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Generic quantum dynamics is chaotic/thermal, to hard to control in general.

How can we control and manipulate quantum systems?



LECTURE SERIES OVERVIEW

Quantum dynamics in the pre fault tolerant era

Lecture 1: From classical and quantum chaos to thermalization in
isolated quantum systems

Lecture 2: Analog and digital quantum simulators from unitary
dynamics to midcircuit measurements.

Lecture 3: Monitored quantum dynamics in random quantum circuits

Lecture 4: Adaptive quantum circuits and control induced phase
transitions

Lecture 5: Open quantum dynamics software tutorial



LECTURE SERIES,
LEARNING GOALS

I. Lecture 1: Classical and Quantum Chaos, from single
particle to many-body

II. Lecture 2: Quantum platforms

III. Lecture 3: Monitored dynamics, interplay of unitary and
projective evolution.

IV. Lecture 4: Adaptive dynamics, controlling quantum
dynamics

V. Lecture 5: Numerical approaches to adaptive quantum
dynamics



LECTURE 1: GOALS

Understanding generic quantum dynamics

Classical dynamics, chaotic vs integrable

Quantum dynamics, chaos vs integrable

Thermalization in isolated quantum systems

Models for generators of the dynamics:
Hamiltonian, Floquet, and random quantum circuits

Breakdown of thermalization



OUTLINE

[I. Classical chaos

[1I. Quantum chaos

[V. Many-body quantum chaos and thermalization
V. Evading thermalization



UNPREDICTABILITY OF

CHAOS

Classical Chaos: unpredictable deterministic evolution of
the classical equations of motion.

Weather

Google

Public transit

Feldman, Chaos and Fractals an Elementary Introduction, (2012)



UNPREDICTABILITY OF

CHAOS

Classical Chaos: unpredictable deterministic evolution of

the classical equations of motion.

Weather - 3 gravitational bodies

Gravitational 3-body problem Elastic 3-body problem

Wikipedia
Google

Public transit




UNPREDICTABILITY OF

CHAOS

Classical Chaos: unpredictable deterministic evolution of

the classical equations of motion.

Weather B Billiards in a “stadium” geometry

Google

shutterstock.com - 1008705454

Public transit

j HKL;‘E;- ‘.:' 32 s :

Wikipedia
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Classical Chaos: unpredictable deterministic evolution of
the classical equations of motion.

Quantify chaos: Exponential sensitivity to initial conditions

X' (t=0)=x(0)+d <1



UNPREDICTABILITY OF
CHAOS

Classical Chaos: unpredictable deterministic evolution of
the classical equations of motion.

Quantify chaos: Exponential sensitivity to initial conditions
x(t=0)=x(0)+d6 <1
Hx(t) T :I;/ (t) ‘ ‘ ~ et)\Lyapunov

ALyapunOV > O Chaotic

ALyapunOV < O Stable



DYNAMICAL SYSTEMS

‘ ' dx’ 1 .2 .3 N
Continuous time = [zt 22,28, )
dt
dx? 1 .2 3 N
E:FQ(:E R NN el
dx" 1 .2 .3 N
—— = Fn(z,2%,2°,..., 27" )
dt
dx
N first order order ditferential equations o =F [X(t)]



HAMILTONIAN SYSTEMS

Dynamics generated by a Hamiltonian depends on position,

momentum, and time H(q, D. t) q= ((Ch, G2, . - ,qN))
P = (P1,P2,-- -, PN

dp/dt = —0H(p, q, 1)/0q,

Equations of motion
1 dq/dt = OH(p, q, 1)/0p.

Chaos in dynamical systems, Ott
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HAMILTONIAN SYSTEMS

Dynamics generated by a Hamiltonian depends on position,

momentum, and time H(q, D. t) q= ((Ch,CJz, . ,qN))
P = P1,P2,-.-,PN

dp/dt = —-0H(p, q, t)/0q,

Equations of motion
1 dq/dt = OH(p, q, 1)/0p.

Written in the general construction, we have dx/dz = F(X, 1) x= (P)

q
_ _ dp/dt
(X, 1) =Sy -0 /5’x (d(]/dt)
OH [0H/op Sy — {ON —|N]
ox | 0H/oq v O
) ) / ™
NxN identity matrix NxN zero matrix

Chaos in dynamical systems, Ott
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Consider 1D maps I,,41 = f(xn)

foor o]

Initial condition %0 — 1 — T2 — **+ — ITp
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foor o]

Initial condition %0 — 1 — T2 — **+ — ITp

Weather forecasting

e

Tellus A:
Dynamic Meteorology and Oceanography
Reading: The problem of deducing the climate from the governing

Original Research Papers

The problem of deducing the climate
from the governing equations

Edward D. Lorenz & (1964)
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Weather forecasting
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equations
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The problem of deducing the climate
from the governing equations

Edward D. Lorenz & (1964)
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ITERATIVE MAPS

Consider 1D maps I,,41 = f(xn)

foor o]

Initial condition %0 — 1 — T2 — **+ — ITp

Weather forecasting

'y’

Tellus A:
Dynamic Meteorology and Oceanography

Reading: The problem of deducing the climate from the governing
equations

Original Research Papers
The problem of deducing the climate
from the governing equations

Edward D. Lorenz & (1964)

Nature Vol. 261 June 10 1976 459

review article

Simple mathematical models with very

complicated dynamics
Robert M. May*

Logisticmap ~ Tn+t1 = rx,(l — x,)




FROM PERIODIC TO CHAOTIC

Logistic map Tnt1 = TTn(l — zp)

Example: r =1.2 gtable o = 0.4

r = 0.4+ 107"
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Logistic map Tnt1 = TTn(l — zp)
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FROM PERIODIC TO CHAOTIC

Logistic map Tnt1 = TTn(l — zp)

Example: r =1.2 gtable o = 0.4
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FROM PERIODIC TO CHAOTIC

Logistic map Tnt1 = TTn(l — zp)
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n iteration




FROM PERIODIC TO CHAOTIC

Logistic map

Example:

r =4.0 Chaotic

xn 10f
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00k, . ,e°
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n iteration

0.0

Tpi1 = 7TTn(1l —x,)
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FROM PERIODIC TO CHAOTIC

Logistic map Tpt1 = 1Tn(l — xp)
Example: » = 4.0 Chaotic ro = 0.4
ry = 0.4+ 107"
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THE LYAPUNOV EXPONENT

X(t) =x(t) + 6(t) x(1) + &(1)
Consider an infinitesimal perturbation \
dx
= = Flx(t
)

Linearizing in ()

dd dF /
= d_x(s = F'[x(1)]d(¢t)

/ 16(0)] = 16(0)]]
EXO T
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X(t) =x(t) + 6(t) x(1) + &(1)
Consider an infinitesimal perturbation \
dx
= = Flx(t
)

Linearizing in ()

dd dF /
= d_x(s = F'[x(1)]d(¢t)

/ 16(0)] = 16(0)]]
EXO T

5(1) = exp { /O t dt’F’[x(t’)]} 5(0)



THE LYAPUNOV EXPONENT

X, =X, + 0y, x(1) +6(7)
Consider an infinitesimal perturbation \

Xn4+1 — f(Xn)

Linearizing in ()

df
5n—l—1 — d—X5n — f/[Xn]dn

/ 16(0)] = 16(0)]]
EXO T



THE LYAPUNOV EXPONENT

X, =X, + 0y, x() + (1)
Consider an infinitesimal perturbation \

Xn4+1 — f(Xn)

Linearizing in ()

/ 16(0)] = 16(0)]]

5,01 = L5 —px,]s, EIOT
dx
df / / /
5n — d_X(Sn 1 — =1 [Xn 1]572, 1 — =1 [Xn 1]f [Xn 2]5n 2

5n — f, [Xn_l]f/ [Xn_g X() 50 H f/ Xk



THE LYAPUNOV EXPONENT

X, =X, + 0y, x() + (1)
Consider an infinitesimal perturbation \
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n—1
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log [6,| = )  log |f'[xk]| + log |do|
k=0



THE LYAPUNOV EXPONENT

X, =X, + 0y, x() + (1)
Consider an infinitesimal perturbation \

Xn+1l — f(Xn)
n—1
5, = T £/Fxildo / 180 =18(0)] ¢*
Y 16O ()

n—1
log [6,| = )  log |f'[xk]| + log |do|
k=0

n—1
0,,| = |00] exp (Zlog f’[xk])

k=0



THE LYAPUNOV EXPONENT

6(t) = exp {/Ot dt’F’[x(t’)]} 0(0) ~ eAt

|t
The Lyapunov E>.<p0nent A= lim © [ aFx(t)
(continuous time) t—oo t [,

n—1
05| = [00] exp (Zlogf’[xk]) ~ e

k=0

n—1
The Lyapunov Exponent \ = lim l Z log | [x]]
(discrete time) L
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THE LYAPUNOV EXPONENT

Logistic map Tpt1 = 1Tn(l — xp)
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ROUTE TO CHAOS: MAPS

Logistic map Tpi1 =1rxy(l —x,)

\

Vary parameter, r

in the limit n — o©
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Logistic map

1.0
Iim z,
n— 00
06 Vary parameter, r
0.4 in the limit n — oo

0.2 Period doubling
on the route to chaos
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“Strength of chaos” T
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Logistic map Tpt1l = mjn(l — :En)
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ROUTE TO CHAOS: MAPS

Logistic map Tpt1l = mjn(l — :En)
1.0
Iim z, .
06 /\ | Vary parameter,
0.4

0.2 Period doubling

n the route to cha
© € TOUte 10 Chaos Onset of chaos
0.0 - —_ : , :
2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4,

“Strength of chaos” T N /rz
)\

Lyapunov -1
exponent

| | | |
[} w S w N -
1 1 1 1




A SIMPLER CHAOTIC MAP

For r=4, where this is chaotic it can be reduced to the Bernoulli map

Ln4+1 = 433n(1 — CUn) Lp = sin” (7)

sin®(mt,,11/2) = 4sin?(nt,, /2) cos?(mt,, /2) = sin®(nt,,)

—> 7Ttyy1/2=7t, modm

Bernoulli map tn+1 = 2t, mod 1

(or doubling map)

