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QTT Research Group: interests

Novel electronic devices 

[Negative Capacitance FET, 2D transistors..]

Berry curvature induced transport and optical phenomena

   [Linear and non-linear Hall effects, quantum anomalies, new transport/optical effects…]

 New collective modes in bulk and on surface 

   [Chiral plasmons, new collective modes in bulk, surface plasmons]

First principle based exploration of novel quantum materials

        [Topological materials, 2D materials, topology + FE, Magnetism…, transport, excitons]



Geometrical properties of electron wave-packets  
One of the most interesting ideas in Quantum Mechanics 


Became prominent around 1984, 57 years after the discovery of QM

 Curvature in Brillouin zone


Topological properties

Novel surface/edge states

Orbital magnetization

(Finite size wavepacket)


Valley polarization 

OMM induced Hall effect 


Wave-function moving around the Brillouin zone generates an irreducible phase - the Berry phase

�Magnetic Flux =

I
B · n̂ dxdy

Magnetic field in real space

Connected to ‘magnetic monopoles’  
and circulating currents in real space 

�Berry =

I
⌦k · n̂ dkxdky

‘Magnetic field’ in momentum space

Connected to ‘degenerate band crossing’   
or ‘band inversion’ points in the BZ

Gives rise to very interesting geometrical phenomena in quantum materials

kx

ky

|uk 

⌦k

Anomalous velocity 


 Modified Eq. of motion 

 Novel transport phenomena 


(AHE, NAHE….)


(E⇥⌦k)



Translation and self-rotation of a finite width electron wave 
packet with Bloch electron dynamics

Geometrical properties: Berry connection, Berry curvature, 
orbital magnetic moment, quantum metric, metric connection

These couple to external perturbations (E, B, T-gradient) in interesting 
ways.  Generate new phenomena in transport and optical experiments.

Quantum geometry of Bloch electrons -> Transport 

Boltzmann Transport theory Quantum Kinetic theory

Eq. of motion, 1 band picture Density matrix, multi-band picture
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Appendix A: Thermopower in presence of Berry
curvature

Within the linear response theory, the phenomenolog-
ical transport equation for the charge current Je is given
by62,

Je
i = �ijEj + ↵ij(�rjT ) . (A1)

Here Ej and rjT are the externally electric field and
temperature gradient applied along the jth direction, �ij

denotes the elements of electrical conductivity matrix (�̃)
and ↵ij are the elements of thermoelectric conductivity
matrix (↵̃). The transport coe�cients such as �ij and
↵ij are calculated by doing a Brillouin zone (BZ) sum
over the relevant physical quantity, involving only the
occupied states. The semiclassical route for this requires
the equation of motion (EOM) describing the dynam-
ics of the center of the carrier wave-packet and the non-
equilibrium distribution (NDF) function specifying the
occupancy of the states under external fields.

This formalism works for small magnetic fields (and
small cyclotron frequency !c), where the e↵ects of Lan-
dau quantization can be ignored. It is valid in the regime
~!c ⌧ µ, with µ denoting the chemical potential. In
addition, this formalism works in the regime v⌧ ⌧ l,
where v is the velocity, ⌧ is the relaxation time scale and
l ⌘

p
~/eB is the magnetic length for cyclotron motion56

with B as magnetic field.

1. Semiclassical transport with Berry curvature
and orbital magnetization

The equation of motion (EOM) describing the dynam-
ics of the center of the carrier wave-packet (location at
r, and having the Bloch wave-vector k) in a given band
is given by19,58,69

ṙ = Dk

⇣
ṽk +

e

~ (E ⇥ ⌦k) +
e

~ (ṽk · ⌦k)B
⌘

, (A2)

~k̇ = Dk

✓
�eE � e(ṽk ⇥ B) � e2

~ (E · B)⌦k

◆
.(A3)

Here �e is the electronic charge and and we have defined
Dk ⌘ [1 + e

~ (B · ⌦k)]�1. The band velocity is given by
~ṽk = rk✏̃k, where ✏̃k = ✏k � mk · B is the electronic
dispersion modified by the intrinsic orbital magnetic mo-
ment. The modified band velocity can now be expressed

ṽk = vk � �vm
k , where vm

k = 1
~rk(mk ·B), and the fac-

tor of � = 0/1 is introduced to keep track of the orbital
magnetization dependent corrections.

The Berry curvature modified group velocity in
Eq. (A2) has two interesting e↵ects: the E ⇥ ⌦k term
gives rise to the intrinsic anomalous Hall e↵ect49,70, while
the (ṽk ·⌦k)B term gives rise to the chiral magnetic e↵ect
in presence of non-zero chiral chemical potential71. In
Eq. (A3), the first two terms are the well known Lorentz
force, whereas the third (E · B)⌦k term manifests the
e↵ect of the chiral anomaly leading to NMR24 in WSMs.
The modified EOM also changes the phase space volume
by a factor Dk . To compensate for this, such that the
number of states in the phase-space volume element is
preserved, we have dk ! dk/Dk. This factor needs to
be incorporated whenever the wave-vector summation is
converted in an integral over the BZ in presence of Berry
curvature72,73.

The three component Berry Curvature and the intrin-
sic magnetic moment can be obtained from their respec-
tive tensors via the relation: Aa = "abcAbc, where "abc is
the anti-symmetric Levi-civita symbol. The correspond-
ing Berry tensor is given by61,74

⌦ab
n = �2

Im [hn|@kaH|n0ihn0|@kbH|ni]
(✏n � ✏n0)2

, (A4)

where n is the band index with H|ni = ✏n|ni. Similarly,
the orbital magnetic moment tensor is given by61,74

mab
n = � e

~
Im [hn|@kaH|n0ihn0|@kbH|ni]

✏n � ✏n0
. (A5)

The dynamics of the non-equilibrium distribution func-
tion (NDF) gr,k, is described by the Boltzmann kinetic
equation. In the steady state the NDF kinetic equation
for each node is given by62

ṙ · rr gr,k + k̇ · rk gr,k = Icoll{gr,k} , (A6)

where the right hand side is the collision integral.
In the relaxation time approximation, Icoll{gr,k} =

�gr,k � feq
⌧k

, where feq ⌘ feq(✏̃k, µ, T ) = (e�(✏̃k�µ)+1)�1

is the equilibrium Fermi-Dirac distribution function with
��1 ⌘ kBT . The scattering timescale ⌧k is the e↵ec-
tive intra-node relaxation time which we consider to be
constant (⌧k ! ⌧) for simplicity. Substituting Eqs. (A2)-
(A3) in Eq. (A6), we obtain an approximate steady state
NDF, upto first order in E and rT :

gr,k = feq +


Dk⌧

✓
�eE � (✏̃k � µ)

T
rrT

◆
·
✓
ṽk +

eB(ṽk · ⌦k)

~

◆
+ ṽk · �

�✓
� @feq

@✏̃k

◆
. (A7)

Here the ṽk · � term accounts for the impact of the ‘Lorentz-force’ in modifying the NDF71,75. However
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Chiral magnetic velocity 

[chiral magnetic effect, 

Chiral anomaly in WSM]

Anomalous velocity

[Anomalous Hall, valley Hall effect]

Berry force

[Magneto-electric coupling, 


Negative MR, Planar Hall effect, 

‘chiral anomaly’ like physics]

Lorentz force

Berry Curvature => Novel transport phenomena

BC modifies the semiclassical Eq. of motion 

of wave packets in crystals


=> induces novel transport effects



Playground: the problem of transport conductivity

Band geometry

Extrinsic: disorder + BG + 

asymmetric scattering

BG + electron correlations

 Disorder + BG + Correlation effects

Linear: Anomalous Hall effect 


Non-linear: i) Berry curvature Dipole

     ii) Quantum metric dipole (BCP..)

Linear: Superfluid stiffness

Nonlinear: ????

Linear: weak localization, extrinsic AHE

Non-Linear: extrinsic AHE, ???? 

 Third order: ????

No
 D

iso
rd

er
Di

so
rd

er Linear: Kondo effect, 

Many body localization, ????

Nonlinear: ????

Non-interacting physics Many body physics

Modelling electrical conductivity in transport measurements

AHE in systems with P and T



Hall effect without magnetic field: Beyond the linear regime

In case we do not have an anomalous Hall 


or symmetric (Drude) Hall response 


in the linear response regime

What is the dominant Hall response in the non-linear regime 


Are there novel longitudinal responses beyond nonlinear Drude?

Linear

Second-order

Third-order



Problem of second order nonlinear DC conductivity?

 Full problem => Band geometry + Disorder (Symm + Asymm) + strong 
correlation effects

Partial solution => Band geometry + symmetric scattering effects
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Intrinsic nonlinear conductivities induced by the quantum metric
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Three mechanisms are known to contribute to second-order nonlinear current: Extrinsic nonlinear Drude,
Berry curvature dipole, and intrinsic Berry connection polarizability. Here, we predict an intrinsic contribution
to the current related to the quantum metric, a quantum geometric property of the electronic wave function.
This contribution manifests in systems that simultaneously break the time-reversal and the inversion symmetry.
Interestingly, this contribution is dissipative and contributes to both longitudinal and transverse response. The
quantum metric-induced NL current dominates transport in parity-time reversal symmetric systems near the band
edges, something we show explicitly for topological antiferromagnets.

DOI: 10.1103/PhysRevB.108.L201405

Introduction. The nonlinear (NL) conductivity provides
new physical insight into the quantum geometry of the elec-
tronic wave function [1–7]. It plays a fundamental role in
the identification of different topological and magnetic states
[8,9]. For instance, the NL anomalous Hall conductivity [3],
which determines the Hall response in time-reversal sym-
metric systems, provides information on the Berry curvature
dipole. It also acts as a sensor for topological phase transitions
of the valley-Chern type [8,10]. Conversely, the intrinsic NL
Hall conductivity [11,12] provides information on the Berry
connection polarizability (BCP). Interestingly, it can sense the
orientation of the Néel vector in parity-time reversal symmet-
ric systems [9].

Most of the transport coefficients are extrinsic. In these
extrinsic conductivities, the information about the electronic
state of the system is entangled with the effect of disorder.
This has motivated the search for intrinsic (scattering-
independent) transport coefficients. In the linear-response
regime, several intrinsic Hall conductivities are known, such
as the anomalous Hall [13–15], spin Hall [16–18], and
quantum anomalous Hall [19,20] conductivities. Conversely,
intrinsic responses in the NL regime are relatively less ex-
plored. Very recently, with the discovery of an intrinsic NL
BCP Hall (BCPH) conductivity [11], this field has started to
flourish.

*These authors contributed equally to this work.
†daskamal457@gmail.com
‡lahiris@purdue.edu
§r.burgos@unsw.edu.au
∥d.culcer@unsw.edu.au
¶amitag@iitk.ac.in

In this Letter, we predict an intrinsic second-order NL
conductivity, which gives rise to a dissipative current. This
second-order NL conductivity can be expressed as

σ BCPD
a;bc = e3

h̄

∑

m,p,k

∫
[dk] fm

[
∂aG̃bc

mp + ∂bG̃ac
mp + ∂cG̃ab

mp

]
. (1)

Here, fm is the Fermi function for the mth band, the elec-
tronic charge is −e (with e > 0), ϵmp = ϵm − ϵp is the
energy difference between bands, ∂a ≡ ∂/∂ka, and [dk] =
dd k/(2π )d is the integration measure for a d-dimensional
system. The quantity G̃bc

mp = Gbc
mp/ϵmp is the band normalized

band-resolved quantum metric (QM) often called the Berry
connection polarizability (BCP) [12]. The gauge invariant
quantum metric Gbc

mp is the real part of the quantum geometric
tensor, Qbc

mp = Rb
pmRc

mp; Gbc
mp = 1

2 (Rb
pmRc

mp + Rb
mpRc

pm) [see
Sec. I of the Supplemental material (SM) [21]. Here, Rmp =
i⟨um |∇kup⟩ is the interband Berry connection with |up⟩ being
the cell periodic part of the electron wave function. We refer
to the conductivity in Eq. (1) as the BCP-induced dissipative
(BCPD) NL conductivity. The predicted BCPD conductivity
does not contribute to a purely Hall response. This can be con-
firmed by constructing a nonlinear purely Hall conductivity
following Ref. [22] as σHall = σa;bc − σb;ac (or σa;bc − σc;ba). It
can be easily checked that the Hall conductivity corresponding
to Eq. (1) vanishes identically. Its significance is manifold.
The interband coherence effects are very strong in Hall re-
sponses such as the anomalous Hall effect [23], but typically
not in longitudinal responses. For a clean system, the only
interband coherence effect known in longitudinal transport is
zitterbewegung [23], which only occurs when the chemical
potential lies at the Dirac point [24]. Since, in practice, the
Dirac point is always disordered, the intrinsic contribution to
zitterbewegung is, for all purposes, unobservable. Hence the

2469-9950/2023/108(20)/L201405(6) L201405-1 ©2023 American Physical Society
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system. The quantity G̃bc

mp = Gbc
mp/ϵmp is the band normalized

band-resolved quantum metric (QM) often called the Berry
connection polarizability (BCP) [12]. The gauge invariant
quantum metric Gbc

mp is the real part of the quantum geometric
tensor, Qbc

mp = Rb
pmRc

mp; Gbc
mp = 1

2 (Rb
pmRc

mp + Rb
mpRc

pm) [see
Sec. I of the Supplemental material (SM) [21]. Here, Rmp =
i⟨um |∇kup⟩ is the interband Berry connection with |up⟩ being
the cell periodic part of the electron wave function. We refer
to the conductivity in Eq. (1) as the BCP-induced dissipative
(BCPD) NL conductivity. The predicted BCPD conductivity
does not contribute to a purely Hall response. This can be con-
firmed by constructing a nonlinear purely Hall conductivity
following Ref. [22] as σHall = σa;bc − σb;ac (or σa;bc − σc;ba). It
can be easily checked that the Hall conductivity corresponding
to Eq. (1) vanishes identically. Its significance is manifold.
The interband coherence effects are very strong in Hall re-
sponses such as the anomalous Hall effect [23], but typically
not in longitudinal responses. For a clean system, the only
interband coherence effect known in longitudinal transport is
zitterbewegung [23], which only occurs when the chemical
potential lies at the Dirac point [24]. Since, in practice, the
Dirac point is always disordered, the intrinsic contribution to
zitterbewegung is, for all purposes, unobservable. Hence the
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Ref. [22] as �Hall = �a;bc��b;ac [or �a;bc��c;ba]. It can be
easily checked that the Hall conductivity corresponding
to Eq. (1) vanishes identically. Its significance is man-
ifold. The inter-band coherence e↵ects are very strong
in transverse responses such as the anomalous Hall e↵ect
[23], but typically not in longitudinal responses. For a
clean system, the only inter-band coherence e↵ect known
in longitudinal transport is Zitterbewegung [23], which
only occurs when the chemical potential lies at the Dirac
point [24]. Since, in practice, the Dirac point is always
disordered, the intrinsic contribution to Zitterbewegung
is, for all purposes, unobservable. Hence the BCPD con-
ductivity can be regarded as an intrinsic quantum coher-
ence e↵ect in longitudinal transport in a doped system.
The e↵ect is traced to the Fermi surface and represents a
quantum coherence e↵ect in multi-band systems induced
by the electric field.

We calculate the second-order NL current within the
framework of the quantum kinetic theory for the density
matrix [23, 25–32]. Our quantum kinetic theory based
treatment of the electric field interaction in the length
gauge provides a complete picture of the NL responses,
as summarized in Fig. 1. This approach includes NL
electric field corrections to electron dynamics, which is
missed in methods combining the first-order equation of
motion of the charge carriers with the non-equilibrium
distribution function [33]. The intrinsic conductivity de-
fined in Eq. (1) vanishes in the presence of either spatial
inversion symmetry (P) or time-reversal symmetry (T ).
This can be verified from the explicit form of Eq. (1).
In the presence of either T -symmetry or P-symmetry,
the energy dispersion is an even function of the momen-
tum while the band resolved quantum metric satisfies
G
bc
mp(�k) = G

bc
mp(k). This combines to make Eq. (1) iden-

tically zero. Therefore, for the finite BCPD conductivity,
both T and P must be broken.

QM induced velocity as the origin of BCPD current:—
In the semiclassical picture, the current is given by the
product of the single band velocity and the correspond-
ing non-equilibrium distribution function of that band.
Accordingly, the NL Drude conductivity appears from
band gradient velocity (vBG

a = @a✏/~) and the second
order distribution function f2 = e2⌧2@b@cfEbEc where
Eb/c are the components of the electric field. The NL
anomalous Hall conductivity arises from the electric field
induced anomalous velocity [34, 35] vAHE = e(E ⇥⌦)/~
and the first order distribution function f1 = e⌧@bfEb.
The intrinsic BCPH conductivity arises from the cor-
rection of anomalous velocity due to electric field [11],
vBCPH = e(E⇥⌦E)/~ where ⌦E is the correction in the
Berry curvature. Similarly, we attribute the BCPD con-
ductivity to a new electric field-induced gauge invariant
velocity called the QM-induced velocity. For the m-th

band, it is given by

vBCPD

m,a = �
e2

~
X

p 6=m

h
@aG̃

bc
mp + @bG̃

ac
mp + @cG̃

ab
mp

i
EbEc .

(2)
In contrast to the anomalous velocity and the BCPH ve-
locity, the QM-induced BCPD velocity has both the lon-
gitudinal and the transverse components. It arises from
the interband coherence e↵ects.
Quantum Kinetic theory of the second-order current:—

In the quantum kinetic theory framework, the NL current

is calculated using j(2)a = �e
P

m,p v
a
pm⇢(2)mp. Here, vapm

and ⇢(2)mp are the velocity and the second-order density
operator in the band basis of the unperturbed Hamil-
tonian, H0 |uni = ✏n |uni. The velocity operator v̂ =
(i/~)[H0, r]. In the crystal momentum representation,
it reduces to vapm = ~�1

�
@a✏p�pm + iRa

pm✏pm
�
. Here,

the first term arises due to the intra-band motion of the
electron and the second term arises from inter-band co-
herence [36, 37].
The single-particle density matrix is obtained by start-

ing from the Liouville von-Neumann equation with the
Hamiltonian H = H0 + HE . Here, HE = eE · r is the
correction to Hamiltonian induced by the electric field.
The NL responses of various orders are explored by ex-
panding the density matrix perturbatively in orders of
the electric field, ⇢ = ⇢(1) + ⇢(2) · · ·+ ⇢(N), where in gen-
eral we have ⇢(N)

⇠ |E|
N . The solution of the quantum

kinetic equation is given by [26]

i~⇢̃(N+1)(t) = e

Z t

�1

dt0e
i
~H0t

0
E(t0)·

h
r, ⇢(N)(t0)

i
e�

i
~H0t

0
.

(3)
In the following, we consider E(t) = Ee�i!te�⌘|t| (adia-
batic switching approach) and finally put ! = 0 for the
DC transport results. The tilde represents the density
matrix in the interaction picture. We assume the ze-

roth order (or equilibrium) density matrix to be ⇢(0)mp =
fm�mp, where fm = [1 + e�(✏m�µ)]�1 is the Fermi-Dirac
distribution with � = 1/(kBT ), kB is the Boltzmann con-
stant, T is the absolute temperature and µ is the chemical
potential. For convenience, we express the second-order
density matrix as a sum of four parts [26, 31]: two in the
diagonal ⇢ddmm, ⇢domm and two in the o↵-diagonal ⇢odmp and
⇢oomp sector. Here, the first superscript indicates the di-
agonal (d) or o↵-diagonal (o) nature of the second-order
density matrix. The second superscript indicates the cor-
responding contribution from the first-order density ma-
trix, i.e. ⇢(1) inside the commutator of the right-hand
side of Eq. (3) (See Sec. II of the SM [21]).
The second-order current can be separated into three

parts: j(2)a = j(2)a (⌧0) + j(2)a (⌧1) + j(2)a (⌧2). The element
⇢ddmm does not contribute to any intrinsic current, while
all the other elements contribute. We denote the intrin-
sic part stemming from ⇢domm, ⇢odmp and ⇢oomp as jint,doa ,

2

Ref. [22] as �Hall = �a;bc��b;ac [or �a;bc��c;ba]. It can be
easily checked that the Hall conductivity corresponding
to Eq. (1) vanishes identically. Its significance is man-
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treatment of the electric field interaction in the length
gauge provides a complete picture of the NL responses,
as summarized in Fig. 1. This approach includes NL
electric field corrections to electron dynamics, which is
missed in methods combining the first-order equation of
motion of the charge carriers with the non-equilibrium
distribution function [33]. The intrinsic conductivity de-
fined in Eq. (1) vanishes in the presence of either spatial
inversion symmetry (P) or time-reversal symmetry (T ).
This can be verified from the explicit form of Eq. (1).
In the presence of either T -symmetry or P-symmetry,
the energy dispersion is an even function of the momen-
tum while the band resolved quantum metric satisfies
G
bc
mp(�k) = G

bc
mp(k). This combines to make Eq. (1) iden-

tically zero. Therefore, for the finite BCPD conductivity,
both T and P must be broken.

QM induced velocity as the origin of BCPD current:—
In the semiclassical picture, the current is given by the
product of the single band velocity and the correspond-
ing non-equilibrium distribution function of that band.
Accordingly, the NL Drude conductivity appears from
band gradient velocity (vBG

a = @a✏/~) and the second
order distribution function f2 = e2⌧2@b@cfEbEc where
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and the first order distribution function f1 = e⌧@bfEb.
The intrinsic BCPH conductivity arises from the cor-
rection of anomalous velocity due to electric field [11],
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Quantum geometry of Bloch electrons - I 

Distance between nearby states => quantum geometric tensor

I. THERMOPOWER IN PRESENCE OF BERRY CURVATURE

h (k)| (k+ dk)i

Amn ⌘ Rmn = ih m(k)|rk n(k)i

ds2 = h (k+ dk)�  (k)| (k+ dk)�  (k)i =
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@ (k)
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����
@ (k)

@kb

�
dkadkb

Qab ⌘
⌧
@ (k)

@ka

����
@ (k)

@kb
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i

2
⌦ab

⌦ = r⇥A

mk = h (k)|r⇥ v| (k)i

A. Semiclassical transport with Berry curvature and orbital magnetization

Hint(k, t) = H0(k) + U + er ·E(t) (1)

v = ṙ =
1

i~ [r,Hint] (2)

J = Trace[v⇢] (3)

d⇢(k, t)

dt
+

i

~ [Hint(k, t), ⇢(k, t)] = 0. (4)

⌦ab
n = �2

Im [hn|@kaH|n0ihn0|@kbH|ni]
(✏n � ✏n0)2

, (5)

where n is the band index with H|ni = ✏n|ni. Similarly, the orbital magnetic moment tensor

is given by? ?

mab
n = � e

~
Im [hn|@kaH|n0ihn0|@kbH|ni]

✏n � ✏n0
. (6)
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Quantum geometry of Bloch electrons - II 

From single band picture <=> multi band picture

Band resolved band geometric quantities

Here, Hðk; tÞ ¼ H0ðkÞ þ er · EðtÞ is the full Hamiltonian
of the clean system, with H0 being the unperturbed band
Hamiltonian. The last term represents the light-matter
interaction in the length gauge with “−e” being the
electronic charge. The external time dependent homo-
geneous electric field is given by EðtÞ ¼ E0e−iωt, with
E0 ¼ fEx

0; E
y
0; E

z
0g being the electric field strength and ω

being the frequency. To simplify the analytical calculations
we approximate the scattering term by ρ=τ. The relaxation
time τ accounts generically for impurity and phonon
scattering, as well as recombination, and is assumed to
be constant.
The nonlinear dynamics of the charge carriers can be

explored by expanding the density matrix perturbatively in
powers of the electric field, ρðk; tÞ ¼ ρð0Þðk; tÞ þ ρð1Þðk; tÞþ
ρð2Þðk; tÞ þ % % %, where ρðNÞðk; tÞ ∝ ðEb

0ÞN . Expressing the
density matrix in terms of the eigenstates of the unperturbed
Hamiltonian, H0ju

p
k i ¼ εp;kju

p
k i, the kinetic equation for

theNth order term in the density matrix, ρðNÞðk; tÞ≡ ρðNÞ, is
given by

∂ρðNÞ
mp

∂t
þ i
ℏ
½H0; ρðNÞ'mp þ

ρðNÞ
mp

τ
¼ eEðtÞ

ℏ
· ½DkρðN−1Þ'mp: ð2Þ

Here, we define the covariant derivative as ½Dkρ'mp ¼
∂kρmp − i½Rk; ρ'mp, where RmpðkÞ ¼ ihumk j∂ku

p
k i is the

momentum space band resolved Berry connection.
Up to linear order in the external field strength, the

solution of Eq. (2) yields ρð1Þmp ¼
P

c ρ̃
ð1;cÞ
mp Ec

0e
−iωt, where

ρ̃ð1;cÞmp ¼ e
ℏ
gωmp½∂cρ

ð0Þ
mpδmp þ iRc

mpFmp': ð3Þ

Here, we have defined Fmp ≡ fð0Þm − fð0Þp to be the differ-
ence between the occupation in bands p and m in
equilibrium. The occupation of the bands is given by fð0Þm ≡
ρð0Þmm ¼ ½1þ eβðεm;k−μÞ'−1 the Fermi-Dirac distribution func-
tion, where β ¼ 1=ðkBTÞ, kB is the Boltzmann constant, T
is the absolute temperature, and μ is the chemical potential.
The function gωmp ≡ ½1=τ − iðω − ωmpÞ'−1 with ℏωmp ¼
ðεm;k − εp;kÞ is related to the joint density of states
broadened by disorder, and gω0 ¼ ½1=τ − iω'−1. The details
of the calculations are given in Sec. S1 of Supplemental
Material (SM) [82]. In Eq. (3), the first term captures the
intraband contributions (ρð0Þmp ¼ 0 form ≠ p) which is finite
only in the presence of a finite Fermi surface (e.g., doped
semimetals and metals). The second term in Eq. (3)
captures interband transitions as Fmp ¼ 0 for m ¼ p.
Using the first order solution of the density matrix ρð1Þmp,

the second-order correction can be calculated to be
ρð2Þmp ¼

P
bc ρ̃

ð2;bcÞ
mp Eb

0E
c
0e

−i2ωt. Here,

ρ̃ð2;bcÞmp ¼
e2g2ωmp

ℏ2

!
∂bρ̃

ð1;cÞ
mp − i

X

n

"
Rmn

b ρ̃ð1;cÞnp −Rnp
b ρ̃ð1;cÞmn

#$
;

ð4Þ

with the second term involving a sum over all the bands.
We highlight that even the intraband or diagonal terms
(m ¼ p) in ρð2Þmp have contributions arising from the inter-
band terms in ρð1Þmp (see Sec. S1 of SM [82]).
The time dependent current is calculated from the

definition, jðtÞ ¼ −eTr½v̂ρðtÞ'. In the eigenbasis of H0,
the velocity operator v̂a can be expressed as vapmðkÞ ¼
ℏ−1ðδpm∂kaεm;k þ iRa

pmℏωpmÞ. It includes the intraband
term in the form of the band velocity, and the interband
term dependent on the band resolved Berry connection
[84–86]. The current can also be expressed as a power
series of the electric field strength, jðtÞ ¼

P
N jðNÞ with

jðNÞ ∝ ðEb
0ÞN . The SH component of the current is given by

the 2ω component of jð2Þa ðtÞ.
Explicitly calculating the SH current for a d dimensional

system, we obtain

jð2Þa ðtÞ ¼ −
e3

ℏ2
e−i2ωt

X

bc

Eb
0E

c
0

Z

BZ

ddk
ð2πÞd

Iabcðk;ωÞ; ð5Þ

where, Iabc ¼ ID
abc þ I Inj

abc þ ISh
abc þ IAn

abc þ IDR
abc þ IHOP

abc ,
and BZ denotes the Brillouin zone. Here, based on the
corresponding dc counterparts [21], we have denoted the
different SH contributions to the integrand as follows:
Drude (ID

abc), injection (I Inj
abc), shift (I

Sh
abc), and anomalous

(IAn
abc). In addition to these, we find two more contributions,

which we refer to as the double resonant (DR) (IDR
abc) and

higher-order pole (IHOP
abc ) contributions, explained below.

