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PREFACE

This book answers the eternal question, How much can we say and do about
something we do not know? People in many trades and walks of life have per-
fected the art of bluffing without blushing, and acting blindly. This particular
text grew out of a one-semester course, intended as a parting gift to those
leaving physics for greener pastures and wondering what was worth taking
with them. Statistically, most former physicists use statistics because this dis-
cipline was the first to develop quantitative tools to answer the question posed
above. Yet when the course was taught in different institutions and countries,
itattracted a motley mix of students, postdocs, and faculty from physics, math-
ematics, engineering, computer science, economics, and biology. Eventually,
it evolved into a meeting place where we learn from each other, using the
universal language of information theory.

The simplest way to answer the opening question is with a phenomenology
traditionally called thermodynamics. It deals only with visible manifestations
of the hidden, using general principles (like symmetries and conservation
laws) to restrict possible outcomes. The focus is on mean values, and fluctu-
ations are ignored. A more sophisticated approach derives the statistical laws
by explicitly averaging over the hidden degrees of freedom. Those laws jus-
tify thermodynamics and describe the probability of fluctuations. Two basic
notions of this approach—entropy and free energy—turn out to be among
the few most important conceptual and technical tools of modern science and
technology.

This book is an introduction that requires prior knowledge of neither ther-
modynamics and statistics nor information theory. The first chapter gives,
in a minimalist way, the basics of thermodynamics and statistical physics
and describes their dual focus on what we have (energy) and what we don’t
(knowledge). When ignorance exceeds knowledge, the right strategy is to
measure ignorance. Entropy does that. We understand that entropy is not a
property of a system, but the information we lack about it. It is then natural to

xi
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xii PREFACE

start using in the second chapter the language of information theory, revealing
the universality of the approach. When viewed from the perspective of infor-
mation theory, the essence of statistics is essentially common sense, which
could be compressed to the maxim “the whole truth and nothing but the
truth.” That means using all the available data and maximizing missing infor-
mation, that is, looking for the entropy maximum conditional on the data.
This approach is valid not only for thermal equilibrium (where data are on
conserved quantities) but for any state. Mathematically, the approach is based
to a large extent on the simple trick of adding many random numbers. Build-
ing on that basis, one develops versatile instruments, like mutual information
and its quantum sibling, entanglement entropy, which are widely applied to
subjects ranging from bacteria and neurons to markets and quantum com-
puters. The third chapter describes several applications, elucidating different
aspects of the approach and directions of its development. The fourth chapter
follows a tireless random walker to rank web pages and obtain a more power-
ful form of the second law of thermodynamics. In the fifth chapter, we learn
that only full knowledge must persist; if we let in even the smallest semblance
of ignorance, it grows and fills the space. This is illustrated by the irreversible
entropy change produced by reversible flows in phase space. We also discuss
the most sophisticated way to forget information: the renormalization group.
Forgetting is a fascinating activity—one learns truly important things this
way. The sixth chapter describes the fundamental lower and upper limits of
uncertainty imposed, respectively, by quantum theory and relativity. Chapter
7 closes out the main body of the text with a compact conclusion stating the
main lessons. The appendix presents more advanced subjects and material for
tutorials. Exercises are provided after the respective sections. The last section
of the appendixlists all the exercises presented in the book, along with detailed
solutions.

The textbook is self-sufficient and contains no reference list. Those wish-
ing to go above and beyond are encouraged to do searches using prompts like
(Joule 1845), which will bring you not only to the original text but also to
important texts citing it.

Even though this is a graduate text, we use only elementary mathemati-
cal tools, but from all three fields—geometry, algebra, and analysis—which
correspond, respectively, to studying space, time, and continuum. We employ
two complementary ways of thinking: continuous flows and discrete count-
ing (thus involving both brain hemispheres). They equip the reader with a
powerful and universal tool, applied everywhere, from computer science and
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PREFACE xiii

machine learning to biophysics and economics. The book is panoramic, try-
ing to combine into a reasonably coherent whole the subjects taught in much
detail in different departments: thermodynamics and statistical mechanics (as
taught in physics and engineering), dynamical chaos (as taught in physics and
applied mathematics), information and communication theories (as taught
in computer science and engineering). My desire is to reveal an essential
unity between these disciplines. In addition, I felt compelled to tell a story
worth telling: how we discover the limits imposed by uncertainty on engines,
communications, computations, and perception. The story’s protagonist is
the notion of entropy/information, which was born in the Industrial Revolu-
tion, matured during the digital revolution, and leads the present revolution,
blurring the boundaries between physical, digital, and biological domains.

In the end, recognizing the informational nature of the world and breaking
the barriers of specialization is also of value for physicists. People working on
quantum computers and the entropy of black holes use the same tools as those
designing self-driving cars and market strategies, studying molecular biology,
animal behavior, and human languages, figuring out how the brain works, and
trying to quantify conscience. Many go out and apply the tools of physics to
new domains. Few can come back enriched by the knowledge of how the tools
work in linguistics and brain research and look at the physical theories as an
example of human language developed by the human brain. It may open new
perspectives.

The amount of material exceeds that for a standard one-semester course so
that lecturers can choose what is more appropriate for their audience. Shorter
and less technical versions of the course can be based on chapters 1-4 and
7. A longer course can include chapters S and 6, which involve more physics.
The book can also be used for independent study by senior undergraduate and
graduate students, postdocs, and faculty who want to see a bigger picture with
connections between different disciplines and find new research opportuni-
ties. Readers familiar with thermodynamics and statistics can start from the
second chapter, consulting the material from the first one when it is referred
to. On the other hand, readers from computer science, engineering, mathe-
matics, or biology may benefit from reading the first chapter, as it provides
a unifying framework for the rest of the book. Bear in mind that the book
is written by a natural scientist focused more on “how it works” and “what
it is like” and less on the rigor of definitions and statements. Truly impatient
readers could read only the short seventh chapter, which lists the take-home
lessons.
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xiv. PREFACE

For a book with such a wide scope, it is probably inevitable not only
that my limited expertise in engineering, computer science, biology, eco-
nomics, and linguistics has caused infelicities and technical errors but that
the dilettante perspective has distorted essential elements in the culture
of these disciplines. As Schrodinger wrote, “Some of us should venture
to embark on a synthesis of facts and theories, albeit with second-hand
and incomplete knowledge of some of them—and at the risk of making
fools of ourselves.” Fully accepting this risk, I shall maintain a website at
https://www.weizmann.ac.il/complex/falkovich/information-theory where
objections and corrections will be gratefully received and discussed.

Small-print parts can be omitted upon the first few readings.

Gregory Falkovich, 2024
Rehovot, Israel
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“Entropy is not a property of a system, but the information we lack about i,
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1

Thermodynamics and
Statistical Physics

Our knowledge is always partial. If we study macroscopic systems, some
degrees of freedom remain hidden. For small sets of atoms or subatomic par-
ticles, their quantum nature prevents us from knowing precise values of their
momenta and coordinates simultaneously. We used to believe that we found
the way around the partial knowledge in mechanics, electricity, and mag-
netism, where we have closed sets of equations describing explicitly known degrees
of freedom. In other words, we learned how to restrict our description only
to things that can be considered independent of the unknown within a given
accuracy. For example, planets are large complex bodies, and yet the motion of
their centers of mass in the limit of large distances satisfies closed equations.!

Despite the spectacular successes of electromagnetic theory and celestial
mechanics, we soon realized how illusory was our belief in the closed descrip-
tion, since we needed to feed it with initial or boundary conditions taken from
measurements. Here our knowledge is incomplete because of a finite precision
of measurements. This has dramatic consequences when there is instability,
so small data uncertainty at a given moment leads to large uncertainty in pre-
dicting the future and recovering the past. In a sense, every new decimal in
precision is a new degree of freedom for unstable systems (including our solar
system).

In this chapter, we deal with observable manifestations of the hidden degrees of
freedom. While we do not know their state, we do know their nature—whether
those degrees of freedom are related to moving particles, spins, bacteria, or

1. The next step—description of a planet rotation—needs to account for many extra

degrees of freedom, for instance, oceanic flows (which slow down rotation by tidal forces).
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2 CHAPTER 1

market traders. That means, in particular, that we know the symmetries and
conservation laws of the system.

The first two sections present a phenomenological approach called ther-
modynamics. The last two sections serve as a brief introduction into statistical
physics.

1.1 Basics of Thermodynamics

One can teach monkeys to differentiate; integration requires humans.

—GLEB KOTKIN

For at least a few thousand years, people have been burning things to propel
objects. That was put on an industrial scale by the use of steam engines in the
mid- to late 1700s. The Industrial Revolution generated a practical need to
estimate engine efficiency, which triggered a regular scientific inquiry on gen-
eral principles governing the conversion of heat into mechanical work. That
led to the development of the abstract concept of entropy.

A heat engine works by delivering heat from a reservoir with some tem-
perature T} via some system to another reservoir, with T5, doing some work
in the process. Look under the hood of your car to appreciate the level of
abstraction achieved in that definition. The work W is the difference between
the heat given by the hot reservoir, Q , and the heat absorbed by the cold
one, Q ,. What is the maximal fraction of heat we can use for work? Carnot
in 1824 stated that we cannot make Q , arbitrarily small: in all processes,
Q,/T> > Q /Ty, so that the efficiency is bounded from above:

wW_u-2 _ T (1.1)

Q._I Ql N Tl l Q

His elaborate arguments are of only historical interest now. Clausius in 1864
called the ratio Q /T entropy (the word starts with en-, like energy, and ends
with -tropos, which means “turn” or “way” in Greek). We now interpret
the Carnot criterion, saying that the entropy decrease of the hot reservoirs,
AS; =Q/T), must be less than the entropy increase of the cold one,
AS, =Q,/T,. Maximal work is achieved for minimal (zero) total entropy
change, AS) = AS;.
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THERMODYNAMICS AND STATISTICAL PHYSICS 3

Just like the path from the Carnot engine to general thermodynamics, we
discover the laws of nature by induction: from particular cases to general
law and from processes to state functions. The latter step requires integra-
tion (to pass, for instance, from the Newton mechanics equations to the
Hamiltonian or from thermodynamic equations of state to thermodynamic
potentials). It is much easier to differentiate than to integrate, so deduction
(or the postulation approach) is usually more pedagogical.® It also provides a
good vantage point for generalizations and appeals to our brain, which likes
to hypothesize before receiving any data, as we shall see later. In such an
approach, one starts by postulating a variational principle for some function
of the state of the system. Then one deduces from that principle the laws that
govern change when one passes from state to state.

Here we present a deductive description of thermodynamics. Thermody-
namics studies restrictions on the possible macroscopic properties that follow from
the fundamental conservation laws. Therefore, thermodynamics does not pre-
dict numerical values but rather sets inequalities and establishes relations
among different properties.

A traditional way to start building thermodynamics is to identify a con-
served quantity, which can be exchanged but not created. It could be matter,
money, energy, etc. For most physical systems, the basic symmetry is the
invariance of the fundamental laws with respect to time shifts.> The evolu-
tion of an isolated physical system is usually governed by the Hamiltonian
(the energy written in canonical variables), whose time independence means
energy conservation. In what follows, the conserved quantity of thermody-
namics is called energy and denoted E. We wish to ascribe to the states of the
system the values of E. First, we focus on the states independent of how they
are prepared; such equilibrium states are completely characterized by the static
values of observable variables.

Passing from state to state involves energy change, which generally con-
sists of two parts: the energy change of visible degrees of freedom (which we
call work) and the energy change of hidden degrees of freedom (which we call
heat). To be able to measure energy changes in principle, we need adiabatic

2. In science, we strive to get the whole truth at any price. In teaching, we sell its parts at
affordable prices.

3. Be careful trying to build thermodynamics for biological or social-economic systems,
since generally the laws that govern them are not time invariant. For example, the metabolism
of living beings changes with age, and the number of market regulations generally increases
(as well as the total money mass, albeit not necessarily in our pockets).
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4 CHAPTER 1

processes, where there is no heat exchange so that all the energy changes are
visible (or no under-the-table payments are made). Ascribing to every state
its energy (up to an additive constant common for all states) hinges on our
ability to relate any two states A and B by an adiabatic process, either A — B
or B— A, which allows us to measure the difference in their energies by the
work W done by the system. Now, if we encounter a process where the energy
change is not equal to the work, we call the difference the heat exchange, 5Q:

dE=58Q — W. (12)

This statement is known as the first law of thermodynamics. It is nothing but
a declaration of our belief in energy conservation: if the visible energy bal-
ance does not hold, then the energy of the hidden must change. The energy
is a function of the state, so we use the differential, but we use § for heat
and work, which aren’t differentials of any function. Heat exchange and work
depend on the path taken from A to B; that is, they refer to particular forms of
energy transfer (not energy content). Before the first law was experimentally
discovered (Mayer 1842, Joule 1845), heat was believed to be a separate fluid
conserved by itself.

