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The Elephant in the Room
The fabled story from the Panchatantra of  the blind 
men trying to figure out what an elephant is, applies to 
many situations in human history and particularly to the 
process of  scientific discovery, especially as it pertains to 
our topic.



A Tale of  Two Letters
We give an informal survey of  the theories of  
modular forms, quasi-modular forms, and mock 
modular forms. These topics owe much to 
Ramanujan whose mystic vision of  mathematics in 
many ways shaped 20th century number theory and 
now continues to shape the 21st century going 
beyond number theory and into combinatorics, 
representation theory and even mathematical 
physics!
His short life of  32 years did not give him enough 
time to develop many of  these ideas.  So he 
formulated them only in outline but with profound 
intuition and insight.

Srinivasa Ramanujan
(1887-1920)

This talk is literally about 
a tale of  two letters, written 
by Ramanujan.  The first in 
1913 and the second in 
1920, on his deathbed.



The man who knew infinity



The notion of  a modular form
A quotation attributed to Eichler is the following “joke”: there are only 
five operations of  mathematics: addition, subtraction, multiplication, 
division and “modular forms”.
If  one had to point to a single mathematical idea that transformed 20th

century mathematics, it would have to be the concept of  a modular 
form.
Ramanujan did not discover this idea because it already existed in the 
19th century. 
But he brought it to the foreground. He connected it to number theory 
and made it the center piece of  his attention.
His 1916 paper modestly titled “On certain arithmetical functions” had a 
tremendous impact on number theory of  the 20th century.
It led to the development of  the theory of  modular forms and the now 
emerging theory of  mock modular forms which was hastily described by 
Ramanujan at the end of  his life.



Modular forms and the 20th century
Ramanujan’s 1916 paper  sowed the seeds of  the theory of  automorphic 
forms and gave rise to the Langlands program.
It led to an expansion of  our idea of  a zeta function and brought about 
the marriage between number theory and algebraic geometry.
Ramanujan’s conjectures were solved using this connection.
The theory also  led to the classification of  finite simple groups using 
the Monster group constructed via modular forms.
It was central to the proof  of  Fermat’s Last Theorem by Wiles and 
Taylor.  
Now, mock modular forms are emerging to describe the birth of  the 
cosmos in theoretical physics.
But let me begin the story with G.H. Hardy and his discovery of  
Ramanujan.



The 1936 lectures of  G.H. Hardy 
In 1936, G.H. Hardy was invited by Harvard 
University to deliver some lectures on Ramanujan 
and his work. 
These lectures were later published as a book.
They comprise a faithful snapshot of  Ramanujan 
along with his main contributions to mathematics.
Hardy confesses that Ramanujan was “the most 
romantic figure in the recent history of  
mathematics” and  “a very great mathematician.”
Ramanujan’s story has all the fascination and 
enchantment of  a fairy tale.
But as truth is sometimes stranger than fiction, it 
was a real-life story with enormous consequences 
for mathematics and more generally, for science.



Ramanujan’s letter to Hardy
Hardy knew full well that he was the first mathematician to 
have taken Ramanujan seriously.
Earlier, Ramanujan had written to three other reputable 
mathematicians in England. These were Baker, Hobson and 
Hill.
But Hardy was the first to respond to his now famous letter of  
16th January 1913.
The letter opens with the humble lines “Dear Sir. I beg to 
introduce myself  to you as a clerk ... I have had no university 
education ... but I am striking out a new path for myself. I have 
made a special investigation of  divergent series in general and 
the results I get are termed by the local mathematicians as 
‘startling’.”



What was in this letter?
Two entries of  this first may be of  interest to a general 
audience.  They are startling indeed!



Some sample pages of  the letter

This is the first page of  Ramanujan’s 
letter to Hardy.  After a brief  
introduction, it goes on for 10 pages 
giving theorem after theorem and 
formula after formula!



The letter contained 120 theorems!
Hardy was confused as to what to make of  the 
letter.  Was Ramanujan a crank or a genius, he 
wondered.
He invited his colleague J.E. Littlewood and 
together, they sat with the letter well past 
midnight.
Finally, after three hours of  careful study, they 
concluded:  “a single look at them is enough to 
show that they could only be written down by a 
mathematician of  the highest class. They must 
be true, because if  they were not true, no one 
would have the imagination to invent them.”
So Hardy invited Ramanujan to come to 
England in 1914 against the background of  the 
First World War. Hardy and Littlewood (circa 1920)



The circle method
One formula of  this first letter is worth highlighting for 
this exposition. It is formula (7) in section 7:

This cannot be derived without the circle method and shows 
that Ramanujan had the idea before he got to England.



The Hardy-Ramanujan collaboration
There are two big discoveries that can be credited to the 
Hardy-Ramanujan collaboration.
The first is the normal order method which led to the 
development of  probabilistic number theory.
This work says that the number of  prime factors of  a 
random integer n is “usually” log log n.
Their second work is the asymptotic formula for the 
number of  partitions of  n which led to the development 
of  the circle method.



