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We have seen in L1 and L2 that subluminality causality
provides interesting positivity bounds on EFT coefficients It's shows

however also some ofits limitations

no systematics in building bkg's where to look forsuperluminality

easy for lowest dim operators whatabouthigherdim operators

In this 13 we recast these positivity bounds in termsof
scattering amplitudes which allow to draw often notalways
more general conclusions

Subluminality D Microcausality

Let's first consider a classical field bit x ̅ specified at

some time slice t to along with its time derivative

1 t to blto x ̅ b E oilt x ̅ x ̅

Solving its e o m we get pct x ̅ andoilt at late times

as functionals of the initialconditions foci x ̅

2 Glt x ̅ to It x ̅ bit x ̅ do It x ̅

Subluminality means that varying the initialconditions in some region A



it willnot affect the solution in B if AXB are spacelike

at

If Hiiiii I
5 B

This can be written in terms of Poisson breckets
first

4 4 14 1 014,51 and 4414 1 to511 0

spacelike Spacelike

canonical quantization

151 It I to Isp.aee0 Micro causality

Micro causality I Analyticity

Elereting 5 to axiom for any local independentop
The 2 to 2 scattering amplitudes can be written via LSE

formula in terms of the retarded commutators which thus vanish

at sprealike separation as well as in thepast

3 4 125 4341125 if k.tk Ks kg M 12 034
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Aside comment

The LS2 17 differs by LSZwith Tordered operators by terms

proportional to anything and t anything which vanish

by stability of 3 and 1 This follows by the identity

8 T 1 1 510 01 01 51 1 3101 5 145 X

and by inserting in the last term a complete setofstates
See e g Weinberg chap 10 for a simple proof Or LSZ I Id

Lst2 4 31 19th Lnt411117 α M12th031M 11 n 41 0

The interesting pointof 7 is that allows analytic
continuation to complex momenta which are key to positivity

Forward elastic scattering

Let's discuss the simplest andparadigmatic example of forward
elastic scattering

8 M 12 012 folx e 1 941 Text 3103115 kooks
Kz K4

without lost of generality let's take i along the x ̅ direction

and more to light cone coordinates

g
U X x x x

de dudu dec
8 g
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401 M 12 012 dudve fdi 01 01111511,510117
where we used the coordinate choice Is 0 I c

Paradigmatic Example of Analytic Extension from causality

41 f k Jdx e 01 1 fix KEIR

ANALYTIC
12 f p Ktig fdxet.PE flx fdxe

9 1 1fix Extension

1920 effumping upperplane

factor

The 10 is just the 2D version of this the integrand
inside vanishes by microcausality 01 9 at

up
V

y
microconsolity

supportof integrandin110
x W 0 V70

01 0 UV UV XI
with Is integrated over in401

4 M 12 012 N uf vé fdi 01 01 1 511,5101117

defines Analytic Extension to complex k with
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Whatdoes that mean for analyticity in the Mandelstam

variables Since 1412 012 is a scalar it implies analyticity

in s lot t o For instance Let's take at leastone of
them messive for concreteness say 1 Ki mi D in its c o.ms

2ki.kz 2M ki m ki This is actually general

6 M 12 012 analytic in Mendelstem s for If 3

The M12 0121 is the boundary value Ims 00 for Reszo
NIMS SL EO

analytic
here

physical Min on stiel
m mmmm

Res

Remonk if 2 is massless k K o ki o the

analytic extension in Ki is perfectly consistentwith
the on shell condition m 0 On the other hand

for mato one needs to workharder toextendthe primitive
domain of analyticity 1151 1 to include themassshell

this is possible but notcovered in this lectures



134From the time symmetric version of18 namely

7 TJ 1 1 510 01 51 1 3101 J ITO

it follows age in observing the lastterm in 17 dropsby stability

the Advanced commutator version of LSZ reductionformula

8 M 112 0344 α folk é of x 31 1 1 5101117
szI ñ

for the crossed process 15 035 equivalently 52 054 with

antiparticles this is required by requiring dropping 1 13101 in171

Mutes mutandis up to o this is analytic in upper
42 plane of course whether we call it x ̅ or 2 doesn'tmatter

The interesting point however is to see it as function

of k 42 4412 Fawati

M 12 015 K 1 folk 0ft Cal 1 1 5101117
on a TV

analytic in lower riskplane

This is useful because the difference with M 12 1211kt

at the common boundary real km is just the F.IE

1201 M 12 012 M 12 127 NJdx e I 311 5101311



and the r h s vanishes for real value of K or s

belowtreshold where no intermediate state contributes

RD fol't e gi my x
th PulYasminsi

In 8 r p pn 41151071mi

44Jdx e as for gains d p pn
4131011142

with a fT 8 pi m 01ps

so that if one takes e g Not pi is mon p
indeed the rishis of 120 has no support

We have this two analytic functions thatagree on

a common boundary on the real axis below threshold

by the Morera's theorem they define a unique function

analytic in both upper and lower s plane

23 Mls
s Ims

Analytic exceptwhere
M II 1271 Ims so hes support on Res

NIMS SL EO

PhysicalME ont schannel

4
physical M 12 012 stie

ni É mrna Res
PhysicalME 012 s M12 012 s ie

Mts ie M12 01211514
a channel



Remarks

The amplitude satisfies also a reality condition

251 Mt s't Mls hermitian analyticity

This follows directlyfrom definitions or equivalently

from Schwartz reflection principle 24 being
satisfied on the real axis below threshold

forparticles with spin M 1421203 4 s ie t M 3 4 EIstist

The statements 23 24 one basically crossing symmetry

in the special kinematics t o

In the absence of mass gap when the branch cats

close and separate the planes crossing symmetry is

taken as assumption

Analificity in s holds also for negative values
physical of t o as long as its nottoo negative

e g
IT IT is s analytic for 011001mi et co

The proofs are rather cumbersome For scattering the

lightest state in the theory is conjectured MaximalAnalyticity

where 04 t is or m in EFT

Extension to oct can reach t 4m for instance

After that does not allow to go further
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Analyticity
nitwits localts

Positivity

Let's add now 2 more assumptions facts

6 Decay rate of amplitudes 4st May s 0

weakform oflocality

127 Unitarity Sts 55 1

The 126 is actually a theorem in axiomatic QFT for gapped theories
known as the Froissant Martin bound

28 M slogs at large s gapped theory

Gravity actually marginally violates 1261 but the following stillholds

29 M Is l
s

0 ingravity zhib.edu Hering

the 129 is proven by observing thatfor t fixed 00 so that

one enters always the eikonal gravitationalregime seealso2211.000851

where the resummation of leading ladder diagrams confirms 29 see

2202.08280 for detailed discussion

The 2 implies the optical theorem which in its t Do is

30 DiscM1120145 M 12312 stie Mlr 0ktIs ie
Is

21Mtm127 70
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Positivity in IT I T T

Let's consider single GB's EFT with vanishing or

negligible moss keeping analyticity crossing unitarity eneryratelocality

I M 112 0341 2 42
442 after 4 44442 4

IECM

2 M 12 012 s DO
Ic C2 stays t only even

powers

Thanks to analyticity one can extract can coefficients

via Cauchy theorem Ams e

133 42mn MEET THE Henkes

if theory gepped or IR branchcuts belowM negligibles

that is ignoring IR running from E M to the scale ofthe EFT

The 3 is cool because we can deform the contour

to wrap around the Disc's on the real axis

9

4 dropping 00

if p thman for ms
thanks to 6

138
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5 Can I Mlstisfy.MS ie BE
Fran

so I Mistiel M's it f Mla ie Mtatic

in tint m

Mantatie Miz Ef MistiestMls is1 by crossing in our
crossing case moreover
renamea 0s Miz 012 MR 012

