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REINFORCEMENT LEARNING
VS OPTIMAL CONTROL

2. NUDGING (EQUATION INFORMED)

Equation informed and data-driven tools for data-assimilation and optimal navigation of turbulent flows
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WHY?
FEATURES RANKING: QUALITY AND QUANTITY OF DATA

WHICH FEATURES YOU NEED TO SUPPLY FOR OPTIMAL CLASSIFICATION AND/OR DATA-ASSIMILATION?
-> A WAY TO LEARN ABOUT THE UNDERLYING PHYSICS. 

- IS IT BETTER TO INPUT SPATIAL OR TEMPORAL DATA? 
- HOW MANY DATA/VARIABLES YOU NEED TO SUPPLY FOR PERFECT RECONSTRUCTION (SYNCHRONIZATION-TO-DATA)?
- CAN YOU GUESS VELOCITY FIELDS BY MEASURING ONLY TEMPERATURE AND/OR VICEVERSA? 
- IS IT BETTER TO PROVIDE INFORMATION FROM BOUNDARIES OR BULK?  
- FROM LARGE OR SMALL SCALES?
- DO WE NEED TO KNOW THE EQUATIONS?
- HOW TO COMPARE EQUATIONS-BASED AND EQUATIONS-FREE MODELS? 
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GROUND TRUTH CORRUPTED

RECONSTRUCTED

2D RB CONVECTION, LBM + 
LAGRANGIAN PROBE ADVECTION

(COURTESY OF L. AGASTHYA)



(NASA/Goddard Space Flight Center Scientific Visualization Studio)

3D

~ 2D

SHORT VISUAL RECAP

ENERGY SPECTRA 2D/3D

• MULTI-SCALE PHYSICS
• BILLION OF DEGREES OF FREEDOM
• ROUGH NON-DIFFERENTIABLE FIELDS

(HOLDER CONTINUOS ONLY)
• NON-GAUSSIAN STATISTICS

FEATURES RANKING: 
QUALITY AND QUANTITY OF DATA
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Can we reconstruct? 

? ?



CORRUPTED IMAGES GROUND TRUTH

Submitted to Physical Review Fluids, arXiv:2006.09179v1

DETAILS vs CONTEXT ?
SMALL vs LARGE  SCALES ?

EULERIAN 2D GAPPY DATA



POWER LAW SPECTRUM:
VELOCITY FIELD IS HOLDER CONTINUOS h=1/3
VAST SCALING RANGE WHERE IT IS NOT DIFFERENTIABLE
+ NON GAUSSIAN FLUCTUATIONS

LARGE SCALE

SMALL SCALE

/ k�5/3



GENERATIVE ADVERSARIAL NETWORK: CONTEXT ENCODER 1 (CE1)

MINIMIZE:

MAXIMIZE:

D[truth]=1; D[fake]=0



DURING TRAINING
80K 64x64 images of 3 velocity components for training

20K 64x64 images of 3 velocity components for validation 

` :much larger than differentiable scale, i.e. velocity fields are rough (no linear interpolation here)

`

L



GROUND TRUTH
VELOCITY 

MAGNITUDE

CORRUPTED
IMAGE

FILLED

6  DATA ASSIMILATION  EXPERIMENTS FOR 2D TURBULENT IMAGES WITH A CONTEXT ENCODER 



SCALE DEPENDENCY

VELOCITY PROFILE

CORRUPTED INPAINTED GROUND
TRUTH

VELOCITY PROFILE
ALONG VERTICAL CUT

L2 ERROR
ALONG VERTICAL CUT



`/L = 1/4

`/L = 1/8





3-Vel
input

FEATURES RANKING: VORTICY DATA ASSIMILATION AT CHANGING INPUT CHANNELS AND COSTS

VELOCITY PROFILE
ALONG VERTICAL CUT

L2 ERROR
ALONG VERTICAL CUTCORRUPTED INPAINTED

GROUND
TRUTH



NUDGING: AN EQUATION-INFORMED UNBIASED TOOL TO ASSIMILATE AND RECONSTRUCT TURBULENCE
DATA/PHYISICS BY ADDING A DRAG TERM AGAINST PARTIAL FIELD MEASUREMENTS

FOURIER 

MEASUREMENTS

SPACIAL MEASUREMENTS

C.C. Lalescu, C. Meneveau and G.L. Eyink. Synchronization of Chaos in Fully Developed Turbulence. Phys. Rev. Lett. 110, 084102 (2013)
A. Farhat, E. Lunasin, and E.S. Titi. Abridged Continuous Data Assimilation for the 2d Navier-Stokes Equations 
Utilizing Measurements of Only One Component of the Velocity Field. J.  Math. Fluid Mech. 18(1), 1 (2016)



L2 ERROR
ALONG VERTICAL CUT

VELOCITY PROFILE
ALONG VERTICAL CUT



CONTEXT ENCODER 1 CONTEXT ENCODER 2 NUDGING

CNN-GAN
-EQUATION-FREE
GENERATION OF MISSING DATA ONLY
+ONCE TRAINED -> INSTANTANEOUS
+MIXED INPUT FEATURES

PRETRAINED CNN-GAN
-EQUATION-FREE
GENERATION OF FRAME & MISSING DATA
-NEW MINIMIZATION FOR EACH DA
+MIXED INPUT FEATURES

+EQUATION-INFORMED
GENERATION OF FRAME & MISSING DATA
-NEW 3D DNS FOR EACH DA
-RESTRICTED INPUT FEATURES





GLOBAL DRIFTER PROGRAM
ARGO PROGRAM

D. Roemmich, G.C. Johnson, S. Riser, R. Davis et al. 
The Argo Program: Observing the global ocean with pro'ling )oats. 

Oceanography 22, 34 (2009)

https://gdp.ucsd.edu/ldl/



Alageshan, J. K., Verma, A. K., Bec, J., & Pandit, R. (2020). 
Machine learning strategies for path-planning microswimmers 
in turbulent flows. Physical Review E, 101(4), 043110.





Parameterized policy:

Actor-Cri	c algorithm

The *ow

The dri,er

Reward

Reinforcement Learning; Policy Gradient Methods  

Parameterized state value func1on:

Vs



TIME-DEPENDENT 2D TURBULENT FLOWS

P
D

F

Starting Region

REINFORCEMENT LEARNING (BLUE) VS TRIVIAL POLICY (GREEN)

Flow kinetic energy 
at the particle position

Target

Comparison with a Trivial Policy (TP)





- EQUATION-FREE VS EQUATION-INFORMED MODELS TO CLASSIFY, ASSIMILATE  OR NAVIGATE TURBULENT DATA
- BOTH UNBIASED (NO NEED TO KNOW THE PRIOR DISTRIBUTION)
- PROBING QUALITY AND QUANTITY OF INFORMATION 
- SUPPLY AN ‘AUGMENTED REALITY’ FLOW REPRESENTATION OUT OF A SET OF  ROUGH MEASUREMENTS (GEO OR BIO DATA)
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