Both depend on the scattering time τ. Remarkably, their
contributions to the current are always opposite in sign.
Below, we explicitly show that the DR and HOP contri-
butions are at least as large as the other contributions.
The functional forms of all the contributions in the SH
(photogalvanic) current are tabulated in Table I (Table S1 of
SM [82]).
The DR current is a Fermi surface phenomenon, which

shows resonant features for ℏω ¼ μ and ℏω ¼ 2μ in a
particle-hole symmetric system. The double resonance
stems from the product of the joint density of states
(gωmpg2ωmp), reflecting the interplay of one-photon and
two-photon absorption processes. The gωmp factor denotes
the single photon process contributing in the first order
correction to the density matrix and it gives a peak at
ℏω ¼ 2μ, in systems with particle-hole symmetry. The
factor of g2ωmp is associated with two-photon absorption
where the photon frequencies are additive, and this leads to
a peak at 2ℏω ¼ 2μ. The HOP current, on the other hand, is
a Fermi sea phenomenon, its name originating from the
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represented here by the Hall signal. Remarkably, the SH
response exhibits two extrema: one in the vicinity of the
chemical potential μ and one in the vicinity of 2μ. These
result from the interplay of five distinct contributions
related to the quantum geometric properties of the wave
function (see Table I), which are all resonant. The strongest
contributions to the peaks stem from Fermi surface terms
we denote as anomalous and doubly resonant, as well as a

higher-order pole term from the Fermi sea. The latter two,
whose existence was previously unknown, are always
opposite in sign, in a striking analogy to the anomalous
Hall effect in magnetic materials [81].
These findings can be understood in terms of a system-

atic quantum geometrical classification, which we achieve
by formulating the theory of SH generation within the
quantum kinetic framework. We show that the SH current is
primarily determined by four geometrical quantities, the
Berry curvature (Ω), the quantum metric (G), the metric
connection (Γ), and the symplectic connection (Γ̃). The
former two are the real and imaginary parts of the quantum
geometric tensor (Q ¼ G − iΩ=2) while the latter two
define the quantum geometric connection (C ¼ Γ − iΓ̃),
respectively [17,19]. By an appropriate choice of material,
the extrema in the SH response probe either the Berry
curvature or the elusive quantum metric [83]. In time
reversal (T ) symmetric systems, such as monolayer
WTe2, the shift contribution depends only on Γ̃, while
the other four contributions rely only on Ω. In contrast, in
parity-time reversal symmetric (PT ) systems, such as
CuMnAs, the SH shift contribution is determined by Γ,
while all other geometric contributions are determined
by G. We show that the SH injection current vanishes in
T -symmetric systems, while all the current components are
finite in PT -symmetric systems. Although we focus on
topological materials, the conclusions hold generally for
insulators and metals.
The quantum kinetic equation for the density matrix

ρðk; tÞ in the crystal momentum representation is

∂ρðk; tÞ
∂t

þ i
ℏ
½Hðk; tÞ; ρðk; tÞ& þ 1

τ
½ρðk; tÞ − ρð0Þðk; tÞ& ¼ 0:

ð1Þ

(a)

(c) (d)

(b)

FIG. 2. (a) Band dispersion for PT -symmetric CuMnAs
[Eq. (7)]. Here, we set the hopping t ¼ 0.08 eV and t̃ ¼ 1 eV.
The other parameters are αR ¼ 0.8, αD ¼ 0, and hAF ¼
ð0; 0; 0.85Þ eV. (b) The momentum space distribution of Gxy

cv

(top) and the metric connection Γyxx
cv (bottom). Frequency

dependence of the different contributions in the (c) real and
(d) imaginary parts of the SH conductivity σyxx. The conductiv-
ities are expressed in units of σ0 ¼ 10−5 nAm=V2, while
μ ¼ 0.2 eV, τ ¼ 1 ps, and temperature T ¼ 12 K.

TABLE I. Different terms leading to second harmonic (2ω) current in response to a harmonic electromagnetic field [see Eq. (5)]. The
SH conductivity is given by the relation, jð2Þa ð2ωÞ ¼

P
bc σabcð2ωÞEbðωÞEcðωÞ and the SH conductivities are defined to be symmetric

under the exchange of the last two indices. This is achieved via the relation, σabc ¼ σacb ¼ −1=ð2πÞdðe3=ℏ2Þ
R
ddk½Iabc þ Iacb&=2. We

define the quantum metric as Gcb
mp ¼ fRc

pm;Rb
mpg=2, the Berry curvature as Ωcb

mp ¼ i½Rc
pm;Rb

mp& [21], and the metric connection (Γ)
and symplectic connection (Γ̃) terms as Ra

pmDb
mpRc

mp ¼ Γabc
mp − iΓ̃abc

mp , where Db
mp ¼ ∂b − iðRb

mm −Rb
ppÞ. Corresponding to each

SH current component, there is also a photogalvanic (dc) counterpart, which can be obtained via the substitution g2ωmp → gω¼0
mp and

g2ω0 → gω¼0
0 (see Table S1 in SM [82]).

Current Integrand Geometrical quantity T PT Physical origin

Drude ID
abc ¼ gω0 g

2ω
0

P
mð1=ℏÞð∂εm=∂kaÞð∂2f

ð0Þ
m =∂kb∂kcÞ None 0 ≠ 0 Nonequilibrium distribution

function
Injection I Inj
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P
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dependence of the different contributions in the (c) real and
(d) imaginary parts of the SH conductivity σyxx. The conductiv-
ities are expressed in units of σ0 ¼ 10−5 nAm=V2, while
μ ¼ 0.2 eV, τ ¼ 1 ps, and temperature T ¼ 12 K.

TABLE I. Different terms leading to second harmonic (2ω) current in response to a harmonic electromagnetic field [see Eq. (5)]. The
SH conductivity is given by the relation, jð2Þa ð2ωÞ ¼

P
bc σabcð2ωÞEbðωÞEcðωÞ and the SH conductivities are defined to be symmetric

under the exchange of the last two indices. This is achieved via the relation, σabc ¼ σacb ¼ −1=ð2πÞdðe3=ℏ2Þ
R
ddk½Iabc þ Iacb&=2. We

define the quantum metric as Gcb
mp ¼ fRc

pm;Rb
mpg=2, the Berry curvature as Ωcb

mp ¼ i½Rc
pm;Rb

mp& [21], and the metric connection (Γ)
and symplectic connection (Γ̃) terms as Ra

pmDb
mpRc

mp ¼ Γabc
mp − iΓ̃abc

mp , where Db
mp ¼ ∂b − iðRb

mm −Rb
ppÞ. Corresponding to each

SH current component, there is also a photogalvanic (dc) counterpart, which can be obtained via the substitution g2ωmp → gω¼0
mp and

g2ω0 → gω¼0
0 (see Table S1 in SM [82]).

Current Integrand Geometrical quantity T PT Physical origin

Drude ID
abc ¼ gω0 g

2ω
0

P
mð1=ℏÞð∂εm=∂kaÞð∂2f

ð0Þ
m =∂kb∂kcÞ None 0 ≠ 0 Nonequilibrium distribution

function
Injection I Inj

abc ¼ −g2ω0
P

pm gωmpð∂ωmp=∂kaÞðGbc
mp − iΩbc

mp=2ÞFmp Ω, G Ω G Velocity injection
along current

Shift ISh
abc ¼

P
pm ωmpg2ωmpgωmpðΓabc

mp − iΓ̃abc
mp ÞFmp Γ̃, Γ Γ̃ Γ Shift of the wave packet

Anomalous IAn
abc ¼ gω0

P
pm ωmpg2ωmpðGab

mp − iΩab
mp=2Þð∂Fmp=∂kcÞ Ω, G Ω G Fermi surface

DR IDR
abc ¼

P
pm ωmpgωmpg2ωmpðGac

mp − iΩac
mp=2Þð∂Fmp=∂kbÞ Ω, G Ω G Fermi surface

HOP IHOP
abc ¼

P
pm ωmpg2ωmpðGac

mp − iΩac
mp=2Þð∂gωmp=∂kbÞFmp Ω, G Ω G Velocity injection

along field

PHYSICAL REVIEW LETTERS 129, 227401 (2022)

227401-2

<latexit sha1_base64="qGItA+JMGfiXNIA8PIG1j/LTri4=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAUBKHMiFg3QtGNy1bsBdpxyKRpG5rMhCQjlGGewGdwI76JGxeK6E7fw73pBS+tPwR+vpPDOef3BaNK2/a7lZqbX1hcSi9nVlbX1jeym1s1FUYSkyoOWSgbPlKE0YBUNdWMNIQkiPuM1P3+2bBevyZS0TC41ANBXI66Ae1QjLRBXrYYtzBisJJ4MRfJVYz9BJ7AMbz4hskPENwAP/GyObtgjwRnjTMxudL+5/0NyYmyl31rtUMccRJozJBSTccW2o2R1BQzkmRakSIC4T7qkqaxAeJEufHowATmDWnDTijNCzQc0d8dMeJKDbjZPc+R7qnp2hD+V2tGunPsxjQQkSYBHg/qRAzqEA7Tgm0qCdZsYAzCkppdIe4hibA2mWZMCM70ybOmdlBwjgqHFZPGKRgrDXbALtgDDiiCEjgHZVAFGNyCB/AEnq0769F6sV7HX1PWpGcb/JH18QUbxafj</latexit>

Qcb
mp = Rc

mpRb
pm

<latexit sha1_base64="pUxNGq8m39ePeUzBBdECa10pQhE="></latexit>

Qcb
m =

X

p 6=m

Qcb
mp

Berry connection

Geometric tensor Quantum Metric Berry curvature



Nonlinear Zero B Hall effect: Second order Responses 

A natural question


Is that the complete story? 


Or, are there missing terms? 

How do we capture all possible nonlinear terms systematically,

 on the same footing 


even in a simple relaxation time approximation?  



Quantum Kinetic theory: Non-linear transport/optics 

I. THERMOPOWER IN PRESENCE OF BERRY CURVATURE

h (k)| (k+ dk)i

An = ih n(k)|rk n(k)i

ds2 = 1� |h (k)| (k+ dk)i|2 = Qab dkadkb

Qab = Gab �
i

2
⌦ab

⌦ = r⇥A

A. Semiclassical transport with Berry curvature and orbital magnetization

Hint(k, t) = H0(k) + U + er ·E(t) (1)

⌦ab
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Im [hn|@kaH|n0ihn0|@kbH|ni]
(✏n � ✏n0)2

, (2)

where n is the band index with H|ni = ✏n|ni. Similarly, the orbital magnetic moment tensor

is given by? ?

mab
n = � e

~
Im [hn|@kaH|n0ihn0|@kbH|ni]

✏n � ✏n0
. (3)

The equation of motion (EOM) describing the dynamics of the center of the carrier

wave-packet (location at r, and having the Bloch wave-vector k) in a given band is given

by? ? ?

ṙ =
1

~rk✏̃k � k̇⇥ ⌦k

~k̇ = �eE� ṽk ⇥B (4)
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E field - matter interaction: 
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1

i~ [r,Hint] (2)

J = Trace[v⇢] (3)

d⇢(k, t)

dt
+

i

~ [Hint(k, t), ⇢(k, t)] = 0. (4)

⌦ab
n = �2

Im [hn|@kaH|n0ihn0|@kbH|ni]
(✏n � ✏n0)2

, (5)

where n is the band index with H|ni = ✏n|ni. Similarly, the orbital magnetic moment tensor

is given by? ?

mab
n = � e

~
Im [hn|@kaH|n0ihn0|@kbH|ni]

✏n � ✏n0
. (6)

2

I. THERMOPOWER IN PRESENCE OF BERRY CURVATURE

h (k)| (k+ dk)i

An = ih n(k)|rk n(k)i

ds2 = 1� |h (k)| (k+ dk)i|2 = Qab dkadkb

Qab = Gab �
i

2
⌦ab

⌦ = r⇥A

A. Semiclassical transport with Berry curvature and orbital magnetization

Hint(k, t) = H0(k) + U + er ·E(t) (1)

v = ṙ =
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Velocity operator: 

Current expectation value: 

Evolution of density matrix: 

• Work in the basis states of H0 

• ‘r’ operator => Berry connection 

• EOM of density matrix => Covariant derivative



Nonlinear Zero B Hall effect: Second order Responses 

 + Asymmetric scattering contributions (side jump and skew scattering) 
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It is well known that a nonvanishing Hall conductivity requires broken time-reversal symmetry.
However, in this work, we demonstrate that Hall-like currents can occur in second-order response to
external electric fields in a wide class of time-reversal invariant and inversion breaking materials, at both
zero and twice the driving frequency. This nonlinear Hall effect has a quantum origin arising from the
dipole moment of the Berry curvature in momentum space, which generates a net anomalous velocity when
the system is in a current-carrying state. The nonlinear Hall coefficient is a rank-two pseudotensor, whose
form is determined by point group symmetry. We discus optimal conditions to observe this effect and
propose candidate two- and three-dimensional materials, including topological crystalline insulators,
transition metal dichalcogenides, and Weyl semimetals.
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Introduction.—The Hall conductivity of an electron
system whose Hamiltonian is invariant under time-reversal
symmetry is forced to vanish. Crystals with sufficiently low
symmetry can have resistivity tensors which are aniso-
tropic, but Onsager’s reciprocity relations [1] force the
conductivity to be a symmetric tensor in the presence of
time-reversal symmetry. Hence, when the electric field is
along its principal axes the current and the electric field are
collinear, at least to the first order in electric fields.
However, this constraint is only about the linear response
and does not necessarily enforce the full current to flow
collinearly with the local electric field.
In this Letter we study a special type of such nonlinear

Hall-like currents. We will demonstrate that metals without
inversion symmetry can have a nonlinear Hall-like current
arising from the Berry curvature in momentum space. The
conventional Hall conductivity can be viewed as the zero-
order moment of the Berry curvature over occupied states,
namely, as an integral of the Berry curvature within the
metal’s Fermi surface. The effect we discuss here is
determined by a pseudotensorial quantity that measures
a first-order moment of the Berry curvature over the
occupied states, and hence we call it the Berry curvature
dipole. This nonlinear Hall effect has a quantum origin
arising from the anomalous velocity of Bloch electrons
generated by the Berry curvature [2], but it is not expected
to be quantized.
In a time-reversal invariant system, the Berry curvature is

odd in momentum space, ΩaðkÞ ¼ −Ωað−kÞ, and hence its
integral weighed by the equilibrium Fermi distribution is
forced to vanish, because Kramers pair states at k and −k
are equally occupied. However, the second-order response
is determined by the integral of the Berry curvature
evaluated in the nonequilibrium distribution of electrons
computed to first order in the electric field. Since the

nonequilibrium current-carrying distribution is not sym-
metric under k → −k, the integral of the Berry curvature
weighed by it can be finite, leading to a net anomalous
velocity and hence a transverse current.
Our study builds upon a seminal work by Moore and

Orenstein [3], which predicted a dc photocurrent in
quantum wells without inversion symmetry due to the
anomalous velocity associated with the Berry phase. The
quantum nonlinear Hall effect presented here can be
regarded as a generalization of this effect. We predict that
an oscillating electric field can generate a transverse current
at both zero and twice the frequency in two- and three-
dimensional materials with a large class of crystal point
group symmetries. In particular, the second harmonic
generation is a distinctive signature that may facilitate
the experimental detection of the quantum nonlinear Hall
effect. Additionally, the effect does remain finite in the dc
limit of the applied electric field.
General theory.—The electric current density is given by

the integral of the physical velocity of the electrons va
weighed by their occupation function fðkÞ:

ja ¼ −e
Z

k
fðkÞva: ð1Þ

For simplicity, we imagine a single band system but allow it
to be two or three dimensional:

R
k ≡

R
ddk=ð2πÞd. The

velocity contains two contributions, namely, the group
velocity of the electron wave and the anomalous velocity
arising from the Berry curvature [2] (ℏ ¼ 1):

va ¼ ∂aϵðkÞ þ εabcΩb
_kc; ð2Þ

where ∂a ¼ ∂=∂ka , ϵ and Ωb are the energy dispersion and
the Berry curvature of the electrons in question:
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 Hall effect in time-reversal symmetric systems


 Induced by Berry curvature dipole 


 Inversion symmetry breaking + asymmetry of 
band structure is essential 

Ωa ≡ εabc∂bAc; Ac ≡ −ihukj∂cjuki: ð3Þ

Within the Boltzmann picture of transport, the canonical
momentum of electrons changes in time in response to the
external electromagnetic fields. In the absence of external
magnetic fields, the change of momentum is

_kc ¼ −eEcðtÞ; ð4Þ

where EcðtÞ ¼ RefEceiωtg, with Ec ∈ C the driving
electric field which oscillates harmonically in time but
is uniform in space. In the relaxation time approximation,
the Boltzmann equation for the distribution of electrons
is [4]

