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Local cohomology cellular appromation 15May as
ICTS

Some references:

Dwyera Greenlers:Completemodules a fortion
modules

·DG2 I:Dualityin algebrae topology

Hovey, Palmica,Strickland:Asciomatic stable homotopy
theory

· Benson, I., Krause:Various references
-x-

My lectwice are intended to complementthose of
greenlesa Krause

⑦ Cellular approximations:
ThroughoutR commutative noeth.ring.

Examples:EI, polynomial rings, and

quotientsthosey.
R. Compla:
M. -- -MsM.-M-,-.--
-

Lower grading.



②

H(M) = =9H
=(M),

= x

D(R): =Derived Category of all R.complexes
-Viewed as a triangulated category

2: =Stift/translation

Besides thisstructure:

- a ·RHom? -, -3

All thismakes D(R) a compactlygenerated,
symmetric monoidal category

i.e. a tensortriangulated category
Thisisthe link to homotopy theory stable

module theory.
Often

mainlyinterested in

D(modR) =EMER) H(M) f.g. R.module)

i.e. Hi(M) f.g. F l and
=0 t(i)0

· HomM, N =Ho (RHa)", N)



Ham,3M, N1 =H*( Hom,M, N13 ③

Fis X t D(RS.

- Locx): = mallesttriangulated subcategory o
DIR) containing xand closed under

abitrary coproductio
- These are the B complaces builtoutof X.

Example:LoC(R1=D(R) -

-justthe statementthateach
Complo has a projective rest.

The x-cellular approximation of M =DIRS

isa map Cell, M- M 9. t.

rence:
Homex, sell,M. E. Hort x, M3

Equivalently: Cel, M -M

~if Igivenf factors - -

uniquely through call,M.
[X



⑰

10 "Cel,R"isthe bestapproamation toM

by objectsbuiltoutof X.
Fact:X-Cellular approximations wit and are

unique upto unique eso.

-Due to Farjoun/ Neeman, depending
on who you ask.

Condition a equivalentto:Horex, M) =0
where (e)M ->M-(,M+[(c))xM-

-underscores need to understand when HotM,x=0.
Example: 0 R=Ax=Elpz =4

Then 0 -4=4C4p) -2-

gives
'* -> i D(ES

Thisisthe Elp-cellular approxof E.

I justly lates



⑤

② R =I(or any domain)

Q:rationals (field of fractions of RS

CedR =RHomp Q, R

-Acomplicated object.
-Non-zero if R=H, or k(x)

- too ifR
=R4xD k field.

---

⑪ Local cohomology:Fix V I SpecR

closed, or even just
pelidization closed.

For any
MtR. Mod Yet

EM =ke(M- PMp)
P.eU

jections Topported on 1.

Say W =x (I) I & & ideal. Then



⑥

FM =UC0, = n Home
170

For any Mt D(R) injective resolution
REM: =YP( iMs

1

Iappler componentWise.

RI(M).=4. (IM) E iM = Mto we get

RI(R) ->M
I

the local cohomology of M Topported on U.

Say xcD "(modR)

Typ* = =[PeGRI H(x)p Fob

-closed Tubeatof SpeaR

=V(ann, H(R1)

Fact:With 2 =topic, for any MEDIRS

BIM -> M isthe X-cellular

approssof M.

- To cell,I onlydepends on type X. Thisholds



ingenere). ⑦

Various methods out to compute RRM:
Say W =x (I) I=(r1, -..,u3

Setka(v) =(0 -R-x(!) +0]

TableKostul
(x. or "Extended"Yech (x.

0 -R -R(t) -- 0R(,)----te
↑
degree o

One has KY) -> R projectonto

Thisindies
degree of

AIM -M
Requires -11
provy. RIM

Example:Rh =0-> 2-42,) ->0

- 5'*[PD/2
- Thisexplainsthe earlier computation.



⑧

⑭ Now suppose X isperfect:
x =0-1,--- -- -- -0-

/
Maybe only each P:a fog. projective R module.
up to iso.

SetE: =Endp(X)=Ha, x
viewedas a tag (=differentic

graced)
algebra.

product:composition of maps

-venal differentic):[I-]

D(E4):
=
Dovived category of right

dg E-modules.

Note:" isa leftE-module,

and thisiscompatible with Rachia: ·

R -E map of dg, algebras
In particular, for any NC D(EM)



Nex =D(R) ⑨

Also RHow?X,-7:D(R) -> D(EY)

One has an adjointpart:

DIR) **D(E*)
RHoRY,-

One has a natural map:

RHMX, M3 Ex -M inDCAS

FMtD (R)

When X isperfect, thisisthe X-cellulare

approximation of M.

Sketch of proof:Since RHon X,M1 t LoCCES
C projective real exists

RHarx,Mx =(m(Ex
"



⑩

Aleo RHom(X, RHomX,M1* RHomp, M
Always out aPO --I
RHon,X,M) @RHom, (A,x

When X isperfect. I isan iso. inDIRS.

Thus & isalso an iso. D

One getanother Model (or RIM U-sppx.

Example:R:E x =4pz =0+317-0

Then E=Enyx3, basically McCES

RHom,Ep, e) ='ilpe

So we geta *e=ECp/e
Thisissomewhatimprising because



⑪

A*(E) =242) 121:1 Cuppees
↑
Exterior algebra 1 Elpa

So . HYE) =0.

However, p. F**p) to
Tor*(Elpe, 4,4

Pointisp:Elps->Elpy is0 in DIES

butnotin DLES.

Pray.Imallnen:


