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S. Das, A. Patra, R. Gupta, ASD and HSD, arXiv: 2410.15032
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➢ Information is encoded in distinct, separate levels (Finite 
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❖ Necessary and sufficient condition for quantum teleportation and telecloning*:

Aim To determine whether a given resource is entangled.

If the resource is entangled, how many times it can be sequentially verified for entanglement?

To do this Projective measurement

Unsharp  measurement

Destroys the resource, making it unusable for further applications.

Resource reusability based on unsharp measurement
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Non-classicality measure:

Δ2 𝑞𝑠𝐴 − 𝑞𝑠𝐵 𝑚𝑒𝑎𝑠𝑢𝑟𝑒 = Δ2 𝑞𝑚𝐴 − 𝑞𝑚𝐵

Δ2 𝑝𝑠𝐴 + 𝑝𝑠𝐵 𝑚𝑒𝑎𝑠𝑢𝑟𝑒 = Δ2 𝑞𝑚𝐴 + 𝑞𝑚𝐵

Resource reusability based on unsharp measurement
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𝜁 𝑠𝐴, 𝑠𝐵 𝑚𝑒𝑎𝑠𝑢𝑟𝑒 = 2𝑒−2𝑟+ ∆2 ො𝑞𝑚𝐴 + ∆2 ො𝑞𝑚𝐵  

If ∆2 ො𝑞𝑚𝐴 = ∆2 ො𝑞𝑚𝐵 =0        (Projective measurement)

(𝑞𝑚𝐴, 𝑞𝑚𝐵)  ≡ quadrature of the system

𝜁 𝑠𝐴, 𝑠𝐵 𝑚𝑒𝑎𝑠𝑢𝑟𝑒 = 2𝑒−2𝑟
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m= meter and s= system (resource)

𝑟: squeezing of resource
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𝜁 𝑠𝐴𝑛 , 𝑠𝐵𝑛 =
1

2
σ𝑖=1

𝑛−1 ∆2 Ƹ𝑝𝑚𝐴𝑖
+ ∆2 Ƹ𝑝𝑚𝐵𝑖

+ 2𝑒−2𝑟+ ∆2 ො𝑞𝑚𝐴𝑛
+ ∆2 ො𝑞𝑚𝐵𝑛

 

Sequential detection of non-classicality

❖ Non-classicality of  nth pair (𝐴𝑛, 𝐵𝑛) 

𝑠𝐴1 𝑠𝐵1
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𝑠𝐵3𝑠𝐴3

𝑚𝐴1

𝑚𝐴2

𝑚𝐴3

𝑚𝐵1

𝑚𝐵2

𝑚𝐵3

𝑠𝐵𝑛𝑠𝐴𝑛𝑚𝐴𝑛 𝑚𝐵𝑛



𝜁 𝑠𝐴𝑛 , 𝑠𝐵𝑛 =
1
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Sequential detection of non-classicality

❖ Non-classicality of  nth pair (𝐴𝑛, 𝐵𝑛) 

➢ For equal weakness parameter:

∆2 ො𝑞𝐴𝑖
= 𝜔2 & ∆2 Ƹ𝑝𝐴𝑖

=
1

4 𝜔2
;  ∀𝑖 ∈ 𝑛 ⟹ 𝑛𝑚𝑎𝑥 = 3 − 2𝑒−2𝑟(2 − 𝑒−2𝑟)   at    𝜔 = 𝑒−𝑟 sinh 𝑟

1. For   
1

2
log 2 + 2 ≤ 𝑟 < ∞; 𝑛𝑚𝑎𝑥 =2

2.  0 < 𝑟 <
1

2
log 2 + 2 ; 𝑛𝑚𝑎𝑥 = 1

𝑠𝐴1 𝑠𝐵1

𝑠𝐴2 𝑠𝐵2

𝑠𝐵3𝑠𝐴3

𝑚𝐴1

𝑚𝐴2

𝑚𝐴3

𝑚𝐵1

𝑚𝐵2

𝑚𝐵3
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𝜁 𝐴𝑛, 𝐵𝑛 < 2

Sequential detection of non-classicality

➢ For different weakness parameter in the last round:

∆2 ො𝑞𝐴𝑖
= 𝜔2 & ∆2 Ƹ𝑝𝐴𝑖

=
1

4 𝜔2 for 𝑖 ≤ 𝑛 − 1 

∆2 ො𝑞𝑛 = 𝜔𝑛
2 & ∆2 Ƹ𝑝𝐴𝑛

=
1

4 𝜔𝑛
2 

𝑟 ≥ 𝑟𝑡ℎ =
1

2
log

8𝜔2

1 − 𝑛 + 8𝜔2 1 − 𝜔𝑛
2

0 < 𝜔𝑛 ≤ 1 and 𝜔 =
𝑛−1

2 2 1−𝜔𝑛
2

𝑛𝑚𝑎𝑥

𝑠𝐴1 𝑠𝐵1

𝑠𝐴2 𝑠𝐵2

𝑠𝐵3𝑠𝐴3
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𝑚𝐴3
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𝑚𝐵3

𝑠𝐵𝑛𝑠𝐴𝑛𝑚𝐴𝑛 𝑚𝐵𝑛
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Sequential detection of non-classicality

➢ For different weakness parameter in the last round:

∆2 ො𝑞𝐴𝑖
= 𝜔2 & ∆2 Ƹ𝑝𝐴𝑖

=
1

4 𝜔2 for 𝑖 ≤ 𝑛 − 1 

∆2 ො𝑞𝑛 = 𝜔𝑛
2 & ∆2 Ƹ𝑝𝐴𝑛

=
1

4 𝜔𝑛
2 

𝑟 ≥ 𝑟𝑡ℎ =
1

2
log

8𝜔2

1 − 𝑛 + 8𝜔2 1 − 𝜔𝑛
2

0 < 𝜔𝑛 ≤ 1 and 𝜔 =
𝑛−1

2 2 1−𝜔𝑛
2

𝑛𝑚𝑎𝑥
Ex.:  If 𝑟𝑡ℎ = 0.509285 ; ω𝑛 = 0.5 & 𝜔 =
1.08012

𝑛𝑚𝑎𝑥 ≤ 8
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𝑚𝐴1
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𝑚𝐵3
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Protocol

Ex: Q. Teleportation, 

Telecloning, Dense coding

Maximum information 

transfer

Projective Measurement Completion of the protocol
Quantum Communication 

Protocol

Can the sender design a protocol enabling at least one retry using remaining resources if the 

initial attempt fails?
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Reusability of resource via resource-splitting

0 𝑣1

𝜏1

0 𝑣2

𝜏2
𝜓 𝐴𝐵

➢ Initial state: 𝜌𝑖𝑛 = 𝜌𝑣1 ⊗ 𝜌𝐴𝐵 ⊗ 𝜌𝑣2

➢ Final state: 𝜌𝑜𝑢𝑡 = 𝒰 𝜏𝐴, 𝜏𝐵 𝜌𝑖𝑛𝒰 𝜏𝐴, 𝜏𝐵
†

➢ Transmitted state: 𝜌𝐴𝑇𝐵𝑇
= 𝑇𝑟𝐴𝑅𝐵𝑅

𝜌𝑜𝑢𝑡

➢ Reflected state: 𝜌𝐴𝑅𝐵𝑅
= 𝑇𝑟𝐴𝑇𝐵𝑇

𝜌𝑜𝑢𝑡



Reusability of resource via resource-splitting

0 𝑣1

𝜏1

0 𝑣2

𝜏2
𝜓 𝐴𝐵

➢ Initial state: 𝜌𝑖𝑛 = 𝜌𝑣1 ⊗ 𝜌𝐴𝐵 ⊗ 𝜌𝑣2

➢ Final state: 𝜌𝑜𝑢𝑡 = 𝒰 𝜏𝐴, 𝜏𝐵 𝜌𝑖𝑛𝒰 𝜏𝐴, 𝜏𝐵
†

➢ Transmitted state: 𝜌𝐴𝑇𝐵𝑇
= 𝑇𝑟𝐴𝑅𝐵𝑅

𝜌𝑜𝑢𝑡

➢ Reflected state: 𝜌𝐴𝑅𝐵𝑅
= 𝑇𝑟𝐴𝑇𝐵𝑇

𝜌𝑜𝑢𝑡

➢ Transmitted state: 𝜌𝐴𝑇𝐵

➢ Reflected state: 𝜌𝐴𝑅𝐵

0 𝑣

𝜏

Reflected Part

Transmitted Part



Sequential teleportation using reusable resource 

𝒰

𝜓 𝐴𝐵
𝜙 𝑖𝑛

Alice Bob

𝜓 𝐴𝐵: Two-mode Gaussian state ( Ex: TMSV)

