
Lecture #2

Last time : For Ela elliptic curve of cord = N ,

P 1- 2N good ordinary prime,

& KIQ suitable imaginary quadratic field :

(1) Mazur's MC ⇒ p - part of BSD formula in RKO

(2) Perrin-Riou 's MC ⇒ p -converse to Gross-Zagier
,
kdbvagin

.

(3) BDP IMC ⇒ p- part of BSD formula in rk 1 .

↑
if p-part of BSD formula
known for Elsa in rk 0 .

When Go @ Elp] has
"

big image
" (⇒ Elp] irreducible )

Ga-mod .

these 3 Main conj . are knownunder mild ramif . hyp . on Elp]

by blending :

4) Euler/kolyvagin systems / Kato, Howard)

④ Vast generalization of Ribet's method .

( Skinner- Urban , X.Wan )
GU (2,2) GU$3,1)



From now on suppose Elp] reducible as Ga- module :

Elp]
"
≈ Fp (4) ⊕ Fp (4)

where ∅, y :Gq→ Fp× , 0/4= w - Teichmiller character .

Today's goal

Theorem A (C. - Grossi- Skinner)
.

Supp. ∅ /
Gap ≠ I, w , where Gap C Ga

a de comp . gp . at p .

Let 140h image . quadratics .t .

• Heegner hyp .
holds .

• POK = VT splits .

Then XIE/Kai ) is A- torsion , with

charñ_ HEIKE ) = / [57%5] .

Hence BOP IMC holds
.



The proof is in 2 steps :

?⃝ Exploit the congruence Elp]
"
≈ ltplo) ☒ ltpfy)

to show ✗✓Elko ) & GYMElk )2
have both µ= 0 & the same d- invariant .

② Xv(Elkñ ) is A-torsion
,
with

Charan- XvElka ) 2 ([EYE/KP)
in Ñ- [Ep] .

§ 2
. Anti- cyclotomic Greenberg-Valsal method .

Let E = { w/ Np} 0 S = {win },
and consider the S- imprimitive Selmer gp .

Self (Elks ) : = Ker/1-14%2 , Elp9)
↓ rest

H
"
(Koji , ElpD) ] .



XP (Elko ) := Self (Elko)"

self (Elp%-) := Ker / H ' /k%ñ , Elp])
↑ ↓

"
residual Selmer gp .

"

H" lKai
,r , Elp] ) ]

✗PIE[PYKE ) := Self (Elp]/Kj )?

Basic principle :

charge Xr(Elka ) = ( [9%-71<72)

I
charñ- Xr{ Elko) = ¢9B4%2)

↑ ↑
"remove Euler factors

"

atWES
.

advantages : better behaved Wrt congruences mod p .



Proposition 1 Supp . ∅ /
Gap ≠

11
,
w

.

Then ✗ { (Elko ) is A- torsion

with µ = 0 & -1 = to + tu
✓
introduced in the proof .

$Proof . Write
GaIÉp×↳zp×

By standard arguments (Greenberg ) the Selmer gp .

self#Kai ) : = Ker [ 1-1^(1%5,944107)
↓ rest

HYKI.ir , tapeÑ)) ]
≈ Home,fGalµ%k∅ ) , Qptep )

↑ ¥ker(Has )
Max 't ab

. pro-purr outside v45 .

is A-- torsion with no proper finite A-- submodules .
index



By Hida & Rubin , Self Ks ) has µ ∅
= 0 .

⇒ Self (Ñk• ) is divisible
,
≈ (9/74)%1

⇒ to = dim#p selvˢ(,kp]
SelfHIKE ) :-. Ker /H' (1%5,1%01)

↓Mi

HYKI.is/Fpr0D]
.

→ get the exact sequence

◦ → Self Ks ) → Self /EGE ) →Self (Hiss )→ 0

#
finite
by Hida & Rubin Self (Elka)[p]

⇒ XflElks ) is Ñ- torsion with µ=O
& -1=-110+-1 y ☒



On the analytic side ,
Efp]
"
≈ Epcot) ⊕ Fp (4)

⇒ § = E∅,y (mod p )

newform
↑

assoc.to E
wt2 Eisenstein series

⇒ [EMS (Elk} = 07.2%4) (mod pÑ)
Kriz ↑ ↑

Katz p-adic L- f-
'
us

⇒ µ /[PDP's (Elk)) = 0 .

& ✗ (LFP.SE/kD--t(Cv-0D--kvI4D
µ Rubin ¢

But by Prop .1 , I / Elka)) = to + to
µ /XPElka)) = 0 .

i. This concludes step 1 .



§ 3 . Kolyvagin system argument
"

with error terms
"

Prop .

2 Supp .
Elk )[p] = 0 .

Then TFAE :
[PDP /Elk ) -1-0

(1) ✗v1Elka ) is A-torsion ,
✓
and

charge XuElks ) ≥ ( [ PME/KP)
in Ñ- [To] .

k¥9≠r--tors
(2) ✗ (Elko ) has A-- rank 1T and

Chara-MIEKE ) ) ≥ charm (51%5)
2

tors ( KER) )
in Afp ]

The same holds for the divisibilities
"

E
"

.



Proof . By the A- adic BDP formula (C. - Hsieh)
3- big logarithmap

Coli. firm HI.akn.is TpE)↳ Ñ with finite
n

Loker

sending res
,
fkÉᵗ ) ↳ [PPIElk) .

Then use Poitou-Tate duality .

☒

Proposition 3 . Supp .

Elk )[p] = 0 .

Then ✗ (Elkins ) has A- rk 1 , and

charm /XIE/Kai)to ) 2 charm (51%5)/2KID

in A- [% ] .

Prof . A refinement of kolyvagin 's methods .
difficulty : no

" big image" hypothesis .



Standard arguments (Howard) give

✗ (Elks ) ~ A- ⊕ Mt M
,

with M= f.g. A--tors .

Let p≠pn- ht 1- prime, & take pm p

↑
✓

✗
m :P
-

→ R×
↑

finite tap
From a Éebotarev argument ( to inductively choose

a seat. of
,

"

Kolyvagin primes)depth K, KDO

set
eengthpmmpm ) ≤ lengthpm ( $P%sE:•m ) )

+ Em

with
"

error term
"

Em (≈ vpkmlb-ih.ltD) = 011)
as m→so

unless D= (8-1) .



⇒ lengthp (
M ) ≤ lengthp(%£↳))

,

control thin .
p ≠ A-1) .

To handle P = (8-1), take Pm = IT+pm)
I ^

⇔ ↓
am :P

-

→ xp?
9m = 1 lmodpm) .

Choosenkolyvagin primes by working over
depth K, KDO (TpE ☒✗m 4pm

←
and do a new induction argument

→ get lengthy /Mpm ) ≤ lengthy / $P%µ¥ ,spm))
1- E

indep.IM '

☒



Prop 1-3 ⇒ Thm
.

A.

,
joint with Grossi- Lee- Skinner

Remark Equality in Ñ- [¥] enough for
arithmetic applications to p- corn of GZK

d p-part of BSD in rk1,

but equality in Ñ
-

will be essential to the proof of Mazur's MC
1next time )