The basic problem of thermodynamics is determining the equilibrium state
that eventually results after all internal constraints are removed in a closed
composite system. The problem is solved with the help of the extremum prin-
ciple: There exists a quantity S called entropy, which is a function of the
parameters of the system. The values assumed by the parameters without an
internal constraint maximize the entropy over the manifold of available states
(Clausius 1865).

Thermodynamic limit Traditionally, thermodynamics has dealt with exten-
sive parameters whose value grows linearly with the number of degrees of
freedom. Additive quantities, like the number of particles N, electric charge,
and magnetic moment, are extensive. Energy generally is not additive; that
is, the energy of a composite system is not the sum of the parts because
of an interaction energy: E(Ny) + E(N,) # E(N7 + N3). To treat energy as
an additive variable, we assume short-range forces of interaction acting only
along the boundary and take the thermodynamic limit V' — oo. Then one
can neglect the interaction energy, which scales as a surface V?/3 oc N?/3, in
comparison with the additive bulk terms, which scale as V" oc N.
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In that limit, thermodynamic entropy is also an extensive variable,* which
is a homogeneous first-order function of all the extensive parameters:

S(AE,AV,...)=ASE,V,...). (1.3)

The function S(E,V,...), also called a fundamental relation, is everything
one needs to know to solve the basic problem (and others) in thermo-
dynamics.

Of course, (1.3) does not mean that S(E) is a linear function when other
parameters are fixed: S(AE, V, .. .) #AS(E, V, .. .). Onthe contrary, the equi-
librium curve S(E) must be convex to guarantee the stability of a homoge-
neous state. Indeed, imagine that a system breaks spontaneously into two
halves with a bit different energies, E+ A and E — A. For equilibration to
bring back the homogeneous state, its entropy 2S(E) must exceed the sum of
the halves: 2S(E) > S(E+ A) + S(E — A) &~ 2S(E) + S” A2. That requires
§” < 0 (the argument does not work for systems with long-range interaction
where energy is nonadditive).

The figure shows the restriction imposed by thermodynamics on pos-
sible states: unconstrained equilibrium states are on the curve, while all
other states lie below. Convexity guarantees that one can reach state A either
by maximizing entropy at a given energy or minimizing energy at a given
entropy:

A

Possible states

y =

Let us complement the visual geometric picture by an analytic relation between
the extrema of entropy and energy. We assume the functions S(E, X) and
E(S, X) to be continuous differentiable for any other parameter X. An efficient

4. We shall see later that nonextensive parts of entropy are also important for studying

interaction and correlations between subsystems.
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6 CHAPTER 1

way to treat partial derivatives of two functions of two variables is to organize

them into a 2 X 2 matrix and use its determinant, called a Jacobian:

d(x,y)  0xdy Oxdy

It changes sign upon any interchange of functions or variables. The partial
<8u> _A(wy)
0x y a(x,y) ’
S\  0(SE) 0
30X )y  9(SX)
follows

OE\ _ 9(ES) D(EX) _ (ES) AEX) _ (S (BE\ _
<a_x>s T A(XS) (EX)  A(EX) a(SX) (a_x)E (%)X _'

derivative is a Jacobian:

Then from

That means that any entropy extremum is also an energy extremum. Differenti-
ating the last relation one more time, we differentiate only the first factor since

it turns into zero at equilibrium:

’E\ (S OE
(), (&)%),

The equilibrium is an entropy maximum; that is, (328/0X%)g is negative.
Which type of extremum has energy at equilibrium depends on the sign of
(0E/8S)x, which is called temperature; see (1.4) below. When the temper-
ature is positive, as in the figure, the equilibrium is the entropy maximum
at a fixed energy or the energy minimum at a fixed entropy—rvery much
like a ball can be defined as the figure of either maximal volume V for a
given surface area A or minimal area for a given volume. Such analogies cre-
ate rich connections between thermodynamics and isoperimetric inequalities
of the type Ad > dVd_lVo, where V) is the volume of the unit ball in d
dimensions.

The temperature could be negative—an example of a two-level system
in section 1.4 shows that S(E) could be nonmonotonic for systems with a
finite phase space. Still, for every interval of a definite derivative sign, say,
(0E/3S)x > 0, we can solve S=S(E, V, . ..) uniquely for E(S, V,...), which

is an equivalent fundamental relation.
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Experimentally, one usually measures changes, thus finding derivatives. The
partial derivatives of an extensive variable with respect to its arguments (which
are also extensive parameters) are intensive parameters. In thermodynamics,
we have only extensive and intensive variables, because we take the ther-
modynamic limit N — 00, V — 00, keeping N/V finite. For energy, one

writes
oF =T(S,V,N) OF =—P(S,V,N) 9E =u(S,V,N) (1 4)
BS_ ) ) ) BV_ y ) aN—//L ) ) ) e e o

These relations are called the equations of state, and they serve as defini-
tions for temperature T, pressure P, and chemical potential u, correspond-
ing to the respective extensive variables S, V, N. Our entropy is dimension-
less, so T is assumed to be multiplied by the Boltzmann constant, k =1.3 -
10723]/K, and has the same dimensionality as the energy. From (1.4), we

write

dE(S,V,N) =8Q — §W = TdS — PdV + udN. (1.5)

The extensive parameters V, N describe macroscopic (visible) degrees of
freedom. Entropy is responsible for hidden degrees of freedom (i.e., heat). We
shall see later that entropy is the missing information, which is thus maximal
for hidden degrees of freedom in equilibrium. Temperature is the energetic
price of information.

The derivatives (1.4) are taken at equilibrium, where a definite relation
exists between variables, for instance, E and S. That means that (1.5) is true
only for quasi-static processes, i.e., such that the system is close to equilib-
rium at every point of the process. A process can be considered quasi-static
if its typical time of change is larger than the relaxation times (which can
be estimated for pressure as L/c, where L is system size and ¢ is sound
velocity, and for temperature as L*/ic, where « is thermal conductivity).
Finite deviations from equilibrium make dS > 6Q /T because entropy can
increase without heat transfer. Only recently have we learned how to mea-
sure equilibrium quantities in fast, nonequilibrium processes, as described in
section 4.4.

Let us see how the entropy maximum principle solves the basic problem.
Consider two simple systems separated by a rigid wall that is impermeable to
anything but heat. The whole composite system is closed; that is, E; + E; =

const.
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E E,

The entropy change under the energy exchange must be nonnegative:

as= ﬂdE1 + @dEz = @ + % = (i - i) dE; >0. (1.6)
9E; 9E, T, T, T, T,

For positive temperature, that means energy flows from the hot subsystem to
the cold one: Ty > T» = dE; < 0. We see that our definition (1.4) agrees with
our intuitive notion of temperature. When equilibrium is reached, dS=0,
which requires T7 = T5. If the fundamental relation is known, then so is
the function T(E, V). Two equations, T(E;, V}) = T(E,, V) and E; + E; =
const, completely determine E; and E,. In the same way, one can consider
a movable wall and get P; = P, in equilibrium. If the wall allows for particle
penetration, we get j41 = (4, in equilibrium.

Example 1.1: Consider a system that is characterized solely by its
energy, which can change between zero and E,, = Ne. The equation
of state is the energy-temperature relation E=E,,/ ( 14 ¢/ T), which
tends to E, 1/2 at T > € and is exponentially small at T < €. In
section 1.3, we identify this with a set of N =E,, /€ elements with two
energy levels, 0 and €. To find the fundamental relation in the entropy
representation, we integrate the equation of state:

1 dS 1 E,—E N E. N-—E/e

—=—=-In =SE)=NIn——+—-In——

T dE € E N—-E/e € E/e

(1.7)

1.2 Thermodynamic Potentials

Even though it is always possible to eliminate, say, S from E=E(S,V,N)
and T=T(S, V,N), getting E=E(T, V, N), this is not a fundamental rela-
tion and it does not contain all the information. The point is, E=E(T, V,N)
is a partial differential equation (because T =09E/dS), and even if it could
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be integrated, the result would contain an undetermined function of V, N.
Still, it is easier to measure temperature than entropy, so it is convenient to
have a complete formalism with an intensive parameter as an operationally
independent variable and an extensive parameter as a derived quantity.
Anyfunction Y(X) defines the curve on the X, Y plane. We want to describe
the same curve by some function of P = 9Y/0X. Itis not enough to eliminate
X and consider the function Y = Y[X(P)] = Y(P), because such a function
determines the curve Y =Y (X) only up to a shift along X, which changes

L

For example, the function Y(P) = P?/4 corresponds to the whole family
Y = (X + C)?, which solves the differential equation Y = (dY/ dX)?/4. To
pick a single function, we need to nail the curve by fixing the shift along X.

neither Y nor P:

Y

For every P, we specify not Y but the position V (P), where the straight line
tangent to the curve intercepts the y axis: ¥ =Y — PX:

Y

In this way, we consider the curve Y(X) as the envelope of the family of the
tangent lines, each characterized by the slope P and the intercept 1. The rela-
tion between them, ¥ (P) = Y[X(P)] — PX(P), completely defines the curve;
here one substitutes X(P) found from P = dY(X)/dX. The function V¥ (P)
is called the Legendre transform of Y (X). From dyy = —PdX — XdP +dY =
—XdP, one gets —X = d/ /dP—the inverse transform is the same up to a sign:
Y =1 +XP.
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The transform is possible when for every X there is one P, that is, P(X)
is monotonic and dP/dX = d*Y /dX* # 0. A sign-definite second derivative
means that the function is either concave or convex. Thisis the second time we
have met convexity, which we related above to the stability of a homogeneous
state. Convexity and concavity play an important role in our story.

We can now make the Legendre transform of E(S), which replaces the
entropy by the temperature as an independent variable: F = E — TS is called
free energy. Its differential is as follows: dF(T,V,N,...) = —SdT — PdV +
WdN + . ... The counterpart to (0E/dS)yn =T is (0F/9dT)yn = —S. The
free energy is particularly convenient for describing a system in thermal con-
tact with a heat reservoir because the temperature is fixed, and we have one
variable less to care about. The maximal work that can be done under a con-
stant temperature (equal to that of the reservoir) is minus the differential of
the free energy. Indeed, this is the work done by the system and the thermal
reservoir. Is that work generally larger or smaller than the work done by the
system alone? Let’s see. That work is equal to the change in the total energy:

d(E+E,) =dE+ T,dS, = dE — T,dS=d(E — T,S) = d(E — TS) = dF.

In other words, the free energy, F = E — T§, is that part of the internal energy
that is free to turn into work; the rest of the energy, TS, we must keep to sustain
a constant temperature. The equilibrium state minimizes F—not absolutely,
but over the manifold of states with a temperature equal to that of the reservoir.
Consider, for instance, minimization of F(T, V) = E[S(T, V), V] — TS(T, V)
with respect to volume:

oF 0E 0E T 0S oE
(), =) (5 ) = (),
The derivatives turn into zero, and E and F reach extrema simultaneously. Also,
in the point of an extremum, one gets (3%2E/0V?)s = (3*F/9V?)T; i.e., both
Eand F have the same type of extremum (minimum in a positive-temperature
equilibrium).

The system can reach the minimum of the free energy by minimizing
energy and maximizing entropy. The former often requires creating some
order in the system—for instance, orienting all spins parallel in a magnet or
arranging all atoms into a regular crystal. On the contrary, increasing entropy

requires disorder. Which of these tendencies wins depends on temperature,
setting their relative importance. In later sections, we shall see repeatedly that
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looking for a minimum of some free energy is a universal approach, from find-
ing an equilibrium state of a physical system to designing the most optimal
algorithm of information processing.

The formal structure of thermodynamics is described in section A.1. Since
the Legendre transform is invertible, all thermodynamic potentials are equiv-
alentand contain the same information. The choice of the potential for a given
physical situation is that of convenience: we usually take what is fixed as a
variable to diminish the number of effective variables.

The next two sections present a brief overview of the classical Boltzmann-
Gibbs statistical approach: We introduce microscopic statistical description
in the phase space and describe two principal ways (microcanonical and
canonical) to derive thermodynamics from statistics.

Example 1.2: Consider a particle in the one-dimensional potential
U(x). The force f one needs to apply to keep the particle in the position
X is apparently f(X) = dU(x)/dx taken at X. Then X(f) =dV(f)/df,
where V(f) is minus the Legendre transform of the potential: V(f) =
Xf—U.

1.3 Microcanonical Distribution

Let us consider a closed system with fixed energy E. Boltzmann conjectured
that all microstates with the same energy have equal probability (the ergodic
hypothesis). If the number of such states is ['(E), then the microcanonical
probability distribution is as follows:

wa(E) =1/ T (E). (1.8)

To link statistical physics with thermodynamics, one must define the fun-
damental relation, i.e., a thermodynamic potential as a function of respective
variables. For microcanonical distribution, Boltzmann in 1872 introduced
entropy as

S(E) = —Inw,(E) =InT'(E). (1.9)

This is one of the most important formulas in physics® (on a par with
f=ma,E= mc?, and E = hw).

Noninteracting subsystems are statistically independent. That means that
the statistical weight of the composite system is a product—for every state of

S.Itis inscribed on Boltzmann’s gravestone.
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one subsystem, we have all the states of another. If the weight is a product, then
the entropy is a sum. For interacting subsystems, this is true only for short-
range forces in the thermodynamic limit N — oo.

Consider two subsystems, 1 and 2, that can exchange energy. Let’s see
how statistics solves the basic problem of thermodynamics (to define equilib-
rium) that we treated in (1.6). Assume that the indeterminacy in the energy
of any subsystem A is much less than the total energy E. Alternatively, we may
presume that the energy could be exchanged by portions A. Then

E/A

FE)=) TE(E-E). (1.10)

i=1

We denote E;, E, =E — E; for the values that correspond to the maximal
term in the sum (1.10). To find this maximum, we compute the derivative:

Y T d O
oE, 0E 1 E ! (Ii1%)

ar  ar, o, 0S1  9S,
0E;, 0E, /)’

The extremum condition, (3S1/9E1)g, = (0S2/0E2)g,, corresponds to the
thermal equilibrium where the temperatures of the subsystems are equal. The
equilibrium is thus where the maximum of probability is. It is obvious that

['(E)T(Ey) <T(E) <T(ET(EL)E/A = S(E)
=S1(E1) + S2(Ez) + O(logN),

where the last term is negligible in the thermodynamic limit.

The same definition of entropy as a logarithm of the number of states is
true for any system with a discrete set of states. For example, consider the
set of N particles (spins, neurons), each with two energy levels, 0 and €. If
the energy of the set is E, then there are L = E /€ upper levels occupied. The
statistical weight is determined by the number of ways one can choose L out
of N; that number is denoted C%;. This is our first combinatorial computa-
tion. Since we treat indistinguishable objects, let us first compute the number
of permutations of m things. For each of the m first choices, we have m — 1
second choices, m — 2 third choices, etc. That means that the total number
of permutations is m(m — 1)(m — 2) - - - 2 = m!. To compute the number of
ways to choose L out of N, we need to divide the total number of permuta-
tions among N by the total number of permutations among L and N — L:
'(N,L) = CIL\, =N!/LI(N — L)!. We can now define the entropy (i.e., find
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the fundamental relation): S(E, N) =InT". The entropy is symmetric about
E=Ne€/2and is zero at E= 0, N¢, when either L! =1 or (N — L)! = 1; that
is, all the particles are in the same state. In the limit, we can use the Stir-
ling formula, limy_, oo In N!~ Nln N. At the thermodynamic limit N > 1
and L>> 1, it gives S(E,N) ~ NIn[N/(N — L)] 4+ LIn[(N — L)/L], which
coincides with (1.7). The entropy as a function of energy is shown in the

figure:
S
T:00 T:—OO
N/
T=+0 T=-0
N\ /
0 Ne E

The equation of state (temperature-energy relation) is indeed T™!=
0S/dE~2 € ' In[(N — L)/L]. We see that, when E > N¢/2, the population
of the higher level is larger than that of the lower one (inverse population as in
a laser) and the temperature is negative. The negative temperature may hap-
pen only in systems with the upper limit of energy levels and simply means
that, by adding energy beyond some level, we actually decrease the entropy,
i.e., the number of accessible states. The example of a negative temperature is
to help you disengage from the everyday notion of temperature and get used to
the physicist’s idea of temperature as the derivative of energy with respect to
entropy. Yet it is still worth remembering the unique role played by the partic-
ular notion of temperature as mean kinetic energy of the gas molecules in the
inductive development of thermodynamics.

Available (nonequilibrium) states lie below the S(E) plot. The entropy
maximum corresponds to the energy minimum for positive temperatures and
to the energy maximum for negative temperatures. Imagine now that the sys-
tem with a negative temperature is brought into contact with the thermostat
(having a positive temperature). To equilibrate with the thermostat, the sys-
tem needs to acquire a positive temperature. A glance at the figure shows that
our system must move left, that is, give away energy (a laser generates and
emits light). If this is done adiabatically slow along the equilibrium curve, the
system first decreases the temperature further until it passes through minus
infinity right into plus infinity and then down to positive values until it even-
tually reaches the thermostat’s temperature. That is, negative temperatures are
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actually “hotter” than positive. If you put your hand on a negative tempera-
ture system, you feel heat flowing into you. By itself, though, the system is
stable since 92S/0F*> = —N/L(N — L)e? < 0 at any temperature. We stress
that there is no volume in S(E, N), which means that we consider only part
of the degrees of freedom. Real particles have kinetic energy unbounded from
above and can correspond only to positive temperatures since negative tem-

perature and infinite energy give an infinite Gibbs factor e /T

. Assuming
detachment between kinetic and internal (electronic, spin, etc.) degrees of

freedom is possible when their coupling is weak and only for a finite time.

The derivation of the thermodynamic fundamental relation S(E, . . .) in the
microcanonical ensemble is thus via the number of states or phase volume.

Exercise 1.1: Candies and kids.

There are three candies and two systems to distribute them: system 1
contains two boys and system 2 contains three girls. Every boy and girl
can have zero, one, two, or three candies with equal probability. Kids are
distinguishable, but candies aren’t.5 What is the most probable number
of candies in system 1? What is the average number of candies in sys-
tem 1? What are the most probable and average numbers of candies in
system 2?2

1.4 Canonical Distribution and Fluctuations

Let us now discuss the statistical description, which corresponds to the ther-
modynamic potential of free energy, F(T). Consider a system exchanging
energy with a thermostat, which can be thought of as consisting of infinitely
many copies of our system—this is the so-called canonical ensemble, char-
acterized by T. Here our system can have any energy, and the question
arises, What is the probability of being in a given microstate a with the
energy E? We derive that probability distribution (called canonical) from
the microcanonical distribution of the whole system. Since all the states of
the thermostat are equally likely to occur, the probability should be directly
proportional to the statistical weight of the thermostat I'g(Eg — E). Here we
assume E < E, expand (in the exponent!) I'g(Eg — E) = exp[So(Eo — E) ] ~

6. Exchanging candies between kids leaves the system in the same state; taking candy from
one kid and giving it to another brings the system to quite a different state.
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exp[So(Eog) — E/T)], and obtain
wqa(E) =Z"" exp(—E/T), (1.11)

Z:Zexp(—Ea/T). (1.12)

Note that there is no trace of the thermostat left except for the temperature.
The normalization factor Z(T, V, N) is a sum over all states accessible to the
system and is called the partition function.

One again relates statistics and thermodynamics by defining entropy
(Gibbs 1878). Recall that, for a closed system, Boltzmann defined entropy as
minus the log of probability, S = — In w,,. There all probabilities were equal.
Now we consider a subsystem at a fixed temperature, so that different states
have different probabilities and both energy and entropy fluctuate. What
should be the thermodynamic entropy: mean entropy, —(Inw,), or entropy
at a mean energy, — In w,(E)? They are the same! Indeed, In w, is linear in
E, for the Gibbs distribution, so the entropy at the mean energy is the mean
entropy, and we recover the standard thermodynamic relation. Comparing the
mean entropy,

($)=—(lnwz)=—Y wilnwy=Y wa(Es/T+InZ) (1.13)
=E/T+InZ,
with the thermodynamic relation for it, S = (E — F) /T, we identify
F(T)=—-TInZ(T). (1.14)

The log of the probability of the mean energy is indeed the same as the mean
log of probability:

S(E) =—Inw,(E)=—1In [M} E

mz=""F (.
7 =T +InZ= — (1.15)
Even though the Gibbs entropy, S= — > w, Inw,,, is derived here for equi-
librium, this definition can be used for any set of probabilities w,, since it
provides a useful measure of our uncertainty about the system, as we shall see
in the next chapter, where entropy is a key unlocking many doors (and locking
some).

The canonical equilibrium distribution corresponds to the maximum of
the Gibbs entropy, S= — > w, In w,,, under the condition of the given mean
energy E= > w,aE,: Requiring 8 (S + BE)/dw, =0, we obtain (1.11). For
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an isolated system with a fixed energy, the entropy maximum corresponds to
a uniform microcanonical distribution.

Are canonical and microcanonical statistical descriptions equivalent? Of course
not. The descriptions are equivalent only when fluctuations are neglected and
consideration is restricted to mean values. That takes place in thermodynamics,
where the distributions produce different fundamental relations between the
mean values: S(E) for microcanonical, F(T) for canonical. These functions are
related by the Legendre transforms. Operationally, how does one check, for
instance, the equivalence of canonical and microcanonical energies? One takes
an isolated system at a given energy E, measures the derivative 9E/9S, then
puts it into the thermostat with the temperature equal to dE/0S; the energy
now fluctuates, but the mean energy must be equal to E (as long as the system
is macroscopic and all the interactions are short-range).

As far as fluctuations are concerned, there is a natural hierarchy: micro-
canonical distribution neglects, and canonical distribution accounts for fluc-
tuations in E. The choice of description is dictated only by convenience in
thermodynamics because it treats only mean values. But if we want to describe
the whole statistics of the system in a thermostat, we need to use canonical
distribution, not microcanonical.

Our subsystem is macroscopic itself, so it has many ways to redistribute the
energy Eamongits degrees of freedom. In other words, it has many microscopic
states corresponding to the same total energy of the subsystem. The probability
for the subsystem to have a given energy is the probability of the state (1.11)

times the number of states, i.e., the statistical weight of the subsystem:
W(E) =T (E)w,(E) =T(E)Z ™1 exp(—E/T). (1.16)

The weight I" (E) decreases as E — 0 and grows as E — 00 usually by a power
law, but the exponent exp(—E/T) decays faster than any power. As a result,
W (E) is concentrated in a very narrow peak and the energy fluctuations around
E are very small. For example, for an ideal gas, W(E) o E3N/2 exp(—E/T).
To conclude, the Gibbs canonical distribution (1.11) tells us that the proba-
bility of a given microstate exponentially decays with the energy of the state,
while (1.16) tells us that the probability of a given energy has a peak.
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Basics of Information Theory

This chapter presents an elementary introduction to information theory
from the viewpoint of a natural scientist. It retells the story of statisti-
cal physics using a different language, which lets us see the Boltzmann
and Gibbs entropies in a new light. The way of thinking here is mostly
combinatoric (counting and classifying). The information viewpoint erases
paradoxes and trivializes the second law of thermodynamics. It also allows
us to see generality and commonality in the approaches (to partially
known systems) of physicists, engineers, computer scientists, biologists,
brain researchers, social scientists, market speculators, spies, and flies. We
shall see how the same tools used in setting limits on thermal engines
are used to set limits on communications, measurements, and learning
(essentially the same phenomena). The primary mathematical tool ex-
ploits universality, which appears upon summing many independent random
numbers.

The central idea developed in this chapter is that information lowers uncer-
tainty. It can be quantified by the number of questions whose answers together
eliminate the uncertainty. Suppose we are uncertain which event happens
among those with a priori equal probabilities. In that case, the number of
such questions is a logarithm of the number n of possible outcomes, which
is the Boltzmann entropy. To locate one out of n equally probable objects,
one needs log, n yes-no questions. Alternatively, one can say that the infor-
mation quantifies the degree of surprise: the larger the possible number of
outcomes, the more surprising any one of them is. If we know the probabili-
ties p; of the events, then the surprise log, p; is larger for the less probable ones,
while the average information rate per answer is equal to the Gibbs entropy,

S§=—7> ,pilog, p; bits.

17
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But what if the answers are not entirely reliable? In other words, we have
an imperfect channel whose output A specifies the event (input) Bj not com-
pletely but with some remaining uncertainty, characterized by the conditional
entropy S(B|A). The information received is then equal to I(4, B) = S(B) —
S(BJA) and is called mutual information.

2.1 Information as a Choice

Information is the resolution of uncertainty.

—CLAUDE SHANNON, 1948

‘We want to know in which of n boxes a piece of candy is hidden. We are thus
faced with a choice among # equal possibilities. How much information do we
need to get the candy? Let us denote the missing information by I(n). Clearly,
I(1) = 0, and we want the information to be a monotonically increasing func-
tion of n.! If we have several independent problems, then information must be
additive. For example, consider each box as having m compartments. To know
which of the mn compartments the candy is in, we first need to know which
box and then which compartment inside the box: I(nm) = I(n) + I(m). Now
we can write (Fisher 1925, Hartley 1927, Shannon 1948)

In)=I(e)lnn=klnn. (2.1)

That information counts the number of standard questions we need to ask to
specify the box. Consider yes-no questions like, “Is our candy in the right half
of the set of boxes?” The answer to each question shrinks the number of boxes
of interest by half. One then needslog, n of such questions and respective one-
bit answers. If we measure information in binary choices or bits (abbreviation
of “binary digits”), then I(n) = log, n, thatis, k~! =1In(2).So the message car-
rying the single number of the lucky box yields the information log, n bits. To
arrive at a destination via the road with N forks, one needs N =log, 2N bits;
via streets with M intersections, one needs M log, 3 bits since there are three
possible ways at each intersection.