O<t < )\Lyapunov — 1112




A SIMPLER CHAOTIC MAP

For r=4, where this is chaotic it can be reduced to the Bernoulli map

Bernoulli map tn+1 = 2t, mod 1

(or doubling map) 0<t<1

)\Lyapunov — lnz

binary bit strings on a classical computer
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For r=4, where this is chaotic it can be reduced to the Bernoulli map
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(or doubling map) 0<t<1

)\Lyapunov — lnz

binary bit strings on a classical computer

ty, = O.blbgbg . bt = O.bgbg c o
b; = 0,1




A SIMPLER CHAOTIC MAP

For r=4, where this is chaotic it can be reduced to the Bernoulli map

Bernoulli map tn+1 = 2t, mod 1

(or doubling map) 0<t<1

)\Lyapunov — lnz

binary bit strings on a classical computer

ty, = O.blbgbg . bt = O.bgbg c o
b; = 0, 1
Starting from
1 r T T T T 1 t
to = —= 0.0 0.2 0.4 0.6 0.8 1.0



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

2
Kicked rotor Hyxp = 22? k cos(6 Z 6(t — nT)

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

2

Kicked rotor  Hyp — 22? k cos(f Z 5(t — nT)

Equations of motion

d

d_]t? — ksin@Zé(t —nT)

do P Constant at times
dt I \ not equal to nT

Let p,.,0, Dbethese
constant at times ¢t =nT + 07

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Equations of motion _p — ksin @ Z o) (t _ nT)

Constant at times
not equal to nT

Let p,.,0, Dbethese

. . (m+1)T
Integrating th? equations, / di(...) constant at times ¢t =nT + 07
across one period mT

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

. . . d
Kicked rotor Equations of motion d_Zt? — ksin zn: ) (t —nT )

b _p TN\
dt 1 Constant at times
not equal to nT
Let p,,0, bethese
: : (m+1)T nsy Un
Integrating th? equations, / di(...) constant at times ¢t =nT + 07
across one period mT

p((m+1)T) — p(mT) = D41 — Pm = ksin Oy, 4

1
O(m + 1)T) = 6(mT) = i1 = O = P

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor This is the “standard map”

1
01 = (O —I—me) modulo 27

Setting 7//=1

Pm+1 = ksinbp, 41 + pm,

Increasing k

Integrable

112
1/2
/2%

0,6 0,6

p/2m

0.6—':- . o L ‘ s 3 :
. L B T S T
G RN
" 1 024 L LT AR
0'0 Y . . : . 0_0 """" . AR ‘:. "- . L. . .
0,0 0,2 0,4 0,6 08 1,0 00 02 04 06 08 1,0 00— T !
' ' ' . ’ ' ' ' ' ' ' 0,0 0,2 0,4 06 08 1,0
K=0.5 0/2n K.=0.971635 0/2n K=o 0/2x

0/2m

Figure 1: Single trajectory starting at point (7/2,7) for different K

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor This is the “standard map”

1
01 = (O —I—me) modulo 27

Setting 7//=1

Mixed phase space Critical Chaotic
k=0 k < k. k. = 0.971635

Integrable ="
Pm+1 = Pm | w

’: AT -ﬁﬁ"

~ S SR !'g,?‘?r&ﬂ? L S0

: 22 w
P
¢ . - - of
i 2=
: T s (::
e B0 TN
- i\
< 3 h

N
s

.,
s Y

1 = .
" < {retp.
&0

Py

e

¥ Fat s

p/2m

K.=0.971635 0/2n

Chaos in dynamical systems, Ott Figure 2: Poincaré surfaces for different K



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

Kicked rotor This is the “standard map”

1
01 = (O —I—me) modulo 27

Setting 7//=1

Pm+1 = ksinbp, 41 + pm,

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

Kicked rotor This is the “standard map”

1
01 = (O —I—me) modulo 27

Setting 7//=1

Pm+1 = ksinbp, 41 + pm,

Pma1 = ksinb,,1 + ksin(0,,) + pm_1

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

Kicked rotor This is the “standard map”

1
01 = (O —I—me) modulo 27

Setting 7//=1

Pm+1 = ksinbp, 41 + pm,

Pma1 = ksinb,,1 + ksin(0,,) + pm_1

Pm+1 = Z sin(6;) + po

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

Kicked rotor Diffusion in the kicked rotor
m-+1
Pmy1 = ) sin(6;) + po
=1

Average over kicks

((pm — p0)?) = K~ Z<Siﬂ 0;sinf;)

2,]

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

Kicked rotor Diffusion in the kicked rotor
m-+1
Pmy1 = ) sin(6;) + po
=1

Average over kicks

m
((Pm — p0)?) = k> ) (sin; sin6;)
2]
In the limit k>>1, kicks are totally random and uncorrelated
<SiIl (9@ S1n (9]> — 51"]' <sm(92)2> — 51"3' 5

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

Kicked rotor Diffusion in the kicked rotor
(Pm — p0)®) = k> (sinf;sin6;)
1,

In the limit k>>1, kicks are totally random and uncorrelated
. o o 1
Average over kicks <SlI1 6; sin (9j> — 57;,]' <Sln(6’i) > — 5z',j 5

(P — po)*) = k™m/2

The root-mean-square

~ 1.2
of a diffusion process ((Pm — P0)*)rms = 2Dm D=k / 4

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Diffusion in the kicked rotor

The root-mean-square

mo ° rms — 2D
of a diffusion process ((Pm = po)) m

s

2 - |— Numerics
D ~ k 4 — Simple approximation (quasi-linear) K*2/4
Y — Better approximation KA2#(1-2*J2(K)+2J2(K)*2)/4

N
—3

Diffusl\i)on cgnstant
T 8| ! %

é
' |

-

40

Chaos in dynamical systems, Ott



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Diffusion in the kicked rotor

The root-mean-square

mo ° rms — 2D
of a diffusion process ((Pm = po)) m

500 T T T T T
2 = IS\I_UIaniCS imation ( 1-11 ) K"2/4
N — mple approximation (quasi-linear A
D ~ k / 4 400 | — Beter apl[))?oximation K22*(1-2*J2(K)+2J2(K)’\2)/4
Z :.
Q 300 -
Q
. . . . o i
Corrections in the diffusion constant ~ .S,| _
(Correlations between kicks) =
A 100 7
k2 5 -
D~ —(1=2k(k) +25(k) |

Rechester and White, PRL (1980)

Chaos in dynamical systems, Ott

40



CHAOTIC HAMILTONIAN
SYSTEMS: KICKED ROTOR

Kicked rotor Lyapunov exponent

d(t) ~ d(0)e =Pt

d(t) = \/[2/(t) — 2O + [P (1) — p(O)]

A= (Az,p)) = <<tli>r£lo d(l()i)rg() % o %>>

Chaos in dynamical systems, Ott Chirikov, Phys. Rep. (1979) Rosenbaum, Ganeshan, Galitski, PRL (2017)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Lyapunov exponent

d(t) ~ d(0)e =Pt

d(t) = \/[2/(t) — 2O + [P (1) — p(O)]

A= (Az,p)) = <<tli>r£lo d(l()i)rg() % o %>>

2 nearby trajectories

r .
< Pn+1 = pn + K sinxy, /
Tpil = Ty + Ppnti n = Pn — Pn Mna1 = Nn + K(sina! — sinx,,)
\ mod 27 f g
' =z, — 1 = &n T Mn+1
<(pr,,1+1 = pi,, + K sin :L“,’n gn — Ly, Tn n+ n n+
/ / /
X = I _I_
\ n+1mod 2 Prt1

Chaos in dynamical systems, Ott Chirikov, Phys. Rep. (1979) Rosenbaum, Ganeshan, Galitski, PRL (2017)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Lyapunov exponent  d(t) ~ d(0)e* P!

A= (Az,p)) = <<tli>r£o d(loi)n—lm % n %>>

/

2 nearby trajectories ' T Pn T Pr npiy =nn 4+ K(sinz, —sinay)

o _
(Pri1 = pn + K sinz, En = T, — Tn En+1 = En + Mt
<
\ mod 27

() o . /
Ppy1 = Py, + Ksinx,
/ . / /
\xn—l—l = Ty T Ppa

mod 27

Chaos in dynamical systems, Ott Chirikov, Phys. Rep. (1979) Rosenbaum, Ganeshan, Galitski, PRL (2017)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Lyapunov exponent  d(t) ~ d(0)e* P!

A= (Az,p)) = <<tli>r£o d(loi)n—lm % n %>>

2 nearby trajectories ' T Pn T Pr npiy =nn 4+ K(sinz, —sinay)

— ! — +

¢ ) — .

Pn+1 = Pn T K sin x,, fn Ly Ln €n+1 gn Nn+1
<

Tnt+1 = Tp T+ Pntl

) mod 2m Teio identit sinx, — sinz, = sin(z, +&,) — sinxz,

. rig identi , .
fp;z-|—1 — p,’n + K sin CU;,J 5 Y = sinx,, (cos &, — 1) + sin &, cos x,,.
/ / /
Tpi1 = Tp+ Ppg
Lt od o0 n+ a1 = T n (K oS xn)gn

To leading order
in the deviations §n+1 — gn + TIn+1

Chaos in dynamical systems, Ott Chirikov, Phys. Rep. (1979) Rosenbaum, Ganeshan, Galitski, PRL (2017)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Lyapunov exponent 7,41 = n, + (K cosz,)&,
Ent1 = En + N + (K cos )

To leading order
in the deviations

(an) B <1 k cos(xy,) ) <§n+1>
a1/ \1 kcos(x,)+1/) \nni1

k cos(, )
Eigenvalues ~ Ap =1+ Coz(x ) | \/ k cos(zy,) (1 + kcoz(x )>

Focusing on k > ()

AR (L freos(ea))) = 5= [ detnlis reos(e)]

2w ) _ -

Chaos in dynamical systems, Ott Chirikov, Phys. Rep. (1979) Rosenbaum, Ganeshan, Galitski, PRL (2017)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED ROTOR

Kicked rotor Lyapunov exponent

k cos(x, k cos(x,
Eigenvalues A+ =1+ 2( ) T \/k cos(Zn) (1 + 4( )>

E>0 A~ ((Iylkcos(zy,)])) = 1 /W dx In |l 1 [k cos(x)]|

2w ) _
7 —
2 C
6 < 15} e
At large k ”C% ’
1 [T ° < 05 |
A~ — [ deln(k|cos(z)|) <4l @ o . _
DT go 01 2 3 456 7 8 910
-7 = K
~< 3T 6 Quantum CGR of O(t) (het =271 /2 y
— 10g(/€/2) o | —Classical CGR of Ca(?) : 1
A Classical LE (numerics)
1 i
Focus on blue data and
on black dashed line 0

