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↑D(R): =[MeD(R)/ RK,M
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↓forsion partof D(R)

- A localizing subcategory of DIR.

Because MtY,D(R) =>

H(M(p =0 PV

Compactobjects:Write

V=.XCES
For example, take Piminimal in

k(9):=Kortul (X. on Tome finite

generating yetfor Pi
Then k(Pi) =4,P(R)



⑤

①
YPCR) =DIR) 'n PLRS

-Thick (K(P)) is

Morewer

② 4,D(R1 =Loc(K(E) /i)

Thishas many consequences:

Complete RR,M-M to a 1:

RIM-M-> LM-+
I

"Localising"away from i
"nullifictm"

- Can also interpretM-sL.M
as homology lodization.



⑭
Example:Fix Ptspeak

ECP): =Spec.R Spec RP
- specialization closed

Then BE- - -

-z
Exercise:Verity this.

③ From & we get:
e

RY,M =RRRM

LM =LeRA
Another consequence:

⑭ * R5, (7:) -> RY, (AMS



⑤

for any collection [Mi3

Consider adjointpain:

DIRP
D(R)

④ implies RT has a rightadjoint:

LM: =RK, f
y

completion along t
M =LX1

Example: D =YY(I) I =R
ideal

MeMod R

x*M: =lin (PM)



⑥
For McD(R) fet

(M = =x*Cp2, projectiveDerived completon
Greenkes - May

rest of

j

One has M -> (x1

- Can also be interpreted as a

homology losditation.

For Me is"(modes
LM

=(ATRA
*R

- This istake ingeneral

Example:(R, m, b) local ring



⑰
LY* EECK) = a dualizing (X. for

E, the m-adic
completion of R.

Exercise:check this.

Some took to help understand completions:

⑤Greenkes - May duality:

RHumR,, N =RHam,N

Example:Say R domain complete

w.r.t. Some ideal IIR
Ho

Then RHom(Q, R1 =0
R t

fractor field of R.



⑧

Thus Ex4,R) =0 for R:h424.

Recall ExEQ, es to
⑧ Say Y:TPP perfect(x.

SetF =EndP>
- Example y=VCI) and P=F(IS

Y

-op Kostul X. o I

E RHamP, -5

DIRT! D(ET)
-

D(R)
->

RHompP. - 3 RHomCPY-
E-UP

p.RHam,,RS
These restrictto equivalence:

4,D(R) =D(EY) =ADIRS
-

E



⑨
Inparticular
DasXDCR)

RY, -3

RMM -> M c M ->LNM

induce

LRM=,Me RYM=,RYM
- X -

⑪Support a CopportMEDCRS

Jopp M: =[P=eR) Map,F3
"

k(P): =(Pp)p =RPPRP
-Residue field of Rp.



⑩

CoSM: =SPEsecR)RHow,RI), M) to
Excise:TryppR(P):2PG:COSE

Sportisbetter understood.

For M =D"(modRS

ToM =topic tons
-4ptSpeaR) H MpFob
-Y Laan, (ii)

- a closed Tubsetof open i

Notto with Copport:Itneed notbe closed.

For MG D"(ModP

Cospi M:Topi, M when

R =k57, i.e. affine algebras.



⑪
- T. Nalommeac P. Thompson

Excele:Say & isIadicallycomplete
the
Corps M & VCIS

I Mtp "(mndes

Exoctue:(R, M,R) Mocal

Copy ERCK1:Spec R

>24 ECK1 :[m3

Example:R:KREG)

CosyppR isnotclosed.

- Itisspecialization closed.

Always to?



⑫
Marz. (ClupM =Man LTuppp

FME D(R).

In particular, CappM=0 Es

1M
=P =1

M=0.

"Everything"to far holds ingreat
generality.Now to things special

1. to D(R)

⑪ F M,NG D(R) one has

Ty CDN =14Mn 14;N

Colopp RHomM,N =frn Col
-

I
Extremelyuseful



⑬

Proof: TEx PtSpec R

RHomLR, RHomM, NISR

-RHank, NS
R

=RHom CAPT, RHan, 131, N3)k(P)

-andlF0(=k(p)4Mt
RHom(k(P), N) =0.

R

Thus PC Cosopi, RHou, CM, N

Se PtfpipMn copi

The argumentfor Typy (MN is
equally simple I



⑭

These lead to a clarification of

the realizing Coleshiting tubategories
of D(R).


