1iDa6zfdF3eazLbo8hdbEHyHaHJ26gGM+cPdHMjW+eOfsTpFMs2RU7L/pXOGNRIuOqd4qPbjfmaQgRcsm0bjt2gl7GFAouYVhwUw0J4312A20jIxaC9rL81iHdMaRLg1iZFyHN6c+JjIVaD0LfdIYMe3rSG8H/vHaKwbGXiShJESL+tShIJcWYjoKjXaGAoxwYwbgS5q+U95jJCE28BROCM3nyX3F1UHGqlerFYem0No5jgWyRbVImDjkip+Sc1EmDcHJHHsgzebHurSfrzXr/ap2yxjOb5FdZH590lac6</latexit>

e→ik cos(ω̂) =
1 + iW (ω̂)

1→ iW (ω̂)

<latexit sha1_base64="RnkxA2/06e4OAdWWCYe/pT0Dz9M=">AAACInicbVDLSgMxFM3UV62vUZdugkVokdaZIlUXQlEElxX6gs60ZNJMG5t5kGSEMvRb3Pgrblwo6krwY0zbWdTqgQsn59xL7j1OyKiQhvGlpZaWV1bX0uuZjc2t7R19d68hgohjUscBC3jLQYIw6pO6pJKRVsgJ8hxGms7weuI3HwgXNPBrchQS20N9n7oUI6mkrn5BOnGB5qwBkjDslE5KhZvufb42vrRcjnBsHtN+YubHsVmYe3X1rFE0poB/iZmQLEhQ7eofVi/AkUd8iRkSom0aobRjxCXFjIwzViRIiPAQ9UlbUR95RNjx9MQxPFJKD7oBV+VLOFXnJ2LkCTHyHNXpITkQi95E/M9rR9I9t2Pqh5EkPp595EYMygBO8oI9ygmWbKQIwpyqXSEeIJWNVKlmVAjm4sl/SaNUNMvF8t1ptnKVxJEGB+AQ5IAJzkAF3IIqqAMMHsEzeAVv2pP2or1rn7PWlJbM7INf0L5/AEIXoa4=</latexit>

e→i(p̂2/2→Ej)T =
1 + ig(p̂)

1→ ig(p̂)

<latexit sha1_base64="A6dsV4S57uA+4cLbGlxj+afTOlE=">AAACKnicbZDJSgNBEIZ74hbjFvXoZTAIEUmYEYlehKgXjxHMApkYejo1SZOehe4aIQx5Hi++ipcclODVB7GzHEziDw0/X1VRXb8bCa7QssZGam19Y3MrvZ3Z2d3bP8geHtVUGEsGVRaKUDZcqkDwAKrIUUAjkkB9V0Dd7T9M6vVXkIqHwTMOImj5tBtwjzOKGrWzd/CSFHjfYaHKOz2KDvYA6fnw1vEkZYl9wesLPLELS6SdzVlFaypz1dhzkyNzVdrZkdMJWexDgExQpZq2FWEroRI5EzDMOLGCiLI+7UJT24D6oFrJ9NSheaZJx/RCqV+A5pT+nUior9TAd3WnT7GnlmsT+F+tGaN300p4EMUIAZst8mJhYmhOcjM7XAJDMdCGMsn1X03Wozoj1OlmdAj28smrpnZZtEvF0tNVrnw/jyNNTsgpyRObXJMyeSQVUiWMvJEP8km+jHdjZIyN71lrypjPHJMFGT+/ErGnEA==</latexit>

e→ik cos(ω̂) =
1 + iW (ω̂)

1→ iW (ω̂)

Define a new vector
<latexit sha1_base64="z7c/6UjzLtVfnaSvWPBzlxJ/hoI="></latexit>

|ω̃j→ = eik cos(ω̂)|ωj→ = e→iT (p̂2/2→Ej)|ωj→

Quantum Signatures of Chaos, Haake



Not so fast: Absence of 
Quantum Chaos in the Rotor

<latexit sha1_base64="hMFKcsUOqh9CnHLngTbtjEwYEtk="></latexit>

|ω̃j→ = eik cos(ω̂)|ωj→ = eiT (p̂2/2→Ej)|ωj→
<latexit sha1_base64="9WFjGcwzdU4M6UT2wT1PVncSMew="></latexit>

|ωj→ = e→ik cos(ω̂)|ω̃j→ =
1 + iW (ε̂)

1↑ iW (ε̂)
|ω̃j→

<latexit sha1_base64="yzEZWzWsTdrnWhMkKeDM7rfNGSU="></latexit>

1

1 + iW (ω̂)
|εj→ =

1

1↑ iW (ω̂)
|ε̃j→ ↓ |uj→

<latexit sha1_base64="H2b/+FsPzXqEIRmLGBalgnt89aE=">AAACGHicbVDLSgNBEJz1bXxFPXoZDEJEiLsi6kUQvXhUMEbIhtA76WRHZ2eXmV4hRD/Di7/ixYMiXr35N05iEF8FDUVVN91dUaakJd9/90ZGx8YnJqemCzOzc/MLxcWlc5vmRmBVpCo1FxFYVFJjlSQpvMgMQhIprEVXR32/do3GylSfUTfDRgIdLdtSADmpWdy84WEWy+ZlaEB3FO7zcrAha+UwBuIhxUiwvn6Tf/nNYsmv+A PwvyQYkhIb4qRZfAtbqcgT1CQUWFsP/IwaPTAkhcLbQphbzEBcQQfrjmpI0DZ6g8du+ZpTWrydGlea+ED9PtGDxNpuErnOBCi2v72++J9Xz6m91+hJneWEWnwuaueKU8r7KfGWNChIdR0BYaS7lYsYDAhyWRZcCMHvl/+S861KsFPZOd0uHRwO45hiK2yVlVnAdtkBO2YnrMoEu2MP7Ik9e/feo/fivX62jnjDmWX2A97bBxeHnzg=</latexit>

|ωj→ = (1 + iW (ε̂))|uj→
<latexit sha1_base64="nR56vKywvGEMFJ/jRtxGoeDjkYQ="></latexit>

|ω̃j→ = (1↑ iW (ε̂))|uj→ = eiT (p̂2/2→Ej)|ωj→

<latexit sha1_base64="l9GZAUK0E9eywoCn6AGHjgQa6AI="></latexit>

(1→ iW (ω̂))|uj↑ = eiT (p̂2/2→Ej)(1 + iW (ω̂))|uj↑

Quantum Signatures of Chaos, Haake



Not so fast: Absence of 
Quantum Chaos in the Rotor

<latexit sha1_base64="l9GZAUK0E9eywoCn6AGHjgQa6AI="></latexit>

(1→ iW (ω̂))|uj↑ = eiT (p̂2/2→Ej)(1 + iW (ω̂))|uj↑

<latexit sha1_base64="0H8BcWBoeGEUzF0c93dk8ZkUDW4="></latexit>

(1→ iW (ω))uj(ω) = eiT ((→iωω)
2/2→Ej)(1 + iW (ω))uj(ω)

In the theta basis

Fourier transforming to the momentum basis
<latexit sha1_base64="Onpksmarp6evwCNJGW4eAesecA0=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXJUZkepGKLpxWcFeoB1KJk3b0CQzJBmhjF248VXcuFDErQ/hzrcxbQfR1h8CH/85h5PzhzFn2njel7O0vLK6tp7byG9ube/sunv7dR0litAaiXikmiHWlDNJa4YZTpuxoliEnDbC4dWk3rijSrNI3ppRTAOB+5L1GMHGWh230B5gg+J70VZY9jlFF+KHO27RK3lToUXwMyhCpmrH/Wx3I5IIKg3hWOuW78UmSLEyjHA6zrcTTWNMhrhPWxYlFlQH6fSIMTqyThf1ImWfNGjq/p5IsdB6JELbKbAZ6PnaxPyv1kpM7zxImYwTQyWZLeolHJkITRJBXaYoMXxkARPF7F8RGWCFibG55W0I/vzJi1A/KfnlUvnmtFi5zOLIQQEO4Rh8OIMKXEMVakDgAZ7gBV6dR+fZeXPeZ61LTjZzAH/kfHwDxiuYMw==</latexit>

p̂|m→ = m|m→

<latexit sha1_base64="QQW4Q2W2tFl32197WhuqcKwEwm0=">AAACGXicbVDLSgMxFM34tr6qLt0EiyAUy4xIdSOIblxWaG2hnYZMmtbYJDPmIZShv+HGX3HjQhGXuvJvzNQutPXAhZNz7iX3nijhTBvf//JmZufmFxaXlnMrq2vrG/nNrWsdW0VojcQ8Vo0Ia8qZpDXDDKeNRFEsIk7rUf8i8+v3VGkWy6oZJDQUuCdZlxFsnITyfhUJaNsC3RZb2gqUqpakd9AfwjpS0KLbdiqKanh6UEd+9hIoX/BL/ghwmgRjUgBjVFD+o9WJiRVUGsKx1s3AT0yYYmUY4XSYa1lNE0z6uEebjkosqA7T0WVDuOeUDuzGypU0cKT+nkix0HogItcpsLnRk14m/uc1remehCmTiTVUkp+PupZDE8MsJthhihLDB45gopjbFZIbrDAxLsycCyGYPHmaXB+WgnKpfHVUODsfx7EEdsAu2AcBOAZn4BJUQA0Q8ACewAt49R69Z+/Ne/9pnfHGM9vgD7zPbzgan9M=</latexit>

Tmum
j +

∑

r →=0

Wru
m+r
j = →W0u

m
j

<latexit sha1_base64="bur15z/gwoz7GpLEcTGhuWNXdTo=">AAACG3icbVDLSsNAFJ34tr6iLt0Ei6ALS1KkuhFENy4VrBWaGibTGzs4MwkzN0IJ/Q83/oobF4q4Elz4N07bLHwdGDiccy537okzwQ36/qczMTk1PTM7N19ZWFxaXnFX1y5NmmsGTZaKVF/F1IDgCprIUcBVpoHKWEArvj0Z+q070Ian6gL7GXQkvVE84YyilSK33toOsQdIdw5Dk8uokIe7IVcJ9gfXRUlakYTrgstxcBC5Vb/mj+D9JUFJqqTEWeS+h92U5RIUMkGNaQd+hp2CauRMwKAS5gYyym7pDbQtVVSC6RSj2wbellW6XpJq+xR6I/X7REGlMX0Z26Sk2DO/vaH4n9fOMTnoFFxlOYJi40VJLjxMvWFRXpdrYCj6llCmuf2rx3pUU4a2zootIfh98l9yWa8FjVrjfK96dFzWMUc2yCbZJgHZJ0fklJyRJmHknjySZ/LiPDhPzqvzNo5OOOXMOvkB5+MLhwWiaA==</latexit>

W (ω) =
→∑

m=↑→
Wmeimω

<latexit sha1_base64="wNOD9AeOkFQn+garUM/yxqstC8w=">AAACH3icbVDLSsNAFJ34rPVVdekmWARdWBKR6kYQ3bisYFVo2jCZ3tixM5MwcyOU0D9x46+4caGIuPNvnLZZ+DowcDjnXO7cE6WCG/S8T2dqemZ2br60UF5cWl5ZraytX5kk0wyaLBGJvomoAcEVNJGjgJtUA5WRgOuofzbyr+9BG56oSxyk0Jb0VvGYM4pWCiv1LLzbCbAHSHePA5PJMJfHewFXMQ6GnbwgNtSR0Mm5nESHYaXq1bwx3L/EL0iVFGiElY+gm7BMgkImqDEt30uxnVONnAkYloPMQEpZn95Cy1JFJZh2Pr5v6G5bpevGibZPoTtWv0/kVBozkJFNSoo989sbif95rQzjo3bOVZohKDZZFGfCxcQdleV2uQaGYmAJZZrbv7qsRzVlaCst2xL83yf/JVf7Nb9eq18cVE9OizpKZJNskR3ik0NyQs5JgzQJIw/kibyQV+fReXbenPdJdMopZjbIDzifXy/xpF0=</latexit>

uj(ω) =
→∑

m=↑→
um
j eimω

Quantum Signatures of Chaos, Haake

<latexit sha1_base64="ONI/zY4oP8eG+h5uboRnEz6wnaQ=">AAACDHicbVDLSgNBEJyNrxhfUY9eBoMQL2FXJHoRgl48RjAPyIYwO+kkY2Znl5leIcR8gBd/xYsHRbz6Ad78GyePgyYWDFRXddPTFcRSGHTdbye1tLyyupZez2xsbm3vZHf3qiZKNIcKj2Sk6wEzIIWCCgqUUI81sDCQUAv6V2O/dg/aiEjd4iCGZsi6SnQEZ2ilVjaXtO7yPvYA2fGFL5nqSqDT+iHx9aS2XW7BnYAuEm9GcmSGciv75bcjnoSgkEtmTMNzY2wOmUbBJYwyfmIgZrzPutCwVLEQTHM4OWZEj6zSpp1I26eQTtTfE0MWGjMIA9sZMuyZeW8s/uc1EuycN4dCxQmC4tNFnURSjOg4GdoWGjjKgSWMa2H/SnmPacbR5pexIXjzJy+S6knBKxaKN6e50uUsjjQ5IIckTzxyRkrkmpRJhXDySJ7JK3lznpwX5935mLamnNnMPvkD5/MHxGWbeQ==</latexit>

uj(ω) = →ω|u↑

<latexit sha1_base64="0tv8X7YQE3NuLvzMgYKPupzzagc=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYBFdlRqS6EYpuXFawF2jHIZNm2tgkMyQZoYx146u4caGIW9/CnW9jOp2Ftv4Q+PjPOZycP4gZVdpxvq3CwuLS8kpxtbS2vrG5ZW/vNFWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKhpeTeuueSEUjcaNHMfE46gsaUoy0sXx7L/Hvbvl5lyHRZwTyh6QrM/TtslNxMsF5cHMog1x13/7q9iKccCI0ZkipjuvE2kuR1BQzMi51E0VihIeoTzoGBeJEeWl2wRgeGqcHw0iaJzTM3N8TKeJKjXhgOjnSAzVbm5j/1TqJDs+8lIo40UTg6aIwYVBHcBIH7FFJsGYjAwhLav4K8QBJhLUJrWRCcGdPnofmccWtVqrXJ+XaRR5HEeyDA3AEXHAKauAK1EEDYPAInsEreLOerBfr3fqYthasfGYX/JH1+QOstpcO</latexit>

um
j = →m|u↑



Not so fast: Absence of 
Quantum Chaos in the Rotor

<latexit sha1_base64="QQW4Q2W2tFl32197WhuqcKwEwm0=">AAACGXicbVDLSgMxFM34tr6qLt0EiyAUy4xIdSOIblxWaG2hnYZMmtbYJDPmIZShv+HGX3HjQhGXuvJvzNQutPXAhZNz7iX3nijhTBvf//JmZufmFxaXlnMrq2vrG/nNrWsdW0VojcQ8Vo0Ia8qZpDXDDKeNRFEsIk7rUf8i8+v3VGkWy6oZJDQUuCdZlxFsnITyfhUJaNsC3RZb2gqUqpakd9AfwjpS0KLbdiqKanh6UEd+9hIoX/BL/ghwmgRjUgBjVFD+o9WJiRVUGsKx1s3AT0yYYmUY4XSYa1lNE0z6uEebjkosqA7T0WVDuOeUDuzGypU0cKT+nkix0HogItcpsLnRk14m/uc1remehCmTiTVUkp+PupZDE8MsJthhihLDB45gopjbFZIbrDAxLsycCyGYPHmaXB+WgnKpfHVUODsfx7EEdsAu2AcBOAZn4BJUQA0Q8ACewAt49R69Z+/Ne/9pnfHGM9vgD7zPbzgan9M=</latexit>

Tmum
j +

∑

r →=0

Wru
m+r
j = →W0u

m
j

We have mapped the quantum dynamics to a discrete Schrodinger equation 
in momentum space

Energy eigenvalueLong-range
Hopping between site
m and r

On-site energies
<latexit sha1_base64="MOuqQJGe67aijOCfCY2hGqYi7Sw=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFqAvbmSLVjVAUwWWFvmA6Dpk008YmmSHJCKV046+4caGIWz/DnX9j+lho64ELh3Pu5d57gphRpW3720otLa+srqXXMxubW9s72d29hooSiUkdRyySrQApwqggdU01I61YEsQDRppB/3rsNx+JVDQSNT2IicdRV9CQYqSN5GcPaj6/bGsk3PyN/3DK70vF0kmx5PnZnF2wJ4CLxJmRHJih6me/2p0IJ5wIjRlSynXsWHtDJDXFjIwy7USRGOE+6hLXUIE4Ud5w8sAIHhulA8NImhIaTtTfE0PElRrwwHRypHtq3huL/3luosMLb0hFnGgi8HRRmDCoIzhOA3aoJFizgSEIS2puhbiHJMLaZJYxITjzLy+SRqnglAvlu7Nc5WoWRxocgiOQBw44BxVwC6qgDjAYgWfwCt6sJ+vFerc+pq0pazazD/7A+vwByfiUmw==</latexit>

Tm = tan[(Ej →m2/2)/2]
<latexit sha1_base64="vmbe50uejuC6PBvrWFuK9JKKrqM="></latexit>

Wr = →
∫ 2ω

0

dω

2ε
eirε tan(k cos ω/2)

Quantum Signatures of Chaos, Haake



Not so fast: Absence of 
Quantum Chaos in the Rotor

<latexit sha1_base64="QQW4Q2W2tFl32197WhuqcKwEwm0=">AAACGXicbVDLSgMxFM34tr6qLt0EiyAUy4xIdSOIblxWaG2hnYZMmtbYJDPmIZShv+HGX3HjQhGXuvJvzNQutPXAhZNz7iX3nijhTBvf//JmZufmFxaXlnMrq2vrG/nNrWsdW0VojcQ8Vo0Ia8qZpDXDDKeNRFEsIk7rUf8i8+v3VGkWy6oZJDQUuCdZlxFsnITyfhUJaNsC3RZb2gqUqpakd9AfwjpS0KLbdiqKanh6UEd+9hIoX/BL/ghwmgRjUgBjVFD+o9WJiRVUGsKx1s3AT0yYYmUY4XSYa1lNE0z6uEebjkosqA7T0WVDuOeUDuzGypU0cKT+nkix0HogItcpsLnRk14m/uc1remehCmTiTVUkp+PupZDE8MsJthhihLDB45gopjbFZIbrDAxLsycCyGYPHmaXB+WgnKpfHVUODsfx7EEdsAu2AcBOAZn4BJUQA0Q8ACewAt49R69Z+/Ne/9pnfHGM9vgD7zPbzgan9M=</latexit>

Tmum
j +

∑

r →=0

Wru
m+r
j = →W0u

m
j

We have mapped the quantum dynamics to a discrete Schrodinger equation 
in momentum space

Energy eigenvalueLong-range
Hopping between site
m and r

On-site energies
<latexit sha1_base64="MOuqQJGe67aijOCfCY2hGqYi7Sw=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFqAvbmSLVjVAUwWWFvmA6Dpk008YmmSHJCKV046+4caGIWz/DnX9j+lho64ELh3Pu5d57gphRpW3720otLa+srqXXMxubW9s72d29hooSiUkdRyySrQApwqggdU01I61YEsQDRppB/3rsNx+JVDQSNT2IicdRV9CQYqSN5GcPaj6/bGsk3PyN/3DK70vF0kmx5PnZnF2wJ4CLxJmRHJih6me/2p0IJ5wIjRlSynXsWHtDJDXFjIwy7USRGOE+6hLXUIE4Ud5w8sAIHhulA8NImhIaTtTfE0PElRrwwHRypHtq3huL/3luosMLb0hFnGgi8HRRmDCoIzhOA3aoJFizgSEIS2puhbiHJMLaZJYxITjzLy+SRqnglAvlu7Nc5WoWRxocgiOQBw44BxVwC6qgDjAYgWfwCt6sJ+vFerc+pq0pazazD/7A+vwByfiUmw==</latexit>