ℱ = 𝑇𝑟 𝜌𝑖𝑛𝜌𝑜𝑢𝑡

=
2

3 − 𝜏 + 1 + 𝜏 𝑐𝑜𝑠ℎ 2𝑟 − 2 𝜏𝑠𝑖𝑛ℎ 2𝑟

❖ The fidelity of the teleported state, achieved when 

Bob successfully completes the protocol, is:

0 𝑣

𝜏

Reflected Part

Transmitted Part
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𝒰

𝜓 𝐴𝐵
𝜙 𝑖𝑛

Alice Bob

𝜓 𝐴𝐵: Two-mode Gaussian state ( Ex: TMSV)

ℱ = 𝑇𝑟 𝜌𝑖𝑛𝜌𝑜𝑢𝑡

=
2

3 − 𝜏 + 1 + 𝜏 𝑐𝑜𝑠ℎ 2𝑟 − 2 𝜏𝑠𝑖𝑛ℎ 2𝑟

❖ The fidelity of the teleported state, achieved when 

Bob successfully completes the protocol, is:

❖ If Bob fails to complete the protocol, n-1 times, the fidelity of nth 

attempt is:

ℱ𝑛 =
2

3 − 𝜏(𝑛) + 1 + 𝜏(𝑛) 𝑐𝑜𝑠ℎ 2𝑟 − 2 𝜏(𝑛)𝑠𝑖𝑛ℎ 2𝑟

𝜏(𝑛) = 1 − 𝜏1 1 − 𝜏2  … … . 1 − 𝜏𝑛−1 𝜏𝑛 0 𝑣

𝜏

Reflected Part

Transmitted Part



ℱ𝑛 =
2

3 − 𝜏(𝑛) + 1 + 𝜏(𝑛) 𝑐𝑜𝑠ℎ 2𝑟 − 2 𝜏(𝑛)𝑠𝑖𝑛ℎ 2𝑟

𝜏(𝑛) = 1 − 𝜏 𝑛−1𝜏

❖ Equal Transmissivity: 𝜏1 = 𝜏2 = 𝜏3 = ⋯ = 𝜏𝑛 = 𝜏 

Sequential teleportation using reusable resource 



ℱ𝑛 =
2

3 − 𝜏(𝑛) + 1 + 𝜏(𝑛) 𝑐𝑜𝑠ℎ 2𝑟 − 2 𝜏(𝑛)𝑠𝑖𝑛ℎ 2𝑟

𝜏(𝑛) = 1 − 𝜏 𝑛−1𝜏

❖ Equal Transmissivity: 𝜏1 = 𝜏2 = 𝜏3 = ⋯ = 𝜏𝑛 = 𝜏 

❖ Equal Fidelity: ℱ1 = ℱ2 = ℱ3 = ⋯ = ℱ𝑛 = ℱ𝑚𝑖𝑛 > 1/2

𝜏𝑖 =
𝜏𝑖−1

1 − 𝜏𝑖−1
𝜏1 =

1

𝑛

ℱ𝑚𝑖𝑛 =
2𝑛

3𝑛 − 1 + 1 + 𝑛 𝑐𝑜𝑠ℎ 2𝑟 − 2 𝑛𝑠𝑖𝑛ℎ 2𝑟

Sequential teleportation using reusable resource 



Conclusions 

1. We introduced two strategies—resource splitting and unsharp quadrature measurements—to enable the 

reusability of continuous variable (CV) quantum resources in sequential quantum information 

protocols.

2. The resource-splitting scheme allows an initial resource state to be divided into multiple lower-

resource copies, enabling multiple rounds of quantum protocols while maintaining quantum advantage.

3. We applied this scheme to CV teleportation and analyzed the trade-offs between fidelity, resource 

splitting, and initial squeezing, revealing constraints on the maximum number of successful sequential 

teleportation.

4. Our study on unsharp quadrature measurements demonstrated that entanglement detection can be 

sequentially carried out multiple times, with an intriguing possibility of unbounded detection under 

specific conditions.

5. This work highlights the potential for reusing expensive CV quantum resources and lays the 

groundwork for future applications in quantum communication, cryptography, and computation.
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