We can easily generalize definition (2.1) for noninteger rational numbers
by I(n/I) =I(n) — I(I) and for all positive real numbers by considering the
limits of the series and using monotonicity.

1. The messages “in box 1 out of 2” and “in box 1 out of 22” yield the same candy but not

the same amount of information.
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We used to think of information as being received through words and sym-
bols. Essentially, it is always about which box the candy is in. If we have an
alphabet with n symbols, then every character we receive is a choice out of n
and gives the information k In n. That is, n symbols are like n boxes. If charac-
ters are received independently, then a message of length N can potentially be
one of nN possibilities, so that it yields the information kN In n. With a smaller
alphabet, one needs a longer message to convey the same information. If all
26 letters of the English alphabet were used with the same frequency, then the
word “love” would give information equal to 4log, 26~ 4 - 4.7 = 18.8 bits.
Here we take it for granted that the receiver has no prior knowledge of the let-
ters (for instance, everyone who knows English can infer that there is only one
four-letter word that starts with “lov,” so the last letter yields zero information).

N
B EIaary
...... wee N

In reality, every letter on average gives even less information than log, 26 since

we know that letters are used with different frequencies. Consider the situa-
tion when the probability p; is assigned to each letter (orbox),i=1,...,n.It
is then clear that different letters yield different degrees of surprise and differ-
ent information. Let us evaluate the average information per symbol in a long
message. To average, we consider the limit N — 00; then we know that the
ith letter appears Np; times in a typical sequence: we receive the first alphabet
symbol Np; times, the second symbol Np, times, etc. What we don’t know
and what any message of length N gives us the order in which different sym-
bols appear. The total number of ways to place these symbols into positions
(the number of different typical sequences) is equal to N!/ IT;(Np,)!, and the
information that we obtain from a string of N symbols is the logarithm of that
number:

!
Iy=kIn %I\IIJI) %k<NlnN— ZNPilani) = —NkXi:Pi Inp;.

(22)
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The mean information per symbol coincides with the Gibbs entropy (1.13):

n
S(pi---pa) = lim Iy/N=—k ; pilnp;. (2.3)
Alternatively, one can derive (2.3) without any mention of randomness.
Consider again n boxes and denote m; as the number of compartments in box
number i. When each compartment can be chosen independently of the box it
is in, the ith box is selected with the frequency p; =m;/ Y "\, m; =m;/M, so
that a given box is chosen more frequently if it has more compartments. The
information on a specific compartment is a choice out of M, bringing informa-
tion kIn M. That information must be a sum of the information about box I,,
plus the information about the compartment In m;, summed over the boxes:
k> ", pilnm;. That gives the information I, about the box (letter) as the
difference:

In:klnM—an:p,-lnmi:an:pilnM—kip,-lnm,-

i=1 i=1 i=1

=—k Xn:p, lnpi =S.
i=1

A little more formally, one can prove that (2.3) is the only measure of
uncertainty thatis a continuous function of p;, symmetric with respect to their
permutations, and that satisfies the inductive relation

S(up2,p3---pn) =S(p1+p2,p3---pn) + (P2 +P2)S< . p—z)-

p1+p2 p1+p2
That relation comes from considering a subdivision: first, receive the informa-
tion if one of the first two possibilities appears; second, distinguish between 1
and 2.

You probably noticed that (2.1) corresponds to the microcanonical Boltz-
mann entropy (1.9), giving information/entropy as a logarithm of the number
of states, while (2.3) corresponds to the canonical Gibbs entropy (1.13);
giving it as an average.

Asymptotic equipartition Let us look at a given sequence of symbols
Y1, - .,yN and ask, How probable is it? Can we answer this blatantly self-
referential question without seeing other sequences?

Yes, we can if the sequence is long enough and we know that the sym-
bols are independently chosen. We use the law of large numbers, which
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states that the sum of N random numbers fast approaches N times the
mean value as N grows. To use the law, we need to find numbers to sum.
Since the symbols are independent, the probability of any sequence is the
product of probabilities and the logarithm of the probability is the sum:
N~ !'InP(yy,...,yn)=N"! Zil In P(y;). For large N, it is the mean loga-
rithm of the distribution, which is the entropy. Of which distribution? The
probabilities of independent symbols depend not on the position i but on
which symbol from our alphabet, y!,y?,...,y", is used. Let us denote the
probabilities of different symbols as p(y/). In the limit of large N, we then
have N~} Zfil InP(y;) = Z?le(yj) Inp(y/). But how do we find p(y/)?
For a sufficiently long sequence, we conjecture that the frequencies of different
symbols in our sequence give the true probabilities of these symbols. In other
words, we treat the sequence as typical. Then the log of probability converges
to minus N times the entropy of y:

1 - . ‘
S IPO1 -y = Y p(NInp(y) = (np(y) ==S().  (24)
j=1

We then state that the probability of the typical sequence decreases with N
exponentially: P(yy,...,yn) =exp[—NS(y)]. That probability is indepen-
dent of the symbols yy, . . ., yn so that it is the same for all typical sequences.
We thus find that the best approximation for P(yy,...,yn) is a uniform
(microcanonical!) distribution. Equivalently, we can state that the number of
typical sequences grows with N exponentially and the entropy sets the growth
rate. That focus on typical sequences, which all have the same (maximal) prob-
ability, is known as asymptotic equipartition and is formulated as “almost all
events are almost equally probable.”

In physics, asymptotic equipartition is used, for instance, when we claim that
the Boltzmann entropy is equivalent to the Gibbs entropy for systems whose
energy is separable into independent parts in the thermodynamic limit (num-
ber of particles is an analog of a string length N). As we argued for equivalence
of energies in section 1.4, we consider the microcanonical distribution taken
at the energy equal to the mean energy of the canonical distribution (the typ-
ical set of the canonical ensemble). Then the Boltzmann N-particle entropy
of such a microcanonical distribution is equal to the entropy of the canonical
distribution in the thermodynamic limit.

Now we recognize in (2.3) the asymptotic equipartition: an N string pro-
vides the information, which is the log of the number of typical strings: I = NS.
Note that when n — 00 then (2.1) diverges while (2.3) may well be finite.