Tm = tan[(Ej →m2/2)/2]
<latexit sha1_base64="vmbe50uejuC6PBvrWFuK9JKKrqM="></latexit>

Wr = →
∫ 2ω

0

dω

2ε
eirε tan(k cos ω/2)

Density of levels

Pseudorandom numbers

The sequence
<latexit sha1_base64="n5IFrtcYNBu+3VLwmJy/1hlNIFo=">AAACCHicbVDLSgMxFM3UV62vqksXBotQodaZItVlUQSXFewDOmPJpGkbm0yGJCOUoUs3/oobF4q49RPc+Tdm2i609cCFwzn3cu89fsio0rb9baUWFpeWV9KrmbX1jc2t7PZOXYlIYlLDggnZ9JEijAakpqlmpBlKgrjPSMMfXCZ+44FIRUVwq4ch8TjqBbRLMdJGamf381ft+2N+VzopHbkF6HKk+5LHXHRGbsENaTubs4v2GHCeOFOSA1NU29kvtyNwxEmgMUNKtRw71F6MpKaYkVHGjRQJER6gHmkZGiBOlBePHxnBQ6N0YFdIU4GGY/X3RIy4UkPum87kUDXrJeJ/XivS3XMvpkEYaRLgyaJuxKAWMEkFdqgkWLOhIQhLam6FuI8kwtpklzEhOLMvz5N6qeiUi+Wb01zlYhpHGuyBA5AHDjgDFXANqqAGMHgEz+AVvFlP1ov1bn1MWlPWdGYX/IH1+QNem5hY</latexit>

(Ej →m2/2)modω

Is ergodic in the interval
<latexit sha1_base64="SdRv3m1zrnESmqO2Vk4bwdxKRu0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REpHosevFYwX5AGspmu2mXbjbL7kYooT/CiwdFvPp7vPlv3LQ5aOuDgcd7M8zMCyVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyV3ud5+o0iwRj2YqaRDjkWARI9hYqeu7F33JgkG15tbdOdAq8QpSgwKtQfWrP0xIGlNhCMda+54rTZBhZRjhdFbpp5pKTCZ4RH1LBY6pDrL5uTN0ZpUhihJlSxg0V39PZDjWehqHtjPGZqyXvVz8z/NTE90EGRMyNVSQxaIo5cgkKP8dDZmixPCpJZgoZm9FZIwVJsYmVLEheMsvr5LOZd1r1BsPV7XmbRFHGU7gFM7Bg2towj20oA0EJvAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AjmCPFA==</latexit>

[0,ω]

Quantum Signatures of Chaos, Haake

<latexit sha1_base64="2BAUD+e6TarFIcHELjNCjKlxPgk=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIdVMTkepGKIrgskJf0IQwmUzasTOZMDMRSuzCX3HjQhG3/oY7/8Zpm4VWD9zL4Zx7mTsnSCiRyra/jMLC4tLySnG1tLa+sbllbu+0JU8Fwi3EKRfdAEpMSYxbiiiKu4nAkAUUd4Lh1cTv3GMhCY+bapRgj8F+TCKCoNKSb+65YsArTZ8dhbpdhNf+3bGbEN8s21V7CusvcXJSBjkavvnphhylDMcKUShlz7ET5WVQKIIoHpfcVOIEoiHs456mMWRYetn0/rF1qJXQirjQFStrqv7cyCCTcsQCPcmgGsh5byL+5/VSFZ17GYmTVOEYzR6KUmopbk3CsEIiMFJ0pAlEguhbLTSAAiKlIyvpEJz5L/8l7ZOqU6vWbk/L9cs8jiLYBwegAhxwBurgBjRACyDwAJ7AC3g1Ho1n4814n40WjHxnF/yC8fENqLWVPw==</latexit>

ω(Tm)dTm = dEj/ε

<latexit sha1_base64="o5QDyNBQ86EF0hGqcOsBXgWkfcA="></latexit>

dTm

dEj
=

1

2
cos→2((Ej →m2/2)/2) =

1

2
(1 + T 2

m)

(Normalizing)

<latexit sha1_base64="yueYUT2R8W3LVct7u8rEYpwIsis=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgtQkmKVDdC0Y3LCn1BE8NkOmmHziRhZiKUkK0bf8WNC0Xc+gfu/BunbRbaeuDC4Zx7ufceP2ZUKsv6NlZW19Y3Ngtbxe2d3b198+CwI6NEYNLGEYtEz0eSMBqStqKKkV4sCOI+I11/fDP1uw9ESBqFLTWJicvRMKQBxUhpyTOhI0ZRueXxypUTCIRTO0udmJbtM63d1yqZZ5asqjUDXCZ2TkogR9Mzv5xBhBNOQoUZkrJvW7FyUyQUxYxkRSeRJEZ4jIakr2mIOJFuOvskg6daGcAgErpCBWfq74kUcSkn3NedHKmRXPSm4n9eP1HBpZvSME4UCfF8UZAwqCI4jQUOqCBYsYkmCAuqb4V4hHQgSodX1CHYiy8vk06tater9bvzUuM6j6MAjsEJKAMbXIAGuAVN0AYYPIJn8ArejCfjxXg3PuatK0Y+cwT+wPj8AYJPmPQ=</latexit>

ω(Tm) =
1

ε(1 + T 2
m)



Not so fast: Absence of 
Quantum Chaos in the Rotor

<latexit sha1_base64="QQW4Q2W2tFl32197WhuqcKwEwm0=">AAACGXicbVDLSgMxFM34tr6qLt0EiyAUy4xIdSOIblxWaG2hnYZMmtbYJDPmIZShv+HGX3HjQhGXuvJvzNQutPXAhZNz7iX3nijhTBvf//JmZufmFxaXlnMrq2vrG/nNrWsdW0VojcQ8Vo0Ia8qZpDXDDKeNRFEsIk7rUf8i8+v3VGkWy6oZJDQUuCdZlxFsnITyfhUJaNsC3RZb2gqUqpakd9AfwjpS0KLbdiqKanh6UEd+9hIoX/BL/ghwmgRjUgBjVFD+o9WJiRVUGsKx1s3AT0yYYmUY4XSYa1lNE0z6uEebjkosqA7T0WVDuOeUDuzGypU0cKT+nkix0HogItcpsLnRk14m/uc1remehCmTiTVUkp+PupZDE8MsJthhihLDB45gopjbFZIbrDAxLsycCyGYPHmaXB+WgnKpfHVUODsfx7EEdsAu2AcBOAZn4BJUQA0Q8ACewAt49R69Z+/Ne/9pnfHGM9vgD7zPbzgan9M=</latexit>

Tmum
j +

∑

r →=0

Wru
m+r
j = →W0u

m
j

We have mapped the quantum dynamics to a discrete Schrodinger equation 
in momentum space

Energy eigenvalueLong-range
Hopping between site
m and r

On-site energies
<latexit sha1_base64="MOuqQJGe67aijOCfCY2hGqYi7Sw=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFqAvbmSLVjVAUwWWFvmA6Dpk008YmmSHJCKV046+4caGIWz/DnX9j+lho64ELh3Pu5d57gphRpW3720otLa+srqXXMxubW9s72d29hooSiUkdRyySrQApwqggdU01I61YEsQDRppB/3rsNx+JVDQSNT2IicdRV9CQYqSN5GcPaj6/bGsk3PyN/3DK70vF0kmx5PnZnF2wJ4CLxJmRHJih6me/2p0IJ5wIjRlSynXsWHtDJDXFjIwy7USRGOE+6hLXUIE4Ud5w8sAIHhulA8NImhIaTtTfE0PElRrwwHRypHtq3huL/3luosMLb0hFnGgi8HRRmDCoIzhOA3aoJFizgSEIS2puhbiHJMLaZJYxITjzLy+SRqnglAvlu7Nc5WoWRxocgiOQBw44BxVwC6qgDjAYgWfwCt6sJ+vFerc+pq0pazazD/7A+vwByfiUmw==</latexit>

Tm = tan[(Ej →m2/2)/2]
<latexit sha1_base64="vmbe50uejuC6PBvrWFuK9JKKrqM="></latexit>

Wr = →
∫ 2ω

0

dω

2ε
eirε tan(k cos ω/2)

For 
<latexit sha1_base64="NhDrHAzLj1euLg60U6L1rUKIbZE=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVF0MYygpcEkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KR3czv/XEtRGJesRxyoOYDpSIBKNoJX90001Fr1xxq+4cZJV4OalAjkav/NXtJyyLuUImqTEdz00xmFCNgkk+LXUzw1PKRnTAO5YqGnMTTObHTsmZVfokSrQthWSu/p6Y0NiYcRzazpji0Cx7M/E/r5NhdB1MhEoz5IotFkWZJJiQ2eekLzRnKMeWUKaFvZWwIdWUoc2nZEPwll9eJc2Lqler1h4uK/XbPI4inMApnIMHV1CHe2iADwwEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5ysjpM=</latexit>

k < ω
<latexit sha1_base64="oxPFrkAsd3aNodpi8xQW0b/NTcI=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegF48RzAOSTZiddJIhs7PLzKwSlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwrqNEMayxSESqGVCNgkusGW4ENmOFNAwENoLR7dRvPKLSPJIPZhyjH9KB5H3OqLFSp9FVbc1Dgp30XE26haJbcmcgy8TLSBEyVLuFr3YvYkmI0jBBtW55bmz8lCrDmcBJvp1ojCkb0QG2LJU0RO2ns6sn5NQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eKzH9az/lMk4MSjZf1E8EMRGZRkB6XCEzYmwJZYrbWwkbUkWZsUHlbQje4svLpH5R8sql8v1lsXKTxZGDYziBM/DgCipwB1WoAQMFz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwA2ZpJY</latexit>

Wr → e→r Can be proven
<latexit sha1_base64="yueYUT2R8W3LVct7u8rEYpwIsis=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgtQkmKVDdC0Y3LCn1BE8NkOmmHziRhZiKUkK0bf8WNC0Xc+gfu/BunbRbaeuDC4Zx7ufceP2ZUKsv6NlZW19Y3Ngtbxe2d3b198+CwI6NEYNLGEYtEz0eSMBqStqKKkV4sCOI+I11/fDP1uw9ESBqFLTWJicvRMKQBxUhpyTOhI0ZRueXxypUTCIRTO0udmJbtM63d1yqZZ5asqjUDXCZ2TkogR9Mzv5xBhBNOQoUZkrJvW7FyUyQUxYxkRSeRJEZ4jIakr2mIOJFuOvskg6daGcAgErpCBWfq74kUcSkn3NedHKmRXPSm4n9eP1HBpZvSME4UCfF8UZAwqCI4jQUOqCBYsYkmCAuqb4V4hHQgSodX1CHYiy8vk06tater9bvzUuM6j6MAjsEJKAMbXIAGuAVN0AYYPIJn8ArejCfjxXg3PuatK0Y+cwT+wPj8AYJPmPQ=</latexit>

ω(Tm) =
1

ε(1 + T 2
m)

Density of levels

Quantum Signatures of Chaos, Haake



Not so fast: Absence of 
Quantum Chaos in the Rotor

<latexit sha1_base64="QQW4Q2W2tFl32197WhuqcKwEwm0=">AAACGXicbVDLSgMxFM34tr6qLt0EiyAUy4xIdSOIblxWaG2hnYZMmtbYJDPmIZShv+HGX3HjQhGXuvJvzNQutPXAhZNz7iX3nijhTBvf//JmZufmFxaXlnMrq2vrG/nNrWsdW0VojcQ8Vo0Ia8qZpDXDDKeNRFEsIk7rUf8i8+v3VGkWy6oZJDQUuCdZlxFsnITyfhUJaNsC3RZb2gqUqpakd9AfwjpS0KLbdiqKanh6UEd+9hIoX/BL/ghwmgRjUgBjVFD+o9WJiRVUGsKx1s3AT0yYYmUY4XSYa1lNE0z6uEebjkosqA7T0WVDuOeUDuzGypU0cKT+nkix0HogItcpsLnRk14m/uc1remehCmTiTVUkp+PupZDE8MsJthhihLDB45gopjbFZIbrDAxLsycCyGYPHmaXB+WgnKpfHVUODsfx7EEdsAu2AcBOAZn4BJUQA0Q8ACewAt49R69Z+/Ne/9pnfHGM9vgD7zPbzgan9M=</latexit>

Tmum
j +

∑

r →=0

Wru
m+r
j = →W0u

m
j

We have mapped the quantum dynamics to a discrete Schrodinger equation 
in momentum space

Energy eigenvalueLong-range
Hopping between site
m and r

On-site energies
<latexit sha1_base64="MOuqQJGe67aijOCfCY2hGqYi7Sw=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFqAvbmSLVjVAUwWWFvmA6Dpk008YmmSHJCKV046+4caGIWz/DnX9j+lho64ELh3Pu5d57gphRpW3720otLa+srqXXMxubW9s72d29hooSiUkdRyySrQApwqggdU01I61YEsQDRppB/3rsNx+JVDQSNT2IicdRV9CQYqSN5GcPaj6/bGsk3PyN/3DK70vF0kmx5PnZnF2wJ4CLxJmRHJih6me/2p0IJ5wIjRlSynXsWHtDJDXFjIwy7USRGOE+6hLXUIE4Ud5w8sAIHhulA8NImhIaTtTfE0PElRrwwHRypHtq3huL/3luosMLb0hFnGgi8HRRmDCoIzhOA3aoJFizgSEIS2puhbiHJMLaZJYxITjzLy+SRqnglAvlu7Nc5WoWRxocgiOQBw44BxVwC6qgDjAYgWfwCt6sJ+vFerc+pq0pazazD/7A+vwByfiUmw==</latexit>

Tm = tan[(Ej →m2/2)/2]
<latexit sha1_base64="vmbe50uejuC6PBvrWFuK9JKKrqM="></latexit>

Wr = →
∫ 2ω

0

dω

2ε
eirε tan(k cos ω/2)

For 
<latexit sha1_base64="NhDrHAzLj1euLg60U6L1rUKIbZE=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVF0MYygpcEkiPsbfaSJXt7x+6cEEJ+g42FIrb+IDv/jZvkCk18MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KR3czv/XEtRGJesRxyoOYDpSIBKNoJX90001Fr1xxq+4cZJV4OalAjkav/NXtJyyLuUImqTEdz00xmFCNgkk+LXUzw1PKRnTAO5YqGnMTTObHTsmZVfokSrQthWSu/p6Y0NiYcRzazpji0Cx7M/E/r5NhdB1MhEoz5IotFkWZJJiQ2eekLzRnKMeWUKaFvZWwIdWUoc2nZEPwll9eJc2Lqler1h4uK/XbPI4inMApnIMHV1CHe2iADwwEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5ysjpM=</latexit>

k < ω
<latexit sha1_base64="oxPFrkAsd3aNodpi8xQW0b/NTcI=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegF48RzAOSTZiddJIhs7PLzKwSlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEAuujet+Oyura+sbm7mt/PbO7t5+4eCwrqNEMayxSESqGVCNgkusGW4ENmOFNAwENoLR7dRvPKLSPJIPZhyjH9KB5H3OqLFSp9FVbc1Dgp30XE26haJbcmcgy8TLSBEyVLuFr3YvYkmI0jBBtW55bmz8lCrDmcBJvp1ojCkb0QG2LJU0RO2ns6sn5NQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eKzH9az/lMk4MSjZf1E8EMRGZRkB6XCEzYmwJZYrbWwkbUkWZsUHlbQje4svLpH5R8sql8v1lsXKTxZGDYziBM/DgCipwB1WoAQMFz/AKb86T8+K8Ox/z1hUnmzmCP3A+fwA2ZpJY</latexit>

Wr → e→r Can be proven
<latexit sha1_base64="yueYUT2R8W3LVct7u8rEYpwIsis=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgtQkmKVDdC0Y3LCn1BE8NkOmmHziRhZiKUkK0bf8WNC0Xc+gfu/BunbRbaeuDC4Zx7ufceP2ZUKsv6NlZW19Y3Ngtbxe2d3b198+CwI6NEYNLGEYtEz0eSMBqStqKKkV4sCOI+I11/fDP1uw9ESBqFLTWJicvRMKQBxUhpyTOhI0ZRueXxypUTCIRTO0udmJbtM63d1yqZZ5asqjUDXCZ2TkogR9Mzv5xBhBNOQoUZkrJvW7FyUyQUxYxkRSeRJEZ4jIakr2mIOJFuOvskg6daGcAgErpCBWfq74kUcSkn3NedHKmRXPSm4n9eP1HBpZvSME4UCfF8UZAwqCI4jQUOqCBYsYkmCAuqb4V4hHQgSodX1CHYiy8vk06tater9bvzUuM6j6MAjsEJKAMbXIAGuAVN0AYYPIJn8ArejCfjxXg3PuatK0Y+cwT+wPj8AYJPmPQ=</latexit>

ω(Tm) =
1

ε(1 + T 2
m)

Density of levels

This is a disordered 1D hopping model, Anderson localizes!
Quantum Signatures of Chaos, Haake



Summary So Far

What we have learned so far:
The kicked top serves as a quintessential model for quantum chaos, the 3 
symmetry classes, GOE, GUE, GSE can be probed

Quantum Signatures of Chaos, Haake

The kicked rotor becomes dynamically localized and does not represent chaotic 
behavior.

What about the quantum spin chain?

<latexit sha1_base64="cZpFQo/AOnN/P/FhqCAQABY4aUE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdD++cvvlilt15yB/iZeTCuRo9MufvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolJ1YZkDDWthSSufpzIqORMZMosJ0RxZFZ9mbif143xfDSz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZf/ktaZ1WvVq3dnVfq13kcRTiCYzgFDy6gDrfQgCYwGMITvMCrI51n5815X7QWnHzmEH7B+fgGxjeNew==</latexit>

k = 0



Quantum Spin Chains
Focusing on the antiferromagnetic Heisenberg spin chain

It turns out to be integrable, solvable using the Bethe ansatz

<latexit sha1_base64="enoXxsO8nhF/jZGxOpkIa7n6na0=">AAACFXicbVDLSgMxFM3UV62vUZdugkUQlDIjUt0IRTfFVUX7gM5QMmmmDc08SO4IZZifcOOvuHGhiFvBnX9j+ljU1gMXTs65l9x7vFhwBZb1Y+SWlldW1/LrhY3Nre0dc3evoaJEUlankYhkyyOKCR6yOnAQrBVLRgJPsKY3uBn5zUcmFY/CBxjGzA1IL+Q+pwS01DFPq1e3jkqCDnf6BFLH8/F9ph+0G8GskvITO+uYRatkjYEXiT0lRTRFrWN+O92IJgELgQqiVNu2YnBTIoFTwbKCkygWEzogPdbWNCQBU246virDR1rpYj+SukLAY3V2IiWBUsPA050Bgb6a90bif147Af/STXkYJ8BCOvnITwSGCI8iwl0uGQUx1IRQyfWumPaJJBR0kAUdgj1/8iJpnJXscql8d16sXE/jyKMDdIiOkY0uUAVVUQ3VEUVP6AW9oXfj2Xg1PozPSWvOmM7soz8wvn4BUv+e8A==</latexit>

H = J

∑

i

Ŝi · Ŝi+1

Simply taking the quantum limit does not yield a chaotic system.

Add next nearest neighbor coupling
<latexit sha1_base64="LaPY+TxbSFneyMb9EY3z/R0wk8I=">AAACRHicjVDLSgMxFM3UV62vqks3wSIIhTJTRN0IRTelq4r2AZ0yZNJMG5p5kNwRyjAf58YPcOcXuHGhiFsxfSxq68IDgZNzzuUmx40EV2CaL0ZmZXVtfSO7mdva3tndy+8fNFUYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyhzdjv/XApOJhcA+jiHV90g+4xykBLTn5TvWq5li2in2H2wMCie16+C7VF9oLYV5JeNFKizWn/M9wOXXyBbNkToCXiTUjBTRD3ck/272Qxj4LgAqiVMcyI+gmRAKngqU5O1YsInRI+qyjaUB8prrJpIQUn2ilh71Q6hMAnqjzEwnxlRr5rk76BAZq0RuLf3mdGLzLbsKDKAYW0OkiLxYYQjxuFPe4ZBTESBNCJddvxXRAJKGge8/pEqzFLy+TZrlknZes27NC5XpWRxYdoWN0iix0gSqoiuqogSh6RK/oHX0YT8ab8Wl8TaMZYzZziH7B+P4B8bqyCw==</latexit>

H = J1

∑

i

Ŝi · Ŝi+1 + J2

∑

i

Ŝi · Ŝi+2

Do the many-body levels now look chaotic?