−eτEa∂af þ τ∂tf ¼ f0 − f; ð5Þ

where f0 is the equilibrium distribution in the absence of
external fields. We are interested in computing the response
to second order in the electric field; hence, we expand the
distribution up to second order: f ¼ Reff0 þ f1 þ f2g,
where the term fn is understood to vanish as En. One finds a
recursive structure:

f1 ¼ fω1 e
iωt; fω1 ¼ eτEa∂af0

1þ iωτ
;

f2 ¼ f02 þ f2ω2 e2iωt; f02 ¼
ðeτÞ2E%

aEb∂abf0
2ð1þ iωτÞ

;

f2ω2 ¼ ðeτÞ2EaEb∂abf0
2ð1þ iωτÞð1þ 2iωτÞ

: ð6Þ

Writing the current as ja ¼ Refj0a þ j2ωa e2iωtg, one obtains

j0a ¼
e2

2

Z

k
εabcΩbE%

cfω1 − e
Z

k
f02∂aϵðkÞ;

j2ωa ¼ e2

2

Z

k
εabcΩbEcfω1 − e

Z

k
f2ω2 ∂aϵðkÞ: ð7Þ

The term j0a describes a rectified current while the term
j2ωa describes the second harmonic. The second terms that
appear in Eq. (7) are completely semiclassical and do not
require the presence of Berry curvature. However, within
the approximation of a constant τ, one finds that these
nonlinear terms are proportional to the integral of a three-
index tensor, ∂aϵðkÞ∂bcf0ðkÞ, which is odd under time
reversal and, hence, they are forced to vanish. Therefore,
the only surviving terms are those associated with the Berry
curvature. By writing j0a ¼ χabcEbE%

c, j2ωa ¼ χabcEbEc, one
has [5]

χabc ¼ εadc
e3τ

2ð1þ iωτÞ

Z

k
ð∂bf0ÞΩd: ð8Þ

The presence of the factor ∂bf0 will guarantee that only
states close to the Fermi surface will contribute to the
integral in the low temperature limit, so that this response is
a Fermi liquid property [6]. Equation (8) can be rewritten as
follows:

χabc ¼ −εadc
e3τ

2ð1þ iωτÞ

Z

k
f0ð∂bΩdÞ: ð9Þ

This expression [Eq. (9)] for the nonlinear conductivity
tensor, χabc, is the first main result of this work. It shows
that χabc is proportional to the dipole moment of the Berry
curvature over the occupied states, defined as

Dab ¼
Z

k
f0ð∂aΩbÞ: ð10Þ

It is interesting to note that this tensor is dimensionless in
three dimensions. At frequencies above the width of the
Drude peak ωτ ≫ 1 and below the interband transition
threshold, the prefactor in χabc becomes independent of the
scattering time, so that χabc directly measures the quantum
geometry of the Bloch states. In the dc limit or for linearly
polarized electric fields, the Berry curvature dipole term
always produces a current that is orthogonal to the electric
field jaEa ¼ 0 [7].
To close this section, we wish to remark that there exist

additional second-order corrections to the current arising
from modifications to Eq. (2) that are intrinsic to the band
structure, containing no powers of the scattering time τ [8];
however, these contributions vanish for time-reversal invari-
ant systems. Other type of rectifications might arise in
systems with an inversion asymmetric scattering rate,
namely, when the scattering from k to k0 has a different
rate than that from −k to −k0, which produces a kind of
ratchet effect [9]. These semiclassical Berry-phase indepen-
dent contributions are distinguished from the quantum
nonlinear Hall effect discussed in this work because they
are expected to scale as τ2.
Berry curvature dipole in three dimensions.—Let us

explore the constraints imposed by crystal point sym-
metries on the Berry curvature dipole tensor Dab. A point
symmetry is described by an orthogonal matrix S. Because
the Berry curvature is a pseudovector, the Berry curvature
dipole transforms as a pseudotensor. Hence, crystal sym-
metries impose constraints of the form

D ¼ detðSÞSDST: ð11Þ

To determine which components of this tensor are nonzero,
it is convenient to decompose it into symmetric and
antisymmetric parts, D& ¼ ðD&DTÞ=2, which transform
independently under symmetry operations. The antisym-
metric part of a pseudotensor transforms as a vector, as can
be verified from Eq. (11). The components of this vector
can be taken to be da ≡ ϵabcD−

bc=2. Therefore, for it to be
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We derive the field correction to the Berry curvature of Bloch electrons, which can be traced back to a
positional shift due to the interband mixing induced by external electromagnetic fields. The resulting
semiclassical dynamics is accurate to second order in the fields, in the same form as before, provided that
the wave packet energy is derived up to the same order. As applications, we discuss the orbital
magnetoelectric polarizability and predict nonlinear anomalous Hall effects.
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The response of Bloch electrons to external fields has
been a central topic in solid state physics. Because of the
Berry curvature of Bloch states, the semiclassical dynamics
acquires a noncanonical structure [1–3]. This is manifested
as an anomalous velocity and a modification of the phase-
space density of states, with important consequences on the
thermodynamic and transport properties [2,4–6]. Together
with a first order correction to the band energy due to the
orbital magnetic moment, the Berry curvature provides the
essential ingredient for a full theory of the electron response
to first order in external fields.
However, response functions such as electric polariz-

ability, magnetic susceptibility, and magnetoelectric polar-
izability would require a theory that is accurate up to
second order in external fields. The difficulty in establish-
ing this type of theory originates from the unboundedness
of the perturbative Hamiltonian. Blount pioneered the work
of systematically extending semiclassical theory up to
second order by using phase-space quantum mechanics
[7]. However, his method uses variables which are not fully
gauge invariant with respect to the phase choice in the basis
Bloch states, rendering it difficult to understand the
physical meaning of his results, especially so because of
some unresolved gauge issues [8].
In this Letter, we present a second order semiclassical

theory for Bloch electrons under uniform electromagnetic
fields in terms of physical position and crystal momentum
which are fully gauge invariant. A central concept is a gauge-
invariant positional shift due to field induced interband
mixing. It leads to a field correction to the Berry curvature
and modifies the relationship between the physical position
and crystal momentum with the canonical ones. Remarkably,
the resulting equations of motion up to second order still retain
the same form as in the first order theory, provided that the
band energy is also corrected to second order in the fields.
The field induced positional shift of Bloch electrons

has profound implications. It is solely responsible for the

cross-gap part of the orbital magnetoelectric polarizability
[9–14]. Moreover, its resulting field correction to the Berry
curvature also leads to nonlinear anomalous Hall effects,
with a Hall conductivity proportional to an external electric
or magnetic field. The electric nonlinear anomalous Hall
conductivity is intimately related to the orbital magneto-
electric polarizability and requires the system to have both
time reversal and spatial inversion symmetry breaking. The
magnetononlinear anomalous Hall effect does not have such
symmetry restrictions, and it competes with the ordinary
Hall effect in relatively dirty samples. Besides these two
well-analyzed applications, our complete second order
semiclassical theory also provides straightforward methods
to evaluate magnetic susceptibility, electric polarizability,
magnetoresistance, intrinsic thermoelectric current, etc. All
results from our theory can be easily evaluated in the first
principles calculations to be compared with experiments.
Positional shift.—The basic idea of the semiclassical

theory is to study the evolution of a wave packet con-
structed from a single Bloch band (labeled by the subscript
0, and we focus on the Abelian case for simplicity). One
starts from the local Hamiltonian obtained from the full
quantum Hamiltonian by evaluating the gauge potentials at
the center of mass position rc of the wave packet
Ĥcðp̂; q̂Þ ¼ Ĥ0ðp̂þ 1

2B × rc; q̂Þ þ E · rc, where Ĥ0ðp̂; q̂Þ
is the unperturbed Hamiltonian, p̂ and q̂ are momentum
and position operators, and we have set e ¼ ℏ ¼ 1 to
simplify notations. In the first order semiclassical theory,
the wave packet is constructed by superposing the Bloch
eigenstates eiq·pju0ðpþ 1

2B × rcÞi of this local Hamiltonian
with the crystal momentum p centered around some point
pc, satisfying the self-consistency requirement that the
position expectation value of the wave packet coincides
with the presumed value rc. A noncanonical geometry of
the semiclassical dynamics emerges in the equations of
motion [5] for the physical position rc and the gauge-
invariant crystal momentum kc ¼ pc þ 1

2B × rc. This
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Response properties that are purely intrinsic to physical systems are of paramount importance in physics
research, as they probe fundamental properties of band structures and allow quantitative calculation and
comparison with experiment. For anomalous Hall transport in magnets, an intrinsic effect can appear at the
second order to the applied electric field. We show that this intrinsic second-order anomalous Hall effect is
associated with an intrinsic band geometric property—the dipole moment of Berry-connection polar-
izability (BCP) in momentum space. The effect has scaling relation and symmetry constraints that are
distinct from the previously studied extrinsic contributions. Particularly, in antiferromagnets with PT
symmetry, the intrinsic effect dominates. Combined with first-principles calculations, we demonstrate the
first quantitative evaluation of the effect in the antiferromagnet Mn2Au. We show that the BCP dipole and
the resulting intrinsic second-order conductivity are pronounced around band near degeneracies.
Importantly, the intrinsic response exhibits sensitive dependence on the Néel vector orientation with a
2π periodicity, which offers a new route for electric detection of the magnetic order in PT -invariant
antiferromagnets.
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The anomalous Hall effect (AHE) is a fundamental
transport phenomenon in which a transverse charge current
is generated in response to a longitudinal electric field
without external magnetic fields. The underlying mecha-
nisms are classified into intrinsic and extrinsic ones,
depending on whether or not the mechanism is related
to carrier scattering [1–3]. In the study of linear AHE, a
great success in the past twenty years is the recognition of
the importance of the intrinsic contribution and its con-
nection to a band geometric quantity—the Berry curvature
[4,5]. Recently, the research on AHE has been extended to
the nonlinear regime. Sodemann and Fu [6] proposed an
extrinsic second-order AHE, which involves the dipole of
Berry curvature and is linear in the relaxation time. In fact,
before Ref. [6], an intrinsic second-order AHE has been
predicted by Gao et al. [7], but received less attention.
Particularly, the physical content of this intrinsic effect has
not been fully understood, and furthermore, it has not been
explored in any concrete material yet.
Meanwhile, in the field of spintronics, a recent focus is to

utilize compensated antiferromagnets for device applica-
tions, owing to their advantages like robustness to external

magnetic perturbations, absence of stray fields, and ultrafast
dynamics [8–10]. Especially, the class of PT -symmetric
antiferromagnets have been attracting great interest, as they
permit a fieldlike spin-orbit torque to control the Néel
vectors [11], which has been successfully demonstrated
in materials like CuMnAs [12–15] and Mn2Au [16–18].
However, an outstanding challenge is how to read out the
information, i.e., to detect the Néel vector orientation in
these systems. Conventional magnetic measurements fail
due to the absence of net magnetization [9]; optical
microscopy works [13,19,20] but is difficult to incorporate
for compact devices; and the approach based on anisotropic
magnetoresistance (AMR) effect [9,12] suffers from the
limited reading speed and cannot distinguish a 180° reversal
[21]. Very recently, Shao et al. [22] suggested that for
antiferromagnets with broken PT such as CuMnSb, the
extrinsic second-order AHE could be used to detect the Néel
vector. Unfortunately, this cannot apply for PT -symmetric
antiferromagnets, since the Berry curvature and hence the
effect are suppressed by the PT symmetry.
In this work, we address the above challenge by showing

that the intrinsic second-order AHE offers a powerful tool
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Detecting the orientation of the Néel vector is a major research topic in antiferromagnetic spintronics.
Here we recognize the intrinsic nonlinear Hall effect, which is independent of the relaxation time, as a
prominent contribution to the time-reversal-odd second order conductivity and can be used to detect the
reversal of the Néel vector. In contrast, the Berry-curvature-dipole-induced nonlinear Hall effect depends
linearly on relaxation time and is time-reversal even. We study the intrinsic nonlinear Hall effect in an
antiferromagnetic metal: tetragonal CuMnAs, and show that its nonlinear Hall conductivity can reach the
order of mA=V2. The dependence on the chemical potential of such nonlinear Hall conductivity can be
qualitatively explained by a tilted massive Dirac model. Moreover, we demonstrate its strong temperature
dependence and briefly discuss its competition with the second order Drude conductivity. Finally,
a complete survey of magnetic point groups is presented, providing guidelines for finding more
antiferromagnetic materials with the intrinsic nonlinear Hall effect.
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Introduction.—Electrically detecting the reversal (180°
rotation) of the Néel vector is a crucial task in antiferro-
magnetic spintronics [1,2]. Since the Néel vector and its
reversed image are related by time reversal symmetry, the
time-reversal-odd (T-odd) part of the conductivity tensor
can be utilized to distinguish them. However, many
antiferromagnets respect the combination of spatial and
time reversal symmetry (PT), which forbids the T-odd part
of the linear conductivity tensor. In contrast, for the second
order conductivity tensor, PT symmetry forbids the time-
reversal-even (T-even) part and allows the existence of the
T-odd part. Therefore, second order conductivity is an ideal
quantity to detect the Néel vector reversal in PT-symmetric
antiferromagnets. In fact, one pioneering experiment
detected the Néel vector reversal by measuring the sign
of the second order conductivity in antiferromagnetic
tetragonal CuMnAs [3]. Despite the success of the experi-
ment, the underlying microscopic mechanism of this
second order conductivity has not been fully recognized.
The second order conductivity tensor is defined as the

quadratic current response J to electric field E: Jα ¼P
β;γ σ

αβγEβEγ (α, β, and γ are Cartesian indices). σ can
be separated into an Ohmic-type part and a Hall-type part
[4]. The Ohmic part includes a second-order Drude
conductivity, which is T-odd and quadratically dependent
on the relaxation time τ [5–8]. The Hall part also includes a
T-odd contribution which is independent of the relaxation
time, and is therefore called the intrinsic nonlinear Hall
effect (INHE) [9]. The INHE is different from the more
well-known Berry curvature dipole (BCD) contribution