1 Diss
innit.mg f f42imtm1r 70

30J

36 Can 0 positivity of 5 coefficients

Remarks

The 0 sign is reached only in freetheory since 42Mtin 0

implies 421Mtin 0 anything 01127 0

In the presence of IR loops that one wants to keep into account

it's actually better to define arcsi's ants

Arcs h Are

4 an's if n 20 mum ftp.nytimes
ArCSitz Anz
ofradius s



1354which by analyticity are relatedto the coefficients
c defined by expanding Mar04below threshold where

is analytic as

S

381 aan s Ei figs died an
144h w̅

More generally ants is calculable in EFT in thusof
Wilson coefficients matched at some µ so the 371
will represent some positivity conditions on combinations

of Wilson coefficients
Notice however that Cas 0 can't be undone in any

way keeping EFTfixed without adding new lightdof's since

139 M1'12 012 5
918 It 44 8

1401 a it Ema If
Ema

C2 0 IT can't reverse thesign inEFT

The story is not as simple for the higher Wilson coefficients eg

Mauls E E it I fÉ



M an Cn t I qq.pe ic sfp eventually 1311
violated

no matter how small thecoupling was since 51m Cl

Positivity in Euler Heisenberg

Let's study another case with spin the theory of V11 gauge bosons
below the moss of lightest changedstate

144 Lr For Fm Em
F

4
1415234 4145,44332Efst helicity preserving 52 03 4

Eft F It s Iftb set symmetric

M 155547 4 4,43 4444 E t.nl

I E ls.t.at a b
fully s t a symmetric

Once the little group structure is removed the E and E

have exactly the same analyticity properties as in thescalar theory

So it's actually immediate to get at bro since

45 M 52 3 47 M ath s o

414552332

iscMay4547 so

In fact one can do better since we can scatter
any

state



we like e g linearly polarised states
3PB

46 1997 09 9 or 19

or any linen
combination in between Since these are stillelastic

the ribs of the dispersion relation is still delivering a

positivity

471 4991MTM 0 after all
MTM 0

as matrix MᵗM to

What's interesting about this is that it willprobe oho the
inelastic helicity configuration

48 19 1 7 1 US 132,1
which are a nice besis under nossing since 9 0117 0H

at t o when 3 01 4 02

49 4 991M 9
1 5 MAY 12 M 1 2 1 27

µ 441M
1

1

1 MI DIE 16





Heuristic Derivation Froissant Bound

strength En
m massof mediatorcoupling 9

locality émb

Relevant
range of b e Et OK BEES logE

T b log E

main lesson locality is amcial ingredient
coupling growthE polynom

decouplingdistance expon

range interact b log E

S matrix Heuristic Derivation

trade b I E b angular
momentum PartialWaves

MIsitJ n.it e i Qets Ietn

IfISFots1fF.mM
Is 1 0 I 21 1 Imaels

unitarity Ket FHaiae Is ae e

yep ma



ay

uniterity o Imae 1 notenough InMls.tos16TE et1

0neededdecoupling large b decoupling large l

I 1st 0 Ekett Ee 1 Imaels
need toestimateInaels
at longe l

Mist is analytic in s t even for O t MIER
closest

threshold
PolynomialBoundedness 11 15 00 t const.SN some N eg 4m

From Im Mls t 16T Zeal Imae Felt
with O t MIr

but now Ids I É
large l

1

From Im aels needs to decoy exponentially bestfor tM.ir

I 1st EE.EE
Ioothisfrom

lax calm.itEgN



ie lmals Implogs

Froissant Forts 00

logs
Bound his so to afz.s.bg's RemKM

M is polynom bounded by s with N 2

Summary unitarity saki
causality M analytic gepped Eek
locality s

Axiomatic Lorentzian QFT'ssatisfy these

Ie kett de Phe