The τ-function and beyond
But it is his single-authored 1916 paper on the τ-function that is 
the breakthrough paper of  the 20th century.  This function is 
defined by:



Ramanujan conjectures

In 1916, Ramanujan was studying the coefficients of  
a certain infinite product and he observed some 
remarkable properties.
 This product is given by:

Ramanujan conjectured:

These conjectures led to the development
of  the theory of  modular forms.



Ramanujan’s conjectures:  precise form

The first two conjectures were proved by Mordell in 1917.
They signalled a general theory developed later by Hecke in 1935.
The third conjecture was deeper and was proved by Deligne in 1974 as a 
consequence of  his solution to the Weil conjectures.  Deligne was 
awarded the Fields Medal for this.



Congruences for τ-function and Galois representations

Ramanujan’s first two conjectures motivated the 
rapid development of  the theory of  modular 
forms largely formulated by Erich Hecke in 1935.
This is called Hecke theory today.



What is a modular form?

This group action on the upper half-plane seems to be at the 
heart of  how the cosmos works!



The space of  modular forms

form of  weight k.  A gentle introduction to modular forms can be 
found in my book with Dewar and Graves and published by the 
Hindustan Book Agency and IMSC in their Lecture Notes Series.



The vector spaces of  modular forms

If  we set
Here Bk is 
the k-th
Bernoulli number



The j-function and the Monster group

In 1984, John McKay observed that the coefficients of  
the j-function were related to degrees of  irreducible 
representations of  the Monster group.
This led to the theory of  “monstrous moonshine” 
connecting group theory and modular forms.
This study finally led to the classification of  finite simple 
groups, a remarkable achievement of  20th century 
mathematics.



Ramanujan’s P, Q and R
Ramanujan seems to have discovered the Eisenstein series 
independently and he singled out three which he called P,Q and R.

Of  special interest is E2 which he called P and in his 1916 paper, he 
noticed  but did  not prove that all “quasi-modular” forms are generated 
by P,Q and  R.  This was later proved  formally by Kaneko and Zagier in 
1995.



The taxi cab story
There is an interesting story about 
this number connected to 
Ramanujan’s life.  When he was ill 
in a sanatorium, Hardy came to 
visit him in a taxi.

On entering Ramanujan’s room, 
Hardy remarked, “I just came in a
Taxi numbered 1729, which looks like
a dull number.  I hope it is not a bad omen.”

Ramanujan replied, “On the contrary, it is 
very interesting.  It is the smallest number
that can be written as the sum of two cubes 
in two different ways.”



Differential equations for P,Q and R

E2 was first studied 
by Hurwitz in his 
PhD thesis.



Δ and E2



Maass forms and differential operators

In 1948, Maass was the first to study real-analytic modular forms satisfying the above 
equation.  He realized we need to define something more general than the Laplacian.

For Maass forms, we have the analog of  the Ramanujan conjecture which is still open, though some 
progress has been made. It is conjectured that generically, Fourier coefficients are transcendental.



Harmonic Maass forms of  
manageable growth

These observations lead to the discovery of  new spaces of  
generalized real-analytic forms.



The partition function

Ramanujan noticed that p(n) is the Fourier coefficient of  a modular 
form of  weight -1/2.
By contrast, the τ-function is the Fourier coefficient of  a modular form 
of  weight 12.  
The growth rates of  these functions are quite different.



Young diagrams and partitions

The study of  these formal series point naturally into a theory of  
mock modular forms which apparently Ramanujan saw at the end 
of  his life.



Durfee squares and combinatorial identities

Before his arrival in England, Ramanujan had discovered variations 
of  these identities:



Ramanujan’s correspondence with Rogers

as n tends to infinity.  Twenty years later, Rademacher discovered an explicit formula:

Selberg writes that if  Hardy had looked
at Ramanujan’s first letter, they could have 
derived Rademacher’s formula!!



Ramanujan’s last letter to Hardy
In his last letter, it is clear that Ramanujan discovered an extension of  
the  theory of  modular forms and was frantically trying to write it 
down by giving examples of  what he called “mock” theta functions.



Fourier expansions of  mock modular forms

A mock modular form h of  weight k is a holomorphic function on H with at most 
exponential growth at infinity to which corresponds a “shadow” modular form g of  
weight 2-k, such that h(z) + g *(z) transforms like a modular form of  weight k.
Theorem:
(RM & Ekata Saha)

Coefficients of  mock 
modular forms are still 
a mystery.  Some have 
arithmetic meaning.  
Others are expected to 
be transcendental numbers.



String theory and mock modular forms



Freeman Dyson on Ramanujan
“The mock theta functions give us tantalizing hints 
of  a grand synthesis still to be discovered … It 
should be possible to build them into a coherent 
group-theoretical structure, analogous to the 
structure of  modular forms which Hecke built 
around the old theta functions of  Jacobi.  This 
remains a challenge for the future.’’

Freeman Dyson (1923-2020)

The quantum theory of  black holes is a chapter in string theory.  
In work by Dabholkar, Murthy and Zagier, certain generating functions that arise in this 
theory turn out to be mock modular forms!!



On a height he stood that looked towards greater heights.
Our early approaches to the Infinite
Are sunrise splendors on a marvelous verge
While lingers yet unseen the glorious sun.
What now we see is a shadow of what must come.

-Sri Aurobindo, Savitri 1.4
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