0.0 0.1 1 K 10 100 1000
Chaos in dynamical systems, Ott Chirikov, Phys. Rep. (1979) Rosenbaum, Ganeshan, Galitski, PRL (2017)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. kJ2
chl%ed top Hyxr = aJy, Z o(t —nT)

a=7/(2T) n=—e

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. kJ2
chl%ed top Hyxr = aJy, Z o(t —nT)

a=7/(2T) n=—e

{Ji, J;} = i€iidk
Conserved angular
momentum

{(J2,H} =0

dJ OH
— ol — _ el

Classical § _y ~o m:Jx/S,y:Jy/S,Z:JZ/s

limit

Equation of Motion ¢

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. kJQ
KICI%Ed tOp HKT — OéJy | Z 5 t — ’I’LT
a=7/(2T) n=Tee
{Ji, J;} = i€iidk
Conserved angular 5
momentum {J ’H } =0
dJ OH
Eration of Mot ={J,H} =—-J x —
quation of IMotion dt O0J
Classical § _y ~o r=J,/S,y=1J,/S 2=J,/S
Y
limit
Integrating the equations, .
aciogzsctnegpterioccll t Ln+1l — <Zn COS(kxn) + Yn Sln(kﬂjn)
(m4+1)T
[ Yna1 = —2zn sin(kx,) + yp cos(kx,,)

in+1 — —Ip
Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. k.J2
K1cl%ed top Hyxr = aJy, Z o(t —nT)

a=n/(2T)

S o0 = Jx/S,y: J,/S,z=J,/S

Tpa1 = Zp cos(kxy) + yp sin(kx, )

Equation of YUn+1 = —Zn Sin(kxn) Un COS(kxn)
Motion

Phase space
coordinates

2= Q
= /1 — Q? cos(2P)
=/ 1—Q?sin(2P)

Passarelli, et al, Quantum (2025)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
K1clfzed top Hyer = aJ, - kJ Z (¢ — nT)

a=n/(27). n=—e

S o0 w=dJ,/Sy=4J,/S z=J./S

Tpa1 = Zp cos(kxy) + yp sin(kx, )

Equation of Yn+1 —Zn Sin(kxn) Un COS(kxn)

Motion
“n+1 — —Ip

Phase space is compact, NO notion of diffusion in the long time limit

But in the limit of short times and large kicking strengths it is diffusive



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
K1clfzed top Hyer = aJ, - kJ Z (¢ — nT)

a=n/(27). ==

S o0 w=dJ,/Sy=4J,/S z=J./S

Phase space is compact, NO notion of
diffusion in the long time limit

Diffusion in the kicked top, in the limit of
large kicking strength (k>>1) and SHORT times!

([ent1 — 2n]") = ([n + 2a]")

/ k>>1, all kicks are random and independent

(Tn) + (2n) =2/3



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
Kicked top Hir = ad, + 22 32 5t —nm)

a=n/(27). n=—e

S o0 w=dJ,/Sy=4J,/S z=J./S

Diffusion in the kicked top, in the limit of
large kicking strength (k>>1) and SHORT times!

([znt1 — 2a]%) = (@(t)%) + (2()") = 2/3

k>>1, all kicks are random and independent
(lzns1 — z]?) = 2D D~~1/3

k independent!
Consequence of compact phase space



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. kJ2
chl%ed top Hyxr = aJy, Z o(t —nT)

a=7/(2T) n=—e

Stable fixed points of the map  x,,.1 = x,, = X

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. kJ2
KICI%Ed tOp HKT — OéJy | Z 5 t — ’I’LT

a=7/(2T) n=Tee

Stable fixed points of the map  x,,.1 = x,, = X

k= o 20 — — X0 Yo — T Sln(k.ilf()) + Yo COS(kiEQ)

Yo/ xo = sin(kxg)/(1 — cos(kxg)) = cot(kxq/2)

2 2 2 T2 —
rog+ys+25 =1 0

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

° 2 >
Kicked top Hyxr = aJy, - kQ‘;““ Z 0(t —nT)

a=7/(2T) n=Tee

Stable fixed points of the map

4

2 sin” (k_gg)
T

(0,¢) 07 1+ sin? (k)

This must satisfy <1 / )

_——

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

° 2 >
Kicked top Hyxr = aJy, - l;‘;z Z 0(t —nT)

a=7/(2T) ==

Stable fixed points of the map

4

2 sin” (k_gg)
T

(0,¢) 07 1+ sin? (k)

This must satisfy <1 / )

_——

For at least one solution to exist in the small xy limit

zg = (kxo/2)? (1 — (kzo/2)° + ... )

Yk > 2 Guarantees one solution exists with g > ()

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

° 2 >
Kicked top Hyxr = aJy, - l;‘;z Z 0(t —nT)

n=——oo

o =7/(27).

Stable fixed points of the map

4

2 sin” (k_gg)
T

(0,¢) 07 1+ sin? (k)

This must satisfy <1 / )

_——

For at least one solution to exist in the small xy limit

zg = (kxo/2)? (1 — (kzo/2)° + ... )
Yk > 2 Guarantees one solution exists with g > ()
k=6 \* \
k = \2r 20 = Y2V — 24 O((k — 2)3/?)

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)




CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

° 2 >
Kicked top Hyxr = aJy, - l;‘;z Z 0(t —nT)

n=——oo

o =7/(27).

Unstable fixed points of the map

Z sin? (k%)

0 Linearize about the fixed points % = Tosin? (k22)
k4 ko cot(kxo/2) sin(kzg) cos(kxg) 1 62
0y | = —kx cos(kxg) —sin(kxg)| |dy
62 —1 0 0 0z

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

a=n/(27). ==

Unstable fixed points of the map

Z 2 sin? (k%)

0 Linearize about the fixed points ™~ 1 gin? (k)
( 0 ¢) k4 ko cot(kxo/2) sin(kzg) cos(kxg) 1 62
7 0y | = —kx cos(kxg) —sin(kxg)| |dy
02" I —1 0 0 | |6z

_——

Eigenvalues 1 &  Az(k)=- [h(k) + v/h(k)? —

h(k) = sin? (ko /2) — ’% cot (kzo/2)

k=2 ‘h(k) | < 1 For stability

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

n=——oo

o =7/(27).

Unstable fixed points of the map
Z
! kxo

h(k) = sin?(kzq/2) — - % cot(kzo/2)
(6, ¢)

‘ h ( k ) | < ]. For stability

_——

Becomes unstable when h(k) =1
cos(kxg/2) =

Slﬂ(k:l?()/Z) =1

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

a=n/(27). ==

Unstable fixed points of the map
Z
! kxo

h(k) = sin?(kzq/2) — - % cot(kzo/2)
(6, ¢)

‘ h ( k ) | < ]. For stability

_——

Becomes unstable when h(k) — 1]

cos(kxo/2) =0 krog/2 = m/2
xk=6\* ¢ sin(kxg/2) =1 r5 =1/2
k =12z ke = V2m ~ 4.44

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

a=n/(27). ==

Unstable fixed points of the map
Z
! kxo

h(k) = sin?(kzq/2) — - % cot(kzo/2)
(6, ¢)

‘ h ( k ) | < ]. For stability

_——

Becomes unstable when h(k) =1
cos(kxo/2) =0 krog/2 = m/2
sin(kxg/2) =1 r5 =1/2

k. = V21 ~ 4.44

k=+2r All fixed points unstable k > k.

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Prasad, et al, Kulkarni, JHP, et al, arXiv (2026)




CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

a=7/(2T) n=Tee

Tangent map ,

n

or,+1 = f'(r,)or,

or,, =r, — T
Tpi1 = zp cos(kxy) + yn sin(kxy,)

Ynt1 = —2zp sin(kx,) + y, cos(kxy,)
Zn+1 — —In :
(9rn+1 n 87“%
Fn = (Jjn, Yn s Z’n) f,(']n) - (9I‘n Mw N (97“21

n4+1 = f(rn)rn

OTp41 = H f'(r;)dro
j=1

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

a=7/(2T) n=—e

Lyapunov exponent

/ —kz, sin(kx,) + ky, cos(kz,) sin(kz,) cos(kxy)
(SI'n_|_1 — H f (I.J ) 51‘0 f(r,) = (—kzzn cos(kxy,) I ky., sin(kx,,) cos((l)mn) — sin(gka:n))

Define the largest ,
exponent of the product J+(n)

A =log(lim |j4(n)["™)

n—oo

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

a=n/(27). ==

Lyapunov exponent

/ —kzp sin(kxy,) + kyp cos(kxy,) sin(kx,)  cos(kxy)

5:['”_'_1 — H f (I'J)5I'O f'(r,) = (—kzzn COS(kxn)_I ky, sin(kxy,) cos((l)mn) —Sin(gkxn)>

. Largest eigenvalue of f’
Define the largest ,
exponent of the product  J+ (n) /

_ . . 1 n ~ max
A =log( lim [jy(n)["/") ~ lim — § Tog(|j+ (n)™*])
n— 00 n—o0o N,

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)



CHAOTIC HAMILTONIAN

SYSTEMS: KICKED TOP

. 2
KICkEd tOp HKT — OéJy | kJ Z 5 t — ’I’LT

n=——oo

Lyapunov exponent

A = log( Tim_ |7 (n)] /") ~ lim —Zlog 4 (n) ™)

n—oo N

Large (¢ limit

A~ log(asin(k/2))

Kus, Haake, and Eckhart, ZfPB Cond. Matt (1993) Constantoudis and Theodorakopoulos PRE (1997)



CHAOTIC HAMILTONIAN SYSTEMS:

HEISENBERG SPIN CHAIN

So far only considered single particle problems

Now moving to many-body chaos

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)



CHAOTIC HAMILTONIAN SYSTEMS:

HEISENBERG SPIN CHAIN

So far only considered single particle problems

Now moving to many-body chaos

Interacting spin chain \AM\
H=-J) Si-Si

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)



CHAOTIC HAMILTONIAN SYSTEMS:

HEISENBERG SPIN CHAIN

So far only considered single particle problems

Now moving to many-body chaos
Interacting spin chain \AML\
H=-J) Si-Si

1
Most initial states are chaotic Apax = 1 \/ 2(J7 + J; + JZ)

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)



CHAOTIC HAMILTONIAN SYSTEMS:

SPIN MODELS

Now many-body chaos in higher dimensions

Interacting spins models

H="> (J.S'S7+J,8!5Y + J.S757)

<’L,]> Sum over
nearest neighbors

Jmax = maX(‘JCEL |Jy|? ‘JZ‘)

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)



CHAOTIC HAMILTONIAN SYSTEMS:

SPIN MODELS

Now many-body chaos in higher dimensions

Interacting spins models

H="> (J.S'S7+J,8!5Y + J.S757)

<’i > Sum over
J (a) T T T

nearest neighbors o oy SoeemPESE
(L1) (L2) (L3) (L4) 06 '
QQQQQQQQ

__z}'-ﬁlk:gg-ﬁltg}'-ﬁ'?_:g}‘-ﬁ?'

B 0.4 - o

S
W gy O O 02 | - EL1;4096x1x1 . EL5;16x16x16 |
- (L2) 2048x2x1 = (L6) 2048x2x1 : .
- (L3) 64x64x1 - (L7) 64x64x1 Ising limit

(L4) 64x32x2 | /
0.6 0.7 0.8 0.9 1

Jmax

Jmax = maX(‘JCEL |Jy|? ‘JZ‘)

-0 O O O
RER AR
-0 -0 O -0
Q=901 0
RER AR

A’max

’ ’
A oy N v,
Q Q Q /:J
. Y RN PR PR
L [N L vy,
N N N vy,
Q- QR
VRN VRN Y . N
’ Al ’ \ ’ A} ’ \
A N Ny :d
VY VRS P LR
’ \ 7 \ . \ K4

’ \
v A
B---B---G---0
\ ’on AR N ’
(i A N A
\ s \ s \ s N,
R---R---Q---Q
N VAR ARY N
- \ ’ A \ \

Das, Rao, Ramaswamy, EPL (2002) Wijn, Hess, Fine, PRL (2012)



NUMERICAL EVALUATION OF THE

LEADING LYAPUNOV EXPONENT

Numerical estimates of Lyapunov exponents can be non-
trivial, finite size effects and numerical round off error can

be hard to track.
X'(t=0)=x(0)+8 ||z(t) — &' (t)|| ~ errvavunoy

1
“Brute Force” 7 log([[z(t) — 2(t')|] = ALyapunov  Bad way to go...

Trajectories eventually get too far apart and its not exponential deviation any

longer

/ 16(0)] = 16(0)] &
15O X



NUMERICAL EVALUATION OF THE

LEADING LYAPUNOV EXPONENT

1 d;
Optimal Numerical Approach: A= — Z In <M>

Discretize the time evolution into 7, T steps
Make two copies, A and B. Let A evolve under the time
evolution of the problem,
After time 7, reset B to a distance e.

dj = ||z a(tj) — zB(t;)]]

Benettin, Galgani, Streclyn, PRA (1976)



SUMMARY OF WHAT WE HAVE

LEARNED

Chaotic dynamics in maps and Hamiltonian dynamics

Single particle models
Logistic map Bernoulli map
Kicked rotor Kicked top
Many-body models

Heisenberg spin chain

d-dimensional hyper cubic spin models



OUTLINE

[1I. Quantum chaos
IV. Quantum thermalization
V. Evading thermalization



CHAOS IN THE QUANTUM

LIMIT?

Quantum systems lack the notion of a trajectory, cannot define a Lyapunov
exponent from the separation between trajectories.

Unitarity enforces time dependent overlaps to be constant, no deviation between
wave functions

(B(B)[1(8)) = (S(0)|U] Us|1(0)) = (6(0)|¢(0))

Can we define quantum notions of chaos that have a classical chaotic limit?

Are there quantum chaotic systems that don’t have a simple classical limit?

Random Matrices in Physics, Wigner Quantum Signatures of Chaos, Haake



CHAOS IN THE QUANTUM

LIMIT

Quantum Hamiltonians have an energy spectrum

H b

And similarly for Floquet Unitaries, their spectrum is phases
(}v F )\z — €i¢i

The structure of these matrices and their eigenvalues
distinguishes integrable and quantum chaotic systems

(i| H |3) (i|Ur|4)

Random Matrices in Physics, Wigner Quantum Signatures of Chaos, Haake



ABSENCE OF LEVEL REPULSION:

INTEGRABLE SYSTEMS

(El 0O O \

~ 0 Ex 0 ...

Examples: (G|H|j) =0;E; =0 o0 B ..
N )

Integrable Hamiltonians are exactly solvable,
NO oft-diagonal elements

Level crossings between Zeeman multiplets
\ — % E17 E27 E37 IR

6500 ~

Can be become equal as we
vary one parameter

Energy (MHz)

D
oY
(42
o

4600 l ‘ l ‘ 46I25 l l l ' 46l50
Magnetic Field B (Gauss)
Cahn, et al PRL (2014) Quantum Signatures of Chaos, Haake



ABSENCE OF LEVEL REPULSION:

INTEGRABLE SYSTEMS

Ey 0 0 ...
(O]L Ey 0O \

Examples: <Z|ﬁ]‘]>:5”EZ =0 o B ..
o)

Integrable Hamiltonians are exactly solvable,
NO oft-diagonal elements

Can be become equal as we
E17E27E37°°° 1
vary one parameter

Treat as N independent levels.
Levelspacing 5. — F. — E._,

What is the distribution of the level spacing? P(s,)

Random Matrices in Physics, Wigner Quantum Signatures of Chaos, Haake



ABSENCE OF LEVEL REPULSION:

INTEGRABLE SYSTEMS

Treat as N independent levels.

Level spacing 5. — F. — E._,

What is the distribution of the level spacing? P(s,)

P(s)=Probability of finding the nearest neighbor of level E in dE at E+s
=P(we find a level between E+s and E+s+ds given one at E)
“P(no other level is between E and E+S)
= P(s | E)*P(no other level is between E and E+S)

Random Matrices in Physics, Wigner Quantum Signatures of Chaos, Haake



ABSENCE OF LEVEL REPULSION:

INTEGRABLE SYSTEMS

Treat as N independent levels.

Level spacing 5. — F. — E._,

What is the distribution of the level spacing? P(s,)

P(s)=Probability of finding the nearest neighbor of level E in dE at E+s
=P(we find a level between E+s and E+s+ds given one at E)
“P(no other level is between E and E+S)
= P(s| E)*P(no other level is between E and E+S)

Assume a constant density of states

P (S | B ) = ,u(s) Independent of E, as the density of states is constant

p(s) = o Assuming all levels are independent

Random Matrices in Physics, Wigner Quantum Signatures of Chaos, Haake



ABSENCE OF LEVEL REPULSION:

INTEGRABLE SYSTEMS

Treat as N independent levels.

Level spacing 5. — F. — E._,

What is the distribution of the level spacing? P(s,)

P(s)= P(s | E)*P(no other level is between E and E+S)

P(s) = olt ~ [ a5 = o [ ds'P(s)

0

Used the normalization /0 dsP(s) =1

Can now solve the differential equation for P(s)

Random Matrices in Physics, Wigner Quantum Signatures of Chaos, Haake



ABSENCE OF LEVEL REPULSION:

INTEGRABLE SYSTEMS

Treat as N independent levels.

Level spacing 5. — F. — E._,
What is the distribution of the level spacing? P(s,)

P(s) = olt ~ [ ds'P()) = o [ ds'P()

0

dpP
“ = io(P(o0) = P(s)) = —poP(s)
=S
Normalizing and scaling P (S) — €
P(s) = Ae™10° .
/0 dsP(s)=1 ¢ =1 P(0) >0

Random Matrices in Physics, Wigner Quantum Signatures of Chaos, Haake



LEVEL REPULSION:
HERMITIAN MATRIX

Consider interactions between level 1 and 2.
Start with a 2x2 matrix _ ( B,V >

V* B
Eigenvalues

1 1
by = §(E1 + Es) + \/Z(El — Ey)? +V*V

Level spacing

1
By —E_| = 2\/Z(E1 — Ep)2 + V*V

Quantum Signatures of Chaos, Haake



LEVEL REPULSION:

HERMITIAN MATRIX

Consider interactions between level 1 and 2.

Start with a 2x2 matrix _ B,V
¢ V* Es

Elgenvalues Tuning all three

(F1 — FEy),V*,V

1 1 .
E:l: — §(E1 —|— E2) :|: \/Z (El L E2)2 _|_ V*V ]?lgenvalues

Level spacing

1
E, —FE_|= 2\/Z(E1 B2 VY

/

Requires tuning 3 non-negative terms
to make the levels cross |, _ g | —

Co-dimension of the avoided crossing 7, = 3 Quantum Signatures of Chaos, Haake



LEVEL REPULSION: REAL

MATRIX

Now make 1, cR H;; = (%}1 g>
2

Eigenvalues

1 1
Ei = §(E1 —I—Eg) + \/Z(El — E2)2 + V2

Level spacing

1
E, —FE_| = 2\/Z(E1 — Fy)? 4 V>

Quantum Signatures of Chaos, Haake



LEVEL REPULSION: REAL

MATRIX

Now make 1y, - g Hy; — (E1 V)

VB
Eigenvalues
Ey = %(El + Ey) + \/i(El — E5)2 4+ V2 Tuning two parameters
(E1 — Eq),V
Eigenvalues ,
Level spacing |
1
E,—F_|= 2\/Z(E1 — E5)2 4 V2

/

Requires tuning 2 non-negative terms

to make the levels cross |p, — g | =0

Co-dimension of the avoided crossing 71, = )

Quantum Signatures of Chaos, Haake



LEVEL REPULSION, SYMMETRIES,

AND RANDOM MATRICES

Thinking more broadly, this crossing will be embedded in a
larger matrix. The levels will have contributions from some
kind of randomness; e.g. disorder, kicking, measurements

This implies we need to think about:

(1)The symmetries of the Hamiltonian BV

(2)The statistics of random matrices V*  Es
0 0 Es

Quantum Signatures of Chaos, Haake



SYMMETRY AND LEVEL

REPULSION

(1) Consider the symmetry properties of the matrices formed
from Hamiltonians matrix elements N TT
H;j = (i|H|j)

The 10 fold Cartan classification, includes time reversal, spin-
rotation, and particle-hole symmetries.