[10–14]. The latter is proportional to τ and, more impor-
tantly, it is a T-even quantity and is forbidden in PT-
symmetric antiferromagnets. The INHE and its thermal
counterpart, the intrinsic nonlinear Nernst effect, has been
studied in model Hamiltonians such as the loop current
model [15]. However, little is known about the INHE in
realistic materials.
In this Letter, we show that the INHE is a prominent

contribution, and sometimes the dominant contribution, to
the T-odd second order conductivity. Using density func-
tional theory (DFT) calculations, we show that σINH in
antiferromagnetic tetragonal CuMnAs can reach the order
of mA=V2 and is much larger than the Ohmic second order
Drude conductivity. We find a large peak accompanied by a
sign change of σINH as a function of the chemical potential.
This behavior can be explained by a tilted massive Dirac
fermion model in which the INHE is shown to have a
geometric origin arising from the quantum metric dipole.
We find that σINH in tetragonal CuMnAs has a strong
temperature dependence and briefly discuss its competition
with second order Drude conductivity. Finally, a complete
survey of magnetic point groups is presented, providing
guidelines for finding other candidate materials where the
INHE can be observed. Our results thus establish the INHE
as an important transport phenomena in inversion asym-
metric magnetic metals, particularly in the context of
probing the Néel vector reversal in antiferromagnets.
Intrinsic nonlinear Hall effect in CuMnAs.—CuMnAs

usually crystallizes in an orthorhombic phase. However,
with a suitable substrate (e.g., GaAs or GaP), a tetragonal
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— E filed induced correction to Berry 

   connection: 

for electrically detecting Néel vectors in PT -symmetric
antiferromagnets. We show that the intrinsic effect has a
quantum origin connected to the dipole moment of the
Berry-connection polarizability (BCP) tensor in momen-
tum space. We clarify the symmetry characters of the effect,
and point out its dominant role in PT -symmetric anti-
ferromagnets, where all Berry curvature related first and
second order Hall responses are forbidden. Combining the
theory with first-principles calculations, we perform the
first quantitative evaluation of the intrinsic second-order
AHE in the paradigmatic PT -symmetric antiferromagnet
Mn2Au. The result is found to be sizable and sensitive to
the Néel vector with a 2π periodicity, indicating a precise
way to map out the Néel vector orientation.
Intrinsic second-order AHE and BCP dipole.—The

intrinsic contribution to the second-order AHE is most
easily derived within the extended semiclassical theory,
which includes field corrections to the band quantities
[7,23–26]. In particular, the Berry connection acquires a
gauge-invariant correction AE by the applied electric field
E, with

AE
a ðkÞ ¼ GabðkÞEb; ð1Þ

where the subscripts a; b; $ $ $ denote Cartesian coordinates
(Einstein summation convention assumed), and Gab is the
BCP tensor [7,27]. For a band with index n, BCP can be
expressed as (we set e ¼ ℏ ¼ 1) [28]

Gn
abðkÞ ¼ 2Re

X

m≠n

Anm
a ðkÞAmn

b ðkÞ
εnðkÞ − εmðkÞ

; ð2Þ

where Anm
a ¼ hunji∂ajumi is the usual interband Berry

connection, juni is the unperturbed eigenstate, ∂a ≡ ∂ka ,
and εn is the unperturbed band energy.
This generates a field-induced Berry curvature ΩE ¼

∇k ×AE, which acts like magnetic field in momentum
space and leads to an anomalous velocity term ∼E ×ΩE for
electrons. This velocity is transverse to the applied E field,
of E2 order, and independent of scattering, so it results in
the intrinsic second-order AHE current jint [7]. By writing
jinta ¼ χintabcEbEc, we have

χintabc ¼
Z

BZ

dk
ð2πÞd

ΛabcðkÞ; ð3Þ

with

ΛabcðkÞ ¼ −
X

n

ð∂aGn
bc − ∂bGn

acÞf0; ð4Þ

where BZ stands for the Brillouin zone, d is the dimen-
sionality of the system, and f0 is the equilibrium Fermi-
Dirac distribution. One observes that the effect is indeed
intrinsic, free of scattering effects, and involving only

intrinsic band geometric quantity, and more precisely,
the integrand Λ represents a (antisymmetrized) combina-
tion of the momentum-space dipole moment of BCP over
the occupied states. Via an integration by parts, it is also
clear that the transport is a Fermi surface property, as it
should be.
As its most important character, the intrinsic conduc-

tivity tensor χint here is completely determined by the band
structure, hence can be precisely evaluated from first-
principles calculations. This is in contrast to the extrinsic
second-order response χBCD from Berry-curvature dipole in
Ref. [6], which is linear in the scattering time τ. This
difference also manifests in their different symmetry
properties under time reversal operation: χint is T odd,
whereas χBCD is T even. Thus, the intrinsic contribution
requires broken T , as in magnets, but the extrinsic one does
not. Nevertheless, as mentioned, in PT -symmetric anti-
ferromagnets, χBCD is forbidden, but χint is allowed. And in
cases where both contributions coexist, they can be dis-
tinguished in experiment by their different scaling with τ.
Symmetry property.—We have seen that the intrinsic

second-order conductivity χint is a T -odd rank-3 tensor.
From Eq. (4), it is clear that χintabc is antisymmetric in its first
two indices, which ensures that jinta Ea ¼ 0, i.e., jint is indeed
a Hall current.
For most transport experiments, the setup has a planar

geometry, with the appliedE field and the generated current
both within the plane (denoted as the xy plane). Then the
effect is specified by only two tensor elements, χintxyy and
χintyxx. For E field making an angle θ from the x direction
(usually taken to be certain crystal direction), i.e.,
E ¼ Eðcos θ; sin θÞ, the measured in-plane second-order
intrinsic anomalous Hall current can be expressed as [29]

jð2ÞAH ¼ χAHE2; ð5Þ

with

χAH ¼ χintyxx cos θ − χintxyy sin θ: ð6Þ

The form of χint is also constrained by the point group
symmetry of the system. Given its antisymmetry in the first
two indices, to analyze its symmetry, it is convenient to
transform it to an equivalent rank-2 pseudotensor

Xcd ¼ ϵabcχintabd=2; ð7Þ

where ϵabc is the Levi-Civita symbol. Then, the constraints
from point group symmetries on X can be derived from

X ¼ ηT detðOÞOXO−1; ð8Þ

where O is a point group operation, and the factor ηT ¼ %
is again associated with the character of χint being T odd:
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The second-order nonlinear current originates from three physical mechanisms: extrinsic nonlinear
Drude and Berry curvature dipole and intrinsic Berry connection polarizability. Here, we predict
a new intrinsic contribution to the current related to the quantum metric, a quantum geometric
property of the electronic wave function. This contribution manifests in systems that simultaneously
break the time-reversal and the inversion symmetry. Interestingly, the new contribution contributes
only to the longitudinal current and does not contribute to the nonlinear Hall response. The quantum
metric-induced NL current dominates transport in parity-time reversal symmetric systems near the
band edges, something we show explicitly for topological antiferromagnets.

Introduction:— The nonlinear (NL) conductivity pro-
vides new physical insight into the quantum geometry of
the electronic wave-function [1–7]. It plays a fundamen-
tal role in the identification of di↵erent topological and
magnetic states [8, 9]. For instance, the NL anomalous
Hall conductivity [3], which determines the Hall response
in time-reversal symmetric systems, provides information
on the Berry curvature dipole. It also acts as a sen-
sor for topological phase transitions of the valley-Chern
type [8, 10]. Conversely, the intrinsic NL Hall conductiv-
ity [11, 12] provides information on the Berry connection
polarizability (BCP). Interestingly, it can sense the ori-
entation of the Néel vector in parity-time reversal sym-
metric systems [9].

Most of the transport coe�cients are extrinsic. In
these extrinsic conductivities, the information about the
electronic state of the system is entangled with the ef-
fect of disorder. This has motivated the search for in-
trinsic (scattering-independent) transport coe�cients. In
the linear response regime, several intrinsic Hall conduc-
tivities are known, such as the anomalous Hall [13–15],
spin Hall [16–18], and quantum anomalous Hall [19, 20]
conductivities. Conversely, intrinsic responses in the NL
regime are relatively less explored. Very recently, with
the discovery of an intrinsic NL BCP Hall (BCPH) con-
ductivity [11], this field has started to flourish.

Here, we predict a new intrinsic second-order NL con-
ductivity, which gives rise to a longitudinal current. This
new second-order NL conductivity can be expressed as

�BCPL

a;bc =
e3

~
X

m,p,k

Z
[dk]fm

h
@aG̃

bc
mp + @bG̃

ac
mp + @cG̃

ab
mp

i
.

(1)
Here, fm is the Fermi function for the mth band, the
electronic charge is �e (with e > 0), ✏mp = ✏m � ✏p is
the energy di↵erence between bands, @a ⌘ @/@ka, and
[dk] = ddk/(2⇡)d is the integration measure for a d-
dimensional system. The quantity G̃

bc
mp = G

bc
mp/✏mp is the

band normalized band-resolved quantum metric (QM) of-

FIG. 1. A schematic of all four di↵erent second-order NL
transport responses in the DC limit. The two contributions
in the top row depend on the scattering time. The Drude
conductivity arises from the second-order correction to the
distribution function and the band gradient velocity. In con-
trast, the anomalous Hall conductivity arises from the first-
order correction to the distribution function and the anoma-
lous Hall velocity. The two intrinsic contributions are shown
in the bottom row. The left panel represents the nonlinear
BCP Hall conductivity. The right panel shows the NL BCP
longitudinal conductivity.

ten called the Berry connection polarizability (BCP) [12].
The gauge invariant quantum metric G

bc
mp [See Sec. I of

the Supplemental material (SM)] [21] is the real part of
the quantum geometric tensor, Q

bc
mp = R

b
pmR

c
mp with

Rmp = ihum |rkupi, and |upi being the cell periodic
part of the electron wave-function. We refer to the con-
ductivity in Eq. (1) as the BCP-induced longitudinal
(BCPL) NL conductivity. The BCPL conductivity pre-
dicted here is purely longitudinal and does not give rise to
any dissipationless Hall response. This can be confirmed
by constructing a nonlinear Hall conductivity following
Ref. [22] as �Hall = �a;bc��b;ac [or �a;bc��c;ba]. It can be
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The second-order nonlinear current originates from three physical mechanisms: extrinsic nonlinear
Drude and Berry curvature dipole and intrinsic Berry connection polarizability. Here, we predict
a new intrinsic contribution to the current related to the quantum metric, a quantum geometric
property of the electronic wave function. This contribution manifests in systems that simultaneously
break the time-reversal and the inversion symmetry. Interestingly, the new contribution contributes
only to the longitudinal current and does not contribute to the nonlinear Hall response. The quantum
metric-induced NL current dominates transport in parity-time reversal symmetric systems near the
band edges, something we show explicitly for topological antiferromagnets.
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magnetic states [8, 9]. For instance, the NL anomalous
Hall conductivity [3], which determines the Hall response
in time-reversal symmetric systems, provides information
on the Berry curvature dipole. It also acts as a sen-
sor for topological phase transitions of the valley-Chern
type [8, 10]. Conversely, the intrinsic NL Hall conductiv-
ity [11, 12] provides information on the Berry connection
polarizability (BCP). Interestingly, it can sense the ori-
entation of the Néel vector in parity-time reversal sym-
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these extrinsic conductivities, the information about the
electronic state of the system is entangled with the ef-
fect of disorder. This has motivated the search for in-
trinsic (scattering-independent) transport coe�cients. In
the linear response regime, several intrinsic Hall conduc-
tivities are known, such as the anomalous Hall [13–15],
spin Hall [16–18], and quantum anomalous Hall [19, 20]
conductivities. Conversely, intrinsic responses in the NL
regime are relatively less explored. Very recently, with
the discovery of an intrinsic NL BCP Hall (BCPH) con-
ductivity [11], this field has started to flourish.
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The gauge invariant quantum metric G

bc
mp [See Sec. I of

the Supplemental material (SM)] [21] is the real part of
the quantum geometric tensor, Q

bc
mp = R

b
pmR

c
mp with

Rmp = ihum |rkupi, and |upi being the cell periodic
part of the electron wave-function. We refer to the con-
ductivity in Eq. (1) as the BCP-induced longitudinal
(BCPL) NL conductivity. The BCPL conductivity pre-
dicted here is purely longitudinal and does not give rise to
any dissipationless Hall response. This can be confirmed
by constructing a nonlinear Hall conductivity following
Ref. [22] as �Hall = �a;bc��b;ac [or �a;bc��c;ba]. It can be
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superscript indicates the location to which this term is
traced in the first-order density matrix (See Sec. III of
the SM [20]).

Doing a careful analysis of the second order current,

we can separate it into three parts: j(2)a = j(2)a (⌧0) +

j(2)a (⌧1)+ j(2)a (⌧2). The term ⇢ddmm does not contribute to
any intrinsic current, while all the other terms do. The
intrinsic part from ⇢domm can be calculated as jint,doa [29,
40]. The intrinsic part stemming from ⇢odmp can be ex-

pressed as jint,oda . To the best of our knowledge, this
intrinsic contribution is discussed here for the first time.
The intrinsic part from ⇢oomp is denoted by jint,ooa . These
three provide the complete set of intrinsic contributions
to the current (See Sec. IV of the SM [20]).

The key challenge is to compare these intrinsic contri-
butions to the existing semiclassical results for the intrin-
sic conductivity, given by [9, 11, 33]

�BCP

abc =
2e3

~
X

m,p

Z
[dk]

 
G
bc
mp

✏mp
@afm �

G
ac
mp

✏mp
@bfm

!
. (4)

To relate Eq. (4) to the quantum kinetic theory we first
note that jint,oda is the same as the first part of the BCP
current. To obtain the other part, we first rewrite jooa
in terms of the quantum metric. Doing this, we find
that the second term in Eq. (4) can be obtained from the
quantum kinetic theory via the combination, jint,doa +
2jint,ooa . Thus, all the three intrinsic contributions can
be accounted for by the NL conductivity induced by the
BCP in Eq. (4), and the QMD based contribution in
Eq. (1). We now demonstrate this in a tilted massive
Dirac system, and PT preserving antiferromagnets.

Tilted massive Dirac system:— We choose tilted
Dirac system as it o↵ers several insights into di↵erent
NL conductivity contributions while being analytically
tractable. The Hamiltonian we consider is given by [41],

H = vF (kx�y � ky�x) + vtky�0 +��z . (5)

Here, vF is the Fermi velocity, �i’s are the Pauli matrices
representing the sub-lattice degree of freedom, � is the
gap in the system and the vt term introduces tilt along
the ky-axis. This Hamiltonian breaks both T - and P-
symmetry. The dispersion for this two band model is

given by ✏± = vtky ± ✏0, where ✏0 =
�
v2F k

2 +�2
�1/2

with k =
�
k2x + k2y

�1/2
.

The Berry curvature for this model Hamiltonian is
given by ⌦z = ⌥v2F�/✏3

0
. The diagonal elements of the

quantum metric for this model are given by G
xx
cv = G

xx
vc

and G
yy
cv = G

yy
vc , with

G
xx
cv =

v2F
4✏2

0
k2

 
k2x +

�2k2y
✏2
0

!
, G

yy
cv =

v2F
4✏2

0
k2

✓
k2y +

�2k2x
✏2
0

◆
.

