
Lecture#3

Setting : Ela elliptic curve , and = N

p+2N Eisenstein prime :

Elp]
"
± Ep(f) ⊕ Ep (4) as Ga-modules

,

with 10,4 : Ga→ 1Fp×
"w∅-1

Last time :

Theorem A (C
.

- Grossi - Skinner)

suppose ∅ / Gap ≠ Is w .

Let KIQ imaginary quadratic field ns.t. :

• Heegner hyp .
holds

.

• POK = VT splits in K .

Then Xu Elks ) is A-_ torsion, with

Charan_ (XIE/Kai)) = (29%-7102) .

(Here 17-7489-13 CÑ_ : = 740%-31 anti-ydotomic Iwasawa )
algebras



Today 's goal

TheoremB_ (C .

- Grossi- Skinner) .

Suppose ∅ /
Gap
≠ # w .

Then ✗ (Elko) is A- torsion
,
with

Chara ✗ (Foo) = ( (
p

oh )) .

Hence Mazur 's Main Conj . holds .

Previous results on Mazur's MC for Eisenstein primes :

• Rubin : proof in the CM case .

• Kato : ✗(Fono) is A-torsion , with

chara✗Elon ) 0 ftp.E/Q)) in Afp] .

• With rich : [ PIE/Q) c- A & above divisibility
holds in A .



• Greenberg- Vatsat : proof for
"

half
"

of the cases :

∅ = either {
Unr at P & odd

,
or

ramif . at p & even .

(⇒ µ /✗Elora) ) = µ / Lp(Ela)) = 0)
.

Mazur-Wiles

+ Ferrero -Washington

Remark
. Our Thm .

B also gives a new proof of

Greenberg -Vatsal's result .



§ 2 . Comparing Iwasawa invariants

After Kato's divisibility , to prove Mazur 's MC

enough to show

✗(Eton) & LPCEIQ) have the same µ & -1

invariants
.

The Greenberg- Vatsal method can show this provided
µ= 0,

but in general µ> 0.

Greenberg : If ∅ is ramif.at p & odd ,
(or unr at p & even )

then µ ( ✗Elad) > 0 .

In fact , if F Cc Elp
°] cyclic , # [ = pm

with Ga- action ramif.at p & odd

then µ ( ✗ Elora)) ≥ m.

Expectaction : µ = make such m .

Stevens : similar results/expectation for µKNEAD .



We'll use a different method .

Choose a :P
-

→ Rt anti - yclotomic character,
4=-1 Imodium ) , MDO

s.t. [P(EKYK ) / o) -1-0 (Red . Know
[PDP/Elk)≠oÑ)

Theorem ( refinement of
Lei } - Loeffler-Zerbes )
Kings

(
Bvrvngale - Skinner-Tian , Bertolini- Daimon

- Venerucci
& C.- Grossi - Skinner

.

Let E•:= elliptic curve in the isogeny class of E

5.

t.tl?et(YiN)E,QptD)→ Vfx movie quotient
where Te=aelE)U U

ve

1-1%(41%5,7411)→ F≈FE•
↑

shown by Wuthrich



Then I 2-variable Beilinson- Flach class

BF
,

c- H¥w( Koo ,TpE•K)) .

Kao

Koot = Kono Kai } % ¥742
K T -

together with two explicit reciprocity laws :

(ERL 1) res
✓
(BE )→ CPPRCE•%) c- 7449<1

-

for a- 1.
[ p%Ea.ee/K)+=fplE./Oh).CplE!ke)A

↑

Up to it



(ERL2) rest (Ben ) to [%(E•kYk ) c- 74%19<1

I 1.
L ?TE•%)

-

g-
[ PIE.ca/kIc- Ñ-

v v

upto
×

.

Key ingredient .

Beilinson - Flach classes over Ohio

canonicalassoc
.

to f- ☒ 9) ✗
CM Hida family
with g)E- Eight,7¥ .

↑

quads .
character

assoc . to Khe



In particular, this gives an equivalence between
3 different ugdotomic Main Conj . : prog . of Bfa

IMC for Bfa
-14 to H±w(Kat, FE•kD

I
IMC for ✗ (E•%£ ) IMC for xvfE.KYK.gl )

§ 3
.
Sketch of -1hm A ⇒ Thom B

T a
kat

kat twisted
by ✗

•
%

Kai



By Euler system argument for BFF :

chara ✗ lE•%£ ) 2 ( Ép↑E•%5) in A .

¥
(Fa )

while -1hm
. Anspecialized at -1=0 + ERI -2

twisted by ✗ and gives

F. 10) Np [ pP"(E.Kkk ) ( o) -1-0
↑

possible by Rohr/ ich
1- congruence argument

⇒ (G) =ftp.PME.KYKD///lmodw-M)

Chara✗ (E.1k£) hpPME.lk) .

wing 4=-1 (
mod M )



⇒ Chara XIE •1k£ ) = ( [ pPRIE.lk)+)
1- divisibility
with 4=1

⇒ chain XIE./☒a) = ftp.IE.IQ))
use Kato

to separate
Ela & ÉYQ

⇒ Mazur's MC holds for our given E ☒

invariance
under isogenies


