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Quantum communication protocol

Uses quantum mechanics Exploits quantum states,
for secure and efficient superposition, and
information transfer. entanglement.
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(qa,pa) PaB (95, PB)

For a two-mode state, can we detect its

entanglement?

Eap = (0%(Ga — qp))*+ (A% (Pa + PB)) < 2

Entanglement: Essential for
protocols like teleportation,
telecloning, dense coding

If the protocol fails, can we reuse
the same resource in the next
attempt?



1. CV guantum system
2. Resource reusability based on unsharp measurement
A. Motivation
B. Sequential detection of non-classicality
3. Reusability of resource via resource-splitting and Sequential teleportation
A. Motivation
B. Sequential teleportation using reusable resource

4. Conclusions

S. Das, A. Patra, R. Gupta, ASD and HSD, arXiv: 2410.15032
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A

Discrete Variable Continuous Variable
» Information is encoded in distinct, separate levels (Finite > Information is encoded in continuous spectra, such as
dimension Hilbert space). Ex.: qubit, qudit the position and momentum (Infinite dimension Hilbert

space). Ex.: Coherent state, TMSV

1 |ms = 1)
o4+ 4)
V2 -+ Img = 0)
Qubit (Spin ¥ Particle) lmg = —1)

Spin-1 Particle: [y) = \/—15 (|1) +|0) + |—-1))

» Projective measurement. Measurements yield a finite set » Homodyne and Heterodyne measurement.
of outcomes Measurements yield a continuum of possible outcomes.

Ex.: Outcome of S, on |) = {% _%} Ex.: Outcome of % on |a) = x
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¢ Necessary and sufficient condition for quantum teleportation and telecloning®:

(94, Pa) (45, PB)
Eap = (0%(Ga — G))*+ (A% (Pg + Pp)) < 2 ] o0
A B

Aim » To determine whether a given resource is entangled.

— |f the resource is entangled, how many times it can be sequentially verified for entanglement?

To do this > [ Projective measurement ] mmm) Destroys the resource, making it unusable for further applications.

_’[ Unsharp measurement ] \/

*S Das, R Gupta, HSD, ASD Phys. Rev. A 110, 012410
$Duan et. al,. Phys. Rev. Lett. 84, 2722 (2000)
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E g = Partial information about g, and pgg
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Combine squeezed state ( auxiliary/ meter state) = (mA, mB) mA,sA mB,sB
mA sA sB mB
Local unitary evolution on auxiliary-system pair*:
(Pms)i j, = (uif;s)pms(u;f;s)T m= meter and s= system (resource)

ij —qqi J
ums_ ‘u;nA,sA ®‘umB,sB
Local projector for auxiliary/ meter:
If 1= qSA:
masa = 0(t — to)qsaPmp

- f j{rlnA,sAdt

Esp = 19GmaXdmal @ Lsasp @ |9mp){qmsl;
fEAB DIqmalDlgmg] =1

i —_
mA,sA — e

Probability of getting (g4, Gmg): If i =qs4;j = DsB:
E,p = Partial information about gq,, and p¢g

P(QmA; qu)i,j = Tr[(pms)i,j,-EAB]

* Debmalya Das, Arvind J. Phys. A: Math.Theor. 50 145307



Non-classicality measure: dma Uan,SA "LlanlsB 4ma
(8%(qsa — qsp))measure = (A% (@ma — Gmp)) d
mA SA B

(Az B T P mmamswre — (AZ (qma + Gmg)) > mB

m= meter and s= system (resource)



T ] J dmB
Non-classicality measure: dma mA.sA Uip sB

(A (Gsa — 4sB)Ymeasure = (A (Gma — ms))

(Az (Psa + Ps))measure = (AZ (qma + Gmg)) mA sA sB mB

((SA, SB ) measure = 28 2T+ {(A%Gma) + (A% Gp) m= meter and s= system (resource)

r: squeezing of resource
If (A2§,,4) = (A%§,,,5)=0 (Projective measurement)
(q@ma> Qmp) = quadrature of the system

{(SA, sB)measure = 2e 2T



Non-classicality measure: Ama an,SA UanlsB 4ma
(A%(gsa — 9sB))measure = (D% (Gma — qms))
(A% (Psa + PsB)measure = (B*(Gma + Gmp)) mA sA sb mBb
{(SA, SB ) measure = 2€ 2T+ (A%Gma) + (A%Gmp) m= meter and s= system (resource)
: r: squeezing of resource
If (A2§,,4) = (A%§,,,5)=0 (Projective measurement)
(q@ma> Qmp) = quadrature of the system
((sA, SB)measure = 28 Local unitary evolution on meter-system pair:

. . .
(pms)i, ji = (‘u;{ls)pms(‘uyls)
Average Post measurement state of the system:

1
pAl,Bl = ZZI,J(pS)II.,]



“* Non-classicality of ny, pair (4,, B,,)

C(5An,5By) = 2 Z0 [[(A%Pma,) + (A2Pms )| + 26727+ (8%G1ma, ) + (A2 G1ms, )
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< Non-classicality of ny, pair (4,, B,) mAn “i5An SByi- mby
do o4
1 - n n _ ~ R mAg " SA3 SBg* mB3
{(sA,, sBy) = 5 iy [[(AZPmAi> + (Azmei”] + 277"+ (Azqun) + (AZCImBn) %
o-——9
mA, ¢ 54, By mB,
% o — @
Al SA1 SBl mBl

» For equal weakness parameter:

1 .
(0%44,) = 0 & (A%Py) = 12 VLEM = npg=3-2e"7(2—e7?) at w=+Ve "sinhr

1. For %log[Z + \/E] <71 < 00; Nypax =2

2. 0<r<%log[2+\/§]; Nmax = 1
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mA,, fusA, S Bﬂ:::"::' mB,
» For different weakness parameter in the last round:

(A%4,,) = w? & (A%p,) =— fori<n—1 mA; ! 543 sBs; mB;
(A Qn) = wn & (A pAn) = 4 wrzl mAZ % .'. SAZ SBZ.'- mBZ
: :
' Aq Aq sBq B,
((An, By) <2
o 11 8w?
Tt T O T T ¥ 8w (1 — w?)
nmax

n-—1

2 /2(1—w$l)

O<w,<1landw =



» For different weakness parameter in the last round:

(A%4,,) = w? & (A%p,) =— fori<n—1
(A%G,) = w2 & (A%P, ) = -
n n An 4(‘)721

¥

¢(An, By) <2

- _1l 8w?
T="Th = 5708 1-—n+8w2(1 — w?)

2

nmax
—1
O<w,<1landw = -

2 /2(1—w$l)

Ex.:

mA, ’/ " 5Ap SB[ mMBy
mAs % i SA, sBs mBs
mAZ ; .'. SAZ SBZ:}'E. mBZ

Aq sA, sBq B,

If r;, = 0.509285; w,, =05&w =

1.08012




Quantum Communication

Projective measurement
Protocol

Maximum information

: transfer
Ex: Q. Teleportation,

Telecloning, Dense coding

Quantum Communication — :
Protocol Projective Measurement - - Completion of the protocol

Can the sender design a protocol enabling at least one retry using remaining resources if the
Initial attempt fails?
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> Transmitted state: p,.g

> Reflected state: p, g

> Initial state: p;;;, = py1 @ Pag X pPu2
> Final state: pyyr = U(ta, 75) pin U(Ta, T5) T

> Transmitted state: pa.p.. = T7a.5,[Poutl

> Reflected state: pa .= T7a,p,[Poutl

Reflected Part

Transmitted Part
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[Y) ap:

Two-mode Gaussian state ( Ex: TMSV)

% The fidelity of the teleported state, achieved when
Bob successfully completes the protocol, is:

F =TrlpinPout]

2
3—1+ (1+ 1)cosh(2r) — 2+/Tsinh(2r)
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Transmitted Part
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)
@J’ ﬁ 'ﬁ. % The fidelity of the teleported state, achieved when

Bob successfully completes the protocol, is:
Alice Bob

oo o

166 V) ap F = Tr[pinpout]

2
3—1+ (1+ 1)cosh(2r) — 2+/Tsinh(2r)

|Y)ag:  Two-mode Gaussian state ( Ex: TMSV)

¢ If Bob fails to complete the protocol, n-1 times, the fidelity of nth ‘
attempt is: Reflected Part
2 ‘0. ‘ EEE

F, = ’ol . ‘
R PO I (1 4+ t™)cosh(2r) — 24/ tMsinh(2r) t *

Transmitted Part
T(n) = (1 - Tl)(l - Tz) ver aae s (1 - TTL—I)Tﬂ, |O)U




s Equal Transmissivity: 7, =17, =13 = =17, =T

L M = (1 -7)" 17

2
FE =
"3y (1 + 7M™ cosh(2r) — 2/ tMsinh(2r) 0. . . : lo
%.O 025 05 075 10




- Sequential teleportation using reusable resource
s Equal Transmissivity: 7, =17, =13 = =17, =T
"
L M = (1 -7)" 17
. 2
"3y (1 + M) cosh(2r) — 24/ TMsinh(21) 0-% . . :
0 02 05 07 1.0
T
300
(c) === Foin = 0.501
‘\ = Fmin = 0.505
s Equal Fidelity: Fi =F, =F3 = =F, = Fpin > 1/2 22514y e Foin = 0.51
'\
%
< \

S|

Ti-1
T —) Ty

1-7i4

2n
:F' . =
mnoan 14+ (1 + n)cosh(2r) — 2+/nsinh(27r)




We introduced two strategies—resource splitting and unsharp quadrature measurements—to enable the
reusability of continuous variable (CV) quantum resources in sequential quantum information
protocols.

The resource-splitting scheme allows an initial resource state to be divided into multiple lower-
resource copies, enabling multiple rounds of quantum protocols while maintaining quantum advantage.
We applied this scheme to CV teleportation and analyzed the trade-offs between fidelity, resource
splitting, and initial squeezing, revealing constraints on the maximum number of successful sequential
teleportation.

Our study on unsharp quadrature measurements demonstrated that entanglement detection can be
sequentially carried out multiple times, with an intriguing possibility of unbounded detection under
specific conditions.

This work highlights the potential for reusing expensive CV quantum resources and lays the

groundwork for future applications in quantum communication, cryptography, and computation.
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