(6)

The o↵-diagonal components are given by

G
xy
cv = G

xy
vc =

v2F kxky
4✏2

0
k2

✓
�2

✏2
0

� 1

◆
. (7)

Both the Berry curvature and the quantum metric for
this model are independent of the tilt velocity. In con-
trast to the Berry curvature, the gap parameter � is not
essential to have a finite quantum metric. This high-
lights that the quantum metric can be finite even in the
presence of both the P and T symmetries.
We present the distribution of the band geometric

quantities in the momentum space in Fig. 2. The
panel (a) and (b) show the quantum metric components
G
xx
cv and G

xy
cv , which have an extended monopole and a

quadrupole like behavior, respectively. In panels (c) and
(d), we have shown the BCP dipole components ⇤BCP

yxx

and ⇤BCP

yxy for the valence band. The BCP dipole is de-
fined as [11]

⇤BCP

abc,m =
X

p

⇥
@a(G

bc
mp/✏mp)� @b(G

ac
mp/✏mp)

⇤
fm . (8)

We note that all the components of the BCP dipole show
a dipole like behavior in the momentum space distribu-
tion [see Fig. 2]. Similarly, for the QMD conductivity, we
have defined the quantum metric dipole as

⇤QMD

abc,m =
X

p

�
@aG

bc
mp

�
/✏mpfm . (9)

We have plotted the two components of the QMD in pan-
els (e) and (f). We emphasize here, that dipole related
to the diagonal components show pure dipole behavior.
However, the QMDs related to the o↵-diagonal compo-
nents show multipole behavior.
We have calculated the intrinsic NL transport coe�-

cients for this model Hamiltonian, in the small tilt limit
vt/vF ⌧ 1, as

�QMD

yyy =
e3vt
4⇡~

1

4µ2
(1� r4), (10)

and

�BCP

yxx =
e3vt
8⇡~µ2

(1�r2); �QMD

yxx =
e3vt

16⇡~µ2
(1�r2) . (11)

where, r = �/µ. We note that both the BCP and QMD
conductivities do not depend on the gap parameter. This
can be understood from the fact that in contrast to the
Berry curvature, the quantum metric is nonzero in pres-
ence of both of the T and the P symmetries. However,
both of these quantities depend on the tilt velocity and
vanish if vt ! 0. In Fig. 2, we have shown both the
intrinsic conductivities. Both these conductivity change
their sign when going from the valence band to the con-
duction band. This is consistent with the fact that all the
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The second-order current can be separated into three

parts: j(2)a = j(2)a (⌧0) + j(2)a (⌧1) + j(2)a (⌧2). The element
⇢ddmm does not contribute to any intrinsic current, while
all the other elements contribute. We denote the intrin-
sic part stemming from ⇢domm, ⇢odmp and ⇢oomp as jint,doa ,

jint,oda , and jint,ooa , respectively. These three provide
the complete set of intrinsic contributions to the cur-
rent jinta = jint,doa + jint,oda + jint,ooa . The corresponding
intrinsic conductivity is,

�int

a;bc = �
e3

~
X

m,p,k

fm
h
@aG̃

bc
mp � 2

⇣
@bG̃

ac
mp + @cG̃

ab
mp

⌘i
.

(4)
For calculation details, see Sec. III of the SM [21]. Com-
paring this intrinsic contribution to the existing semiclas-
sical results for the intrinsic conductivity, we find that we
can separate it into Hall and longitudinal components as
�int

a;bc = �BCPH

a;bc +�BCPL

a;bc . Here, the BCPH part represents
the Hall response and is given by [9, 11, 12]

�BCPH

a;bc = �
e3

~
X

m,p,k

fm
h
2@aG̃

bc
mp �

⇣
@bG̃

ac
mp + @cG̃

ab
mp

⌘i
,

(5)
and the other part, which represents the longitudinal re-
sponse, is given in Eq. (1). We would like to mention
that to compare our results with Ref. [11], we symmetrize
their results [38].

Tilted massive Dirac system:— We choose the tilted
Dirac system as it o↵ers several insights into di↵erent
NL BCPL conductivity contributions while being ana-
lytically tractable. The Hamiltonian we consider is given
by [33],

H = vF (kx�y � ky�x) + vtky�0 +��z . (6)

Here, vF is the Fermi velocity, �i’s are the Pauli matrices
representing the sub-lattice degree of freedom, � is the
gap in the system and the vt term introduces tilt along
the ky-axis. This Hamiltonian breaks both T - and P-
symmetry. The dispersion for this two band model is

given by ✏± = vtky±✏0, where ✏0 =
�
v2F k

2 +�2
�1/2

with

k =
�
k2x + k2y

�1/2
. The various elements of the quantum

metric for this model Hamiltonian is calculated to be
✓
G
xx
cv G

xy
cv

G
yx
cv G

yy
cv

◆
=

v2F
4✏4

0

✓
k2yv

2

F +�2
�v2F kxky

�v2F kxky k2xv
2

F +�2

◆
. (7)

The quantum metric for this model is independent of the
tilt velocity as expected. In contrast to the Berry cur-
vature, the gap parameter � is not essential to have a
finite quantum metric. In the context of 2D hexagonal
Dirac systems such as graphene, the gap opening is asso-
ciated with inversion symmetry breaking. For graphene,
the inversion symmetry breaking is physically associated
with the A and the B sublattice having di↵erent onsite
potential induced by the substrate. This highlights that

a b c

d e

LH

BCPH BCPL

FIG. 2. a) Schematic of the dispersion of the tilted massive
Dirac model. b), c) The momentum space distribution of
the o↵-diagonal and diagonal components of the dipoles of
BCP. d) Variation of the non-zero BCPH contributions with
chemical potential (µ). e) The BCP-induced NL longitudinal
conductivities. The various parameters for the Hamiltonian
are chosen to be � = 0.1eV, vt = 0.1eV Å, and vF = 1eV Å.
We have considered temperature T = 50 K.

the quantum metric can be finite even in the presence of
both the P and T symmetries.
We present the distribution of the band geometric

quantities in the momentum space in Fig. 2. Panel (a)
shows a schematic of the dispersion of the tilted massive
Dirac model. In panel (b), we have shown the BCPH
dipole component ⇤BCPH

yxx for the valence band. The
BCPH dipole (for band m) is defined as [12]

⇤BCPL

abc,m =
X

p

h
2@aG̃

bc
mp � @bG̃

ac
mp � @cG̃

ab
mp

i
fm . (8)

We note that the component of the BCP dipole show a
dipole-like behavior in the momentum space distribution
[see Fig. 2(b)]. Similarly, for the BCPL conductivity,
we have defined the quantum metric-dependent BCPL
dipole (for band m) as

⇤BCPL

abc,m =
X

p

⇣
@aG̃

bc
mp + @bG̃

ac
mp + @cG̃

ab
mp

⌘
fm . (9)

We have plotted the ⇤BCPL

yyy component in Fig. 2(c), and
it shows dipolar behavior.

We have calculated the intrinsic NL transport coe�-
cients for this model Hamiltonian, in the small tilt limit
vt/vF ⌧ 1. Assuming µ > � and defining r = �/µ for
brevity, we obtain for the conduction band (See Sec. V
of SM [21] for details),

�BCPL

y;yy =
15e3vt
128⇡~µ2

⇥
1 + 2r2 � 3r4

⇤
, (10)

�BCPH

y;xx = �
e3vt
8⇡~µ2

⇥
1� r2

⇤
. (11)
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Three mechanisms are known to contribute to second-order nonlinear current: Extrinsic nonlinear Drude,
Berry curvature dipole, and intrinsic Berry connection polarizability. Here, we predict an intrinsic contribution
to the current related to the quantum metric, a quantum geometric property of the electronic wave function.
This contribution manifests in systems that simultaneously break the time-reversal and the inversion symmetry.
Interestingly, this contribution is dissipative and contributes to both longitudinal and transverse response. The
quantum metric-induced NL current dominates transport in parity-time reversal symmetric systems near the band
edges, something we show explicitly for topological antiferromagnets.
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Introduction. The nonlinear (NL) conductivity provides
new physical insight into the quantum geometry of the elec-
tronic wave function [1–7]. It plays a fundamental role in
the identification of different topological and magnetic states
[8,9]. For instance, the NL anomalous Hall conductivity [3],
which determines the Hall response in time-reversal sym-
metric systems, provides information on the Berry curvature
dipole. It also acts as a sensor for topological phase transitions
of the valley-Chern type [8,10]. Conversely, the intrinsic NL
Hall conductivity [11,12] provides information on the Berry
connection polarizability (BCP). Interestingly, it can sense the
orientation of the Néel vector in parity-time reversal symmet-
ric systems [9].

Most of the transport coefficients are extrinsic. In these
extrinsic conductivities, the information about the electronic
state of the system is entangled with the effect of disorder.
This has motivated the search for intrinsic (scattering-
independent) transport coefficients. In the linear-response
regime, several intrinsic Hall conductivities are known, such
as the anomalous Hall [13–15], spin Hall [16–18], and
quantum anomalous Hall [19,20] conductivities. Conversely,
intrinsic responses in the NL regime are relatively less ex-
plored. Very recently, with the discovery of an intrinsic NL
BCP Hall (BCPH) conductivity [11], this field has started to
flourish.
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In this Letter, we predict an intrinsic second-order NL
conductivity, which gives rise to a dissipative current. This
second-order NL conductivity can be expressed as

σ BCPD
a;bc = e3

h̄

∑

m,p,k

∫
[dk] fm

[
∂aG̃bc

mp + ∂bG̃ac
mp + ∂cG̃ab

mp

]
. (1)

Here, fm is the Fermi function for the mth band, the elec-
tronic charge is −e (with e > 0), ϵmp = ϵm − ϵp is the
energy difference between bands, ∂a ≡ ∂/∂ka, and [dk] =
dd k/(2π )d is the integration measure for a d-dimensional
system. The quantity G̃bc

mp = Gbc
mp/ϵmp is the band normalized

band-resolved quantum metric (QM) often called the Berry
connection polarizability (BCP) [12]. The gauge invariant
quantum metric Gbc

mp is the real part of the quantum geometric
tensor, Qbc

mp = Rb
pmRc

mp; Gbc
mp = 1

2 (Rb
pmRc

mp + Rb
mpRc

pm) [see
Sec. I of the Supplemental material (SM) [21]. Here, Rmp =
i⟨um |∇kup⟩ is the interband Berry connection with |up⟩ being
the cell periodic part of the electron wave function. We refer
to the conductivity in Eq. (1) as the BCP-induced dissipative
(BCPD) NL conductivity. The predicted BCPD conductivity
does not contribute to a purely Hall response. This can be con-
firmed by constructing a nonlinear purely Hall conductivity
following Ref. [22] as σHall = σa;bc − σb;ac (or σa;bc − σc;ba). It
can be easily checked that the Hall conductivity corresponding
to Eq. (1) vanishes identically. Its significance is manifold.
The interband coherence effects are very strong in Hall re-
sponses such as the anomalous Hall effect [23], but typically
not in longitudinal responses. For a clean system, the only
interband coherence effect known in longitudinal transport is
zitterbewegung [23], which only occurs when the chemical
potential lies at the Dirac point [24]. Since, in practice, the
Dirac point is always disordered, the intrinsic contribution to
zitterbewegung is, for all purposes, unobservable. Hence the
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Planar Hall E↵ect in Quasi-Two-Dimensional Materials

Koushik Ghorai,∗ Sunit Das,∗ Harsh Varshney, and Amit Agarwal†

Department of Physics, Indian Institute of Technology Kanpur, Kanpur-208016, India

The planar Hall e↵ect in 3D systems is an e↵ective probe for their Berry curvature, topology,
and electronic properties. However, the Berry curvature-induced conventional planar Hall e↵ect is
forbidden in 2D systems as the out-of-plane Berry curvature cannot couple to the band velocity of
the electrons moving in the 2D plane. Here, we demonstrate a unique 2D planar Hall e↵ect (2DPHE)
originating from the hidden planar components of the Berry curvature and orbital magnetic moment
in quasi-2D materials. We identify all planar band geometric contributions to 2DPHE and classify
their crystalline symmetry restrictions. Using gated bilayer graphene as an example, we show
that in addition to capturing the hidden band geometric e↵ects, 2DPHE is also sensitive to the
Lifshitz transitions. Our work motivates further exploration of hidden planar band geometry-induced
2DPHE and related transport phenomena for innovative applications.

The planar Hall e↵ect (PHE) is the generation of lon-
gitudinal and transverse voltages in the plane of the ap-
plied electric (E) and magnetic fields (B). In contrast
to the conventional and anomalous Hall e↵ect, the trans-
port in PHE is dissipative, and the response typically
varies quadratically with the B. PHE has extensive ap-
plications in magnetic sensors and memory devices [1].
In 3D materials, PHE generally originates from the cou-
pling of the Berry curvature (BC) and orbital magnetic
moment (OMM) to the band velocity and in-plane mag-
netic field, which generates a longitudinal and transverse
planar response. Initial studies of PHE used it e↵ectively
to probe the magnetization reversal in magnetic materi-
als [2–6]. More recently, we have used PHE to explore
novel topological semimetals [7–17] and topological in-
sulators [18, 19].

However, conventional PHE probes are ine↵ective in
2D systems. As the 2D plane confines the orbital mo-
tion of electrons, these systems can host only out-of-plane
Berry curvature and orbital magnetic moment [20, 21].
Consequently, the PHE induced by the component of the
BC and OMM along the applied in-plane magnetic field is
forbidden in perfect 2D systems. Some 2D materials with
strong spin-orbit coupling exhibit an intrinsic magneto-
Hall response driven by magnetic field-induced changes
to the Berry curvature [22–28]. However, such responses
are antisymmetric tensors and absent in systems lacking
strong spin-orbit interactions. These limitations severely
restrict our ability to utilize PHE to explore fundamental
physics and develop ultra-sensitive magnetic sensors and
other applications in 2D materials.

In this Letter, we introduce a unique 2D planar Hall
e↵ect (2DPHE) in layered 2D materials such as bilayer
graphene. Layered 2D materials with finite inter-layer
tunneling can host an intrinsic in-plane component of
the BC and OMM if the system’s space inversion or
time-reversal symmetry is broken [29–31]. We demon-
strate that these relatively unexplored in-plane compo-
nents of the band geometric quantities induce the 2DPHE
response (see Fig. 1). We present a thorough analysis of
the 2DPHE responses, particularly their angular varia-

FIG. 1. Schematic for 2D planar Hall e↵ect (2DPHE).
Layered 2D materials host hidden planar Berry curvature
(⌦planar) and planar orbital magnetic moment (mplanar) aris-
ing from inter-layer tunneling. The ⌦

planar and mplanar com-
bine with the in-plane electric and magnetic field to induce a
longitudinal and transverse current in the 2D plane.

tion (angle betweenE andB), and classify the crystalline
symmetry restrictions on the di↵erent 2DPHE response
tensors. As an illustrative example, we focus on Bernal
stacked bilayer graphene to demonstrate a sizable and
gate-tunable 2DPHE response. Beyond predicting the
unique phenomena of 2DPHE, our findings motivate the
exploration of other transport and optical phenomena in-
duced by the hidden planar band geometric quantities in
layered 2D materials [32].
Planar-BC and OMM in 2D systems:– In quasi-2D ma-

terials with two or more atomic layers, the finite inter-
layer hopping amplitude enables the inter-layer tunneling
of electrons. The inter-layer coherence of the electron
wavefunction gives rise to hidden planar components of
the BC and OMM. These are given by,

⌦planar
nk = 2~ Re

X

n0 6=n

vnn0 ⇥Zn0n

("nk � "n0k)
, (1)

mplanar
nk = e Re

X

n0 6=n

vnn0 ⇥Zn0n . (2)

Here, we have defined the velocity matrix elements as
~vnn0 = hunk|rkH |un0ki, with k = (kx, ky). "nk and
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Appendix A: Thermopower in presence of Berry
curvature

Within the linear response theory, the phenomenolog-
ical transport equation for the charge current Je is given
by62,

Je
i = �ijEj + ↵ij(�rjT ) . (A1)

Here Ej and rjT are the externally electric field and
temperature gradient applied along the jth direction, �ij

denotes the elements of electrical conductivity matrix (�̃)
and ↵ij are the elements of thermoelectric conductivity
matrix (↵̃). The transport coe�cients such as �ij and
↵ij are calculated by doing a Brillouin zone (BZ) sum
over the relevant physical quantity, involving only the
occupied states. The semiclassical route for this requires
the equation of motion (EOM) describing the dynam-
ics of the center of the carrier wave-packet and the non-
equilibrium distribution (NDF) function specifying the
occupancy of the states under external fields.

