
 

Minimal surfaces Labour c's Conjecture

Lecture 1 Equivariant harmonic maps
Lecture 2 Minimal surfaces Laboure Conjective

Lecture 3 counterexamples to Labourie Conjecture

Equivariantharmonicaps

Min Niv Riemannian manifolds

f M N df TM TN interpreted
as a section dfeT T M fTN
U V

give rise to norm to 1min and
connection you on T M TN

Idflin truft

Def f is harmonic if truYdf 0

M N compact f harmonic iff it's a

critical point for the energy ffmldfli.edu
Basic examples

harmonic functions Rm



geodesics o T Niv more

generally totally geodesic maps

holomorphic maps between

Kahler manifolds
Hopf fibrations S 5 S 54 etc

Eells Sampson 1964 M N

compact KN EO In every
sectional curvature

homotopy class of maps M N

a harmonic map f Mim Niv

Proof by heat flow
F Fixit

Z tru F

Im Hartman Sampson 1967 1968
Above if K co then f is unique
unless f M is contained in a

geodesic Equivalently felt M is abelian

K 0

tngstan.gs

hat



are rig tm
exist

minimal

harmonic maps
maps

This Siv 1980 Mim Niv
closed Kahler manifolds time 22
Assume N complex hyperbolic Then

any degree
1 harmonic map M.nl Niv

is a biholomorphism

Corollary Sir 1980 M.nl Niv as

above If TM is isomorphic to I N

then M and N are biholomorphic
or anti biholomorphic

Equivariantharmoinaps

p TIM Isomen r Ñ universal cover

of M T.MN Ñ by Deck transformations
Ñ ym

M

Define f Ñ Niv is p equivariant



if ytThM foy ply of

No manifold with universal cover NEIE.pt Nil
p

I I M T.NO
f M Ño v Isom

Niv

55 1443

H R
ztic Rezzo Schwarz

P surface
18805

Exercise f p equivariant Idfl is

TM invariant and hence descends to M

Thus can define energy f flifluidum



gy 1m

Now assume Kn O Niv complete
and

simply connected C.tl then N
top

EI Niv HI Ax kN 1

41h x a e Rn Xn 0

Def Fix OEN Geodesic rays

Yi Y 0,0 Niv Y lol 0 are

equivalent if E Aly Ct Malti Ek
some Koo An equivalence class

is called an endpoint
The Gromov boundary is the set

of endpoints of geoctesies rays
E 2 5 m

Any isometry of Niv extends to a

bijection of 2 N



Deff p i M Isom Niv is irreducible

if c 2x N YET M sit fly
Non exampleE Kno CO

M No
closed manifolds

8s
M compact

I Donaldson Corlette Laboure 1986 1988,7

Niv as above p irreducible Then

f equiv harmonic map Mini Niv

Proof by heat flow

Can generalize to non compact situations

Non compact surfaces Wolf Simpson Jost Gupta
S 2019 Gupta

Totally open equivariant harmonic maps
for infinite type surfaces

E
1 Markov i Be e



See Schoen Conjecture Markovic Benoist
Hulin

Associated bundles out of p we have

Ng MAN f EÑ N
p x ly.p

Ply x

M
Comes with a flat connection D

by taking exterior derivative in each

triv.TN Np ph contractible
It s

Ñ M TEN MXN

TOS Pix p f x

for some p equiv Ñ N

equivalent if v M R s.tn e'u

From now on M is a closed surface

genus g 2 Eg A conformal class

of metrics on Sig is equivalent to

2 5 Ʃ



a Riemann surface structure Son Eq
By Beltrami ean can find cott 2

Sit I Mo z 14212

Exercise f Eg a Niv Y Eg R

f is the same if we replace in

with evu

Harmonic maps depend only on the

conformal class of it or equivalently
the premann surface structure

Henceforth we just specify R S S

Emplegeometry
Warm up harmonic functions

harmonic holomorphic
f R Arms e 6

2722 0 f 2
2 2 0

flat Re f AT



I f Re 1574T
Riemann surfaces S Niv

TB T'S
dz d I

Split off If If I I 51
fritz fett

Exercise f is harmonic iff TI 2f 0

2ft T's FINE

1hm Koszul Malgrange Given a

complex v bundle E over a complex
manifold M with an operator

IE IP.EE RP.at E satisfying
the J Lietniz rule if IÉ O

then holomorphic v bundle

structure on E sit_ IE is the

Aec bar operator
Del bar operator F M hot v bundle

Si Sa local frame of hot sections

2 Er E r s



2 Efis Ʃ 2ft Si

Upshot induces hot structure

on f TN'C in which 2f is a

hot FTN valued 1 form

Harcmaps fransfacestosymmetspases

Xn
sun
Hun AESLIn.ci A A 4 0

Hermitian metrics on
inducing

1 on Men

Xn CX Xn 54 B Isola R
AESLIn R A AT A 09
Inner protects on Rn inducing
1 on A Rn

TH Xn AEMING A AT H A tracelece

Metric v on Xl VICAB Itr AB

SL n G invariant Vy A B Itr HAH'B

For n 2 Xn HI n
413



n Kae 0

Xn complete simply connected

through each point in X
a 1 dimensional flat subspaces

H E At It can take

real diagonal matrices

Flatness RCX.KZ X Y 2

p ThEig SLIn G A of by isometries

irreducible iff composition of p we

act Sun 6 seen G totally reducible

with finite centralizer

5 Xf p equiv p irreducible

1 Ep 546m with flat connection D

2 Xml
e 5xe Xl Met LE Hermitian

metrics on Ep inducing 1 on NEe
An equivariant map f 5 4
is equivalent to a Hermitian metric



q

H on E

3 seln.ci valued 1 form w 1H dH
induces an iso between f TXn S

anet the space Endo E of H self

adjoint traceless entomorphisms of E

T T H 7TH
Derivative of f or H is 4h EEneto E

Note End E Endo E

traceless entomorphisms

Define connection on E by
The D 4H extents to End E

Exercise In on Endo E is the

pullback of the L C connection on Xne

Decompose T'S CT'S T'S

4 4 4,5 Ink 45 419ᵗʰ
f harmonic off 401127 0



iff 0

KM them Thi induces complex
structure on E

degE

DefI A Sun.ci Higgs bundle E Ifon S is a hot v bundle E E 5

with fer Ent E s.f.IE 0 o

called the Higgs field

Equivariant harmonic map x

gives rise to a Higgs bundle on

5 Ep 4

Flatness of D holomorphicity of 4
is expressed via Hitchin's self duality

equ's FLY 4 9 7 0

Higgsentes E IE d when

does it come from a harmonic map

Given E JE Hermitian metric



c 1

H on E connection In Chern

connection st H O Ie
We want to find H s t

Fl 0
A

6ᵗʰ is flat get
holonomy rep p for which H

induces a p equivariant map

DefI IE IE is stable if for

any inv hol.rs 9IuntleFCE degFko

I Hitchin 1986 Simpson 1988

E IE is stable and had no

non trivial automorphisms simple

iff one can fret 4H solving
5 D equ's unique



Non abelian Hodge correspondence

S.D Hitchin Simpson

stable
Eg sun

Éesirreducible

harmonic map

D C L