Quantum Spin Chains
<latexit sha1_base64="LaPY+TxbSFneyMb9EY3z/R0wk8I=">AAACRHicjVDLSgMxFM3UV62vqks3wSIIhTJTRN0IRTelq4r2AZ0yZNJMG5p5kNwRyjAf58YPcOcXuHGhiFsxfSxq68IDgZNzzuUmx40EV2CaL0ZmZXVtfSO7mdva3tndy+8fNFUYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyhzdjv/XApOJhcA+jiHV90g+4xykBLTn5TvWq5li2in2H2wMCie16+C7VF9oLYV5JeNFKizWn/M9wOXXyBbNkToCXiTUjBTRD3ck/272Qxj4LgAqiVMcyI+gmRAKngqU5O1YsInRI+qyjaUB8prrJpIQUn2ilh71Q6hMAnqjzEwnxlRr5rk76BAZq0RuLf3mdGLzLbsKDKAYW0OkiLxYYQjxuFPe4ZBTESBNCJddvxXRAJKGge8/pEqzFLy+TZrlknZes27NC5XpWRxYdoWN0iix0gSqoiuqogSh6RK/oHX0YT8ab8Wl8TaMZYzZziH7B+P4B8bqyCw==</latexit>

H = J1

∑

i

Ŝi · Ŝi+1 + J2

∑

i

Ŝi · Ŝi+2

Away from integrability the many-body levels satisfy random matrix theory

<latexit sha1_base64="/7cKRPVE1caRP+ovu8C8ayBG3IM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpFZVXw7LFbfmLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDGT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrpXNW8Rq3xUK80b/M4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBRr6NwQ==</latexit>

P (s)

<latexit sha1_base64="uBJN+HPA9IPXSPcXJ0pbeYJzVM8=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqewWqV6EohfxVMFtC+1Ssmm2Dc1mlyQrlKW/wYsHRbz6g7z5b0zbPWjrg4HHezPMzAsSwbVxnG9UWFvf2Nwqbpd2dvf2D8qHRy0dp4oyj8YiVp2AaCa4ZJ7hRrBOohiJAsHawfh25refmNI8lo9mkjA/IkPJQ06JsZJ3369dO/1yxak6c+BV4uakAjma/fJXbxDTNGLSUEG07rpOYvyMKMOpYNNSL9UsIXRMhqxrqSQR0342P3aKz6wywGGsbEmD5+rviYxEWk+iwHZGxIz0sjcT//O6qQmv/IzLJDVM0sWiMBXYxHj2OR5wxagRE0sIVdzeiumIKEKNzadkQ3CXX14lrVrVrVfrDxeVxk0eRxFO4BTOwYVLaMAdNMEDChye4RXekEQv6B19LFoLKJ85hj9Anz+7q43/</latexit>

J2 = 0
<latexit sha1_base64="6aXnE/l193zbKN0+9DmxN3SuFQY=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4WnaLVi9C0Yt4qmA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvFBypo3nfTsrq2vrG5uFreL2zu7efungsKmTVBHaIAlPVDvEmnImaMMww2lbKorjkNNWOLqd+q0nqjRLxKMZSxrEeCBYxAg2Vmrd9yrXnnvRK5U915sBLRM/J2XIUe+Vvrr9hKQxFYZwrHXH96QJMqwMI5xOit1UU4nJCA9ox1KBY6qDbHbuBJ1apY+iRNkSBs3U3xMZjrUex6HtjLEZ6kVvKv7ndVITXQUZEzI1VJD5oijlyCRo+jvqM0WJ4WNLMFHM3orIECtMjE2oaEPwF19eJs2K61fd6sN5uXaTx1GAYziBM/DhEmpwB3VoAIERPMMrvDnSeXHenY9564qTzxzBHzifP55ejnY=</latexit>

J2 = 0.5

Poilblanc et al EPL, (1993)



Strongly interacting 1D 
Fermions

Mukerjee, Oganesyan, Huse, PRB (2006)

<latexit sha1_base64="o9TaGdbBUp7XUC/d/Gy/0hymyLk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXloSkepFKErBYwX7AW0Im+22XbrZhN2NUEN/iRcPinj1p3jz37htc9DWBwOP92aYmRfEnCntON9Wbm19Y3Mrv13Y2d3bL9oHhy0VJZLQJol4JDsBVpQzQZuaaU47saQ4DDhtB+Pbmd9+pFKxSDzoSUy9EA8FGzCCtZF8u6h8dl33Wbnup6zsTn275FScOdAqcTNSggwN3/7q9SOShFRowrFSXdeJtZdiqRnhdFroJYrGmIzxkHYNFTikykvnh0/RqVH6aBBJU0Kjufp7IsWhUpMwMJ0h1iO17M3E/7xuogdXXspEnGgqyGLRIOFIR2iWAuozSYnmE0MwkczcisgIS0y0yapgQnCXX14lrfOKW61U7y9KtZssjjwcwwmcgQuXUIM7aEATCCTwDK/wZj1ZL9a79bFozVnZzBH8gfX5A4mXkmE=</latexit>

si = Ei → Ei→1

The many-body 
energy levels

Well described using 
the GOE ensemble



Need methods to Describe 
Many-Body Quantum Chaos

In addition to correlations, we will use the entanglement 
entropy (and several other notions from quantum 
information)

Random matrix theory is useful but its not enough.

Many-body quantum chaotic systems should thermalize: 
How is this described? 
How does this take place?



Characterizing Quantum 
Many Body Systems

A useful characterization for quantum many-
body systems beyond correlations is the 
nature of their entanglement structure 

h |O(x, t)O(0, 0)| i

<latexit sha1_base64="99VeQLCqyCpT2afw2RfqRPrqI5s=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtlJJIQd0V3bizgn1AE8pkOm2HTiZhZiKWtN/ixl9x40JRV4If4yTNorYeGDhz7j3ce48XMiqVZX0bK6tr6xubua389s7u3r55cNiUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6TuqtByIkDfi9GofE9dGA0z7FSGmpa146DPEBI9CpSzpxfKSGGLH4dlp8LKvS/N8qW6VJ0uWI1NE1C1bFSgGXiZ2RAshQ75qfTi/AkU+4wgxJ2bGtULkxEopiRqZ5J5IkRHiEBqSjKUc+kW6cnjiFp1rpwX4g9OMKpuq8I0a+lGPf053JznKxloj/1TqR6l+4MeVhpAjHs0H9iEEVwCQv2KOCYMXGmiAsqN4V4iESCCudal6HYC+evEyaZxW7WqneVQu1qyyOHDgGJ6AIbHAOauAG1EEDYPAEXsAbeDeejVfjw/iata4YmecI/IHx8wsKxaP4</latexit>



Characterizing Quantum 
Many Body Systems

Example: 2 spin-1/2s in a singlet A B 

| i = 1p
2
(| "Ai| #Bi � | #Ai| "Bi)

<latexit sha1_base64="0rNvsZYDUBIqfV86wdvmiT2y9oQ="></latexit>

“1 bit of entanglement”

A useful characterization for quantum many-
body systems beyond correlations is the 
nature of their entanglement structure 

h |O(x, t)O(0, 0)| i

<latexit sha1_base64="99VeQLCqyCpT2afw2RfqRPrqI5s=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtlJJIQd0V3bizgn1AE8pkOm2HTiZhZiKWtN/ixl9x40JRV4If4yTNorYeGDhz7j3ce48XMiqVZX0bK6tr6xubua389s7u3r55cNiUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6TuqtByIkDfi9GofE9dGA0z7FSGmpa146DPEBI9CpSzpxfKSGGLH4dlp8LKvS/N8qW6VJ0uWI1NE1C1bFSgGXiZ2RAshQ75qfTi/AkU+4wgxJ2bGtULkxEopiRqZ5J5IkRHiEBqSjKUc+kW6cnjiFp1rpwX4g9OMKpuq8I0a+lGPf053JznKxloj/1TqR6l+4MeVhpAjHs0H9iEEVwCQv2KOCYMXGmiAsqN4V4iESCCudal6HYC+evEyaZxW7WqneVQu1qyyOHDgGJ6AIbHAOauAG1EEDYPAEXsAbeDeejVfjw/iata4YmecI/IHx8wsKxaP4</latexit>



Characterizing Quantum 
Many Body Systems

A B 

| i = 1p
2
(| "Ai| #Bi � | #Ai| "Bi)

<latexit sha1_base64="0rNvsZYDUBIqfV86wdvmiT2y9oQ="></latexit>

SE = �TrA(⇢A log ⇢A)

<latexit sha1_base64="1Hp+CWfA2994Bdknml1q8a4Y+V0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkYJuhFYRXFbsDZoQJtNpO3SSCTMToYQ+gxtfxY0LRdy6cufbOGmz0NYfBj7+cw5zzu9HjEplWd9GbmV1bX0jv1nY2t7Z3TP3D9qSxwKTFuaMi66PJGE0JC1FFSPdSBAU+Ix0/PF1Wu88ECEpD5tqEhE3QMOQDihGSlueWb73buAlPIVOgNRIBElTePVpyREj7tWhw/gQzrnsmUWrYs0El8HOoAgyNTzzy+lzHAckVJghKXu2FSk3QUJRzMi04MSSRAiP0ZD0NIYoINJNZidN4Yl2+nDAhX6hgjP390SCAiknga8708XlYi01/6v1YjW4cBMaRrEiIZ5/NIgZVBym+cA+FQQrNtGAsKB6V4hHSCCsdIoFHYK9ePIytM8qdrVSvasWa1dZHHlwBI5BCdjgHNTALWiAFsDgETyDV/BmPBkvxrvxMW/NGdnMIfgj4/MHVjOcCQ==</latexit>

Von Neumann entanglement entropy ⇢ = | ih |

<latexit sha1_base64="1vZe56SFS36j9plrfWJC3RQZQPM=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRIp6EYounFZwT6gCWUyvWmHTiZhZiKUtGs3/oobF4q49Qvc+TdO2yy09cDlHs65l5l7goQzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDm6nfegCpWCzu9SgBPyJ9wUJGiTZS1z725CDGV3jsJYp5kog+B+zxvBtt3LXLTsWZAS8TNydllKPetb+8XkzTCISmnCjVcZ1E+xmRmlEOk5KXKkgIHZI+dAwVJALlZ7NTJvjUKD0cxtKU0Him/t7ISKTUKArMZET0QC16U/E/r5Pq8NLPmEhSDYLOHwpTjnWMp7ngHpNANR8ZQqhk5q+YDogkVJv0SiYEd/HkZdI8r7jVSvWuWq5d53EU0RE6QWfIRReohm5RHTUQRY/oGb2iN+vJerHerY/5aMHKdw7RH1ifP7SSmko=</latexit>

⇢A = TrB(| ih |)

<latexit sha1_base64="x+hzwJqzo46LbK6FxSqfl774v4w=">AAACG3icbVDNS8MwHE39nPOr6tFLcAjzMtox0Isw58XjhH3BWkqapVtYmpYkFUa3/8OL/4oXD4p4Ejz435huPejmg5DHe78fyXt+zKhUlvVtrK1vbG5tF3aKu3v7B4fm0XFHRonApI0jFomejyRhlJO2ooqRXiwICn1Guv74NvO7D0RIGvGWmsTEDdGQ04BipLTkmVVHjCLvBl5DJ0RqJMK0JWZeozx1YkkdgfiQEeiw/Nba9MIzS1bFmgOuEjsnJZCj6ZmfziDCSUi4wgxJ2betWLkpEopiRmZFJ5EkRniMhqSvKUchkW46zzaD51oZwCAS+nAF5+rvjRSFUk5CX09mAeSyl4n/ef1EBVduSnmcKMLx4qEgYVBFMCsKDqggWLGJJggLqv8K8QgJhJWus6hLsJcjr5JOtWLXKrX7WqneyOsogFNwBsrABpegDu5AE7QBBo/gGbyCN+PJeDHejY/F6JqR75yAPzC+fgCZVqEp</latexit>

Example: 2 spin-1/2s in a singlet

A useful characterization for quantum many-
body systems beyond correlations is the 
nature of their entanglement structure 

h |O(x, t)O(0, 0)| i

<latexit sha1_base64="99VeQLCqyCpT2afw2RfqRPrqI5s=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtlJJIQd0V3bizgn1AE8pkOm2HTiZhZiKWtN/ixl9x40JRV4If4yTNorYeGDhz7j3ce48XMiqVZX0bK6tr6xubua389s7u3r55cNiUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6TuqtByIkDfi9GofE9dGA0z7FSGmpa146DPEBI9CpSzpxfKSGGLH4dlp8LKvS/N8qW6VJ0uWI1NE1C1bFSgGXiZ2RAshQ75qfTi/AkU+4wgxJ2bGtULkxEopiRqZ5J5IkRHiEBqSjKUc+kW6cnjiFp1rpwX4g9OMKpuq8I0a+lGPf053JznKxloj/1TqR6l+4MeVhpAjHs0H9iEEVwCQv2KOCYMXGmiAsqN4V4iESCCudal6HYC+evEyaZxW7WqneVQu1qyyOHDgGJ6AIbHAOauAG1EEDYPAEXsAbeDeejVfjw/iata4YmecI/IHx8wsKxaP4</latexit>



Characterizing Quantum 
Many Body Systems

A B 

| i = 1p
2
(| "Ai| #Bi � | #Ai| "Bi)

<latexit sha1_base64="0rNvsZYDUBIqfV86wdvmiT2y9oQ="></latexit>

SE = �TrA(⇢A log ⇢A)

<latexit sha1_base64="1Hp+CWfA2994Bdknml1q8a4Y+V0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkYJuhFYRXFbsDZoQJtNpO3SSCTMToYQ+gxtfxY0LRdy6cufbOGmz0NYfBj7+cw5zzu9HjEplWd9GbmV1bX0jv1nY2t7Z3TP3D9qSxwKTFuaMi66PJGE0JC1FFSPdSBAU+Ix0/PF1Wu88ECEpD5tqEhE3QMOQDihGSlueWb73buAlPIVOgNRIBElTePVpyREj7tWhw/gQzrnsmUWrYs0El8HOoAgyNTzzy+lzHAckVJghKXu2FSk3QUJRzMi04MSSRAiP0ZD0NIYoINJNZidN4Yl2+nDAhX6hgjP390SCAiknga8708XlYi01/6v1YjW4cBMaRrEiIZ5/NIgZVBym+cA+FQQrNtGAsKB6V4hHSCCsdIoFHYK9ePIytM8qdrVSvasWa1dZHHlwBI5BCdjgHNTALWiAFsDgETyDV/BmPBkvxrvxMW/NGdnMIfgj4/MHVjOcCQ==</latexit>

Von Neumann entanglement entropy ⇢ = | ih |

<latexit sha1_base64="1vZe56SFS36j9plrfWJC3RQZQPM=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRIp6EYounFZwT6gCWUyvWmHTiZhZiKUtGs3/oobF4q49Qvc+TdO2yy09cDlHs65l5l7goQzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDm6nfegCpWCzu9SgBPyJ9wUJGiTZS1z725CDGV3jsJYp5kog+B+zxvBtt3LXLTsWZAS8TNydllKPetb+8XkzTCISmnCjVcZ1E+xmRmlEOk5KXKkgIHZI+dAwVJALlZ7NTJvjUKD0cxtKU0Him/t7ISKTUKArMZET0QC16U/E/r5Pq8NLPmEhSDYLOHwpTjnWMp7ngHpNANR8ZQqhk5q+YDogkVJv0SiYEd/HkZdI8r7jVSvWuWq5d53EU0RE6QWfIRReohm5RHTUQRY/oGb2iN+vJerHerY/5aMHKdw7RH1ifP7SSmko=</latexit>

⇢A = TrB(| ih |)

<latexit sha1_base64="x+hzwJqzo46LbK6FxSqfl774v4w=">AAACG3icbVDNS8MwHE39nPOr6tFLcAjzMtox0Isw58XjhH3BWkqapVtYmpYkFUa3/8OL/4oXD4p4Ejz435huPejmg5DHe78fyXt+zKhUlvVtrK1vbG5tF3aKu3v7B4fm0XFHRonApI0jFomejyRhlJO2ooqRXiwICn1Guv74NvO7D0RIGvGWmsTEDdGQ04BipLTkmVVHjCLvBl5DJ0RqJMK0JWZeozx1YkkdgfiQEeiw/Nba9MIzS1bFmgOuEjsnJZCj6ZmfziDCSUi4wgxJ2betWLkpEopiRmZFJ5EkRniMhqSvKUchkW46zzaD51oZwCAS+nAF5+rvjRSFUk5CX09mAeSyl4n/ef1EBVduSnmcKMLx4qEgYVBFMCsKDqggWLGJJggLqv8K8QgJhJWus6hLsJcjr5JOtWLXKrX7WqneyOsogFNwBsrABpegDu5AE7QBBo/gGbyCN+PJeDHejY/F6JqR75yAPzC+fgCZVqEp</latexit>

⇢A =

✓
1
2 0
0 1

2

◆

<latexit sha1_base64="jzck3RzT06/Xv43o60GK3Zf1IqI="></latexit>

= log 2

<latexit sha1_base64="5LHY/lIFV8djW37ryB0UPbnL/dI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q0IsQ9OIxgnlAsoTZyWwyZB7rzKwQlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e2vrG5tb24Wd4u7e/sFh6ei4ZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7GtzO//US1YUo+2ElCQ4GHksWMYOukzjXqcTVE1X6p7Ff8OdAqCXJShhyNfumrN1AkFVRawrEx3cBPbJhhbRnhdFrspYYmmIzxkHYdlVhQE2bze6fo3CkDFCvtSlo0V39PZFgYMxGR6xTYjsyyNxP/87qpja/CjMkktVSSxaI45cgqNHseDZimxPKJI5ho5m5FZIQ1JtZFVHQhBMsvr5JWtRLUKrX7Wrl+k8dRgFM4gwsI4BLqcAcNaAIBDs/wCm/eo/fivXsfi9Y1L585gT/wPn8AuhePHg==</latexit>

“1 bit of entanglement”

Example: 2 spin-1/2s in a singlet

A useful characterization for quantum many-
body systems beyond correlations is the 
nature of their entanglement structure 

h |O(x, t)O(0, 0)| i

<latexit sha1_base64="99VeQLCqyCpT2afw2RfqRPrqI5s=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtlJJIQd0V3bizgn1AE8pkOm2HTiZhZiKWtN/ixl9x40JRV4If4yTNorYeGDhz7j3ce48XMiqVZX0bK6tr6xubua389s7u3r55cNiUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6TuqtByIkDfi9GofE9dGA0z7FSGmpa146DPEBI9CpSzpxfKSGGLH4dlp8LKvS/N8qW6VJ0uWI1NE1C1bFSgGXiZ2RAshQ75qfTi/AkU+4wgxJ2bGtULkxEopiRqZ5J5IkRHiEBqSjKUc+kW6cnjiFp1rpwX4g9OMKpuq8I0a+lGPf053JznKxloj/1TqR6l+4MeVhpAjHs0H9iEEVwCQv2KOCYMXGmiAsqN4V4iESCCudal6HYC+evEyaZxW7WqneVQu1qyyOHDgGJ6AIbHAOauAG1EEDYPAEXsAbeDeejVfjw/iata4YmecI/IHx8wsKxaP4</latexit>



Characterizing Quantum 
Many Body Systems

A B 

SE = �TrA(⇢A log ⇢A)