This formalism works for small magnetic fields (and
small cyclotron frequency !c), where the e↵ects of Lan-
dau quantization can be ignored. It is valid in the regime
~!c ⌧ µ, with µ denoting the chemical potential. In
addition, this formalism works in the regime v⌧ ⌧ l,
where v is the velocity, ⌧ is the relaxation time scale and
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~/eB is the magnetic length for cyclotron motion56

with B as magnetic field.

1. Semiclassical transport with Berry curvature
and orbital magnetization

The equation of motion (EOM) describing the dynam-
ics of the center of the carrier wave-packet (location at
r, and having the Bloch wave-vector k) in a given band
is given by19,58,69

ṙ = Dk
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ṽk +
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~ (E ⇥ ⌦k) +
e

~ (ṽk · ⌦k)B
⌘

, (A2)

~k̇ = Dk
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�eE � e(ṽk ⇥ B) � e2

~ (E · B)⌦k

◆
.(A3)

Here �e is the electronic charge and and we have defined
Dk ⌘ [1 + e

~ (B · ⌦k)]�1. The band velocity is given by
~ṽk = rk✏̃k, where ✏̃k = ✏k � mk · B is the electronic
dispersion modified by the intrinsic orbital magnetic mo-
ment. The modified band velocity can now be expressed

ṽk = vk � �vm
k , where vm

k = 1
~rk(mk ·B), and the fac-

tor of � = 0/1 is introduced to keep track of the orbital
magnetization dependent corrections.

The Berry curvature modified group velocity in
Eq. (A2) has two interesting e↵ects: the E ⇥ ⌦k term
gives rise to the intrinsic anomalous Hall e↵ect49,70, while
the (ṽk ·⌦k)B term gives rise to the chiral magnetic e↵ect
in presence of non-zero chiral chemical potential71. In
Eq. (A3), the first two terms are the well known Lorentz
force, whereas the third (E · B)⌦k term manifests the
e↵ect of the chiral anomaly leading to NMR24 in WSMs.
The modified EOM also changes the phase space volume
by a factor Dk . To compensate for this, such that the
number of states in the phase-space volume element is
preserved, we have dk ! dk/Dk. This factor needs to
be incorporated whenever the wave-vector summation is
converted in an integral over the BZ in presence of Berry
curvature72,73.

The three component Berry Curvature and the intrin-
sic magnetic moment can be obtained from their respec-
tive tensors via the relation: Aa = "abcAbc, where "abc is
the anti-symmetric Levi-civita symbol. The correspond-
ing Berry tensor is given by61,74

⌦ab
n = �2

Im [hn|@kaH|n0ihn0|@kbH|ni]
(✏n � ✏n0)2

, (A4)

where n is the band index with H|ni = ✏n|ni. Similarly,
the orbital magnetic moment tensor is given by61,74
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✏n � ✏n0
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The dynamics of the non-equilibrium distribution func-
tion (NDF) gr,k, is described by the Boltzmann kinetic
equation. In the steady state the NDF kinetic equation
for each node is given by62

ṙ · rr gr,k + k̇ · rk gr,k = Icoll{gr,k} , (A6)
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, where feq ⌘ feq(✏̃k, µ, T ) = (e�(✏̃k�µ)+1)�1

is the equilibrium Fermi-Dirac distribution function with
��1 ⌘ kBT . The scattering timescale ⌧k is the e↵ec-
tive intra-node relaxation time which we consider to be
constant (⌧k ! ⌧) for simplicity. Substituting Eqs. (A2)-
(A3) in Eq. (A6), we obtain an approximate steady state
NDF, upto first order in E and rT :
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�eE � (✏̃k � µ)

T
rrT

◆
·
✓
ṽk +

eB(ṽk · ⌦k)
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◆
+ ṽk · �

�✓
� @feq

@✏̃k

◆
. (A7)

Here the ṽk · � term accounts for the impact of the ‘Lorentz-force’ in modifying the NDF71,75. However

8

Appendix A: Thermopower in presence of Berry
curvature

Within the linear response theory, the phenomenolog-
ical transport equation for the charge current Je is given
by62,

Je
i = �ijEj + ↵ij(�rjT ) . (A1)

Here Ej and rjT are the externally electric field and
temperature gradient applied along the jth direction, �ij

denotes the elements of electrical conductivity matrix (�̃)
and ↵ij are the elements of thermoelectric conductivity
matrix (↵̃). The transport coe�cients such as �ij and
↵ij are calculated by doing a Brillouin zone (BZ) sum
over the relevant physical quantity, involving only the
occupied states. The semiclassical route for this requires
the equation of motion (EOM) describing the dynam-
ics of the center of the carrier wave-packet and the non-
equilibrium distribution (NDF) function specifying the
occupancy of the states under external fields.

This formalism works for small magnetic fields (and
small cyclotron frequency !c), where the e↵ects of Lan-
dau quantization can be ignored. It is valid in the regime
~!c ⌧ µ, with µ denoting the chemical potential. In
addition, this formalism works in the regime v⌧ ⌧ l,
where v is the velocity, ⌧ is the relaxation time scale and
l ⌘

p
~/eB is the magnetic length for cyclotron motion56

with B as magnetic field.

1. Semiclassical transport with Berry curvature
and orbital magnetization

The equation of motion (EOM) describing the dynam-
ics of the center of the carrier wave-packet (location at
r, and having the Bloch wave-vector k) in a given band
is given by19,58,69
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eB(ṽk · ⌦k)

~

◆
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❑ Equation of motions:

❑ Distribution function to linear order:

Planar Hall set up (Sci. Rep. 8, 14983 (2018))

In planar Hall effect, electric field and the magnetic field lies in 
the sample plane, and we measure in-plane voltage in the 
perpendicular direction of applied electric field, as shown in the 
adjacent figure.
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the jth coordinate and �ij denote the elements of the
electrical conductivity matrix.

The conductivity matrix, is calculated in the Boltz-
mann formalism by doing a Brillouin zone (BZ) sum
over the relevant physical quantity (velocity operator)
by considering only the physically occupied states. This
explicitly requires three things, all of which are influ-
enced by the presence of a finite Berry curvature: 1)
the equation of motion (EOM) describing the dynamics
of the center of the carrier wave-packet in a given band
(in terms of the center position and the corresponding
Bloch wave-vector) , 2) the non-equilibrium distribution
(NDF) function specifying the occupancy of the bands
under perturbation and 3) the wave-vector dependent
phase space volume which gets modified in presence of
finite Berry-curvature and an external magnetic field.

A. The three elements

The EOM for the carrier location r and the correspond-
ing Bloch-wave-vector k in a given band is given by22,23

ṙ =
1

~rk✏k � k̇⇥⌦k , (2)

~k̇ = �eE� eṙ⇥B . (3)

Where ‘�e’ is the electronic charge and ✏k is the elec-
tronic dispersion. The Berry curvature is given by ⌦k =
rk ⇥Ak, where Ak = ihuk|rkuki and |uki is the Bloch
wave function. The finite Berry curvature acts as a ‘ficti-
tious magnetic field’ in the reciprocal space, as evidenced
by the second term on the right hand side of Eq. (2).
Equations (2)-(3) can be decoupled, to obtain24,25

ṙ = Dk

h
vk +

e

~ (E⇥⌦k) +
e

~ (vk ·⌦k)B
i
, (4)

~k̇ = Dk


�eE� e(vk ⇥B)� e2

~ (E ·B)⌦k

�
. (5)

Here, ~vk = rk✏k is the modified band velocity which
includes the e↵ect of the orbital magnetic moment and

we have definedDk = D(B,⌦k) ⌘ [1+ e
~ (B·⌦k)]�1. The

group velocity of carriers in Eq. (4) consists of two Berry
curvature dependent terms: the E ⇥ ⌦k term gives rise
to the anomalous Hall e↵ect (AHE)26, while the (vk ·
⌦k)B term gives rise to the so called chiral magnetic
e↵ect in presence of a finite chiral chemical potential in
Weyl semimetals27. In Eq. (5), the first two terms are
the well known electrical and Lorentz force, whereas the
third (E · B)⌦k term manifests the e↵ect of the chiral
anomaly leading to negative magnetoresistance15 in Weyl
semimetals.
The modified EOM also changes the phase space vol-

ume by a factor Dk, i.e., [dk] ! Dk ⇥ [dk]. Here [dk]
is the shorthand for dk/(2⇡)3. To counter this changed
phase-space volume, so that the number of states in the
volume element is preserved, the volume element is multi-
plied by Dk

�1. This factor needs to be included whenever
the wave-vector summation is converted in an integral
over the BZ28,29.
The dynamics of the position and wave-vector depen-

dent NDF, gr,k is described by the Boltzmann kinetic
equation given by21

@gr,k
@t

+ ṙ ·rr gr,k + k̇ ·rk gr,k = Icoll{gr,k} , (6)

where Icoll{gr,k} is the collision integral. Using the re-
laxation time approximation for the collision integral in
the steady state and homogeneous field (gr,k ! gk) , the
NDF kinetic equation reduces to

k̇ ·rk gk = �gk � feq
⌧k

, (7)

where ⌧k is the e↵ective relaxation time and feq ⌘
feq(✏k, µ, T ) = (e�(✏k�µ)+1)�1 is the equilibrium Fermi-
Dirac distribution function with ��1 ⌘ kBT . For sim-
plicity, we will consider ⌧k to be a constant (⌧k ! ⌧) in
the rest of the manuscript. More discussion needed.
Substituting Eqs. (4)- (5) in Eq. (7), we obtain an ap-

proximate NDF, upto first order in E, to be

gk = feq +


Dk⌧k � eE ·

✓
vk +

eB(vk ·⌦k)

~

◆
+ vk · �

�✓
� @feq

@✏k

◆
. (8)

Here the vk · � term accounts for the impact of the
‘Lorentz-force’ in modifying the NDF27,30. The Lorentz
force induced modification in the NDF is proportional
to !c⌧ . Recall that the cyclotron frequency is given by
!c = eB/m, where m denotes the ‘inertial’ mass of the
carriers. In case of Dirac systems, the ‘inertial mass’
turns out to be density dependent and it is given by
m ! µ/v2F , where vF is the Fermi velocity of the car-
riers. Thus in Dirac systems, we have !c = eBv2F /µ.

Consequently the Lorentz terms are easily neglected in
the regime of !c⌧ ⌧ 118.

B. Electrical conductivity

Using the definition of current

je = �e

Z
[dk]D�1 ṙ gk (9)

Fermi surface

Dynamics of electrons

Non-equilibrium distribution function

Electronic current
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❑ The charge current definition:

❑ The expression for planar Hall effect:

Conclusion: the planar Hall response is finite when 

❑ For co-planar configuration of E and B, both of these terms gives the planar Hall response.

Linear in B Quadratic in B

Chiral magnetic velocity ‘Berry force’

Theory of Planar Hall effect in 3D systems



What about 2D systems?

Motivation

7

➢ In 3D materials, it occurs due to the coupling of the Berry curvature (BC) and orbital magnetic 
moment (OMM) to the band velocity and in-plane magnetic field

➢ The transverse part of the electrical current along the magnetic field 
     appears as planar Hall voltage. 

➢ For a 2D system,                              no transverse velocity to electrons 

➢ The planar Hall effect is zero for ideal 2D materials.
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➢ The transverse part of the electrical current along the magnetic field 
     appears as planar Hall voltage. 
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➢ The planar Hall effect is zero for ideal 2D materials.

Chiral magnetic velocity = 0 in 2D systems

No Berry curvature induced Planar Hall effect



Possibility of finite planar BC in 2D systems

2D systems with two or more atomic layers 

+


Interlayer tunnelling of electrons 


=>   Finite inplane Berry Curvature and Orbital magnetic moment
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Planar Berry curvature and OMM

➢ In quasi-2D materials with two or more atomic layers, due to the interlayer tunneling of electrons  

➢ Non-zero planar BC and OMM give rise to planar Hall effect quasi-2D layered system

➢ In general, up to B2 we can write  
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Conventional Berry Curvature:

Redefine out-of-plane velocity matrix element:

Interlayer tunnelling can give rise to out of plane velocity matrix

Similarly, planar orbital magnetic moment:

Origin of finite planar BC in 2D systems

Planar Berry curvature 

in quasi-2D systems
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The discovery of Berry curvature (BC) has spurred a tremendous surge of research into various quantum
phenomena such as the anomalous transport of electrons and the topological phases of matter. In two-dimensional
crystalline systems, the conventional definition of the BC lacks the in-plane components and thus it cannot
explain the transverse transport along the plane-normal direction. Here, we modify the BC to provide in-plane
components in two dimensions, giving rise to the vertical Hall effects that describe out-of-plane transports in
response to in-plane perturbations and their Onsager reciprocity. Our first-principles calculations show that a
large in-plane BC can appear even in an atomic-thick GdAg2 monolayer, and a hexagonal BiAg2 monolayer
can host a large BC dipole known to vanish in the conventional BC. The quantum transports driven by the
hitherto-hidden BC will become more significant in recently emerging two-dimensional platforms, including
van der Waals heterostructures.

DOI: 10.1103/PhysRevB.104.L081114

I. INTRODUCTION

The anomalous transport of electrons and the topological
phases of matter originate from the quantum geometric phase
of Bloch states, which is described by the Berry curvature
(BC) [1–3]. In three-dimensional periodic systems, the crystal
momentum k is a good quantum number and the reduced
Hamiltonian H (k) is acquired by the Bloch theorem. The
eigenstates and the corresponding eigenvalues are denoted by
|n(k)⟩ and En(k). The BC of the nth band has the conventional
form of [4,5]

!3D
n (k) = i

∑

m ̸=n

⟨n|∇kH |m⟩ × ⟨m|∇kH |n⟩
(En − Em)2 . (1)

Hereafter, unless specified, we express |n(k)⟩ and En(k)
by |n⟩ and En for simplicity. A nonvanishing BC appears in
symmetry-broken environments [5]. For a system with bro-
ken time-reversal symmetry, the integration of !(k) over the
momentum space links to an intrinsic anomalous Hall effect
[3,6]; for a noncentrosymmetric system, the integration of
∂ki!(k), referred to as the BC dipole, gives rise to the quan-
tum nonlinear Hall effect [7–9] and the photogalvanic effect
[10–13].