Symmetry Dimension d ,
Time reversal 7
. AZ T = Il 1 2 3 4
Unitary (no TR)
. | |
Hermitian Matrix 0 0 0 0 2 0 2 Particle-hole  '—
ATl 0 0 1 Z 0 0 b
. |
Orthogonal (has TR) Al 1 0 0 0 0 0 7 Chiral 7 = = H
Real matrix BD1 L ! ! . 0 0 0
D 0 1 0 7, A 0 0
DIII -1 1 1 1y Ly Z 0
Symplectic (has TR) A1l -1 0 0 0 Z Z //
CII 1 1 1 Z 0 7, 7,
C 0 1 0 0 7 0 Z,
CI 1 -1 1 0 0 Y/ 0

Hasan and Kane, RMP (2010) Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES

(2)The statistics of random matrices: Overwhelming

evidence of universality between classically chaotic systems
and their quantum limit having universal level statistics

Universality of level repulsion can be described using random matrix theory

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES

(2)The statistics of random matrices: Overwhelming

evidence of universality between classically chaotic systems
and their quantum limit having universal level statistics

Universality of level repulsion can be described using random matrix theory

Interested in the probability distribution of the Hamiltonian’s matrix elements
P(H)=P(E1)P(E,)P(V) (for real symmetric matrices)

P(H)=P(E;)P(E2)P(V,V*) (for Hermitian matrices) Hij = (]15/1 ]‘5/2)
oo <E1 V)
In general P(H) = Ce=ATr(H) S

Our aim is to use this to derive the distribution of level spacings

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES
P(H) = Ce~ATr(H")

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transtormation

For real symmetric matrices this ensemble will be symmetric
under all orthogonal transformations P(H)= P(H'), H = OHO™!

~ Ey vV 1 1
Focus on 2x2 matrices HZ..:(V E2> Ei:§(E1+E2)i\/—(El—E2)2+V2

4
H is diagonalized with the orthogonal transformation 0= (Zfrfg _C(fin@@)
E1=E cos®> © + E_sin*> © 8(E1, Es, V)
= E, sin® cos? P(E, , E_ — det P(Eq, E5, V
Ey=E; O+ E_ C ( + ) € 8(E+,E_,(~)) ( 1 2 )

V =(E;L—E_) cos © sin ©

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES
P(H) = Ce~ATr(H")

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transtormation

For real symmetric matrices this ensemble will be symmetric

under all orthogonal transformations P(H)= P(H'), H = OHO™!
~ By V 1 1
Focus on 2x2 matrices F,. — (Vl E2> E, = §(E1 + Ey) + \/Z(El — E5)2 4+ V2
H is diagonalized with the orthogonal transformation 0= (Zfrf o _C(fin@@)
P(E,,E_) = det O, B, V) P(Ey,Ey,V) = C|E, — E_|e ATH
a(E—i-? E—v @)

— C|E, — E_|e" AP +E2)

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES
P(H) = Ce~ATr(H")

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transtormation

E]_)EQ)V*’V Ei:%(El_FEQ)i\/i(El_Ez)Q—I—V*V

For Hermitian matrices this ensemble will be symmetric
under all unitary transtormations  p(fy = p(gr') ' = yHU!

. . . . . . @ —e ™7 si @
H is diagonalized with the unitary transformation v = ( :;OS. o e Sg )
e'? sin cos
E1=E,cos®> ® + E_sin* © *
E2=E:sin2@+E_0032@ P(Ey, E-) Zdeta(El’EQ’Mv )

V =(E; —E_)ecos O sin © OE+, E_,0,0)

P(E1, E,V, V™)

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES
P(H) = Ce~ATr(H")

Our aim is to use this to derive the distribution of level spacings

First relate non-diagonal and diagonal matrices via a unitary transtormation

E]_)EQ)V*’V Ei:%(El_FEQ)i\/i(El_Ez)Q—I—V*V

For Hermitian matrices this ensemble will be symmetric
under all unitary transtormations  p(fy = p(gr') ' = yHU!

. . . . . . ® —%gsinE

H is diagonalized with the unitary transformation v = ( (;OS ©oon )
e?sin ® cos O

O(Eq, By, V,V*)

P(E1, By, V,V*) = C|Ey — B_[?e” AT
(9(E_|_,E_,@,¢) ( 1y, =2, Vs ) | + |€

P(E.,E_) = det

= C|E,; — E_|26—A(E3+E2_)

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES

Summary

For real symmetric matrices, Gaussian Orthogonal ensemble (GOE)

a(E117 E27 V)

P(E;. E>. V) =C|E. — E_|e~ATrH"
o, Be) et O Bl

P(E.,E_) = det

For Hermitian matrices, Gaussian Unitary ensemble (GUE)

a(Elv E27 V7 V*)

P(Ey, By, V,V*) = C|Ey — E_Pe AT
IE-E.0,q) hFYV)=ClE = B

P(E.,E_) = det

Power law is set by the co-dimension
of the avoided level crossing (n-1), general result

P(E,E_)=C|E, — E_|""le AT

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES

Focused on 2x2 matrices so far
2
P(E,,E_)=C|E; — E_|""te 1Y

Power law is set by the co-dimension
of the avoided level crossing, general result

Generalizing to NxN matrices

U<v

1..N N
P(El’ Es, ... 7EN) — const l_[ |E, — Ev|n_1exp (—A ZEi)

n = 2 Orthogonal, GOE
n = 3 Unitary, GUE
n = 5 Symplectic, GSE

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



RANDOM MATRIX THEORY

AND ENSEMBLES

Focused on 2x2 matrices so far
2
P(E,,E_)=C|E; — E_|""te 1Y
From this, we can compute

/ dE+/ dE_ (55—|E+— P(E,,E_)

= 5 se 4 Orthogonal

32 9 _432 ] 0-5:'

—_— — 8 € T Umtary '

Level repulsion appears through P(s =0) =0  ©

Random Matrices in Physics, Wigner; Level Clustering in the Regular Spectrum, Barry and Tabor; Quantum Signatures of Chaos, Haake



STATISTICS AND LEVEL
REPULSION

(2)The statistics of random matrices: Overwhelming
evidence of universality between classically chaotic systems
and their quantum limit having universal level statistics

Quantum Signatures of Chaos, Haake



STATISTICS AND LEVEL

REPULSION

(2)The statistics of random matrices: Overwhelming

evidence of universality between classically chaotic systems
and their quantum limit having universal level statistics

. X . kJ? . - s
Quantum kicked top  Hxr=aJ,+ =2 Y 6t—-nT)  Ugp = e @/vTikJ2/(25)

Classically
chaotic regime,
levels DO NOT
Cross
Classically integrable, /
Quantum levels are
crossing ,
’ k
0 10 20

Quantum Signatures of Chaos, Haake k c



STATISTICS AND LEVEL

REPULSION

(2)The statistics of random matrices: Overwhelming
evidence of universality between classically chaotic systems
and their quantum limit having universal level statistics

. ~ . kJ? A s s
Quantum kicked top  Hxr=aJ,+ =2 Y 6t-nT)  Ugp = e vl ikJ2/(25)

Consider the distribution of level spacings P (Sz) si=L; — Ei
P(s) B=0

integrable regime Chaotic regime ' =1

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

Lets begin with single particle models with canonical quantization

~AD —+00
Quantum kicked rotor Hygr = 12?] | kCOS(@) Z 5(?5 — nT)

n=—oo

a2 . A
Up — e P T/2I6 1k cos(6)

300

Classical Classical model has diffusion

Quantum model undergoes
dynamical localization

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

Lets begin with single particle models with canonical quantization

~AD —+ o0

Quantum kicked rotor ]:]KR — 12?] | kCOS(é) Z 5(?5 — nT)

15OE

Ukr=¢ "

Classical

e

n=—oo

' AQT/ZIB—ik cos(0)

Classical model has diffusion

Motion is reversed, exponentially sensitive
Only in the classical limit

Quantum model undergoes
dynamical localization

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

Lets begin with single particle models with canonical quantization

~AD —+00
Quantum kicked rotor Hyxr = 12?[ - k COS(H) n:z_:oc 5(t — nT)

a2 . A
Up = e 1P T/ZI6 ik cos(6)

We wish to transform this eigenvalue equation U ‘ 0, j> — e thil | 0 j>

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

—iﬁQT/Qle—z’k cos(0)

Floquet operator Ukr=c¢€
—1 BT
Eigenvalue equation U |ng> =e |¢]>

e 10" /2= Ej)Tgikcos(0) 14y — |4.)

~

Define a new vector ‘¢]> = e'" cos(9) |€bg> — e_iT<ﬁ2/2_Ej) |¢]>

1 +idtan(z/2)
1 —itan(z/2)

1T

Decompose the Floquet operator €

—ik cos(0) _ L+ ZW(é)
1 — W (0)

€

S

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

~

§;) = e3¢y = TP /27Fi) |

N —ikcos(é) LN : .
Q) =e ;) | —ZW(@A) ;)
1 -
) = T =

(1 —iW(0))|u;) = 7@ /2B (1 4 iW (8))|u;)

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

(1= iW () [uy) = @ 27ED (1 4+ W (6))|u;)

In the theta basis u;(0) = (0]u)

(1 — iW(0))u;(0) = T (1007 /2=E0) (1 31 (0) )u; (6)

Fourier transforming to the momentum basis ﬁ\m) = m ‘ m)
— Z Wmeime u3<9) = Z u?’eime m __ <m|u>
m=—0o0 m=—00 J

Tt + Y Wou"™ = —Wou!"
r=+0

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

We have mapped the quantum dynamics to a discrete Schrodinger equation
In momentum space

m m—+r m

ST

Long-range
Hopping between site
T, = tan[(E; —m?/2)/2) ~mandr

On-site energies Energy eigenvalue

2m do .
W, = —/ — '™ tan(k cos 6/2)
0 27

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

We have mapped the quantum dynamics to a discrete Schrodinger equation
In momentum space

m m—+r m
r=%0

Long-range
Hopping between site
T, = tan[(E; —m?/2)/2) ~mandr

On-site energies Energy eigenvalue

2T de

Pseudorandom numbers W, = — / 2—67:T9 tan(k cos0/2)
0 i
The sequence (E; — m”/2) mod 7
Is ergodic in the interval [0, 7 ]
: dlm 1 2 1 2
Density of levels  p(T,,)dT,, = dE;/m T = 508 (B —m?/2)/2) = S(1+T5)
J
1
pTm) = (1 +T2) (Normalizing)

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

We have mapped the quantum dynamics to a discrete Schrodinger equation
In momentum space

m m—+r m

ST

Long-range
Hopping between site
T, = tan[(E; —m?/2)/2) ~mandr

On-site energies Energy eigenvalue

27
W, = —/ d—eeire tan(k cos 6/2)
0

Density of levels 2
o(T) = 1 For k<m W;~e " Canbe proven
" (14 T2)

Quantum Signatures of Chaos, Haake



NOT SO FAST: ABSENCE OF

QUANTUM CHAOS IN THE ROTOR

We have mapped the quantum dynamics to a discrete Schrodinger equation
In momentum space

m m—+r m

ST

Long-range
Hopping between site
T, = tan[(E; —m?/2)/2) ~mandr

On-site energies Energy eigenvalue

27
W, = —/ d—ee"e tan(k cos 6/2)
0

Density of levels 2
o(T) = 1 For k<m W;~e " Canbe proven
" (14 T2)

This is a disordered 1D hopping model, Anderson localizes!