<latexit sha1_base64="1Hp+CWfA2994Bdknml1q8a4Y+V0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkYJuhFYRXFbsDZoQJtNpO3SSCTMToYQ+gxtfxY0LRdy6cufbOGmz0NYfBj7+cw5zzu9HjEplWd9GbmV1bX0jv1nY2t7Z3TP3D9qSxwKTFuaMi66PJGE0JC1FFSPdSBAU+Ix0/PF1Wu88ECEpD5tqEhE3QMOQDihGSlueWb73buAlPIVOgNRIBElTePVpyREj7tWhw/gQzrnsmUWrYs0El8HOoAgyNTzzy+lzHAckVJghKXu2FSk3QUJRzMi04MSSRAiP0ZD0NIYoINJNZidN4Yl2+nDAhX6hgjP390SCAiknga8708XlYi01/6v1YjW4cBMaRrEiIZ5/NIgZVBym+cA+FQQrNtGAsKB6V4hHSCCsdIoFHYK9ePIytM8qdrVSvasWa1dZHHlwBI5BCdjgHNTALWiAFsDgETyDV/BmPBkvxrvxMW/NGdnMIfgj4/MHVjOcCQ==</latexit>

Von Neumann entanglement entropy ⇢ = | ih |

<latexit sha1_base64="1vZe56SFS36j9plrfWJC3RQZQPM=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRIp6EYounFZwT6gCWUyvWmHTiZhZiKUtGs3/oobF4q49Qvc+TdO2yy09cDlHs65l5l7goQzpR3n2yqsrK6tbxQ3S1vbO7t79v5BU8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAXDm6nfegCpWCzu9SgBPyJ9wUJGiTZS1z725CDGV3jsJYp5kog+B+zxvBtt3LXLTsWZAS8TNydllKPetb+8XkzTCISmnCjVcZ1E+xmRmlEOk5KXKkgIHZI+dAwVJALlZ7NTJvjUKD0cxtKU0Him/t7ISKTUKArMZET0QC16U/E/r5Pq8NLPmEhSDYLOHwpTjnWMp7ngHpNANR8ZQqhk5q+YDogkVJv0SiYEd/HkZdI8r7jVSvWuWq5d53EU0RE6QWfIRReohm5RHTUQRY/oGb2iN+vJerHerY/5aMHKdw7RH1ifP7SSmko=</latexit>

⇢A = TrB(| ih |)

<latexit sha1_base64="x+hzwJqzo46LbK6FxSqfl774v4w=">AAACG3icbVDNS8MwHE39nPOr6tFLcAjzMtox0Isw58XjhH3BWkqapVtYmpYkFUa3/8OL/4oXD4p4Ejz435huPejmg5DHe78fyXt+zKhUlvVtrK1vbG5tF3aKu3v7B4fm0XFHRonApI0jFomejyRhlJO2ooqRXiwICn1Guv74NvO7D0RIGvGWmsTEDdGQ04BipLTkmVVHjCLvBl5DJ0RqJMK0JWZeozx1YkkdgfiQEeiw/Nba9MIzS1bFmgOuEjsnJZCj6ZmfziDCSUi4wgxJ2betWLkpEopiRmZFJ5EkRniMhqSvKUchkW46zzaD51oZwCAS+nAF5+rvjRSFUk5CX09mAeSyl4n/ef1EBVduSnmcKMLx4qEgYVBFMCsKDqggWLGJJggLqv8K8QgJhJWus6hLsJcjr5JOtWLXKrX7WqneyOsogFNwBsrABpegDu5AE7QBBo/gGbyCN+PJeDHejY/F6JqR75yAPzC+fgCZVqEp</latexit>

No entanglement!

| i = | "Ai| "Bi

<latexit sha1_base64="jyPZV6f44Gu0WZXD+D6jo9EU6jE=">AAACOHicbVDLSgMxFM3UV62vqks3wSK4KjNS0I1Q68adFewDOqVk0ts2NJMZkoxSpvNZbvwMd+LGhSJu/QLTdgRtPRA4nHNubnK8kDOlbfvZyiwtr6yuZddzG5tb2zv53b26CiJJoUYDHsimRxRwJqCmmebQDCUQ3+PQ8IaXE79xB1KxQNzqUQhtn/QF6zFKtJE6+euxGyrmSiL6HPA5HrtRSKQM7juxO709ltBNLpI0sWh7PIKk8uPjTr5gF+0p8CJxUlJAKaqd/JPbDWjkg9CUE6Vajh3qdkykZpRDknMjBSGhQ9KHlqGC+KDa8XR3go+M0sW9QJojNJ6qvydi4is18j2T9IkeqHlvIv7ntSLdO2vHTISRBkFni3oRxzrAkxZxl0mgmo8MIVQy81ZMB0QSqk3XOVOCM//lRVI/KTqlYummVChX0jqy6AAdomPkoFNURleoimqIogf0gt7Qu/VovVof1ucsmrHSmX30B9bXN3XGr9I=</latexit>

= 0

<latexit sha1_base64="01ikcGRMH2KvkWK9v/YJc/Z3v6w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoBeh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6eHa7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/dErOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7fJQGjOUE4soUwLeythI6opQxtOyYbgLb+8SloXVa9Wrd3XKvWbPI4inMApnIMHl1CHO2hAExiE8Ayv8OaMnRfn3flYtBacfOYY/sD5/AH89I0C</latexit>

=

✓
1 0
0 0

◆

<latexit sha1_base64="sJI9BmynuSog3brFU7BK2Vu6G/E="></latexit>

Example: 2 spin-1/2s aligned

A useful characterization for quantum many-
body systems beyond correlations is the 
nature of their entanglement structure 

h |O(x, t)O(0, 0)| i

<latexit sha1_base64="99VeQLCqyCpT2afw2RfqRPrqI5s=">AAACInicbVDLSsNAFJ34rPUVdelmsAgtlJJIQd0V3bizgn1AE8pkOm2HTiZhZiKWtN/ixl9x40JRV4If4yTNorYeGDhz7j3ce48XMiqVZX0bK6tr6xubua389s7u3r55cNiUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6TuqtByIkDfi9GofE9dGA0z7FSGmpa146DPEBI9CpSzpxfKSGGLH4dlp8LKvS/N8qW6VJ0uWI1NE1C1bFSgGXiZ2RAshQ75qfTi/AkU+4wgxJ2bGtULkxEopiRqZ5J5IkRHiEBqSjKUc+kW6cnjiFp1rpwX4g9OMKpuq8I0a+lGPf053JznKxloj/1TqR6l+4MeVhpAjHs0H9iEEVwCQv2KOCYMXGmiAsqN4V4iESCCudal6HYC+evEyaZxW7WqneVQu1qyyOHDgGJ6AIbHAOauAG1EEDYPAEXsAbeDeejVfjw/iata4YmecI/IHx8wsKxaP4</latexit>



Characterizing Quantum 
Many Body Systems

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

A 

a weakly entangled state
short range collection of singlets: 

e.g. ground state of a valence bond solid

perimeter of length L

SE ⇠ Ld�1

<latexit sha1_base64="GQ2cIcffxvHnQo2cC8L8n8CoS14=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFEVy4qGgf0MYwmUzaoTNJmJkUSuifuHGhiFv/xJ1/4/Sx0NYDFw7n3Mu99wQpZ0o7zrdVWFldW98obpa2tnd29+z9g6ZKMklogyQ8ke0AK8pZTBuaaU7bqaRYBJy2gsH1xG8NqVQsiR/1KKWewL2YRYxgbSTfth/8G9RVTKC7pzw8c8e+XXYqzhRombhzUoY56r791Q0Tkgkaa8KxUh3XSbWXY6kZ4XRc6maKppgMcI92DI2xoMrLp5eP0YlRQhQl0lSs0VT9PZFjodRIBKZTYN1Xi95E/M/rZDq69HIWp5mmMZktijKOdIImMaCQSUo0HxmCiWTmVkT6WGKiTVglE4K7+PIyaZ5X3Gqlel8t167mcRThCI7hFFy4gBrcQh0aQGAIz/AKb1ZuvVjv1sestWDNZw7hD6zPH/DzkpI=</latexit>

“area law”



Characterizing Quantum 
Many Body Systems

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

A 

a weakly entangled state
short range collection of singlets: 

e.g. ground state of a valence bond solid

“area law”

perimeter of length L

…
…

many-body 
Energy spectra

EN

<latexit sha1_base64="qLGmxX706nbPKwTowI9nPsqeLRs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9FgUwZNUtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup76rSeujYjVI44T7kd0oEQoGEUrPdz07nqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmecWrVqr31XLtKo+jAMdwAmfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89YVJ585gj9wPn8A7CmNkQ==</latexit>

characteristic of the ground state 
entanglement of gapped Hamiltonians

proven in 1D, Hasings JSTAT (2007)

Ground State Gap

SE ⇠ Ld�1

<latexit sha1_base64="GQ2cIcffxvHnQo2cC8L8n8CoS14=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFEVy4qGgf0MYwmUzaoTNJmJkUSuifuHGhiFv/xJ1/4/Sx0NYDFw7n3Mu99wQpZ0o7zrdVWFldW98obpa2tnd29+z9g6ZKMklogyQ8ke0AK8pZTBuaaU7bqaRYBJy2gsH1xG8NqVQsiR/1KKWewL2YRYxgbSTfth/8G9RVTKC7pzw8c8e+XXYqzhRombhzUoY56r791Q0Tkgkaa8KxUh3XSbWXY6kZ4XRc6maKppgMcI92DI2xoMrLp5eP0YlRQhQl0lSs0VT9PZFjodRIBKZTYN1Xi95E/M/rZDq69HIWp5mmMZktijKOdIImMaCQSUo0HxmCiWTmVkT6WGKiTVglE4K7+PIyaZ5X3Gqlel8t167mcRThCI7hFFy4gBrcQh0aQGAIz/AKb1ZuvVjv1sestWDNZw7hD6zPH/DzkpI=</latexit>



Characterizing Quantum 
Many Body Systems

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

A 

A highly entangled state 
at finite energy density

“volume law”

perimeter of length L

…
…

many-body 
Energy spectra

EN

<latexit sha1_base64="qLGmxX706nbPKwTowI9nPsqeLRs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9FgUwZNUtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup76rSeujYjVI44T7kd0oEQoGEUrPdz07nqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmecWrVqr31XLtKo+jAMdwAmfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89YVJ585gj9wPn8A7CmNkQ==</latexit>

Ground State Gap

SE ⇠ Ld

<latexit sha1_base64="OSNc/vCRZxk1iTzaP2QWZZzebr4=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgh6LInjwUNF+QLst2TTbhibZJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwehq6jcfqdIskg9mHFNf4IFkISPYWKl737tGHc0Euu2m/UmvWHLL7gxomXgZKUGGWq/41elHJBFUGsKx1m3PjY2fYmUY4XRS6CSaxpiM8IC2LZVYUO2ns6sn6MQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ue1ExNe+CmTcWKoJPNFYcKRidA0AtRnihLDx5Zgopi9FZEhVpgYG1TBhuAtvrxMGmdlr1Ku3FVK1cssjjwcwTGcggfnUIUbqEEdCCh4hld4c56cF+fd+Zi35pxs5hD+wPn8AZdFke8=</latexit>

Highly Excited
State



Characterizing Quantum 
Many Body Systems

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

A 

A highly entangled state 
at finite energy density

“volume law”

perimeter of length L

…
…

many-body 
Energy spectra

EN

<latexit sha1_base64="qLGmxX706nbPKwTowI9nPsqeLRs=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9FgUwZNUtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup76rSeujYjVI44T7kd0oEQoGEUrPdz07nqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/NTp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7QheIsvL5PmecWrVqr31XLtKo+jAMdwAmfgwQXU4Bbq0AAGA3iGV3hzpPPivDsf89YVJ585gj9wPn8A7CmNkQ==</latexit>

Ground State Gap

SE ⇠ Ld

<latexit sha1_base64="OSNc/vCRZxk1iTzaP2QWZZzebr4=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgh6LInjwUNF+QLst2TTbhibZJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwehq6jcfqdIskg9mHFNf4IFkISPYWKl737tGHc0Euu2m/UmvWHLL7gxomXgZKUGGWq/41elHJBFUGsKx1m3PjY2fYmUY4XRS6CSaxpiM8IC2LZVYUO2ns6sn6MQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ue1ExNe+CmTcWKoJPNFYcKRidA0AtRnihLDx5Zgopi9FZEhVpgYG1TBhuAtvrxMGmdlr1Ku3FVK1cssjjwcwTGcggfnUIUbqEEdCCh4hld4c56cF+fd+Zi35pxs5hD+wPn8AZdFke8=</latexit>

| (t)i = e�iHt| 0i

<latexit sha1_base64="ngQXxWaE6/vfYmuDDipcuSR0ltI=">AAACEHicbZBNS8NAEIY39avWr6pHL8Ei1oMlkYJehKKXHivYD2hi2Wyn7dLNJuxOhBL7E7z4V7x4UMSrR2/+G9M2B219YeHlmRlm5/VCwTVa1reRWVpeWV3Lruc2Nre2d/K7ew0dRIpBnQUiUC2PahBcQh05CmiFCqjvCWh6w+tJvXkPSvNA3uIoBNenfcl7nFFMUCd//ODUNC/iiaOo7Au4hLv4lFdxPOUdK8W5Tr5glaypzEVjp6ZAUtU6+S+nG7DIB4lMUK3bthWiG1OFnAkY55xIQ0jZkPahnVhJfdBuPD1obB4lpGv2ApU8ieaU/p6Iqa/1yPeSTp/iQM/XJvC/WjvC3oUbcxlGCJLNFvUiYWJgTtIxu1wBQzFKDGWKJ3812YAqyjDJcBKCPX/yommclexyqXxTLlSu0jiy5IAckiKxyTmpkCqpkTph5JE8k1fyZjwZL8a78TFrzRjpzD75I+PzBwIxnJI=</latexit>

The long time-dynamics of 
a many body Hamiltonian

| 0i = | "# . . . "#i

<latexit sha1_base64="iYYDM/DzDtjfC7KJkTj0Rnzi79U=">AAACMHicbVBLSwMxGMzWV62vVY9egkXwVHaloBeh6EGPFewDumXJptk2NJssSdZStv1JXvwpelFQxKu/wrRdRNsOBIaZb5J8E8SMKu04b1ZuZXVtfSO/Wdja3tnds/cP6kokEpMaFkzIZoAUYZSTmqaakWYsCYoCRhpB/3riNx6IVFTwez2MSTtCXU5DipE2km/fjLyqor7jScS7jMBLOPKSGEkpBtDriAH/pVrBpc4s6NtFp+RMAReJm5EiyFD17WdzCU4iwjVmSKmW68S6nSKpKWZkXPASRWKE+6hLWoZyFBHVTqcLj+GJUTowFNIcruFU/ZtIUaTUMArMZIR0T817E3GZ10p0eNFOKY8TTTiePRQmDGoBJ+3BDpUEazY0BGFJzV8h7iGJsDYdF0wJ7vzKi6R+VnLLpfJduVi5yurIgyNwDE6BC85BBdyCKqgBDB7BC3gHH9aT9Wp9Wl+z0ZyVZQ7BP1jfP9mnqro=</latexit>



Characterizing Quantum 
Many Body Systems

“volume law”SE ⇠ Ld

<latexit sha1_base64="OSNc/vCRZxk1iTzaP2QWZZzebr4=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgh6LInjwUNF+QLst2TTbhibZJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwehq6jcfqdIskg9mHFNf4IFkISPYWKl737tGHc0Euu2m/UmvWHLL7gxomXgZKUGGWq/41elHJBFUGsKx1m3PjY2fYmUY4XRS6CSaxpiM8IC2LZVYUO2ns6sn6MQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ue1ExNe+CmTcWKoJPNFYcKRidA0AtRnihLDx5Zgopi9FZEhVpgYG1TBhuAtvrxMGmdlr1Ku3FVK1cssjjwcwTGcggfnUIUbqEEdCCh4hld4c56cF+fd+Zi35pxs5hD+wPn8AZdFke8=</latexit>

“area law”SE ⇠ Ld�1

<latexit sha1_base64="GQ2cIcffxvHnQo2cC8L8n8CoS14=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFEVy4qGgf0MYwmUzaoTNJmJkUSuifuHGhiFv/xJ1/4/Sx0NYDFw7n3Mu99wQpZ0o7zrdVWFldW98obpa2tnd29+z9g6ZKMklogyQ8ke0AK8pZTBuaaU7bqaRYBJy2gsH1xG8NqVQsiR/1KKWewL2YRYxgbSTfth/8G9RVTKC7pzw8c8e+XXYqzhRombhzUoY56r791Q0Tkgkaa8KxUh3XSbWXY6kZ4XRc6maKppgMcI92DI2xoMrLp5eP0YlRQhQl0lSs0VT9PZFjodRIBKZTYN1Xi95E/M/rZDq69HIWp5mmMZktijKOdIImMaCQSUo0HxmCiWTmVkT6WGKiTVglE4K7+PIyaZ5X3Gqlel8t167mcRThCI7hFFy4gBrcQh0aQGAIz/AKb1ZuvVjv1sestWDNZw7hD6zPH/DzkpI=</latexit>

weakly entangled

highly entangled

In summary, quantum states can be broadly classified by their 
entanglement structure.

Many-body quantum chaotic states are highly entangled



Characterizing Quantum 
Many Body Systems

In summary, quantum states can be broadly classified by their 
entanglement structure.

In d=1, critical states acquire a log-correction

“volume law”SE ⇠ Ld

<latexit sha1_base64="OSNc/vCRZxk1iTzaP2QWZZzebr4=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVgh6LInjwUNF+QLst2TTbhibZJckqZen/8OJBEa/+F2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwehq6jcfqdIskg9mHFNf4IFkISPYWKl737tGHc0Euu2m/UmvWHLL7gxomXgZKUGGWq/41elHJBFUGsKx1m3PjY2fYmUY4XRS6CSaxpiM8IC2LZVYUO2ns6sn6MQqfRRGypY0aKb+nkix0HosAtspsBnqRW8q/ue1ExNe+CmTcWKoJPNFYcKRidA0AtRnihLDx5Zgopi9FZEhVpgYG1TBhuAtvrxMGmdlr1Ku3FVK1cssjjwcwTGcggfnUIUbqEEdCCh4hld4c56cF+fd+Zi35pxs5hD+wPn8AZdFke8=</latexit>

“area law”SE ⇠ Ld�1

<latexit sha1_base64="GQ2cIcffxvHnQo2cC8L8n8CoS14=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJIQZdFEVy4qGgf0MYwmUzaoTNJmJkUSuifuHGhiFv/xJ1/4/Sx0NYDFw7n3Mu99wQpZ0o7zrdVWFldW98obpa2tnd29+z9g6ZKMklogyQ8ke0AK8pZTBuaaU7bqaRYBJy2gsH1xG8NqVQsiR/1KKWewL2YRYxgbSTfth/8G9RVTKC7pzw8c8e+XXYqzhRombhzUoY56r791Q0Tkgkaa8KxUh3XSbWXY6kZ4XRc6maKppgMcI92DI2xoMrLp5eP0YlRQhQl0lSs0VT9PZFjodRIBKZTYN1Xi95E/M/rZDq69HIWp5mmMZktijKOdIImMaCQSUo0HxmCiWTmVkT6WGKiTVglE4K7+PIyaZ5X3Gqlel8t167mcRThCI7hFFy4gBrcQh0aQGAIz/AKb1ZuvVjv1sestWDNZw7hD6zPH/DzkpI=</latexit>

SE ⇠ logL

<latexit sha1_base64="7+MnzPiXTg5lSkbt4BV7zgBM4f4=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRIp6LIoggsXFe0DmhAm00k7dB5hZiLU0C9x40IRt36KO//GaZuFth64cDjnXu69J04Z1cbzvp2V1bX1jc3SVnl7Z3ev4u4ftLXMFCYtLJlU3RhpwqggLUMNI91UEcRjRjrx6Grqdx6J0lSKBzNOScjRQNCEYmSsFLmV++gaBppyGDA5gLeRW/Vq3gxwmfgFqYICzcj9CvoSZ5wIgxnSuud7qQlzpAzFjEzKQaZJivAIDUjPUoE40WE+O3wCT6zSh4lUtoSBM/X3RI641mMe206OzFAvelPxP6+XmeQizKlIM0MEni9KMgaNhNMUYJ8qgg0bW4KwovZWiIdIIWxsVmUbgr/48jJpn9X8eq1+V682Los4SuAIHINT4INz0AA3oAlaAIMMPINX8OY8OS/Ou/Mxb11xiplD8AfO5w8/BpIu</latexit>

weakly entangled

highly entangled

Calabrese and Cardy, J. Stat. Mech (2004)

Many-body quantum chaotic states are highly entangled
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Thermalization in 
Classical Systems

Classical thermalization takes place through the “ergodic hypothesis"

Ergodic systems can explore all of their phase space.

Chaotic systems need not be ergodic, and ergodic systems 
need not be chaotic.

Ergodic Theory and Differentiable Dynamics, Mane



From Many-Body Quantum 
Chaos To Thermalization

Deutsch PRA (1991) Srednicki PRE (1994) Rigol, Dunjko, and Olshanii, Nature (2008)

Kaufman et al, Science (2016)Cardy PRL (2014) Garison and Grover PRX (2018)

 How does an isolated quantum system reach thermal equilibrium?

System 

Environment

<latexit sha1_base64="0LobvUThShG7r/+Pkm3ah18GfP8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy203bpZhN2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCalGwSU2DTcCO4lCGoUC2+H4dua3H1FpHssHM0kwiOhQ8gFn1FjJf/IbmvuKyqHAXrniVt05yCrxclKBHI1e+cvvxyyNUBomqNZdz01MkFFlOBM4LfmpxoSyMR1i11JJI9RBNr95Ss6s0ieDWNmShszV3xMZjbSeRKHtjKgZ6WVvJv7ndVMzuA4yLpPUoGSLRYNUEBOTWQCkzxUyIyaWUKa4vZWwEVWUGRtTyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjBI4Ble4c1JnRfn3flYtBacfOYY/sD5/AE+LZHW</latexit>

|!→

When a system has thermalized it can be 
described by a few parameters, 

e.g. chemical potential and temperature
<latexit sha1_base64="7aS+XpTfOhJTXbgYSDGGxemfc+E=">AAACD3icbZA9TwJBEIb38AvxC7W0uUg0WEjujEEbE6INJSbykQCSvWWADXt7l905E3LyD2z8KzYWGmNra+e/cYErFH2TTd48M5PZeb1QcI2O82WlFhaXllfSq5m19Y3Nrez2Tk0HkWJQZYEIVMOjGgSXUEWOAhqhAup7Aure8GpSr9+B0jyQNzgKoe3TvuQ9ziga1Mke3rcqmufxqKWo7Au4gNv4mJdxPOUdJ8GdbM4pOFPZf42bmBxJVOlkP1vdgEU+SGSCat10nRDbMVXImYBxphVpCCkb0j40jZXUB92Op/eM7QNDunYvUOZJtKf050RMfa1Hvmc6fYoDPV+bwP9qzQh75+2YyzBCkGy2qBcJGwN7Eo7d5QoYipExlClu/mqzAVWUoYkwY0Jw50/+a2onBbdYKF6f5kqXSRxpskf2SZ645IyUSJlUSJUw8kCeyAt5tR6tZ+vNep+1pqxkZpf8kvXxDcCpnII=</latexit>

|!(t)→ = e→iHt|!0→

<latexit sha1_base64="ecvYlZfaLUljmNH+nUOKuK9eDGU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNgViR6DXnKSiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/loxkl6Ee0L3nIGTVWeqie33ULRbfkzkCWiZeRImSodQtfnV7M0gilYYJq3fbcxPhjqgxnAif5TqoxoWxI+9i2VNIItT+enTohp1bpkTBWtqQhM/X3xJhGWo+iwHZG1Az0ojcV//PaqQmv/TGXSWpQsvmiMBXExGT6N+lxhcyIkSWUKW5vJWxAFWXGppO3IXiLLy+TxkXJK5fK95fFyk0WRw6O4QTOwIMrqEAValAHBn14hld4c4Tz4rw7H/PWFSebOYI/cD5/AKSIjWU=</latexit>

H,N

Linden, et al PRE (2009)
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Kaufman et al, Science (2016)Cardy PRL (2014) Garison and Grover PRX (2018)
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|!→

When a system has thermalized it can be 
described by a few parameters, 

e.g. chemical potential and temperature
<latexit sha1_base64="7aS+XpTfOhJTXbgYSDGGxemfc+E=">AAACD3icbZA9TwJBEIb38AvxC7W0uUg0WEjujEEbE6INJSbykQCSvWWADXt7l905E3LyD2z8KzYWGmNra+e/cYErFH2TTd48M5PZeb1QcI2O82WlFhaXllfSq5m19Y3Nrez2Tk0HkWJQZYEIVMOjGgSXUEWOAhqhAup7Aure8GpSr9+B0jyQNzgKoe3TvuQ9ziga1Mke3rcqmufxqKWo7Au4gNv4mJdxPOUdJ8GdbM4pOFPZf42bmBxJVOlkP1vdgEU+SGSCat10nRDbMVXImYBxphVpCCkb0j40jZXUB92Op/eM7QNDunYvUOZJtKf050RMfa1Hvmc6fYoDPV+bwP9qzQh75+2YyzBCkGy2qBcJGwN7Eo7d5QoYipExlClu/mqzAVWUoYkwY0Jw50/+a2onBbdYKF6f5kqXSRxpskf2SZ645IyUSJlUSJUw8kCeyAt5tR6tZ+vNep+1pqxkZpf8kvXxDcCpnII=</latexit>

|!(t)→ = e→iHt|!0→But Hamiltonian time evolution is unitary, 
and it cannot erase information, 

(only picks up phases)

<latexit sha1_base64="ecvYlZfaLUljmNH+nUOKuK9eDGU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNgViR6DXnKSiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/loxkl6Ee0L3nIGTVWeqie33ULRbfkzkCWiZeRImSodQtfnV7M0gilYYJq3fbcxPhjqgxnAif5TqoxoWxI+9i2VNIItT+enTohp1bpkTBWtqQhM/X3xJhGWo+iwHZG1Az0ojcV//PaqQmv/TGXSWpQsvmiMBXExGT6N+lxhcyIkSWUKW5vJWxAFWXGppO3IXiLLy+TxkXJK5fK95fFyk0WRw6O4QTOwIMrqEAValAHBn14hld4c4Tz4rw7H/PWFSebOYI/cD5/AKSIjWU=</latexit>

H,N

All of the information of the initial state must be preserved 
in the evolution. It appears to be a paradox….

Linden, et al PRE (2009)
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<latexit sha1_base64="0LobvUThShG7r/+Pkm3ah18GfP8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy203bpZhN2N0KJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCalGwSU2DTcCO4lCGoUC2+H4dua3H1FpHssHM0kwiOhQ8gFn1FjJf/IbmvuKyqHAXrniVt05yCrxclKBHI1e+cvvxyyNUBomqNZdz01MkFFlOBM4LfmpxoSyMR1i11JJI9RBNr95Ss6s0ieDWNmShszV3xMZjbSeRKHtjKgZ6WVvJv7ndVMzuA4yLpPUoGSLRYNUEBOTWQCkzxUyIyaWUKa4vZWwEVWUGRtTyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjBI4Ble4c1JnRfn3flYtBacfOYY/sD5/AE+LZHW</latexit>

|!→

<latexit sha1_base64="7aS+XpTfOhJTXbgYSDGGxemfc+E=">AAACD3icbZA9TwJBEIb38AvxC7W0uUg0WEjujEEbE6INJSbykQCSvWWADXt7l905E3LyD2z8KzYWGmNra+e/cYErFH2TTd48M5PZeb1QcI2O82WlFhaXllfSq5m19Y3Nrez2Tk0HkWJQZYEIVMOjGgSXUEWOAhqhAup7Aure8GpSr9+B0jyQNzgKoe3TvuQ9ziga1Mke3rcqmufxqKWo7Au4gNv4mJdxPOUdJ8GdbM4pOFPZf42bmBxJVOlkP1vdgEU+SGSCat10nRDbMVXImYBxphVpCCkb0j40jZXUB92Op/eM7QNDunYvUOZJtKf050RMfa1Hvmc6fYoDPV+bwP9qzQh75+2YyzBCkGy2qBcJGwN7Eo7d5QoYipExlClu/mqzAVWUoYkwY0Jw50/+a2onBbdYKF6f5kqXSRxpskf2SZ645IyUSJlUSJUw8kCeyAt5tR6tZ+vNep+1pqxkZpf8kvXxDcCpnII=</latexit>

|!(t)→ = e→iHt|!0→

<latexit sha1_base64="ecvYlZfaLUljmNH+nUOKuK9eDGU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNgViR6DXnKSiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/loxkl6Ee0L3nIGTVWeqie33ULRbfkzkCWiZeRImSodQtfnV7M0gilYYJq3fbcxPhjqgxnAif5TqoxoWxI+9i2VNIItT+enTohp1bpkTBWtqQhM/X3xJhGWo+iwHZG1Az0ojcV//PaqQmv/TGXSWpQsvmiMBXExGT6N+lxhcyIkSWUKW5vJWxAFWXGppO3IXiLLy+TxkXJK5fK95fFyk0WRw6O4QTOwIMrqEAValAHBn14hld4c4Tz4rw7H/PWFSebOYI/cD5/AKSIjWU=</latexit>

H,N

The resolution to this putative paradox
Is that the unitary evolution has spread the 

local information about the initial state 
across the entire system. 

For this to be possible it has to be 
sufficiently entangled and locally chaotic.

At late times, this local information has 
been hidden and cannot be retrieved by 

local measurements.
Linden, et al PRE (2009)
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|!→

<latexit sha1_base64="7aS+XpTfOhJTXbgYSDGGxemfc+E=">AAACD3icbZA9TwJBEIb38AvxC7W0uUg0WEjujEEbE6INJSbykQCSvWWADXt7l905E3LyD2z8KzYWGmNra+e/cYErFH2TTd48M5PZeb1QcI2O82WlFhaXllfSq5m19Y3Nrez2Tk0HkWJQZYEIVMOjGgSXUEWOAhqhAup7Aure8GpSr9+B0jyQNzgKoe3TvuQ9ziga1Mke3rcqmufxqKWo7Au4gNv4mJdxPOUdJ8GdbM4pOFPZf42bmBxJVOlkP1vdgEU+SGSCat10nRDbMVXImYBxphVpCCkb0j40jZXUB92Op/eM7QNDunYvUOZJtKf050RMfa1Hvmc6fYoDPV+bwP9qzQh75+2YyzBCkGy2qBcJGwN7Eo7d5QoYipExlClu/mqzAVWUoYkwY0Jw50/+a2onBbdYKF6f5kqXSRxpskf2SZ645IyUSJlUSJUw8kCeyAt5tR6tZ+vNep+1pqxkZpf8kvXxDcCpnII=</latexit>

|!(t)→ = e→iHt|!0→

<latexit sha1_base64="ecvYlZfaLUljmNH+nUOKuK9eDGU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8SNgViR6DXnKSiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOg4VQzrLBaxagVUo+AS64Ybga1EIY0Cgc1geDv1m0+oNI/loxkl6Ee0L3nIGTVWeqie33ULRbfkzkCWiZeRImSodQtfnV7M0gilYYJq3fbcxPhjqgxnAif5TqoxoWxI+9i2VNIItT+enTohp1bpkTBWtqQhM/X3xJhGWo+iwHZG1Az0ojcV//PaqQmv/TGXSWpQsvmiMBXExGT6N+lxhcyIkSWUKW5vJWxAFWXGppO3IXiLLy+TxkXJK5fK95fFyk0WRw6O4QTOwIMrqEAValAHBn14hld4c4Tz4rw7H/PWFSebOYI/cD5/AKSIjWU=</latexit>

H,N

The resolution to this putative paradox
Is that the unitary evolution has spread the 

local information about the initial state 
across the entire system. 

For this to be possible it has to be 
sufficiently entangled and locally chaotic.

At late times, this local information has 
been hidden and cannot be retrieved by 

local measurements.
Linden, et al PRE (2009)



Rigol, Dunjko, and Olshanii, Nature (2008)

Eigenstate Thermalization 
Hypothesis (ETH)

A
B

Lets now focus on local observables in 
a small region A and ask if region A can 

thermalize while region B acts like a reservoir

Consider an initial state with weight over a 
large number of energy eigenstates

<latexit sha1_base64="g9YWCTKRRd7OzYFczFlmDhxOJlI=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZkRqW6EohuXFewDOsOQSe+0oZnMkGSE0vYD3Pgrblwo4tYPcOffmLaz0NYDgcM553JzT5BwprRtf1u5ldW19Y38ZmFre2d3r7h/0FRxKik0aMxj2Q6IAs4ENDTTHNqJBBIFHFrB4Gbqtx5AKhaLez1MwItIT7CQUaKN5BdLY7euWNk+dSURPQ5XrkojX2Dqi7HINJOyK/YMeJk4GSmhDHW/+OV2Y5pGIDTlRKmOYyfaGxGpGeUwKbipgoTQAelBx1BBIlDeaHbMBJ8YpYvDWJonNJ6pvydGJFJqGAUmGRHdV4veVPzP66Q6vPRGTCSpBkHni8KUYx3jaTO4yyRQzYeGECqZ+SumfSIJ1aa/ginBWTx5mTTPKk61Ur07L9Wuszry6AgdozJy0AWqoVtURw1E0SN6Rq/ozXqyXqx362MezVnZzCH6A+vzB1xCmzg=</latexit>

|!(0)→ =
∑

n

cn|n→

<latexit sha1_base64="GXOhfcoBqLUCAGVveKY5zTrSO/c=">AAACGHicbVBNSwMxEM36WetX1aOXYBH0YN0VqV4EUQSPFWwrdOuSTac1NJtdklmhrP0ZXvwrXjwo4tWb/8a07sGvBwMv782QmRcmUhh03Q9nYnJqema2MFecX1hcWi6trDZMnGoOdR7LWF+FzIAUCuooUMJVooFFoYRm2D8d+c1b0EbE6hIHCbQj1lOiKzhDKwWl3Tu/ZsQWbvuaqZ6EI9+kUaAoDxRcZzuCntkHDu9U7gelsltxx6B/iZeTMslRC0rvfifmaQQKuWTGtDw3wXbGNAouYVj0UwMJ433Wg5alikVg2tn4sCHdtEqHdmNtSyEdq98nMhYZM4hC2xkxvDG/vZH4n9dKsXvYzoRKUgTFvz7qppJiTEcp0Y7QwFEOLGFcC7sr5TdMM442y6INwft98l/S2Kt41Ur1Yr98fJLHUSDrZINsEY8ckGNyTmqkTji5J4/kmbw4D86T8+q8fbVOOPnMGvkB5/0TbOigCw==</latexit>

|!(t)→ =
∑

n

cne
→iEnt|n→



For a local operator (in A)

such a steady state 
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

Eigenstate Thermalization 
Hypothesis (ETH)

<latexit sha1_base64="3NhqWponCGhQ9Rz9cWjVAw2mVRo=">AAACenicbVFNbxMxEPUuXyV8BTgiJKsR0Aop2kVV4YJU4MKtQSJtpThaeZ3ZxKrt3dqzRZHrH8Ff48Yv4cIBJ1kQtIxk6+nNvPH4Tdko6TDLvifptes3bt7aut27c/fe/Qf9h4+OXN1aAWNRq9qelNyBkgbGKFHBSWOB61LBcXn6YZU/PgfrZG0+47KBqeZzIyspOEaq6H9lSurCI7NyvkBubf2FMmkqXAbKKsuFz4PHwBQ3cw WUjZzcwd0LyhYc/WG46AjK7KbgLWWu1YWh7wpvTDhc3wzOWnlO/zTZaH9rCs80x4XVHs5CoEV/kA2zddCrIO/AgHQxKvrf2KwWrQaDQnHnJnnW4NRzi1IoCD3WOmi4OOVzmERouAY39WvrAn0WmRmtahuPQbpm/1Z4rp1b6jJWroZ0l3Mr8n+5SYvVm6mXpmkRjNg8VLWKYk1Xe6AzaUGgWkbAhZVxVioWPBqOcVu9aEJ++ctXwdGrYb4/3P+0Nzh439mxRZ6QbbJDcvKaHJCPZETGRJAfydPkefIi+Zlup7vpy01pmnSax+SfSPd+AaCEwuM=</latexit>

lim
t→↑

1

t
→!(t)|Ô|!(t)↑ =

∑

n

AnnOnn ↓ →Ô↑eq

A
B

Lets now focus on local observables in 
a small region A and ask if region A can 

thermalize while region B acts like a reservoir

Consider an initial state with weight over a 
large number of energy eigenstates

<latexit sha1_base64="g9YWCTKRRd7OzYFczFlmDhxOJlI=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZkRqW6EohuXFewDOsOQSe+0oZnMkGSE0vYD3Pgrblwo4tYPcOffmLaz0NYDgcM553JzT5BwprRtf1u5ldW19Y38ZmFre2d3r7h/0FRxKik0aMxj2Q6IAs4ENDTTHNqJBBIFHFrB4Gbqtx5AKhaLez1MwItIT7CQUaKN5BdLY7euWNk+dSURPQ5XrkojX2Dqi7HINJOyK/YMeJk4GSmhDHW/+OV2Y5pGIDTlRKmOYyfaGxGpGeUwKbipgoTQAelBx1BBIlDeaHbMBJ8YpYvDWJonNJ6pvydGJFJqGAUmGRHdV4veVPzP66Q6vPRGTCSpBkHni8KUYx3jaTO4yyRQzYeGECqZ+SumfSIJ1aa/ginBWTx5mTTPKk61Ur07L9Wuszry6AgdozJy0AWqoVtURw1E0SN6Rq/ozXqyXqx362MezVnZzCH6A+vzB1xCmzg=</latexit>

|!(0)→ =
∑

n

cn|n→

<latexit sha1_base64="GXOhfcoBqLUCAGVveKY5zTrSO/c=">AAACGHicbVBNSwMxEM36WetX1aOXYBH0YN0VqV4EUQSPFWwrdOuSTac1NJtdklmhrP0ZXvwrXjwo4tWb/8a07sGvBwMv782QmRcmUhh03Q9nYnJqema2MFecX1hcWi6trDZMnGoOdR7LWF+FzIAUCuooUMJVooFFoYRm2D8d+c1b0EbE6hIHCbQj1lOiKzhDKwWl3Tu/ZsQWbvuaqZ6EI9+kUaAoDxRcZzuCntkHDu9U7gelsltxx6B/iZeTMslRC0rvfifmaQQKuWTGtDw3wXbGNAouYVj0UwMJ433Wg5alikVg2tn4sCHdtEqHdmNtSyEdq98nMhYZM4hC2xkxvDG/vZH4n9dKsXvYzoRKUgTFvz7qppJiTEcp0Y7QwFEOLGFcC7sr5TdMM442y6INwft98l/S2Kt41Ur1Yr98fJLHUSDrZINsEY8ckGNyTmqkTji5J4/kmbw4D86T8+q8fbVOOPnMGvkB5/0TbOigCw==</latexit>

|!(t)→ =
∑

n

cne
→iEnt|n→

Rigol, Dunjko, and Olshanii, Nature (2008)



For the system to have thermalized, ETH requires
hÔiMC =

1

N
X

|En�E|�

Onn

<latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit> Rigol, Dunjko, and Olshanii, Nature (2008)

Eigenstate Thermalization 
Hypothesis (ETH)

For a local operator

such a steady state 
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

<latexit sha1_base64="3NhqWponCGhQ9Rz9cWjVAw2mVRo=">AAACenicbVFNbxMxEPUuXyV8BTgiJKsR0Aop2kVV4YJU4MKtQSJtpThaeZ3ZxKrt3dqzRZHrH8Ff48Yv4cIBJ1kQtIxk6+nNvPH4Tdko6TDLvifptes3bt7aut27c/fe/Qf9h4+OXN1aAWNRq9qelNyBkgbGKFHBSWOB61LBcXn6YZU/PgfrZG0+47KBqeZzIyspOEaq6H9lSurCI7NyvkBubf2FMmkqXAbKKsuFz4PHwBQ3cw WUjZzcwd0LyhYc/WG46AjK7KbgLWWu1YWh7wpvTDhc3wzOWnlO/zTZaH9rCs80x4XVHs5CoEV/kA2zddCrIO/AgHQxKvrf2KwWrQaDQnHnJnnW4NRzi1IoCD3WOmi4OOVzmERouAY39WvrAn0WmRmtahuPQbpm/1Z4rp1b6jJWroZ0l3Mr8n+5SYvVm6mXpmkRjNg8VLWKYk1Xe6AzaUGgWkbAhZVxVioWPBqOcVu9aEJ++ctXwdGrYb4/3P+0Nzh439mxRZ6QbbJDcvKaHJCPZETGRJAfydPkefIi+Zlup7vpy01pmnSax+SfSPd+AaCEwuM=</latexit>

lim
t→↑

1

t
→!(t)|Ô|!(t)↑ =

∑

n

AnnOnn ↓ →Ô↑eq

<latexit sha1_base64="DbHqMJxoKAau5j2BQm/BlDmICrc=">AAACNXichVDLSgMxFM3UV62vqks3wSK4KjMi1Y1Q7MaFYgX7gE4pmfS2Dc1kxiQjlGF+yo3/4UoXLhRx6y+YtrPQVvBA4OSce7n3Hi/kTGnbfrEyC4tLyyvZ1dza+sbmVn57p66CSFKo0YAHsukRBZwJqGmmOTRDCcT3ODS8YWXsN+5BKhaIWz0Koe2TvmA9Rok2Uid/6XIi+hywOyA6vk6wKyf/Tuz6RA+kH8NdkuCzf8uuKknSyRfsoj0BnidOSgooRbWTf3K7AY18EJpyolTLsUPdjonUjHJIcm6kICR0SPrQMlQQH1Q7nlyd4AOjdHEvkOYJjSfqz46Y+EqNfM9UjndUs95Y/MtrRbp32o6ZCCMNgk4H9SKOdYDHEeIuk0A1HxlCqGRmV0wHRBKqTdA5E4Ize/I8qR8VnVKxdHNcKJ+ncWTRHtpHh8hBJ6iMLlAV1RBFD+gZvaF369F6tT6sz2lpxkp7dtEvWF/f7WytYQ==</latexit>

→Ô↑eq = →Ô↑MC

<latexit sha1_base64="ZYczlJcMcG3d74YCZe3bdA6NCyQ="></latexit>

→Ô↑MC =
1

N
∑

|En→E|↑!

