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Chromatic tower of D(R) 17May 23
ICTS

-inspired by eponymous paper by Neeman.

⑦T =any triangulated category with all coproducts

e.g. T:D(R) R comm, north. Wing

or D(a-10hx), StModKS, Ho(sp)...

-Asubcategory 3? T isthick it:

full 1 - istriangulated:
and Ot,S

x+y-z -[X

Any two of X, Y, t in S => all three ins

'isclosed under retracts
x*Yc'S => x, 4 t,S

s closed under finiteJurs.

Example:F:T-> U exactfunctor

Kor (F) isa tick subcategory



⑳

If S isclosed under all coproducts, then itis
localizing.

Ex x t T

Trick (x):-smallestthick subcategorycontaining x
Locx): =Smallestlocalizingsubcategory containing X.

Examples:7:D(RS

① Thick(R):Perfectcomplexes

LOCR) =D(R)

② I =R ideal. They

Loc(R11) =[McD(Rs) RP M= M3
VCI)

=YG, HiCMS =Hi(MS t i

E Topic HCM) =Y(Is

Thick (RA) has no such timple description in
·general

Exclise:Say RIisregular (e.g. ICR mainal)

Then Thick (R1):[MeD"(modRs) RYc =M3



③

Basic question:Given YCT, is

Ye Thick (x)? X?(oc(x) ?

why care:Properties of Xare inherited byobjects

in Thick (X).

Example:T=D(R1. Say xisperfect, then

any Ye Thick (x) isperfect.
2 Butxprojective ->Y projective]

- X-

Sometimes 4+(02(x) => Ye Thick (x>

1 Converse iscleans

An objectCcT issmall (or Compact)

iffor any Tet [xi) int, the natural map

·
Hon?, xi)

->Hou? *.ej

Tc =Compactobjectsin T
-Thick subcategory.



⑭

Example:0 D(R)"=. Perfectcomploses
② (SHodA)=Stmod A

A any Artn, Sorenstan algebra
③ HolSp>" =Finite spectra

Thi:C, D Compactand De Lucas

=>D6Thick (C).

Neeman?

⑪ From now on T=D(R)

PtSpecR TetKCP): =(Riyppp)
- Residue field of Rp.

For McD(R) Jet

-RM: =3PcpeR/ MRP1ob
1 "small") Tuportof A

Notable featuries:



⑤

① CuppM =0 => M=0. Infact

Lab:asase
Loc-to-global principle for D(RI.

② NoLoc(N) => Trypp* =Topp &

8 Topp (AM) =Y Topic (Mis
R

⑪ 19p, (MN =an 1

⑤Top, RCP =SP3
- x-

Hopkins:7.5 perfectexe with tupipF a Tuppps

then FcThick (S).

"Proy"SetX:Toys. Then

RRF=,F 1: TopipF =Y3
/

CellyFc(m15)



⑥

Thus F cLos(s)

=>FCThick (3) 10: FS perfect) D

Whatishidden?

Application:Cay RIS, AT =p"cands
finite mapofrings

Wellknown: S perfect (P +N perfectIs

=>N perfect/R.
Lie. prijdng) (8- prijdin,NCC=>projdim-8).
·Clearly 39 N pefect (R *L Nperfect lis

(Example?

Thm:N perfect IR and overs -> Sperfect (R on

Toy
ine prodiga 2 + 9eTup, e

Sketch of proof:May reduce to

R -> s local map of local rings
0 +N =b"Smods



⑦

With N pefects and R.

Let1 =e,... to be a generating yetfor

my, the maximal ideal of S.

k =K(1,5) the Kosin) (x. on 1.

Then Topy, K: [M,3 < Toys"
nm-empty clanTuberof sens

Thus KEThick (N) 1::Hopkins)
S

So N perfect (p =>Kpefect (R. X
-

Now K
=K(91,--,4):K191;K292, ... 11)

Kottul x. on with coefficientin

K(12, --,3,

Lemma:Say x=4"(mods) and ItMs

If K(3,x) isperfect/R, then 10 isX.

-Follow from

0 -x-k(s,x) -(x ->0



⑧

Applying Tak,-s I the residue field of
R

Ryields, x 1, Jah,x - Tan, k1,xe
↑ /

to onto for :20.0 + i<0
I

x =D"(mous) => ToA, x) f.g. S-module

To Tak, x =

0 victo

i.e. xperfect(R. B

Repeated application of thislemona yields:

K(2) perfect (R => S perfect(R. 17

See:Finilinen inthe derived category of
local ring, by DSI.



⑨

Neeman:For any M, NCD(R), ifTrpppM:Tip"
than McLOC(N) ·

-Implies Hopkins (explain):
F.5 perfectwith topipt= Trypes
=>ItLoss) (Neemons

=>FEThick(S) 11:55 compacts.
- Really a reformulation of the local-to-global

principle: Tupp& Tapp
=(a(1,k1P3) = bar (N,(p)

1:RCP) Cield)

IP Lo2(M1 =(oc (N) B



⑩

⑭ Revisiting DayalGreenles:
Fix & t D(R) perfect.
-can assume b isa bounded (x.of Fig.
projectives.
I =End(S) de R- algebra

R

For any I = DIRS

RHomp3, M1 = Howp3, MI isa

dg Emodule.
l

One has

D(R)**,D(F8)
RHoM5, -

Then RHoS,Meg -M
112

Call (MS

Implies - 89:D(**) E: (ox) =RR, DIR
v=TuppS



⑪

"Derived Morita theory"
There ismore:SetGH :How (5, R)

R

Imodule.
RH4, -3

Then DCR) ID(EM) adjointpain

RHom)5,-

M-RHOR'SF, RHom3, 41)

M= RHorR,M) ->RHowL PHonS,R, RHow,1)
RHam, 15.-1

Thismap is devived Completion w.r.tV tpyp3

We get Desis,Day
-
-

RHaS,-

Then
RID(R) E Lx"D.(R)

"Greenlers. May".



⑫

Back tothe example:R=E, G:Ep = ox31Eto

E =End, 10 -> 1,3 -0)

generated as a B-module by:

0 -21:2 -10

I
0 -21:2 -10

I
0 -14:x -10- Il II. O

0 -2112 -10 0 -2112 -10 0 -2112 -10

f
- 1 too for 1-1

(2, f
-
1)=p(f00+ foi) [2,foo) =PF-1 (2,7-1) =0

[0,fa) = - PF- z

:. HPE) =I [footta) and p. [tootton) =0

HCE1 =[7-1) and p. [f-1) =0.

To compute -G one would have toresolve

I as an E-module.

N.B. S, Ylpyis a E Morphin, butnot

E-linear.