Quantum Signatures of Chaos, Haake



SUMMARY SO FAR

What we have learned so far:
The kicked top serves as a quintessential model for quantum chaos, the 3
symmetry classes, GOE, GUE, GSE can be probed

P(s) B=0 p=1]| p= p=4

Quantum Signatures of Chaos, Haake

The kicked rotor becomes dynamically localized and does not represent chaotic
behavior.

What about the quantum spin chain?



QUANTUM SPIN CHAINS

Focusing on the antiferromagnetic Heisenberg spin chain
H=J) S; Sit
1
[t turns out to be integrable, solvable using the Bethe ansatz
Simply taking the quantum limit does not yield a chaotic system.
Add next nearest neighbor coupling

H:le§i°éi+1—|—JQZéi'éi—l—2

Do the many-body levels now look chaotic?



QUANTUM SPIN CHAINS

H:le§i°éi+1—|—a]22éi'éi—l—2

Away from integrability the many-body levels satisfy random matrix theory

1 fr—r——— e ——— ——
P(S) a)_ 1_ c)_

= Poisson

<« GOE

Poilblanc et al EPL, (1993)



STRONGLY INTERACTING 1D

FERMIONS

+ / +
Hz—tECjCj+l—t2CjCj+2+h.C.+V2njnj+l
J J |

J
0.8 . .
o > Daa The many-body
0.7 Voo — GOE form | energy levels
0.6} |-18 - _
Si = Ly — i

&
o
I

Averaged over all
symmetry sectors

Probability P{s)
o
s

o
W
T

T , 1  Well described using
P(s) = 76_7” 41" the GOE ensemble

0.2f

0.1

0 0.5 1 1.5 2 2.5 3 3.5 4
(b) level spacing(s)

Mukerjee, Oganesyan, Huse, PRB (2006)



NEED METHODS TO DESCRIBE

MANY-BODY QUANTUM CHAOS

Random matrix theory is useful but its not enough.

Many-body quantum chaotic systems should thermalize:
How is this described?
How does this take place?

In addition to correlations, we will use the entanglement
entropy (and several other notions from quantum
information)



QUANTUM

MANY BODY SYSTEMS

A useful characterization for quantum many-
body systems beyond correlations is the  (v|0(z,t)0(0,0)|)
nature of their entanglement structure



QUANTUM

MANY BODY SYSTEMS

A useful characterization for quantum many-
body systems beyond correlations is the  (v|0(z,t)0(0,0)|)
nature of their entanglement structure

Example: 2 spin-1/2s in a singlet A x l B

) = % (1) 45) — | 4a)l 1))

“1 bit of entanglement”



QUANTUM

MANY BODY SYSTEMS

A useful characterization for quantum many-
body systems beyond correlations is the  (v|0(z,t)0(0,0)|)
nature of their entanglement structure

Example: 2 spin-1/2s in a singlet A x l B
1
) = NG (I Ta)l dB) = 11a) TB))
Von Neumann entanglement entropy P = W’> <¢‘

Sp = —Tra(palogpa) pa = Trp(|1){(¥])



QUANTUM

MANY BODY SYSTEMS

A useful characterization for quantum many-
body systems beyond correlations is the  (v|0(z,t)0(0,0)|)
nature of their entanglement structure

Example: 2 spin-1/2s in a singlet A x l B
) = == (114l L) = | L)l 10))
Von Neumann entanglement entropy P = W’> <¢‘
Sp = —Tra(palog pa) pa = Trp(|i)(])

)
1
2

“1 bit of entanglement”



QUANTUM

MANY BODY SYSTEMS

A useful characterization for quantum many-
body systems beyond correlations is the  (v|0(z,t)0(0,0)|)
nature of their entanglement structure

Example: 2 spin-1/2s aligned 4 x I B
) =[Ta) TB)
Von Neumann entanglement entropy P = W’> <¢‘
Sp = —Tra(palogpa) pa = Trp(|1){(¥])

N =(00)

No entanglement!



QUANTUM

MANY BODY SYSTEMS

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

a weakly entangled state
short range collection of singlets:
e.g. ground state of a valence bond solid

A Sk ~ 14— 1 “area law”

perimeter of length L



QUANTUM

MANY BODY SYSTEMS

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

a weakly entangled state
short range collection of singlets:
e.g. ground state of a valence bond solid

A Sg ~ [4—1 “area law” many-body
Energy spectra
perimeter of length L characteristic of the ground state Ly

entanglement of gapped Hamiltonians

proven in 1D, Hasings JSTAT (2007)

Ground State I Gap




QUANTUM

MANY BODY SYSTEMS

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

A highly entangled state
at finite energy density

Sg ~ Ld “volume law”
many-body

Energy spectra

perimeter of length L ol A

Highly Excited S
State

Ground State mimgj P



QUANTUM

MANY BODY SYSTEMS

Now consider a many body problem
e.g. a large number of spin-1/2s interacting

A highly entangled state
at finite energy density

Sg ~ Ld “volume law”

many-body
Energy spectra
perimeter of length L En
The long time-dynamics of ‘\Ij0> — ‘ ... TU Ee

a many body Hamiltonian |\If(t)> _ e_th\\I!()}

Ground State mlmgf P



QUANTUM

MANY BODY SYSTEMS

In summary, quantum states can be broadly classified by their
entanglement structure.

weakly entangled Sg ~ L4~ “area law”

highly entangled Sg ~ L% “yolume law”

Many-body quantum chaotic states are highly entangled



QUANTUM

MANY BODY SYSTEMS

In summary, quantum states can be broadly classified by their
entanglement structure.

weakly entangled Sg ~ L4~ “area law”

highly entangled Sg ~ L% “yolume law”

Many-body quantum chaotic states are highly entangled

In d=1, critical states acquire a log-correction
S E " lOg L

Calabrese and Cardy, J. Stat. Mech (2004)



OUTLINE

IV. Quantum thermalization
V. Evading thermalization



THERMALIZATION IN

CLASSICAL SYSTEMS

Classical thermalization takes place through the “ergodic hypothesis"

Ergodic systems can explore all of their phase space.

Chaotic systems need not be ergodic, and ergodic systems
need not be chaotic.

Ergodic Theory and Differentiable Dynamics, Mane



FROM MANY-BODY QUANTUM

CHAOS TO THERMALIZATION

How does an isolated quantum system reach thermal equilibrium?

Environment

When a system has thermalized it can be
described by a few parameters,
e.g. chemical potential and temperature

Deutsch PRA (1991)  Srednicki PRE (1994)  Rigol, Dunjko, and Olshanii, Nature (2008)  Linden, et al PRE (2009)

Cardy PRL (2014) Garison and Grover PRX (2018) Kaufman et al, Science (2016)



FROM MANY-BODY QUANTUM

CHAOS TO THERMALIZATION

How does an isolated quantum system reach thermal equilibrium?

Environment

When a system has thermalized it can be
described by a few parameters,
e.g. chemical potential and temperature

_ —1Ht
But Hamiltonian time evolution is unitary, |\Ij (t)> — € |\IJO>
and it cannot erase information,

(only picks up phases)

All of the information of the initial state must be preserved
in the evolution. It appears to be a paradox....

Deutsch PRA (1991) Srednicki PRE (1994) Rigol, Dunjko, and Olshanii, Nature (2008) Linden, et al PRE (2009)

Cardy PRL (2014) Garison and Grover PRX (2018) Kaufman et al, Science (2016)



FROM MANY-BODY QUANTUM

CHAOS TO THERMALIZATION

How does an isolated quantum system reach thermal equilibrium?

The resolution to this putative paradox Environment
[s that the unitary evolution has spread the
local information about the initial state
across the entire system.

Deutsch PRA (1991)  Srednicki PRE (1994)  Rigol, Dunjko, and Olshanii, Nature (2008)  Linden, et al PRE (2009)

Cardy PRL (2014) Garison and Grover PRX (2018) Kaufman et al, Science (2016)



FROM MANY-BODY QUANTUM

CHAOS TO THERMALIZATION

How does an isolated quantum system reach thermal equilibrium?

The resolution to this putative paradox Environment
[s that the unitary evolution has spread the
local information about the initial state
across the entire system.

For this to be possible it has to be
sufficiently entangled and locally chaotic.

At late times, this local information has
been hidden and cannot be retrieved by
local measurements.

