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Dualiable objectsin local algebra 26 May

① R comm. noeth.ring
MGD(R)

30M: =[PeSpecR/k =03
C01M:=EP =syecR/RHompk(p1, 1) IO3
- SupppM < speaR closed F Mep "(modies

-Needalways to for cosopip M.

Example:R =RREB[x]

claim: CoppR=X(5) for any 5 = R

- Always MoCuppM 1:Max (Cosy M).

Thus Mar (peCR) &Corp.R

So if(apR=x(5), then

J =NM =10(

=Maspea RSTcheck this
[Infact, Mi =(1-xE), is I, are all

marimal and

Mi =v0,]



②

So we get Cop R=W(0) =Spec R.

However P =(x) 4(apR:

R+x5 =k4t <f(p) =G(+)
↑

field of fractions of
k(=1

Thus RHOW,1IP! R3
= RHom (RIP), BHRED,Sk4tD

-> RHom (k(p1, k4t)"How (RGED, RI Y k4t1

-

'k4E -> 'RHon(kIP), 14E)
RED

(compute uses => j

-R=R-0 1. RKEDis(t) - adically!

kDED 3 complete.
So P &CapR.

-x-

In fact, the argumentthree cospR is
notcontained inanyriloted yet.

proper



③

⑭Stratification (Neemons

E
Locking j?eTubolegories

ofD(R/

Its U4M=2

[MeD(R//yM=<p335-ptSpacR
I

4,Mp3 =M i.e. AM) is

I P-local and
p-poor fortion.

Me4yD(R)
10 P(R) are the minimal linaloing

subcategories in DLRS

the "atome"of D(R).
Can we "look"deeper into PDCR)?



⑭

Whatwe know:

- 4D(R) =D(R)
plated subcategory, and closed
under 0 (in D(RI).

- Itiscompactlygenerated:

BDLR)
*

=D(Mp)"nEp,DIRPS

Caveat:IDLR)" onlycompactin

D(p) notinDCRS.

In fact, letK: =Korzul cx. on tome

finite generating setfor

PRP =Rp.

Then 4 D(R=Thick (KS
And ,D(R) =

(ab(k)



⑤

More Structure: 5 D(R) inhoutsa
*from D(R):

M,NcP(R) =MNe4D(R)
(Recoll:M =PPRGM =M]

Morewa MGR =M. so

isascategory iti

#B. IR notcompactin IpD(R)
unless PtMin(R).

1: length? (8 +c =D(R)']

- Thistwine outtobe key.



⑥

⑭IT,Q,11) It- Category
y

Unitof - *.

- assume ithas internal Home

FC
-, - ) To

How, x *Y, ) =HamX, F(1, El).
↓ X, Y, Z.

Excmple:4 SPIRI,Q? R) and

FC-, - ) =RHomp-- - 3

⑦ SBDIR), - *, BR) and

FC-, - ) =IPRHomp---
-x-

DCT isdualisable if

F(D, 11) xxx -> F(D,x)
=

Natural map. xx G T



⑦

Recall C =T iscompactmeans
⑦Hom (C, Xi) = Hom,C, aXi]
-

+ [XiS

-In general, neither propertyimplies
the other.

Seeto-Dualitable objectsin5
1c +

d

Thisisa tesubcategory, closed
unda Q:D, D'ET DOD'cT

So It isa 55-clegory inits
on right

T =Compactobjectsin T

-thick tubcategory
- May notbe X-closed.



⑧

However:DeT"and ccT? then

Dec =y

So to "acts"on T
- Inparticular 1c T<=

-dCyc
Butthisdoesntalways hold.

Example:oT=D(RS
D(R)" =Trick (R) =D(R)

*

(Check!

② WhataboutT=BDCRS?
d

unit x4R c T To

el

Thck(K) a Thick (PR) & T

"a



⑨
Benson,

-,
Krause, Pertfora (2023):

For x 65, D(R). Ate following conditions

are equivalent:
R

①* PDLR)
② vana, a Chex a
8 xcThick (YPR).

Appears in:Local ductable objectsinloca

Algebra;arxiv. 2023.

- I& 15 true fairly generally.
0

=B special to D(R)
cand also holds inStModkS,

for instance, butnotin Holsps).



⑱

Commenton 0 E &:

Say (R, m, R) local,and MEDCRS

isI.t- Vanly knoR
-When McD"CMR), thisholds

=>M7 6Thick (R) i.e. M

perfect.
-For general 1=D(R), the thm, above
yield thatTM.E Thick (MR), and

conversely.
Acorollary (using Greenless - May)

D(R)* =Thick (Rp)<D(Ep)
I

Ep =completion of RP
atitminmal idea).



⑪

Consequentlybyc4D(R18Sec(BP).

Picture: -4D(R)

.e
Spec Rp.
Rak:Spec (E) can be quite diff

from /Spec (Rp).
-Parage from IDLR) to IPDCR)

*

isa "completion".