Onn ↓ →!(E)|Ô|!(E)↑
Micro-canonical 

ensemble



For the system to have thermalized, ETH requires

Rigol, Dunjko, and Olshanii, Nature (2008)

Eigenstate Thermalization 
Hypothesis (ETH)

For a local operator

such a steady state 
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

<latexit sha1_base64="3NhqWponCGhQ9Rz9cWjVAw2mVRo=">AAACenicbVFNbxMxEPUuXyV8BTgiJKsR0Aop2kVV4YJU4MKtQSJtpThaeZ3ZxKrt3dqzRZHrH8Ff48Yv4cIBJ1kQtIxk6+nNvPH4Tdko6TDLvifptes3bt7aut27c/fe/Qf9h4+OXN1aAWNRq9qelNyBkgbGKFHBSWOB61LBcXn6YZU/PgfrZG0+47KBqeZzIyspOEaq6H9lSurCI7NyvkBubf2FMmkqXAbKKsuFz4PHwBQ3cw WUjZzcwd0LyhYc/WG46AjK7KbgLWWu1YWh7wpvTDhc3wzOWnlO/zTZaH9rCs80x4XVHs5CoEV/kA2zddCrIO/AgHQxKvrf2KwWrQaDQnHnJnnW4NRzi1IoCD3WOmi4OOVzmERouAY39WvrAn0WmRmtahuPQbpm/1Z4rp1b6jJWroZ0l3Mr8n+5SYvVm6mXpmkRjNg8VLWKYk1Xe6AzaUGgWkbAhZVxVioWPBqOcVu9aEJ++ctXwdGrYb4/3P+0Nzh439mxRZ6QbbJDcvKaHJCPZETGRJAfydPkefIi+Zlup7vpy01pmnSax+SfSPd+AaCEwuM=</latexit>

lim
t→↑

1

t
→!(t)|Ô|!(t)↑ =

∑

n

AnnOnn ↓ →Ô↑eq

thermal integrable

hÔiMC =
1

N
X

|En�E|�

Onn

<latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U="></latexit>

<latexit sha1_base64="DbHqMJxoKAau5j2BQm/BlDmICrc=">AAACNXichVDLSgMxFM3UV62vqks3wSK4KjMi1Y1Q7MaFYgX7gE4pmfS2Dc1kxiQjlGF+yo3/4UoXLhRx6y+YtrPQVvBA4OSce7n3Hi/kTGnbfrEyC4tLyyvZ1dza+sbmVn57p66CSFKo0YAHsukRBZwJqGmmOTRDCcT3ODS8YWXsN+5BKhaIWz0Koe2TvmA9Rok2Uid/6XIi+hywOyA6vk6wKyf/Tuz6RA+kH8NdkuCzf8uuKknSyRfsoj0BnidOSgooRbWTf3K7AY18EJpyolTLsUPdjonUjHJIcm6kICR0SPrQMlQQH1Q7nlyd4AOjdHEvkOYJjSfqz46Y+EqNfM9UjndUs95Y/MtrRbp32o6ZCCMNgk4H9SKOdYDHEeIuk0A1HxlCqGRmV0wHRBKqTdA5E4Ize/I8qR8VnVKxdHNcKJ+ncWTRHtpHh8hBJ6iMLlAV1RBFD+gZvaF369F6tT6sz2lpxkp7dtEvWF/f7WytYQ==</latexit>

→Ô↑eq = →Ô↑MC

<latexit sha1_base64="ZYczlJcMcG3d74YCZe3bdA6NCyQ="></latexit>

→Ô↑MC =
1

N
∑

|En→E|↑!

Onn ↓ →!(E)|Ô|!(E)↑
Micro-canonical 

ensemble



ETH can also be stated as an asatz for matrix elements

Eigenstate Thermalization 
Hypothesis (ETH)

For a local operator

such a steady state 
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

<latexit sha1_base64="3NhqWponCGhQ9Rz9cWjVAw2mVRo=">AAACenicbVFNbxMxEPUuXyV8BTgiJKsR0Aop2kVV4YJU4MKtQSJtpThaeZ3ZxKrt3dqzRZHrH8Ff48Yv4cIBJ1kQtIxk6+nNvPH4Tdko6TDLvifptes3bt7aut27c/fe/Qf9h4+OXN1aAWNRq9qelNyBkgbGKFHBSWOB61LBcXn6YZU/PgfrZG0+47KBqeZzIyspOEaq6H9lSurCI7NyvkBubf2FMmkqXAbKKsuFz4PHwBQ3cw WUjZzcwd0LyhYc/WG46AjK7KbgLWWu1YWh7wpvTDhc3wzOWnlO/zTZaH9rCs80x4XVHs5CoEV/kA2zddCrIO/AgHQxKvrf2KwWrQaDQnHnJnnW4NRzi1IoCD3WOmi4OOVzmERouAY39WvrAn0WmRmtahuPQbpm/1Z4rp1b6jJWroZ0l3Mr8n+5SYvVm6mXpmkRjNg8VLWKYk1Xe6AzaUGgWkbAhZVxVioWPBqOcVu9aEJ++ctXwdGrYb4/3P+0Nzh439mxRZ6QbbJDcvKaHJCPZETGRJAfydPkefIi+Zlup7vpy01pmnSax+SfSPd+AaCEwuM=</latexit>

lim
t→↑

1

t
→!(t)|Ô|!(t)↑ =

∑

n

AnnOnn ↓ →Ô↑eq

<latexit sha1_base64="DbHqMJxoKAau5j2BQm/BlDmICrc=">AAACNXichVDLSgMxFM3UV62vqks3wSK4KjMi1Y1Q7MaFYgX7gE4pmfS2Dc1kxiQjlGF+yo3/4UoXLhRx6y+YtrPQVvBA4OSce7n3Hi/kTGnbfrEyC4tLyyvZ1dza+sbmVn57p66CSFKo0YAHsukRBZwJqGmmOTRDCcT3ODS8YWXsN+5BKhaIWz0Koe2TvmA9Rok2Uid/6XIi+hywOyA6vk6wKyf/Tuz6RA+kH8NdkuCzf8uuKknSyRfsoj0BnidOSgooRbWTf3K7AY18EJpyolTLsUPdjonUjHJIcm6kICR0SPrQMlQQH1Q7nlyd4AOjdHEvkOYJjSfqz46Y+EqNfM9UjndUs95Y/MtrRbp32o6ZCCMNgk4H9SKOdYDHEeIuk0A1HxlCqGRmV0wHRBKqTdA5E4Ize/I8qR8VnVKxdHNcKJ+ncWTRHtpHh8hBJ6iMLlAV1RBFD+gZvaF369F6tT6sz2lpxkp7dtEvWF/f7WytYQ==</latexit>

→Ô↑eq = →Ô↑MC

Rigol, Dunjko, and Olshanii, Nature (2008)



ETH requires
hÔieq = hÔiC = hÔiMC

<latexit sha1_base64="vuMUDeeaT6hKKW39v+tO04mh+KI=">AAACW3ichVFBS8MwGE3r1G1OrYonL8EheBqtCOpBGO7iRZzg3GAdI82+bWFpWpNUGKV/0tsu/hVNtx10E/ZB4OW99/F9eQlizpR23ZllbxW2d3aLpfJeZf/g0Dk6flNRIim0aMQj2QmIAs4EtDTTHDqxBBIGHNrBpJHr7Q+QikXiVU9j6IVkJNiQUaIN1XeUz4kYccD+mOj0OcO+nN/7qR8SPZZhCu9Zhu/xRl8jt210PRlb36m6NXdeeB14S1BFy2r2nU9/ENEkBKEpJ0p1PTfWvZRIzSiHrOwnCmJCJ2QEXQMFCUH10nk4Gb4wzAAPI2mO0HjO/u5ISajUNAyMM99RrWo5+Z/WTfTwtpcyEScaBF0MGiYc6wjnSeMBk0A1nxpAqGRmV0zHRBKqzX+UTQje6pPXQeuqdlfzXq6r9YdlGkV0hs7RJfLQDaqjR9RELUTRDH1bRatkfdkFu2xXFlbbWvacoD9ln/4AAsK3bg==</latexit><latexit sha1_base64="vuMUDeeaT6hKKW39v+tO04mh+KI=">AAACW3ichVFBS8MwGE3r1G1OrYonL8EheBqtCOpBGO7iRZzg3GAdI82+bWFpWpNUGKV/0tsu/hVNtx10E/ZB4OW99/F9eQlizpR23ZllbxW2d3aLpfJeZf/g0Dk6flNRIim0aMQj2QmIAs4EtDTTHDqxBBIGHNrBpJHr7Q+QikXiVU9j6IVkJNiQUaIN1XeUz4kYccD+mOj0OcO+nN/7qR8SPZZhCu9Zhu/xRl8jt210PRlb36m6NXdeeB14S1BFy2r2nU9/ENEkBKEpJ0p1PTfWvZRIzSiHrOwnCmJCJ2QEXQMFCUH10nk4Gb4wzAAPI2mO0HjO/u5ISajUNAyMM99RrWo5+Z/WTfTwtpcyEScaBF0MGiYc6wjnSeMBk0A1nxpAqGRmV0zHRBKqzX+UTQje6pPXQeuqdlfzXq6r9YdlGkV0hs7RJfLQDaqjR9RELUTRDH1bRatkfdkFu2xXFlbbWvacoD9ln/4AAsK3bg==</latexit><latexit sha1_base64="vuMUDeeaT6hKKW39v+tO04mh+KI=">AAACW3ichVFBS8MwGE3r1G1OrYonL8EheBqtCOpBGO7iRZzg3GAdI82+bWFpWpNUGKV/0tsu/hVNtx10E/ZB4OW99/F9eQlizpR23ZllbxW2d3aLpfJeZf/g0Dk6flNRIim0aMQj2QmIAs4EtDTTHDqxBBIGHNrBpJHr7Q+QikXiVU9j6IVkJNiQUaIN1XeUz4kYccD+mOj0OcO+nN/7qR8SPZZhCu9Zhu/xRl8jt210PRlb36m6NXdeeB14S1BFy2r2nU9/ENEkBKEpJ0p1PTfWvZRIzSiHrOwnCmJCJ2QEXQMFCUH10nk4Gb4wzAAPI2mO0HjO/u5ISajUNAyMM99RrWo5+Z/WTfTwtpcyEScaBF0MGiYc6wjnSeMBk0A1nxpAqGRmV0zHRBKqzX+UTQje6pPXQeuqdlfzXq6r9YdlGkV0hs7RJfLQDaqjR9RELUTRDH1bRatkfdkFu2xXFlbbWvacoD9ln/4AAsK3bg==</latexit><latexit sha1_base64="vuMUDeeaT6hKKW39v+tO04mh+KI=">AAACW3ichVFBS8MwGE3r1G1OrYonL8EheBqtCOpBGO7iRZzg3GAdI82+bWFpWpNUGKV/0tsu/hVNtx10E/ZB4OW99/F9eQlizpR23ZllbxW2d3aLpfJeZf/g0Dk6flNRIim0aMQj2QmIAs4EtDTTHDqxBBIGHNrBpJHr7Q+QikXiVU9j6IVkJNiQUaIN1XeUz4kYccD+mOj0OcO+nN/7qR8SPZZhCu9Zhu/xRl8jt210PRlb36m6NXdeeB14S1BFy2r2nU9/ENEkBKEpJ0p1PTfWvZRIzSiHrOwnCmJCJ2QEXQMFCUH10nk4Gb4wzAAPI2mO0HjO/u5ISajUNAyMM99RrWo5+Z/WTfTwtpcyEScaBF0MGiYc6wjnSeMBk0A1nxpAqGRmV0zHRBKqzX+UTQje6pPXQeuqdlfzXq6r9YdlGkV0hs7RJfLQDaqjR9RELUTRDH1bRatkfdkFu2xXFlbbWvacoD9ln/4AAsK3bg==</latexit>

hÔiC =
1

Z
Tr(e��H

Ô)
<latexit sha1_base64="0vzDbOxBjjg+vHwHsVgRjRUposg="></latexit><latexit sha1_base64="0vzDbOxBjjg+vHwHsVgRjRUposg="></latexit><latexit sha1_base64="0vzDbOxBjjg+vHwHsVgRjRUposg="></latexit><latexit sha1_base64="0vzDbOxBjjg+vHwHsVgRjRUposg="></latexit>

hÔiMC =
1

N
X

|En�E|�

Onn

<latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U=">AAACRnicbZBLbxMxFIU94VXCo6FdsrGIkNgQzSAkygKpolTqBtpKhFaKw+iOcyexansG21Mpcv3vuum2u/4FNiyg6rbOYwEtR7J0fO69su9X1FJYl6YXSevO3Xv3H6w8bD96/OTpaufZ2jdbNYZjn1eyMocFWJRCY98JJ/GwNgiqkHhQHG3N6gfHaKyo9Fc3rXGoYKxFKTi4GOWd70yCHkukbAKO7lJm5tfcMwVuYpT/vBUC/U BZaYD7LCxyDtJ/CYHZRuX+ZDvX9PX2CWUSf1D2CaWDQHdzr3XIO920l85Fb5tsabpkqb28c85GFW8UasclWDvI0toNPRgnuMTQZo3FGvgRjHEQrQaFdujnHAJ9GZMRLSsTj3Z0nv494UFZO1VF7JxtYW/WZuH/aoPGlRtDL3TdONR88VDZSOoqOoNKR8Igd3IaDXAj4l8pn0Ak5iL6doSQ3Vz5tum/6b3vZftvu5sflzRWyHPygrwiGXlHNskO2SN9wskp+Ul+kz/JWfIruUyuFq2tZDmzTv5Ri1wDNtWyWA==</latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U=">AAACRnicbZBLbxMxFIU94VXCo6FdsrGIkNgQzSAkygKpolTqBtpKhFaKw+iOcyexansG21Mpcv3vuum2u/4FNiyg6rbOYwEtR7J0fO69su9X1FJYl6YXSevO3Xv3H6w8bD96/OTpaufZ2jdbNYZjn1eyMocFWJRCY98JJ/GwNgiqkHhQHG3N6gfHaKyo9Fc3rXGoYKxFKTi4GOWd70yCHkukbAKO7lJm5tfcMwVuYpT/vBUC/U BZaYD7LCxyDtJ/CYHZRuX+ZDvX9PX2CWUSf1D2CaWDQHdzr3XIO920l85Fb5tsabpkqb28c85GFW8UasclWDvI0toNPRgnuMTQZo3FGvgRjHEQrQaFdujnHAJ9GZMRLSsTj3Z0nv494UFZO1VF7JxtYW/WZuH/aoPGlRtDL3TdONR88VDZSOoqOoNKR8Igd3IaDXAj4l8pn0Ak5iL6doSQ3Vz5tum/6b3vZftvu5sflzRWyHPygrwiGXlHNskO2SN9wskp+Ul+kz/JWfIruUyuFq2tZDmzTv5Ri1wDNtWyWA==</latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U=">AAACRnicbZBLbxMxFIU94VXCo6FdsrGIkNgQzSAkygKpolTqBtpKhFaKw+iOcyexansG21Mpcv3vuum2u/4FNiyg6rbOYwEtR7J0fO69su9X1FJYl6YXSevO3Xv3H6w8bD96/OTpaufZ2jdbNYZjn1eyMocFWJRCY98JJ/GwNgiqkHhQHG3N6gfHaKyo9Fc3rXGoYKxFKTi4GOWd70yCHkukbAKO7lJm5tfcMwVuYpT/vBUC/U BZaYD7LCxyDtJ/CYHZRuX+ZDvX9PX2CWUSf1D2CaWDQHdzr3XIO920l85Fb5tsabpkqb28c85GFW8UasclWDvI0toNPRgnuMTQZo3FGvgRjHEQrQaFdujnHAJ9GZMRLSsTj3Z0nv494UFZO1VF7JxtYW/WZuH/aoPGlRtDL3TdONR88VDZSOoqOoNKR8Igd3IaDXAj4l8pn0Ak5iL6doSQ3Vz5tum/6b3vZftvu5sflzRWyHPygrwiGXlHNskO2SN9wskp+Ul+kz/JWfIruUyuFq2tZDmzTv5Ri1wDNtWyWA==</latexit><latexit sha1_base64="1H+fDaGL0yIJ5tH62IoFx4cES/U=">AAACRnicbZBLbxMxFIU94VXCo6FdsrGIkNgQzSAkygKpolTqBtpKhFaKw+iOcyexansG21Mpcv3vuum2u/4FNiyg6rbOYwEtR7J0fO69su9X1FJYl6YXSevO3Xv3H6w8bD96/OTpaufZ2jdbNYZjn1eyMocFWJRCY98JJ/GwNgiqkHhQHG3N6gfHaKyo9Fc3rXGoYKxFKTi4GOWd70yCHkukbAKO7lJm5tfcMwVuYpT/vBUC/U BZaYD7LCxyDtJ/CYHZRuX+ZDvX9PX2CWUSf1D2CaWDQHdzr3XIO920l85Fb5tsabpkqb28c85GFW8UasclWDvI0toNPRgnuMTQZo3FGvgRjHEQrQaFdujnHAJ9GZMRLSsTj3Z0nv494UFZO1VF7JxtYW/WZuH/aoPGlRtDL3TdONR88VDZSOoqOoNKR8Igd3IaDXAj4l8pn0Ak5iL6doSQ3Vz5tum/6b3vZftvu5sflzRWyHPygrwiGXlHNskO2SN9wskp+Ul+kz/JWfIruUyuFq2tZDmzTv5Ri1wDNtWyWA==</latexit>