Deutsch PRA (1991) Srednicki PRE (1994) Rigol, Dunjko, and Olshanii, Nature (2008) Linden, et al PRE (2009)

Cardy PRL (2014) Garison and Grover PRX (2018) Kaufman et al, Science (2016)



EIGENSTATE THERMALIZATION

HYPOTHESIS (ETH)

Lets now focus on local observables in
a small region A and ask if region A can
thermalize while region B acts like a reservoir

Consider an initial state with weight over a
large number of energy eigenstates

Rigol, Dunjko, and Olshanii, Nature (2008)



EIGENSTATE THERMALIZATION

HYPOTHESIS (ETH)

Lets now focus on local observables in
a small region A and ask if region A can
thermalize while region B acts like a reservoir

Consider an initial state with weight over a
large number of energy eigenstates

(0)) =) caln)

n

(1) =) cae” ' |n)

For a local operator (in A) n
.1 such a steady state
tllff}o + < ( |O ‘ \Ij Z AnnOnn = >eq has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

Rigol, Dunjko, and Olshanii, Nature (2008)



EIGENSTATE THERMALIZATION

HYPOTHESIS (ETH)

For a local operator

lim 1 (T (1) O‘ Ut Z A O, = >eq such a ste.a.dy state

t—soo {1 has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

For the system to have thermalized, ETH requires

A 1 . 2 2
Onc=75: D Own~ (UBIO(E) (O)eq = (O)nic

Micro-canonical — Rigol, Dunjko, and Olshanii, Nature (2008)
ensemble



EIGENSTATE THERMALIZATION

HYPOTHESIS (ETH)

For a local operator

lim 1( U(t)|O|W(t) ZAnnOnn = (O)eq

t—oo 1

such a steady state
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

For the system to have thermalized, ETH requires

A 1 . 2 2
Onc=75: D Own~ (UBIO(E) (O)eq = (O)nic

. : \E,—FE|<A
Micro-canonical " — Rigol, Dunjko, and Olshanii, Nature (2008)

ensemble

_ thermal - integrable
T T T T L . T o’ | T




EIGENSTATE THERMALIZATION

HYPOTHESIS (ETH)

For a local operator

lim 1 (T (1) O‘ Ut Z A O, = >eq such a ste.a.dy state

t—soo {1 has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

O(?)

|O‘w Z O* Cnei(Em—En)tOmn

= 1CPOmm+ > ChC " En B0,

m,n#m
ETH can also be stated as an asatz for matrix elements

(Odeq = (OdMc Own = O(B) by + ¢ SEV2 6 (B,0) R

Rigol, Dunjko, and Olshanii, Nature (2008)



A STRONGER VERSION OF ETH

For a local operator

1
lim = (U (t) O‘ U (t Z A O, = >eq such a ste.:a.dy state

t—00 1 has “equilibrated”
~ 1 cro-canonical Linden, Popescu, Short, Winter PRE (2009)
<O> MC — /T/, Z Onn . ensemble
|E,—E|<A ETH requires
~ 1 — ~ anonica A a a
<O>C — ETT(G BHO) Snsemble1 <O>eq — <O>C — <O>MC

temperature is set by the avg energy

(U|H|P) = Tr(He_BH)/Tr(e_BH)

Rigol, Dunjko, and Olshanii, Nature (2008) Garrison and Grover, PRX (2018)



A STRONGER VERSION OF ETH

For a local operator

1 = AmO,

lim — (P(¢ |01 ()

t— 00

A

N 1 icro-canonical
<O> MC — /T/, Z Onn " ensemble
| E n o E | S A
A 1 — ~ anonica ~
<O>C — ETr(e BHO) (ejnsemblel <O>eq —

temperature is set by the avg energy

(U|H|P) = Tr(He_BH)/Tr(e_BH)

Then we can conclude

—5H)

S
2}
H:—Z(tbb + b} b;s» + H.c.)
pa~ Trp(e

Rigol, Dunjko, and Olshanii, Nature (2008) Garrison and Grover, PRX (2018)

+ Z(Vn,niH +V'n;n;.,),

n = (0)eq

such a steady state
has “equilibrated”

Linden, Popescu, Short, Winter PRE (2009)

ETH requires

(O)c = (O)nic

Pa(I¥)s)

pA,canonical(:B)
2l_e—ﬁ'HA \ .

1 | | ] 1
0.0 0.5 1.0 1.5 2.0 25 3.0
Energy density



AN EVEN STRONGER VERSION

OF ETH

Conventional thermalization B
pa ~ Trg(e PH) e

Canonical
ensemble

Deep thermalization: Consider making an extensive number of
local measurements in B. The wave function in A is projected
and weighted by the Born probability of the measurement, and
the reduced density matrix in A is now:

DT (m) (m)
Projected ensemble: The ensemble of all PA  — Z Pm ‘w |

possible states in A after the
measurement and Born probabilities in B
Born probability of Wavefunction in A after
measurement outcome in B the measurement in B



AN EVEN STRONGER VERSION

OF ETH

Projected ensemble: The ensemble of all

possible states in A after the b
measurement and Born probabilities e
DT _ (m) (m)
Pa — E Pm W |
/ / The projected ensemble has the
full distribution of the reduced
Born probability of Wavefunction in A after . .
measurement outcome in B the measurement in B dens lty matrix

Cotler et al, PRX Quantum (2023) Ippoliti and Ho, PRX Quantum (2023)



AN EVEN STRONGER VERSION

OF ETH

Projected ensemble: The ensemble of all
possible states in A after the b
measurement and Born probabilities e
(m) (m)
=) pml|ty \

/ / The projected ensemble has the
full distribution of the reduced

Born probability of Wavefunction in A after . .
density matrix

measurement outcome in B the measurement in B

Higher moments can I
mew(m) (m)|®

be estimated from it.



AN EVEN STRONGER VERSION

OF ETH

Projected ensemble: The ensemble of all
possible states in A after the b
measurement and Born probabilities e

mew(m) (m)‘

/ / The projected ensemble has the
full distribution of the reduced
Born probability of Wavefunction in A after . .
measurement outcome in B the measurement in B denS lty matrix
Higher moments can (m) (m) Dk
be estimated from it. E : Pm ‘w |

In the absence of any symmetries
The mean reduces to ETH or conservation laws, at infinite temperature

(pQT)’“Zl — PA p(k) (t) — pg;) P’ = /w iy 2 (YD



WHAT ABOUT THE PROCESS
OF THERMILIZATION
How does an unentangled initial density matrix
become thermal?
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propagation.



WHAT ABOUT THE PROCESS
OF THERMILIZATION
How does an unentangled initial density matrix
become thermal?

Must capture entanglement growth and information
propagation.

Random unitary circuits have emerged
as minimal models to address this question.

von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)
A. Nahum, S. Vijay, and J. Haah PRX (2018)



RANDOM UNITARY CIRCUITS

D D O / q_StateS ”SpinS”
H B B B B B e.g. g=2 is a spin-1/2 chain
>

o) = [ THATD)

e.g. some random product state

Analytically tractable for ¢ — OO

A. Nahum, S. Vijay, and J. Haah PRX (2018)
von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)



RANDOM UNITARY CIRCUITS

/ Ui it1

unitary chosen from
a Haar random distribution

D D O / q_Sta.teS ”SpinS”
H B B B B B e.g. g=2 is a spin-1/2 chain
>

o) = THIT)

e.g. some random product state

Analytically tractable for ¢ — OO

A. Nahum, S. Vijay, and J. Haah PRX (2018)
von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)



RANDOM UNITARY CIRCUITS

= one time step

- — - t t/_l ®Uzz+1t t,_l ®Uzz+1t t/_l
. . . . . . 1€27 1€27Z+1

XY

o) = | TI411)

e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)
von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)



RANDOM UNITARY CIRCUITS

sy B momoE oY) =U{)|vo)

Ut) = U(t,t — DUt —1,¢t—2)...U(1,0)

= one time step

G G o U ¢ —1) ®UH+1tt’—1 Q) Uit 1 —1)
H N EENEHEB

XY

o) = | TI411)

e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)
von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)



RANDOM UNITARY CIRCUITS

sy B momoE oY) =U{)|vo)

Ut) = U(t,t — DUt —1,¢t—2)...U(1,0)

[t is expected / argued that

e time step
the behavior found hereis|, ,_ . ..c1 Qi v-1

generic to many-body - -
quantum dynamics

~U/ —

e.g. some random product state

A. Nahum, S. Vijay, and J. Haah PRX (2018)
von Keyserlingk, Rakovszky, Pollmann, and Sondhi PRX (2018)



STATISTICS OF THE

REDUCED DENSITY MATRIX

The reduced density matrix for a random pure state

(1°e° Page State) |\Ij> — Z CMCZ) random complex numbers

N

pa=Trp(|¥)(¥]) is a Wishart random matrix
Znidaric, J. Phys. A: Math. Theor. (2007)
Yang et al PRL (2016)
Chen and Ludwig PRB (2018)



STATISTICS OF THE
REDUCED DENSITY MATRIX

The reduced density matrix for a random pure state

(1°e° Page State) |\Ij> — Z a’i|Ci> random complex numbers

N

pa=Trp(|¥)(¥]) is a Wishart random matrix
Znidaric, J. Phys. A: Math. Theor. (2007)
Yang et al PRL (2016)
Chen and Ludwig PRB (2018)

PH{Yi;}) =N eXp{_g NBTr(YYT)} Y is a complex random

matrix

) YYT

= L W is from the Wishart
PAS Tyyt)  W=yyhoo e

random matrix ensemble




STATISTICS OF THE
REDUCED DENSITY MATRIX

The reduced density matrix for a random pure state

(1°e° Page State) |\Ij> — Z a’i|Ci> random complex numbers

N

pa=Trp(|¥)(¥]) is a Wishart random matrix
Znidaric, J. Phys. A: Math. Theor. (2007)
Yang et al PRL (2016)
Chen and Ludwig PRB (2018)

YYT
Tr(YYT)

Captures states that satisfy ETH pa =

W =YY"



STATISTICS OF THE
REDUCED DENSITY MATRIX

The reduced density matrix for a random pure state

(1°e° Page State) |\Ij> — Z a’i|Ci> random complex numbers

N

pa=Trp(|¥)(¥]) is a Wishart random matrix
Znidaric, J. Phys. A: Math. Theor. (2007)
Yang et al PRL (2016)
Chen and Ludwig PRB (2018)

And the density of levels follows the Marchenko-Pastur
distribution PO\ ~ 1/V\



ENTANGLEMENT SPECTRA

Entanglement spectrum of the reduced density matrix
is analogous to a set of “Energy levels”

Li and Haldane PRL (2008)
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Entanglement spectrum of the reduced density matrix
is analogous to a set of “Energy levels”

Li and Haldane PRL (2008)

pa = Trp |U(8) o) (Wo| U (1)

Eigenvalues of the )
reduced density matrix "




ENTANGLEMENT SPECTRA

Entanglement spectrum of the reduced density matrix
is analogous to a set of “Energy levels”

Li and Haldane PRL (2008)