By contrast, for two-dimensional systems located in the
xy plane, kz is not a good quantum number and only the z
component of the BC is defined by Eq. (1). Through the di-
mensional crossover from three to two dimensions (Fig. 1),
one can gain insight into the incompleteness of the existing
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definition of the BC. The left panels of Fig. 1 show three-
dimensional materials with broken time-reversal symmetry
and broken inversion symmetry, respectively. When a ferro-
magnetic moment is present along the x direction, the net flux
of the x-component BC induces an anomalous Hall effect. As
illustrated in Fig. 1(a), for example, an electric field along
the z direction (Ez) generates an electrical current along the
y direction (Jy) [3]. Similarly, when electric polarization is
present along the z direction, a helical structure of BC around
the polarization (! ∼ ẑ × k) carries a nonzero BC dipole,
leading to a nonlinear Hall current (Jz) in response to an
oscillating electric field (Eω,x), as shown in Fig. 1(b) [11,14].
All of these transverse transport phenomena are engendered
by the well-defined x, y components of the BC in three dimen-
sions. We now reduce to the lower dimension by gradually
decreasing the thickness of the system (Fig. 1, right panels).
Because the symmetry breaking remains the same, one can
speculate that the aforementioned anomalous responses would
be retained during the dimensional reduction. In a recent
experiment [15], the giant vertical nonlinear Hall effect has
been reported upon varying the thickness of WTe2 and MoTe2
films. The conventional BC in two dimensions, however, can-
not describe these responses because Eq. (1) does not include
the in-plane components. Therefore, it is necessary to gener-
alize the BC formula to provide all three components for a
complete description and applications of anomalous transport
in two dimensions.

In this paper, we generalize the BC in two dimensions
and predict the generation of a large vertical Hall current in
response to an in-plane electric field. The reformulated BC
has in-plane components that are absent in the conventional
BC. Using perturbation theory, we derive that the in-plane
BC governs the vertical transverse transports illustrated in the
right panels of Fig. 1. Our density functional theory (DFT)
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is a fourth rank T -even polar tensor and is the leading
order contribution in non-magnetic systems. Denoting a
general point group operation via O, the �ab;c and �ab;cd

tensors obey the following transformation rules [36]

�a0b0;c0 = ⌘T det{O}Oa0aOb0bOc0c �ab;c , (7)

�a0b0;c0d0 = Oa0aOb0bOc0cOd0d �ab;cd . (8)

Here, ⌘T = ±1 is associated with the magnetic point
group symmetry transformation: ⌘T = �1 (⌘T = 1) for
magnetic (non-magnetic) point group operation O ⌘ RT
(O ⌘ R), with R being a spatial operation.

To be specific about the symmetry constraints of the
2DPHE response, we apply the E along x̂ direction, and
an in-plane magnetic field at an angle � with E, i.e.,
(Bx, By) = B(cos�, sin�) (see Fig. 1). As the response
tensors are symmetric in the first two indices, the in-
dependent tensor elements for the B-linear longitudinal
(transverse) responses are �xx;x and �xx;y (�yx;x and
�yx;y). The fourth rank tensor �ab;cd is symmetric in
the first two (a, b) and the last two (c, d) indices. Hence,
for the quadratic-B longitudinal (transverse) response
�xx;xx, �xx;yy and �xx;xy (�yx;xx, �yx;yy and �yx;xy) are
the only independent elements. We present crystalline
symmetry imposed restrictions on these tensor elements
for non-magnetic and magnetic systems in Table I and
Table S1 of SM [33], respectively. An interesting con-
clusion from our symmetry analysis is that the presence
of C3z symmetry does not restrict any of the 2DPHE
response tensors. This makes hexagonal systems such as
multi-layered graphene, transition metal dichalcogenides,
and their twisted moiré heterostructures good candidates
to observe 2DPHE. We now focus on the angular varia-
tion of the 2DPHE current.

Angular variation of the 2DPHE currents:– The vari-
ation of the 2DPHE currents with the planar angle be-
tween the E and B is important for exploring its ori-
gin and the relative contribution of di↵erent terms. We
work with the field configuration described in Fig. 1 to
obtain the longitudinal and transverse 2DPHE currents:
j2DPHE
k(?) = �k(?)Ek. We calculate the angular dependence
of the 2DPHE conductivities to be,

�k = ⌧B(�xx;x cos�+ �xx;y sin�) + ⌧B2(�xx;xx cos
2 �

+ �xx;yy sin
2 �+ �xx;xy sin� cos�) , (9)

�? = ⌧B(�yx;x cos�+ �yx;y sin�) + ⌧B2(�yx;xx cos
2 �

+ �yx;yy sin
2 �+ �yx;xy sin� cos�) . (10)

These equations and the symmetry restrictions in Table I
(and Table S1 in SM [33]) provide a complete character-
ization of the 2DPHE responses. For non-magnetic sys-
tems with an in-plane mirror or an in-plane two-fold ro-
tation symmetry, the longitudinal (transverse) response
is entirely captured by �xx;xx, and �xx;yy (�yx;xy) with
the conventional cos2 � (sin 2�) angular dependence.

FIG. 2. (a) Electronic band structure of strained BLG
around the K point, with the background color showing the
density of states (DOS). b) The variation of DOS with chemi-
cal potential µ and the inter-layer potential� in (b). The Van
Hove singularity in the DOS near the band edges [also seen in
(a)] is accompanied by a Lifshitz transition, where the system
evolves from hosting three Fermi pockets around the K (or
K0) point to one Fermi pocket. (c) The upper (lower) panel
shows the k-space distribution of the x-component of the pla-
nar BC (OMM) for the first conduction band in the unit of a2
�
e
~a

2eV
�
, where a is the lattice constant. (d) Di↵erent com-

ponents of 2DPHE response tensors �ab;cd as a function of µ
evaluated at temperature T = 50K.

2DPHE in gated bilayer graphene:– To demonstrate
the 2DPHE in a realistic system, we consider the tight-
binding model of Bernal stacked bilayer graphene (BLG).
It o↵ers the natural advantage of being readily available,
and its doping and layer asymmetry can be tuned via
the combination of top and bottom gate voltages. The
Hamiltonian of pristine BLG with a vertical displace-
ment field possesses T and C3z symmetry, while it breaks
P symmetry. Owing to the presence of T symmetry in
BLG, only the B2 contributions to the 2DPHE in BLG
are allowed. The breakdown of P symmetry is crucial for
inducing a planar-BC and planar-OMM in systems with
T symmetry. BLG also has a mirror symmetry about
its armchair direction, which we represent by Mx (see
Fig. S3 of SM [33]). The Mx symmetry of BLG dictates
that only the �yx;xy component can be finite with the
sin 2� angular dependence in �?. To explore the role of
other planar Hall contributions / B2 (�yx;xx and �yx;yy),
we break the Mx symmetry of BLG by applying a uniax-
ial strain of 1% strength at an angle of 30� to the zig-zag
direction. The details of the strain implementation in the
tight-binding model of BLG are discussed in Sec. S5 of
SM [33]. We present the band structure of strained BLG
around one of the two valleys (K point) in Fig. 2(a). In
Fig. 2(b), we show the color plot of the density of states
as a function of the chemical potential (µ) and inter-layer
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(O ⌘ R), with R being a spatial operation.

To be specific about the symmetry constraints of the
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an in-plane magnetic field at an angle � with E, i.e.,
(Bx, By) = B(cos�, sin�) (see Fig. 1). As the response
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multi-layered graphene, transition metal dichalcogenides,
and their twisted moiré heterostructures good candidates
to observe 2DPHE. We now focus on the angular varia-
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tween the E and B is important for exploring its ori-
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work with the field configuration described in Fig. 1 to
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These equations and the symmetry restrictions in Table I
(and Table S1 in SM [33]) provide a complete character-
ization of the 2DPHE responses. For non-magnetic sys-
tems with an in-plane mirror or an in-plane two-fold ro-
tation symmetry, the longitudinal (transverse) response
is entirely captured by �xx;xx, and �xx;yy (�yx;xy) with
the conventional cos2 � (sin 2�) angular dependence.

FIG. 2. (a) Electronic band structure of strained BLG
around the K point, with the background color showing the
density of states (DOS). b) The variation of DOS with chemi-
cal potential µ and the inter-layer potential� in (b). The Van
Hove singularity in the DOS near the band edges [also seen in
(a)] is accompanied by a Lifshitz transition, where the system
evolves from hosting three Fermi pockets around the K (or
K0) point to one Fermi pocket. (c) The upper (lower) panel
shows the k-space distribution of the x-component of the pla-
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ponents of 2DPHE response tensors �ab;cd as a function of µ
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2DPHE in gated bilayer graphene:– To demonstrate
the 2DPHE in a realistic system, we consider the tight-
binding model of Bernal stacked bilayer graphene (BLG).
It o↵ers the natural advantage of being readily available,
and its doping and layer asymmetry can be tuned via
the combination of top and bottom gate voltages. The
Hamiltonian of pristine BLG with a vertical displace-
ment field possesses T and C3z symmetry, while it breaks
P symmetry. Owing to the presence of T symmetry in
BLG, only the B2 contributions to the 2DPHE in BLG
are allowed. The breakdown of P symmetry is crucial for
inducing a planar-BC and planar-OMM in systems with
T symmetry. BLG also has a mirror symmetry about
its armchair direction, which we represent by Mx (see
Fig. S3 of SM [33]). The Mx symmetry of BLG dictates
that only the �yx;xy component can be finite with the
sin 2� angular dependence in �?. To explore the role of
other planar Hall contributions / B2 (�yx;xx and �yx;yy),
we break the Mx symmetry of BLG by applying a uniax-
ial strain of 1% strength at an angle of 30� to the zig-zag
direction. The details of the strain implementation in the
tight-binding model of BLG are discussed in Sec. S5 of
SM [33]. We present the band structure of strained BLG
around one of the two valleys (K point) in Fig. 2(a). In
Fig. 2(b), we show the color plot of the density of states
as a function of the chemical potential (µ) and inter-layer
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➢ Planar Hall response are sensitive to the 
     Lifshitz transition of the Fermi surface

➢ Specifically, the responses peaks around 
     the Van Hove singularity in density of states
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➢ The planar longitudinal and Hall response tensors
      peaks around the band-edges.

 

➢ The peaks occurs due to the pronounced values 
of band-geometric quantities and Van Hove 
singularity near the Dirac points.

➢ Due to the time-reversal symmetry of the bilayer 
graphene, only the B2 planar response

     are finite,  
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Here, ⌘T = ±1 is associated with the magnetic point
group symmetry transformation: ⌘T = �1 (⌘T = 1) for
magnetic (non-magnetic) point group operation O ⌘ RT
(O ⌘ R), with R being a spatial operation.

To be specific about the symmetry constraints of the
2DPHE response, we apply the E along x̂ direction, and
an in-plane magnetic field at an angle � with E, i.e.,
(Bx, By) = B(cos�, sin�) (see Fig. 1). As the response
tensors are symmetric in the first two indices, the in-
dependent tensor elements for the B-linear longitudinal
(transverse) responses are �xx;x and �xx;y (�yx;x and
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the only independent elements. We present crystalline
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for non-magnetic and magnetic systems in Table I and
Table S1 of SM [33], respectively. An interesting con-
clusion from our symmetry analysis is that the presence
of C3z symmetry does not restrict any of the 2DPHE
response tensors. This makes hexagonal systems such as
multi-layered graphene, transition metal dichalcogenides,
and their twisted moiré heterostructures good candidates
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tween the E and B is important for exploring its ori-
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work with the field configuration described in Fig. 1 to
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These equations and the symmetry restrictions in Table I
(and Table S1 in SM [33]) provide a complete character-
ization of the 2DPHE responses. For non-magnetic sys-
tems with an in-plane mirror or an in-plane two-fold ro-
tation symmetry, the longitudinal (transverse) response
is entirely captured by �xx;xx, and �xx;yy (�yx;xy) with
the conventional cos2 � (sin 2�) angular dependence.
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around the K point, with the background color showing the
density of states (DOS). b) The variation of DOS with chemi-
cal potential µ and the inter-layer potential� in (b). The Van
Hove singularity in the DOS near the band edges [also seen in
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the 2DPHE in a realistic system, we consider the tight-
binding model of Bernal stacked bilayer graphene (BLG).
It o↵ers the natural advantage of being readily available,
and its doping and layer asymmetry can be tuned via
the combination of top and bottom gate voltages. The
Hamiltonian of pristine BLG with a vertical displace-
ment field possesses T and C3z symmetry, while it breaks
P symmetry. Owing to the presence of T symmetry in
BLG, only the B2 contributions to the 2DPHE in BLG
are allowed. The breakdown of P symmetry is crucial for
inducing a planar-BC and planar-OMM in systems with
T symmetry. BLG also has a mirror symmetry about
its armchair direction, which we represent by Mx (see
Fig. S3 of SM [33]). The Mx symmetry of BLG dictates
that only the �yx;xy component can be finite with the
sin 2� angular dependence in �?. To explore the role of
other planar Hall contributions / B2 (�yx;xx and �yx;yy),
we break the Mx symmetry of BLG by applying a uniax-
ial strain of 1% strength at an angle of 30� to the zig-zag
direction. The details of the strain implementation in the
tight-binding model of BLG are discussed in Sec. S5 of
SM [33]. We present the band structure of strained BLG
around one of the two valleys (K point) in Fig. 2(a). In
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2DPHE in gated bilayer graphene:– To demonstrate
the 2DPHE in a realistic system, we consider the tight-
binding model of Bernal stacked bilayer graphene (BLG).
It o↵ers the natural advantage of being readily available,
and its doping and layer asymmetry can be tuned via
the combination of top and bottom gate voltages. The
Hamiltonian of pristine BLG with a vertical displace-
ment field possesses T and C3z symmetry, while it breaks
P symmetry. Owing to the presence of T symmetry in
BLG, only the B2 contributions to the 2DPHE in BLG
are allowed. The breakdown of P symmetry is crucial for
inducing a planar-BC and planar-OMM in systems with
T symmetry. BLG also has a mirror symmetry about
its armchair direction, which we represent by Mx (see
Fig. S3 of SM [33]). The Mx symmetry of BLG dictates
that only the �yx;xy component can be finite with the
sin 2� angular dependence in �?. To explore the role of
other planar Hall contributions / B2 (�yx;xx and �yx;yy),
we break the Mx symmetry of BLG by applying a uniax-
ial strain of 1% strength at an angle of 30� to the zig-zag
direction. The details of the strain implementation in the
tight-binding model of BLG are discussed in Sec. S5 of
SM [33]. We present the band structure of strained BLG
around one of the two valleys (K point) in Fig. 2(a). In
Fig. 2(b), we show the color plot of the density of states
as a function of the chemical potential (µ) and inter-layer

Variation of 2DPHE with doping, displacement field, and angle



2D Planar Hall effect: Possibilities

Planar Nernst, and planar Seebeck effect in 2D systems..

What about planar spin Hall effect in 2D systems? 

What about planar spin-thermoelectric effect in 2D systems?

What about similar physics in bosonic systems?

What about in-plane quantum metric and its implications? 