Garrison and Grover, PRX (2018)

A Stronger Version of ETH

For a local operator
such a steady state 
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)
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Rigol, Dunjko, and Olshanii, Nature (2008)

h |H| i = Tr(He
��H)/Tr(e��H)

<latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit><latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit><latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit><latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit>

temperature is set by the avg energy 



ETH requires
hÔieq = hÔiC = hÔiMC
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Ô)
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A Stronger Version of ETH

For a local operator
such a steady state 
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)
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Micro-canonical 
ensemble

Canonical 
ensemble

<latexit sha1_base64="6s+M3myPkBy5wSUQnuOga/HykPM=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSDGwrArEi1jbFJGyAuycZmd3CRDZnaXmVkhLPkEG3/FxkIRW0s7/8bJo9DEAxcO59zLvff4EWdK2/a3lVpZXVvfSG9mtrZ3dvey+wcNFcaSQp2GPJQtnyjgLIC6ZppDK5JAhM+h6Q9vJ37zAaRiYVDTowg6gvQD1mOUaCN52VNXDkLvBruKCewKogdSJDU59sp5uE/OXR80wZXxmZfN2QV7CrxMnDnJoTmqXvbL7YY0FhBoyolSbceOdCchUjPKYZxxYwURoUPSh7ahARGgOsn0oTE+MUoX90JpKtB4qv6eSIhQaiR80zk5WS16E/E/rx3r3nUnYUEUawjobFEv5liHeJIO7jIJVPORIYRKZm7FdEAkodpkmDEhOIsvL5PGRcEpFop3l7lSeR5HGh2hY5RHDrpCJVRBVVRHFD2iZ/SK3qwn68V6tz5mrSlrPnOI/sD6/AGDFJxD</latexit>

ωA → TrB(e
→ωH)

Then we can conclude

Garrison and Grover, PRX (2018)Rigol, Dunjko, and Olshanii, Nature (2008)

h |H| i = Tr(He
��H)/Tr(e��H)

<latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit><latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit><latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit><latexit sha1_base64="4C7P14JRME0Y7OULo63vVDfB3F4="></latexit>

temperature is set by the avg energy 



An even Stronger Version 
of ETH

Deep thermalization: Consider making an extensive number of 
local measurements in B. The wave function in A is projected 

and weighted by the Born probability of the measurement, and 
the reduced density matrix in A is now:

Conventional thermalization
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ωA → TrB(e
→ωH)

Canonical 
ensemble

A
B

Projected ensemble: The ensemble of all 
possible states in A after the 

measurement and Born probabilities in B
Born probability of 

measurement outcome in B
Wavefunction in A after 
the measurement in B
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A |



An even Stronger Version 
of ETH

A
B

Projected ensemble: The ensemble of all 
possible states in A after the 

measurement and Born probabilities

Born probability of 
measurement outcome in B

Wavefunction in A after 
the measurement in B
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The projected ensemble has the 
full distribution of the reduced 

density matrix

Ippoliti and Ho, PRX Quantum (2023)Cotler et al, PRX Quantum (2023)



An even Stronger Version 
of ETH

A
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Projected ensemble: The ensemble of all 
possible states in A after the 

measurement and Born probabilities

Born probability of 
measurement outcome in B

Wavefunction in A after 
the measurement in B
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The projected ensemble has the 
full distribution of the reduced 

density matrix
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A |→kHigher moments can 
be estimated from it.



An even Stronger Version 
of ETH

A
B

Projected ensemble: The ensemble of all 
possible states in A after the 

measurement and Born probabilities

Born probability of 
measurement outcome in B

Wavefunction in A after 
the measurement in B
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The projected ensemble has the 
full distribution of the reduced 

density matrix
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The mean reduces to ETH
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(ωDT
A )k=1 = ωA

In the absence of any symmetries 
or conservation laws, at infinite temperature
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ω(k)(t) → ω(k)
H

Higher moments can 
be estimated from it.
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become thermal?



What about the process 
of thermilization

How does an unentangled initial density matrix
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Must capture entanglement growth and information 
propagation.



What about the process 
of thermilization

Random unitary circuits have emerged
as minimal models to address this question.

How does an unentangled initial density matrix
become thermal?

von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)

A. Nahum, S. Vijay, and J. Haah PRX (2018)

Must capture entanglement growth and information 
propagation.
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e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)
von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)

q-states “spins”
e.g. q=2 is a spin-1/2 chain

Analytically tractable for q ! 1
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e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)

Ui,i+1
<latexit sha1_base64="fnHJZcCCXn46bye4vkl3sI0AnCk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBUEoignorevFYwdhKG8pmu2mX7m7C7kYoIb/CiwcVr/4db/4bt20O2vpg4PHeDDPzwoQzbVz32yktLa+srpXXKxubW9s71d29Bx2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDPxW09UaRbLezNOaCDwQLKIEWys9Oj3MnbKTry8V625dXcKtEi8gtSgQLNX/er2Y5IKKg3hWOuO5yYmyLAyjHCaV7qppgkmIzygHUslFlQH2fTgHB1ZpY+iWNmSBk3V3xMZFlqPRWg7BTZDPe9NxP+8TmqiyyBjMkkNlWS2KEo5MjGafI/6TFFi+NgSTBSztyIyxAoTYzOq2BC8+ZcXiX9Wv6p7d+e1xnWRRhkO4BCOwYMLaMAtNMEHAgKe4RXeHOW8OO/Ox6y15BQz+/AHzucPZYaPrg==</latexit><latexit sha1_base64="fnHJZcCCXn46bye4vkl3sI0AnCk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBUEoignorevFYwdhKG8pmu2mX7m7C7kYoIb/CiwcVr/4db/4bt20O2vpg4PHeDDPzwoQzbVz32yktLa+srpXXKxubW9s71d29Bx2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDPxW09UaRbLezNOaCDwQLKIEWys9Oj3MnbKTry8V625dXcKtEi8gtSgQLNX/er2Y5IKKg3hWOuO5yYmyLAyjHCaV7qppgkmIzygHUslFlQH2fTgHB1ZpY+iWNmSBk3V3xMZFlqPRWg7BTZDPe9NxP+8TmqiyyBjMkkNlWS2KEo5MjGafI/6TFFi+NgSTBSztyIyxAoTYzOq2BC8+ZcXiX9Wv6p7d+e1xnWRRhkO4BCOwYMLaMAtNMEHAgKe4RXeHOW8OO/Ox6y15BQz+/AHzucPZYaPrg==</latexit><latexit sha1_base64="fnHJZcCCXn46bye4vkl3sI0AnCk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBUEoignorevFYwdhKG8pmu2mX7m7C7kYoIb/CiwcVr/4db/4bt20O2vpg4PHeDDPzwoQzbVz32yktLa+srpXXKxubW9s71d29Bx2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDPxW09UaRbLezNOaCDwQLKIEWys9Oj3MnbKTry8V625dXcKtEi8gtSgQLNX/er2Y5IKKg3hWOuO5yYmyLAyjHCaV7qppgkmIzygHUslFlQH2fTgHB1ZpY+iWNmSBk3V3xMZFlqPRWg7BTZDPe9NxP+8TmqiyyBjMkkNlWS2KEo5MjGafI/6TFFi+NgSTBSztyIyxAoTYzOq2BC8+ZcXiX9Wv6p7d+e1xnWRRhkO4BCOwYMLaMAtNMEHAgKe4RXeHOW8OO/Ox6y15BQz+/AHzucPZYaPrg==</latexit><latexit sha1_base64="fnHJZcCCXn46bye4vkl3sI0AnCk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBUEoignorevFYwdhKG8pmu2mX7m7C7kYoIb/CiwcVr/4db/4bt20O2vpg4PHeDDPzwoQzbVz32yktLa+srpXXKxubW9s71d29Bx2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDPxW09UaRbLezNOaCDwQLKIEWys9Oj3MnbKTry8V625dXcKtEi8gtSgQLNX/er2Y5IKKg3hWOuO5yYmyLAyjHCaV7qppgkmIzygHUslFlQH2fTgHB1ZpY+iWNmSBk3V3xMZFlqPRWg7BTZDPe9NxP+8TmqiyyBjMkkNlWS2KEo5MjGafI/6TFFi+NgSTBSztyIyxAoTYzOq2BC8+ZcXiX9Wv6p7d+e1xnWRRhkO4BCOwYMLaMAtNMEHAgKe4RXeHOW8OO/Ox6y15BQz+/AHzucPZYaPrg==</latexit>

unitary chosen from
a Haar random distribution

von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)

q-states “spins”
e.g. q=2 is a spin-1/2 chain

Analytically tractable for q ! 1
<latexit sha1_base64="uj95hPVeTitoLHEQO/CIrFvaTwc=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrGFNpTNdtMu3Wzi7kSJofhXvHhQ8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpYXFpeaW8Wllb39jcsrd3bnWcKso8GotYtQKimeCSecBBsFaiGIkCwZrB8HLsN++Z0jyWN5AlzI9IX/KQUwJG6tp7d7ijeH8ARKn4AXe4DCHr2lWn5kyA54lbkCoq0OjaX51eTNOISaCCaN12nQT8nCjgVLBRpZNqlhA6JH3WNlSSiGk/n1w/wodG6eEwVqYk4In6eyInkdZZFJjOiMBAz3pj8T+vnUJ45udcJikwSaeLwlRgiPE4CtzjilEQmSGEKm5uxXRAFKFgAquYENzZl+eJd1w7r7nXJ9X6RZFGGe2jA3SEXHSK6ugKNZCHKHpEz+gVvVlP1ov1bn1MW0tWMbOL/sD6/AEAgJUj</latexit><latexit sha1_base64="uj95hPVeTitoLHEQO/CIrFvaTwc=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrGFNpTNdtMu3Wzi7kSJofhXvHhQ8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpYXFpeaW8Wllb39jcsrd3bnWcKso8GotYtQKimeCSecBBsFaiGIkCwZrB8HLsN++Z0jyWN5AlzI9IX/KQUwJG6tp7d7ijeH8ARKn4AXe4DCHr2lWn5kyA54lbkCoq0OjaX51eTNOISaCCaN12nQT8nCjgVLBRpZNqlhA6JH3WNlSSiGk/n1w/wodG6eEwVqYk4In6eyInkdZZFJjOiMBAz3pj8T+vnUJ45udcJikwSaeLwlRgiPE4CtzjilEQmSGEKm5uxXRAFKFgAquYENzZl+eJd1w7r7nXJ9X6RZFGGe2jA3SEXHSK6ugKNZCHKHpEz+gVvVlP1ov1bn1MW0tWMbOL/sD6/AEAgJUj</latexit><latexit sha1_base64="uj95hPVeTitoLHEQO/CIrFvaTwc=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrGFNpTNdtMu3Wzi7kSJofhXvHhQ8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpYXFpeaW8Wllb39jcsrd3bnWcKso8GotYtQKimeCSecBBsFaiGIkCwZrB8HLsN++Z0jyWN5AlzI9IX/KQUwJG6tp7d7ijeH8ARKn4AXe4DCHr2lWn5kyA54lbkCoq0OjaX51eTNOISaCCaN12nQT8nCjgVLBRpZNqlhA6JH3WNlSSiGk/n1w/wodG6eEwVqYk4In6eyInkdZZFJjOiMBAz3pj8T+vnUJ45udcJikwSaeLwlRgiPE4CtzjilEQmSGEKm5uxXRAFKFgAquYENzZl+eJd1w7r7nXJ9X6RZFGGe2jA3SEXHSK6ugKNZCHKHpEz+gVvVlP1ov1bn1MW0tWMbOL/sD6/AEAgJUj</latexit><latexit sha1_base64="uj95hPVeTitoLHEQO/CIrFvaTwc=">AAAB/HicbVBNS8NAEN3Ur1q/4sfNy2IRPJVEBPVW9OKxgrGFNpTNdtMu3Wzi7kSJofhXvHhQ8eoP8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZpYXFpeaW8Wllb39jcsrd3bnWcKso8GotYtQKimeCSecBBsFaiGIkCwZrB8HLsN++Z0jyWN5AlzI9IX/KQUwJG6tp7d7ijeH8ARKn4AXe4DCHr2lWn5kyA54lbkCoq0OjaX51eTNOISaCCaN12nQT8nCjgVLBRpZNqlhA6JH3WNlSSiGk/n1w/wodG6eEwVqYk4In6eyInkdZZFJjOiMBAz3pj8T+vnUJ45udcJikwSaeLwlRgiPE4CtzjilEQmSGEKm5uxXRAFKFgAquYENzZl+eJd1w7r7nXJ9X6RZFGGe2jA3SEXHSK6ugKNZCHKHpEz+gVvVlP1ov1bn1MW0tWMbOL/sD6/AEAgJUj</latexit>



Random Unitary Circuits

t

x| 0i
<latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit>

= | "##"""i
<latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit>

e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)

= one time step

von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)
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t

x| 0i
<latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit>

= | "##"""i
<latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit>

e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)

= one time step

U(t) = U(t, t� 1)U(t� 1, t� 2) . . . U(1, 0)
<latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit><latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit><latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit><latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit>

| (t)i = U(t)| 0i
<latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit><latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit><latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit><latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit>

von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)



Random Unitary Circuits

t

x| 0i
<latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit><latexit sha1_base64="E9EnpuS3HJyEeExVYrTDjlb9mUs=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3WzC7kYpsf/DiwdFvPpfvPlv3LY5aOsLCw/vzDCzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hpabz2g0jyWd2acoB/RgeQhZ9RY6/6pm2jec7uKyoHAXrniVt2ZyDJ4OVQgV71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx6KkEWo/m109ISfW6ZMwVvZJQ2bu74mMRlqPo8B2RtQM9WJtav5X66QmvPQzLpPUoGTzRWEqiInJNALS5wqZEWMLlClubyVsSBVlxgZVsiF4i19ehuZZ1bN8e16pXeVxFOEIjuEUPLiAGtxAHRrAQMEzvMKb8+i8OO/Ox7y14OQzh/BHzucPl46Sjg==</latexit>

= | "##"""i
<latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit><latexit sha1_base64="MN9HsHU3EZhZIxAYtWL3XlcPmgI=">AAACLHicbZDNSgMxFIXv1L9a/0ZdugkWwVWZEUFdCEVduKzg2EI7lEyatqGZzJBkLGXsC7nxVURwUcWtz2HajqBtLwQ+zrk3yT1BzJnSjjOyckvLK6tr+fXCxubW9o69u/egokQS6pGIR7IWYEU5E9TTTHNaiyXFYcBpNehdj/3qI5WKReJeD2Lqh7gjWJsRrI3UtG8unxpJjKWM+gg1WlFfTPkv/voLQGLR4bRpF52SMyk0D24GRciq0rTfzP0kCanQhGOl6q4Taz/FUjPC6bDQSBSNMenhDq0bFDikyk8n2w7RkVFaqB1Jc4RGE/XvRIpDpQZhYDpDrLtq1huLi7x6otvnfspEnGgqyPShdsKRjtA4OtRikhLNBwYwkcz8FZEulphoE3DBhODOrjwP3knpouTenRbLV1kaeTiAQzgGF86gDLdQAQ8IPMMrjODDerHerU/ra9qas7KZffhX1vcPiZqpww==</latexit>

e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)

= one time step

U(t) = U(t, t� 1)U(t� 1, t� 2) . . . U(1, 0)
<latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit><latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit><latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit><latexit sha1_base64="J72ztX49DGOZ2HmnjYtLlMviwQU=">AAACDXicbVC7SgNBFJ31GeNr1dJmMASykITdIKiFELSxjOCaQLKE2clsMmT2wcxdIYR8gY2/YmOhYmtv5984SbbQxAvDPZxzD3fu8RPBFdj2t7Gyura+sZnbym/v7O7tmweH9ypOJWUujUUsWz5RTPCIucBBsFYiGQl9wZr+8HqqNx+YVDyO7mCUMC8k/YgHnBLQVNcsuiWw8CXWrQwVx9K94mhUszq9GJTmnbJtdc2CXbVnhZeBk4ECyqrRNb+0naYhi4AKolTbsRPwxkQCp4JN8p1UsYTQIemztoYRCZnyxrNzJriomR4OYqlfBHjG/naMSajUKPT1ZEhgoBa1Kfmf1k4hOPfGPEpSYBGdLwpSgSHG02xwj0tGQYw0IFRy/VdMB0QSCjrBvA7BWTx5Gbi16kXVuT0t1K+yNHLoGJ2gEnLQGaqjG9RALqLoET2jV/RmPBkvxrvxMR9dMTLPEfpTxucPblqXgA==</latexit>

| (t)i = U(t)| 0i
<latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit><latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit><latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit><latexit sha1_base64="T01+F2ghwV+2vCVxcRYxwM/nOLo=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyxK3ZQZEdSFUHTjsoJjC51hyKRn2tBMZkgyQql9Aze+ihsXKm5du/NtTC+Ctv4Q+POdc0jOH2WcKe04X9bc/MLi0nJhpbi6tr6xaW9t36o0lxQ8mvJUNiKigDMBnmaaQyOTQJKIQz3qXg7r9TuQiqXiRvcyCBLSFixmlGiDQvvg3s8UK+tD7Esi2hzwOfbMdYRD54eGdsmpOCPhWeNOTAlNVAvtT7+V0jwBoSknSjVdJ9NBn0jNKIdB0c8VZIR2SRuaxgqSgAr6o30GeN+QFo5TaY7QeER/T/RJolQviUxnQnRHTdeG8L9aM9fxadBnIss1CDp+KM451ikehoNbTALVvGcMoZKZv2LaIZJQbSIsmhDc6ZVnjXdUOau418el6sUkjQLaRXuojFx0gqroCtWQhyh6QE/oBb1aj9az9Wa9j1vnrMnMDvoj6+MbORCbGA==</latexit>

von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)

It is expected/argued that
the behavior found here is 

generic to many-body 
quantum dynamics 
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<latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit>

random complex numbers

is a Wishart random matrix⇢A = TrB(| ih |)
<latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit>

Chen and Ludwig PRB (2018)

Znidaric, J. Phys. A: Math. Theor. (2007)
Yang et al PRL (2016)
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<latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit>

random complex numbers

is a Wishart random matrix⇢A = TrB(| ih |)
<latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit>

Chen and Ludwig PRB (2018)

Znidaric, J. Phys. A: Math. Theor. (2007)
Yang et al PRL (2016)

Y is a complex random 
matrix

<latexit sha1_base64="V3j0vEYNP/dd6Rtfaa4kNgC36oY=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohePFewX27Vks2kbmk2WJCuUpT/DiwdFvPprvPlvTNs9aPXBwOO9GWbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz249UaSbFvZkkNIjxULABI9hYyW9fdbsPWS/Cw2m/XHGr7hzoL/FyUoEcjX75sxdJksZUGMKx1r7nJibIsDKMcDot9VJNE0zGeEh9SwWOqQ6y+clTdGKVCA2ksiUMmqs/JzIcaz2JQ9sZYzPSy95M/M/zUzO4DDImktRQQRaLBilHRqLZ/yhiihLDJ5Zgopi9FZERVpgYm1LJhuAtv/yXtM6qXq1auzuv1K/zOIpwBMdwCh5cQB1uoQFNICDhCV7g1THOs/PmvC9aC04+cwi/4Hx8A/9IkRc=</latexit>

W = Y Y † W is from the Wishart 
random matrix ensemble
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Reduced Density Matrix