+ # B N H B
= | =t pa = Trg |U(6)|%o) (o[0T (1)

Eigenvalues of the )
reduced density matrix "

(@E®  Entanglement spectra {En} — {_ log )\n}
H B BN B B

. . 1
> Renyi entropies S — ] AS
o yi entrop —— log (Zﬂ: n)




ENTANGLEMENT SPECTRA

Entanglement spectrum of the reduced density matrix
is analogous to a set of “Energy levels”

Li and Haldane PRL (2008)

For Hamiltonian dynamics

~ Trg(e PH
in a system that satisfies ETH ha a( )

Thus the entanglement spectrum inherits the spectral
statistics of the projected Hamiltonian (up to boundary terms)



SCRAMBLING AT SHORT

TIMES

Starting from an initial product state,
the rank of the reduced density matrix
grows as a function of time

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



SCRAMBLING AT SHORT

TIMES

Starting from an initial product state,
the rank of the reduced density matrix
grows as a function of time

8 _
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-
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% 0.05+ _ |
= j . — becomes broad at short times
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0.00"

0 5 10 15 20 25 30
entanglement energy

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Growth of the rank of the
reduced density matrix captured by
the entanglement bandwidth!
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Entanglement Bandwidth

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Can be understood via

Growth of the rank of the ,
operator spreading

reduced density matrix captured by
the entanglement bandwidth!
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Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Can be understood via

Growth of the rank of the t "
. . operator spreadin
reduced density matrix captured by P P 5
the entanglement bandwidth! Operator carries weight
e _ _ 2
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Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Can be understood via

Growth of the rank of the t 1
. . operator spreadin
reduced density matrix captured by P P 5
the entanglement bandwidth! Operator carries weight
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Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Can be understood via

Growth of the rank of the t 1
. . operator spreadin
reduced density matrix captured by P P 5
the entanglement bandwidth! Operator carries weight
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bandwidth grows linearly!

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Growth of the rank of the Can be understood via

reduced density matrix captured by operator spreading

the entanglement bandwidth! vpe = Az /At =2
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ENTANGLEMENT ENTROPY

VS BANDWIDTH

Can be understood via
operator spreading

vo = Ax /At = 2

Growth of the rank of the
reduced density matrix captured by
the entanglement bandwidth!
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Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Growth of the rank of the
reduced density matrix captured by
the entanglement bandwidth!

= 45— g |
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Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



ENTANGLEMENT ENTROPY

VS BANDWIDTH

Growth of the rank of the
reduced density matrix captured by
the entanglement bandwidth!

This time scale is
invisible in the
entanglement entropy
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SCRAMBLING AT SHORT

TIMES, UNIVERSALITY?

At these short times
t<la / VI.C
is the distribution of
reduced density matrix
eigenvalues universal?

Consider the distribution of
reduced density matrix
eigenvalues

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



SCRAMBLING AT SHORT

TIMES, UNIVERSALITY?
At these short times Reduced density matrix DOS
t<lg / VI,C |

is the distribution of
reduced density matrix

eigenvalues universal?

We find YES!

Consider the distribution of
reduced density matrix 107 107" 107"  107° 1

eigenvalues / A

several decades of a scale free RDM eigenvalue distribution P(A) ~ 1/

Demonstrated this for Hamiltonian and Floquet dynamics as well

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



SCRAMBLING AT SHORT

TIMES, UNIVERSALITY?

At these short times
t<la / VI.C
is the distribution of
reduced density matrix
eigenvalues universal?

We find YES!

Reduced density matrix DOS

Consider the distribution of
reduced density matrix 107 107" 107"  107° 1

eigenvalues / A

several decades of a scale free RDM eigenvalue distribution P(A) ~ 1/

Distinct from a random thermal state
follows Marchenko-Pastur Parp(N) ~1/VA



SUMMARY: TIME SCALES ON
APPROACH TO EQUILIBRIUM
Relevant time scales:

(1) An O(1) time scale, capturing
local thermalization

(2) When the light cone has hit theedge 0 < ¢ < i4/v.c
of the sub-system, t~I, P(A) ~ 1/

(3) Global thermalization time, when the
entanglement has saturated 7~L Pap(A) ~ 1/VA

Po-Yao Chang, Xiao Chen, Sarang Gopalakrishnan, JHP PRL (2019)



OUTLINE

V. Evading thermalization
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To stop a quantum system from thermalizing we need to
remove / reduce the entanglement



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove / reduce the entanglement

Many body localization (MBL): Strongly disordered or quasiperiodic many body
Hamiltonians or Floquet unitaries

L L-1 L—-1
A 5 5 QP/R _ X QX Y QY
H = Z[his’f + JS; - Si+1] H — J;(Si Si+1 +5; Si+1) +J, ;SIZ'S?+1
1=1 l_L .
+ Y Weos(2rki + ¢Sz
i=1
Pal and Huse (2017) =)

+J' Z(stﬁrz + 87 5712)5
i—1

Khemani, Sheng, Huse (2017)

Setiawan, Deng, Pixley (2017)

Nandkishore and Huse, Annual Review of CMP Physics (2015) Abanin, Altman,Bloch, Serbyn, Rev Mod Phys (2019)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove / reduce the entanglement

Many body localization (MBL): Strongly disordered or quasiperiodic many body
Hamiltonians or Floquet unitaries

Spectral statistics on small sizes have found clear indication of
either a transition or cross over in the entanglement and between
random matrix theory and Poisson level statisticS  oganesyan and Huse, PRB (2007)

Quasiperiodic Random
1.0

0.8 - . >
& 0.6 - ‘ g
2 (a)

~
U 0.4 7 ’ 4.0 4.5

Khemani, Sheng, Huse (2017)
5n =k n+l = En

Fn= mjn{gn’ 5n—l}/max{5n9 5n—1}

Nandkishore and Huse, Annual Review of CMP Physics (2015) Abanin, Altman,Bloch, Serbyn, Rev Mod Phys (2019)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove/reduce the entanglement

Many body localization (MBL): Strongly disordered or quasiperiodic many body
Hamiltonians or Floquet unitaries

Experimental data on ultra cold atoms and trapped ions have found
signatures of a transition, but are limited to finite time.

(Will focus on this in some detail in the next lecture, Friday June 5th)
(1) = e Wo)

- Cuu=azay
8t 6, UJ=10.3(1) il _ .
|\IJ > — T AJ=8 Choi, et al Science (2016)
0/ — o6l i
v Va v \ <

Ll W s Smith, et al Nature Phys (2016)
£ 0.2} O >
LS A/J=0 Bordia, et al PRX (2017)
60
(I) 1I0 | 2IO | 3I0

Time (1) Guo, et al Nature Phys (2021)
Schrieber et al, Science (2015)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove/reduce the entanglement

Many body localization (MBL): Strongly disordered or quasiperiodic many body
Hamiltonians or Floquet unitaries

Problem still strongly debated. Has been argued that the
relaxation time is exponentially large but finite, where as
MBL has an infinite relaxation time.

Disordered MBL not stable in dimensions greater then one.
De Roeck and Huveneers, PRB (2017)

Proof of MBL in 1D relies on one tacit assumption, not clear if
it is an ironclad proof. Imbrie, Jour. Stat. Phys. (2016)

Huse, Physics Viewpoint (2016)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to

remove/reduce the entanglement

Quantum scars: Non-integrable Hamiltonians with a spectrum
generating algebra ([H,Q'] - 0Q)W =0,

Invariant under Q and is a subspace of
the full Hilbert space

Starting from some eigenstate [ )

(QT )n |¢O> Generates scar states that are sub-thermal

With energy E,

Chandran, Iadecola, Khemani, Moessner, Annual Review of CMP (2022)

nhw

Serbyn, Abanin, Papic (2021)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove/reduce the entanglement

Quantum scars: Non-integrable Hamiltonians with a spectrum
generating algebra ([H,Q'] - 0Q)W =0,

Has exact H =JHxy +hS”

Known examples
scar states =J) (SrSrp+SYSE ) +h> S

Spectrum-generating algebra
Schecter and Iadecola, PRL (2019)

AKLT mOdeI! PXP mOdeI’ e ]
spin-1 XY magnets, '
extended Hubbard model

Many-body revival of the Neel state

1.0
S| | | OETA
Scar states are = zi | T
log entangled T . ~ st
subthermal 00 —50 00 50 100 ool l%%ﬁbﬁmd =
t

Chandran, Iadecola, Khemani, Moessner, Annual Review of CMP (2022) Serbyn, Abanin, Papic (2021)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove/reduce the entanglement

Effects of the scars seen in experiments observed anomalous relaxation

in a Rydberg atom array
H 2; ; .
—_ —_— J— . . .. .1 . 1
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0 0.4 0.8 1.2
Bernien et al Nature (2017) Time after quench (us)

Chandran, Iadecola, Khemani, Moessner, Annual Review of CMP (2022) Serbyn, Abanin, Papic (2021)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove/reduce the entanglement

Hilbert space fragmentation: Constraints split the Hilbert space into many
disconnected Krylov sectors. Prevents the dynamics from being ergodic.

Can be induced by a finite number of conservation laws

e.g. conserving charge and dipole
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n n
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Sala et al PRX (2020) Khemani, Hermele, Nandkishore, PRB Garrison and Grover, PRX (2018)



HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove/reduce the entanglement

Hilbert space fragmentation: Constraints split the Hilbert space into many
disconnected Krylov sectors. Prevents the dynamics from being ergodic.

Can be induced by a finite number of conservation laws

e.g. conserving charge and dipole
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HOW TO STOP SYSTEMS

FROM THERMALIZING?

To stop a quantum system from thermalizing we need to
remove/reduce the entanglement

Measurement: Strong projective measurements collapse the
wave function and remove entanglement. By measuring a
particles location we have localized it in a dynamical sense.

Focus of lecture 3 (June 8)

Feedback/feedforward: Based on the outcome of the
measurement perform an additional operation on the state

Focus of lecture 4 (June 10)



CONCLUSIONS

Classical chaos is ubiquitous in nature.

Quantum chaos of single particle systems remains well defined
through random matrix theory.

Many-body quantum chaos remains a challenging problem to
define sharply as it lacks a simple classical limit.

Thermalization in isolated many-body quantum systems takes place
through locally scrambling information.

Three relevant time scales on the approach to thermal equilibrium.

Evading thermalization remains a topic of great interest.