The reduced density matrix for a random pure state 
(i.e. Page state) | i =

X

i

↵i|Cii
<latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit>

random complex numbers

is a Wishart random matrix⇢A = TrB(| ih |)
<latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit><latexit sha1_base64="6LPXnlGOryqktmfFn0xWJ56W93k=">AAACHXicbVBPS8MwHE3nvzn/VT16CQ5hXkYrinoQ5rx4nLC6wVpKmmVbWJqWJBVGt0/ixa/ixYOKBy/itzHdetDNByGP934/kveCmFGpLOvbKCwtr6yuFddLG5tb2zvm7t69jBKBiYMjFol2gCRhlBNHUcVIOxYEhQEjrWB4k/mtByIkjXhTjWLihajPaY9ipLTkm2euGET+NbyCbojUQIRpU0z8egWO3Yak0BWI9xmBLsvvTB wf+2bZqlpTwEVi56QMcjR889PtRjgJCVeYISk7thUrL0VCUczIpOQmksQID1GfdDTlKCTSS6fxJvBIK13Yi4Q+XMGp+nsjRaGUozDQk1kGOe9l4n9eJ1G9Cy+lPE4U4Xj2UC9hUEUw6wp2qSBYsZEmCAuq/wrxAAmElW60pEuw5yMvEuekelm1707LtXreRhEcgENQATY4BzVwCxrAARg8gmfwCt6MJ+PFeDc+ZqMFI9/ZB39gfP0AuuuhNA==</latexit>

Chen and Ludwig PRB (2018)

Captures states that satisfy ETH

Znidaric, J. Phys. A: Math. Theor. (2007)
Yang et al PRL (2016)

<latexit sha1_base64="V3j0vEYNP/dd6Rtfaa4kNgC36oY=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohePFewX27Vks2kbmk2WJCuUpT/DiwdFvPprvPlvTNs9aPXBwOO9GWbmhQln2rjul1NYWV1b3yhulra2d3b3yvsHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz249UaSbFvZkkNIjxULABI9hYyW9fdbsPWS/Cw2m/XHGr7hzoL/FyUoEcjX75sxdJksZUGMKx1r7nJibIsDKMcDot9VJNE0zGeEh9SwWOqQ6y+clTdGKVCA2ksiUMmqs/JzIcaz2JQ9sZYzPSy95M/M/zUzO4DDImktRQQRaLBilHRqLZ/yhiihLDJ5Zgopi9FZERVpgYm1LJhuAtv/yXtM6qXq1auzuv1K/zOIpwBMdwCh5cQB1uoQFNICDhCV7g1THOs/PmvC9aC04+cwi/4Hx8A/9IkRc=</latexit>

W = Y Y †



Statistics of the 
Reduced Density Matrix

The reduced density matrix for a random pure state 
(i.e. Page state) | i =

X

i

↵i|Cii
<latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit><latexit sha1_base64="1ZHyxXwiaG86/ffrniTfHOaAr5U=">AAACE3icbZDNSgMxFIUz9a/Wv1GXboJFEIQyI4K6EIrduKzg2EJnKHfStA3NZIYkI5S2D+HGV3HjQsWtG3e+jZl2Ftp6IfDlnHtJ7gkTzpR2nG+rsLS8srpWXC9tbG5t79i7e/cqTiWhHol5LJshKMqZoJ5mmtNmIilEIaeNcFDL/MYDlYrF4k4PExpE0BOsywhoI7Xtk7FfV8yXIHqc4ivsqzRqM+wDT/pgYFzLbjO7bZedijMtvAhuDmWUV71tf/mdmKQRFZpwUKrlOokORiA1I5xOSn6qaAJkAD3aMiggoioYTZea4COjdHA3luYIjafq74kRREoNo9B0RqD7at7LxP+8Vqq7F8GIiSTVVJDZQ92UYx3jLCHcYZISzYcGgEhm/opJHyQQbXIsmRDc+ZUXwTutXFbc27Ny9TpPo4gO0CE6Ri46R1V0g+rIQwQ9omf0it6sJ+vFerc+Zq0FK5/ZR3/K+vwBOlid4g==</latexit>

random complex numbers

is a Wishart random matrix⇢A = TrB(| ih |)
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Chen and Ludwig PRB (2018)

And the density of levels follows the Marchenko-Pastur
distribution

Znidaric, J. Phys. A: Math. Theor. (2007)
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Yang et al PRL (2016)
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Entanglement spectra {En} = {� log �n}
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Entanglement spectrum of the reduced density matrix
 is analogous to a set of “Energy levels”

Li and Haldane PRL (2008)

For Hamiltonian dynamics 
in a system that satisfies ETH

Thus the entanglement spectrum inherits the spectral
statistics of the projected Hamiltonian (up to boundary terms) 
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ωA → TrB(e
→ωH)



Scrambling at short 
times

Starting from an initial product state, 
the rank of the reduced density matrix 

grows as a function of time

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)
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reduced density matrix captured by 

the entanglement bandwidth!

becomes broad at short times
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~RDM eigenvalues
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bandwidth grows linearly!

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)
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Light cone hits the edge of
the subsystem at time

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)
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Light cone hits the edge of
the subsystem at time

Entanglement spectra’s 
bandwidth grows until

the light cone hits
the edge of the subsystem 

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)
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For later times 
the RDM is full rank

 
and the BW shrinks like

Growth of the rank of the 
reduced density matrix captured by 

the entanglement bandwidth!

⇠ 1/(t� t0)
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= min(q2t, qlA)
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Scrambling at short 
times, universality?

At these short times 

is the distribution of 
reduced density matrix 
eigenvalues universal?

Consider the distribution of
reduced density matrix 

eigenvalues

t < lA/vLC
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The early stages of the approach to equilibrium in closed quantum systems are not well understood: even
when systems are far from full thermalization, one expects local thermalization to occur. We characterize this
by exploring the evolution of the entanglement spectrum under various quantum circuits. We find universal
features in the entanglement spectrum, which capture this distinction between local and global thermalization.
The local structure is captured by the adjacent-level statistics, described by the random matrix theory on O(1)
timescales independent of subsystem size; the global structure, captured by the density of states of the reduced
density matrix, does not resemble random-matrix predictions and instead follows a scale-free 1/f distribution.
These features hold for random unitary circuits with and without a conservation law, as well as localized Floquet
circuits. We provide a heuristic explanation of our results.

Understanding how an isolated quantum system reaches
thermal equilibrium is a central problem in quantum statistical
physics. Substantial progress has been made on the late-time
aspects of thermalization, based on the eigenstate thermaliza-
tion hypothesis (ETH) [1–5], which implies that small enough
subsystems are well described by thermal density matrices if
one waits long enough for information to have traversed the
full system. Much numerical and even experimental [6] evi-
dence now exists for ETH. The mechanism by which a local
density matrix goes from being disentangled to being fully
thermal—the process of thermalization—is still poorly under-
stood, however. A partial analytic understanding of this pro-
cess has begun to emerge, based on the study of random uni-
tary circuits (RUCs). RUCs are minimally structured models
of quantum chaotic dynamics; they generate random time evo-
lution, subject only to spatial locality. Despite this simplicity,
RUCs are conjectured to capture universal features of operator
spreading and entanglement growth in chaotic systems [7, 8].
RUCs have been generalized to incorporate static disorder [9],
conservation laws [10–12], time-periodic (i.e., Floquet) evo-
lution [13], and longer-range processes [14].

Many more properties become tractable for large q, where
each site is a q-state system; entanglement growth, autocorre-
lation functions, spectral form factors, operator growth, and
out-of-time-order correlation functions [15, 16] have been
computed in this limit [7, 8, 13, 17]. Physically relevant sys-
tems such as chaotic spin chains are, however, at q = 2, far
from the large-q limit. In particular, q-dependent corrections
to the Renyi entropies [18] suggest the reduced density matrix
for a finite-q system evolves in a nontrivial way [19–23] that is
not even qualitatively captured by looking at the entanglement
entropy.

In this letter, we find surprising universal properties of the
evolution of entanglement spectra in a variety of RUCs. We
find two regimes in the evolution of the entanglement spec-
trum, demarcated by the rank (i.e., number of nonzero eigen-
values) of the RDM. For RUCs the rank is min(qlA , q2t) for a

A B

{
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FIG. 1. (a) Depiction of the random unitary circuits considered here:
one time-step involves applying random gates on the even bonds,
then on the odd bonds. (b) Level statistics of the entanglement spec-
trum, as a function of time, starting from a random product state.
Colors represent the model considered; within each color, lighter
shades (empty shapes) are for L = 12, lA = 6 and darker shades
(filled shapes) are for L = 16, lA = 8. The random-matrix predic-
tion is marked in gray. There are no noticeable finite-size effects;
conserved and free-fermion models take slightly longer to saturate
than the fully random circuit. (c) Spectral density of the reduced
density matrix for L = 16, lA = 8, at times t  4. A 1/� distribu-
tion (solid line) holds across more than ten decades for t = 4. Inset
shows a schematic of the corresponding DOS of the entanglement
spectrum at t = lA/2. (d) Evolution of entanglement bandwidth and
second Renyi entropy S2, for L = 20, lA = 10; the former grows
linearly until t = L/2, then shrinks as 1/(t� t0) (dashed lines); the
latter keeps growing linearly.

subsystem of size lA at time t. At early times 2t  lA, the en-
tanglement spectrum acquires a large number of new eigenval-
ues at each timestep, most of which are at high “entanglement
energies” (i.e., small eigenvalues of the RDM). The entangle-
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several decades of a scale free RDM eigenvalue distribution

Scrambling at short 
times, universality?

We find YES!

At these short times 

is the distribution of 
reduced density matrix 
eigenvalues universal?

Consider the distribution of
reduced density matrix 

eigenvalues

t < lA/vLC
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Demonstrated this for Hamiltonian and Floquet dynamics  as well
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The early stages of the approach to equilibrium in closed quantum systems are not well understood: even
when systems are far from full thermalization, one expects local thermalization to occur. We characterize this
by exploring the evolution of the entanglement spectrum under various quantum circuits. We find universal
features in the entanglement spectrum, which capture this distinction between local and global thermalization.
The local structure is captured by the adjacent-level statistics, described by the random matrix theory on O(1)
timescales independent of subsystem size; the global structure, captured by the density of states of the reduced
density matrix, does not resemble random-matrix predictions and instead follows a scale-free 1/f distribution.
These features hold for random unitary circuits with and without a conservation law, as well as localized Floquet
circuits. We provide a heuristic explanation of our results.

Understanding how an isolated quantum system reaches
thermal equilibrium is a central problem in quantum statistical
physics. Substantial progress has been made on the late-time
aspects of thermalization, based on the eigenstate thermaliza-
tion hypothesis (ETH) [1–5], which implies that small enough
subsystems are well described by thermal density matrices if
one waits long enough for information to have traversed the
full system. Much numerical and even experimental [6] evi-
dence now exists for ETH. The mechanism by which a local
density matrix goes from being disentangled to being fully
thermal—the process of thermalization—is still poorly under-
stood, however. A partial analytic understanding of this pro-
cess has begun to emerge, based on the study of random uni-
tary circuits (RUCs). RUCs are minimally structured models
of quantum chaotic dynamics; they generate random time evo-
lution, subject only to spatial locality. Despite this simplicity,
RUCs are conjectured to capture universal features of operator
spreading and entanglement growth in chaotic systems [7, 8].
RUCs have been generalized to incorporate static disorder [9],
conservation laws [10–12], time-periodic (i.e., Floquet) evo-
lution [13], and longer-range processes [14].

Many more properties become tractable for large q, where
each site is a q-state system; entanglement growth, autocorre-
lation functions, spectral form factors, operator growth, and
out-of-time-order correlation functions [15, 16] have been
computed in this limit [7, 8, 13, 17]. Physically relevant sys-
tems such as chaotic spin chains are, however, at q = 2, far
from the large-q limit. In particular, q-dependent corrections
to the Renyi entropies [18] suggest the reduced density matrix
for a finite-q system evolves in a nontrivial way [19–23] that is
not even qualitatively captured by looking at the entanglement
entropy.

In this letter, we find surprising universal properties of the
evolution of entanglement spectra in a variety of RUCs. We
find two regimes in the evolution of the entanglement spec-
trum, demarcated by the rank (i.e., number of nonzero eigen-
values) of the RDM. For RUCs the rank is min(qlA , q2t) for a
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FIG. 1. (a) Depiction of the random unitary circuits considered here:
one time-step involves applying random gates on the even bonds,
then on the odd bonds. (b) Level statistics of the entanglement spec-
trum, as a function of time, starting from a random product state.
Colors represent the model considered; within each color, lighter
shades (empty shapes) are for L = 12, lA = 6 and darker shades
(filled shapes) are for L = 16, lA = 8. The random-matrix predic-
tion is marked in gray. There are no noticeable finite-size effects;
conserved and free-fermion models take slightly longer to saturate
than the fully random circuit. (c) Spectral density of the reduced
density matrix for L = 16, lA = 8, at times t  4. A 1/� distribu-
tion (solid line) holds across more than ten decades for t = 4. Inset
shows a schematic of the corresponding DOS of the entanglement
spectrum at t = lA/2. (d) Evolution of entanglement bandwidth and
second Renyi entropy S2, for L = 20, lA = 10; the former grows
linearly until t = L/2, then shrinks as 1/(t� t0) (dashed lines); the
latter keeps growing linearly.

subsystem of size lA at time t. At early times 2t  lA, the en-
tanglement spectrum acquires a large number of new eigenval-
ues at each timestep, most of which are at high “entanglement
energies” (i.e., small eigenvalues of the RDM). The entangle-
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several decades of a scale free RDM eigenvalue distribution

Scrambling at short 
times, universality?

Distinct from a random thermal state 
follows Marchenko-Pastur PMP (�) ⇠ 1/

p
�
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We find YES!

At these short times 

is the distribution of 
reduced density matrix 
eigenvalues universal?

Consider the distribution of
reduced density matrix 

eigenvalues

t < lA/vLC
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Summary: time scales on 
approach to equilibrium

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)

Relevant time scales:

(3) Global thermalization time, when the 
entanglement has saturated t~L

(1) An O(1) time scale, capturing
local thermalization

(2) When the light cone has hit the edge 
of the sub-system, t~lA P (�) ⇠ 1/�
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How to stop systems 
from thermalizing?

Many body localization (MBL): Strongly disordered or quasiperiodic many body 
Hamiltonians or Floquet unitaries

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Abanin, Altman,Bloch, Serbyn, Rev Mod Phys (2019)Nandkishore and Huse, Annual Review of CMP Physics (2015)

Khemani, Sheng, Huse (2017)

Setiawan, Deng, Pixley (2017)

Pal and Huse (2017)



How to stop systems 
from thermalizing?

Many body localization (MBL): Strongly disordered or quasiperiodic many body 
Hamiltonians or Floquet unitaries

Spectral statistics on small sizes have found clear indication of 
either a transition or cross over in the entanglement and between 

random matrix theory and Poisson level statistics 

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Abanin, Altman,Bloch, Serbyn, Rev Mod Phys (2019)Nandkishore and Huse, Annual Review of CMP Physics (2015)

Khemani, Sheng, Huse (2017)

Oganesyan and Huse, PRB (2007)



How to stop systems 
from thermalizing?

Many body localization (MBL): Strongly disordered or quasiperiodic many body 
Hamiltonians or Floquet unitaries

Experimental data on ultra cold atoms and trapped ions have found 
signatures of a transition, but are limited to finite time.

(Will focus on this in some detail in the next lecture, Friday June 5th)

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

| 0i =
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Schrieber et al, Science (2015)

| (t)i = e�iHt| 0i
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Choi, et al Science (2016)

Guo, et al Nature Phys (2021)

Bordia, et al PRX (2017)

Smith, et al Nature Phys (2016)



How to stop systems 
from thermalizing?

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Problem still strongly debated. Has been argued that the 
relaxation time is exponentially large but finite, where as 

MBL has an infinite relaxation time.

Disordered MBL not stable in dimensions greater then one.

Proof of MBL in 1D relies on one tacit assumption, not clear if 
it is an ironclad proof.

Many body localization (MBL): Strongly disordered or quasiperiodic many body 
Hamiltonians or Floquet unitaries

De Roeck and Huveneers, PRB (2017)

Huse, Physics Viewpoint (2016)

Imbrie, Jour. Stat. Phys. (2016)



How to stop systems 
from thermalizing?

Quantum scars: Non-integrable Hamiltonians with a spectrum 
generating algebra

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Chandran, Iadecola, Khemani, Moessner, Annual Review of CMP (2022) Serbyn, Abanin, Papic (2021)

Invariant under Q and is a subspace of 
the full Hilbert space

Starting from some eigenstate
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|ω0→
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(Q̂†)n|ω0→ Generates scar states that are sub-thermal
With energy <latexit sha1_base64="DZzqh50+oZlAWfXX2oAt044gm7Y=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQhJKIVJdFEVxWsA9oQphMJ+3QeYSZSaGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89ccqoNp737ZTW1jc2t8rblZ3dvf0D9/CorWWmMGlhyaTqxkgTRgVpGWoY6aaKIB4z0olHdzO/MyZKUymezCQlIUcDQROKkbFS5Lr3kXchgmGMVCA5GaDIrXo1bw64SvyCVEGBZuR+BX2JM06EwQxp3fO91IQ5UoZiRqaVINMkRXiEBqRnqUCc6DCfXz6FZ1bpw0QqW8LAufp7Ikdc6wmPbSdHZqiXvZn4n9fLTHIT5lSkmSECLxYlGYNGwlkMsE8VwYZNLEFYUXsrxEOkEDY2rIoNwV9+eZW0L2t+vVZ/vKo2bos4yuAEnIJz4INr0AAPoAlaAIMxeAav4M3JnRfn3flYtJacYuYY/IHz+QPGTJMh</latexit>

E0 + n⊋ω



How to stop systems 
from thermalizing?

Quantum scars: Non-integrable Hamiltonians with a spectrum 
generating algebra

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Chandran, Iadecola, Khemani, Moessner, Annual Review of CMP (2022) Serbyn, Abanin, Papic (2021)

Known examples Has exact 
scar states

Schecter and Iadecola, PRL (2019)

Scar states are 
log entangled

subthermal

Many-body revival of the Neel state



How to stop systems 
from thermalizing?

Effects of the scars seen in experiments observed anomalous relaxation 
in a Rydberg atom array

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Chandran, Iadecola, Khemani, Moessner, Annual Review of CMP (2022)

Bernien et al Nature (2017)

Rydberg atom tweezer arrays

Serbyn, Abanin, Papic (2021)



How to stop systems 
from thermalizing?

Hilbert space fragmentation: Constraints split the Hilbert space into many 
disconnected Krylov sectors. Prevents the dynamics from being ergodic.

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Sala et al PRX (2020)

Can be induced by a finite number of conservation laws

Khemani, Hermele, Nandkishore, PRB

e.g. conserving charge and dipole
ETH

Weakly entangled states 
don’t satisfy ETH

Garrison and Grover, PRX (2018)



How to stop systems 
from thermalizing?

Hilbert space fragmentation: Constraints split the Hilbert space into many 
disconnected Krylov sectors. Prevents the dynamics from being ergodic.

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Sala et al PRX (2020)

Can be induced by a finite number of conservation laws

Khemani, Hermele, Nandkishore, PRB

e.g. conserving charge and dipole



How to stop systems 
from thermalizing?

Measurement: Strong projective measurements collapse the 
wave function and remove entanglement. By measuring a 

particles location we have localized it in a dynamical sense.

To stop a quantum system from thermalizing we need to 
remove/reduce the entanglement 

Focus of lecture 4 (June 10)

Feedback/feedforward: Based on the outcome of the 
measurement perform an additional operation on the state

Focus of lecture 3 (June 8)



Conclusions
• Classical chaos is ubiquitous in nature.

• Quantum chaos of single particle systems remains well defined 
through random matrix theory.

• Many-body quantum chaos remains a challenging problem to 
define sharply as it lacks a simple classical limit.

• Thermalization in isolated many-body quantum systems takes place 
through locally scrambling information.

• Three relevant time scales on the approach to thermal equilibrium.

• Evading thermalization remains a topic of great interest.