-1

+1__

“125-128005_Folkovich_Information” — 2024/6/10 — 17:09 — page 22 — #6

22 CHAPTER 2

The mean information (2.3) is zero for delta distribution p; = Jjj; it is gen-
erally less than the information of (2.1) and coincides with it only for equal
probabilities, p; = 1/n, when the entropy is maximum. Naturally, we ascribe
equal probabilities when there is no extra information, i.e., in a state of max-
imum ignorance. In this state, a message brings maximum information per
symbol; any prior knowledge can reduce the information. Mathematically, the

property
S(1/n,...,1/n)=S(p1...py) (2.5)

is called convexity. It follows from the fact that the function of a single variable,
s(p) = —pInp, is strictly concave since its second derivative, —1/p, is every-
where negative for positive p. For any concave function, the average over the
set of points p; is less than or equal to the function at the average value (the
so-called Jensen inequality):

% ZS (pi) <s (% Zpi) . (2.6)

~WlnW
S[(A+B)/2]>[S(A) +S(B)]/2

A (A+B)/2 B w

From here, one gets the entropy inequality:

S(p1-..pn) =Zs (p,) <mns (% Zp,)
i=1 i=1

s G):s(%%) (2.7)

The relations (2.6-2.7) can be proved for any concave function. The con-
cavity condition states that the linear interpolation between two points
a,b lies everywhere below the function graph: s(Aa+b — Ab) > As(a) +
(1 —X)s(b) for any A € [0, 1]; see the figure. For A = 1/2, it corresponds to
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(2.6) for n=2. To get from n =2 to arbitrary n, we use induction. To that
end, we choose A=(n—1)/n,a=mn—1)" IZ, | piy and b=p, to see

that
1 < n—
5(@2?1‘)*(

n—1
1 _ Pn
— 1! E P
(n ) i=1 g i n )

((” -1~ ! ZP;) _5 pn

n—1

s —s p,1 Z (p (2.8)

i=1

A%
R

In the last line, we use the truth of (2.6) for n — 1 to prove it for n.

Exercise 2.1: Three squares have an average area of 100 m>. The aver-
age of the lengths of their sides is 10 m. Use the Jensen inequality to
determine the values the areas of the three squares can take.

Exercise 2.2: Information about precipitation.

In New York City, the probability of rain on the Fourth of July is 40%.
On Thanksgiving, the probability of rain is 65%, while the probability of
snow is 15%. When does the message on the presence or absence of pre-
cipitation bring more information—on Thanksgiving or on the Fourth
of July?

Exercise 2.3: Asking the right yes-no questions.

There are two different numbers that do not exceed 100. What is
the minimal number of one-bit questions we need to ask to determine
both of them? How many bits does one need to find m numbers not
exceeding n?

Exercise 2.4: Catching counterfeit coins.
In a pile of 27 coins, there is a counterfeit coin that weighs less than
the others. What is the minimum number of weighings on a balancing

scale we need to isolate that coin? Describe the procedure.
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Exercise 2.5: Deuteronomy.
Estimate the probability of the following sequence:

2.2 Communication Theory

Here we start treating everything as a message. After learning how much
information messages bring on average, we are ready to discuss the best ways
to transmit them. Communication theory is interested in two key
issues—speed and reliability:

(1) How much can a message be compressed; i.e., how redundant is the
information? In other words, what is the maximal transmission rate in
bits per symbol?

(2) Atwhat rate can we communicate reliably over a noisy channel; i.e.,
how much redundancy must be incorporated into a message to protect
against errors?

Both questions concern redundancy—how unexpected is every letter of
the message, on average? Entropy quantifies surprise. Let us consider a binary
channel transmitting ones and zeros. Binary code is natural both for signals
(present-absent) and for logic (true-false). We have seen that a communica-
tion channel transmitting independent letters transmits — ) ;__ p; log, p; bits
per letter. In other words, it is the average number of 0 or 1 needed to encode
one letter of an alphabet.

The entropy is the mean rate of the information transfer since it is the mean
growth rate of the number of typical sequences. What about the maximal rate
of information transfer? Following Shannon, we answer that question statisti-
cally, which makes sense in the limit of very long messages when one can focus
on typical sequences, as we did in the previous section deriving (2.2, 2.4).
Consider for simplicity a message of N bits, where 0 comes with probability
1 — p and 1 with probability p. To compress the message to a shorter string
of letters that conveys essentially the same information, it suffices to choose
a code that effectively treats the typical strings—those that contain N(1 — p)
zeros and Np ones. The number of such strings is given by the binomial C%p,

which for large N is 2NS(®) wwhere

S(p) = —plog,p — (1 —p)log, (1 —p).
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The strings differ by the order of appearance of 0 and 1. To distinguish
between these 2V5%®) messages, we encode each one by a binary string with
lengths starting at one and ending at NS(p). For example, we encode by two
one-bit words, 1 and 0, the two messages where all Np ones are either at the
beginning (followed by all N(1 — p) zeros) or at the end (preceded by all the
zeros). Then we encode by four two-bit words the messages with one hole,
by eight three-bit words the messages with two holes, etc. The maximal word
length NS(p) is less than N, since 0 < S(p) < 1 for 0 < p < 1. In other words,
to encode all 2V sequences, we need words of N bits, but to encode all typical
sequences, we need only words up to NS(p) bits. We thus achieve compres-
sion with the sole exception of the case of equal probability, where S(1/2) = 1.
True, the code must include a few longer codewords to represent atypical mes-
sages. We then use longer and longer codewords for less and less probable
sequences. In the limit of large N, the chance of their appearance decreases
exponentially with N and contribution to the transmission rate is negligible.
Therefore, entropy sets both the mean and the maximal rate in the limit oflong
sequences. It gives the transfer rate of information when all the redundancy
has been squeezed out.

You may find it bizarre that one uses randomness in treating information com-
munications, where one usually transfers nonrandom meaningful messages.
One reason is that the encoding program does not bother to “understand” the
message and treats it as random. Draining the words of meaning is necessary

for devising universal communication systems.

The maximal transmission rate corresponds to the shortest mean code-
word length. If we encode n equally probable objects by an alphabet with
q symbols, the mean codeword cannot be shorter than logn/log g = log,n.
Indeed, the number of m-letter words is g™, which should not be less than .
For example, to encode n =4 bases of the genetic code by bits (4 =2), we
need at least two-letter words. If we know that the objects have the probabil-
ities p(i), i=1, ..., n, then we can use this information to shorten the mean
codeword because the entropy is now lower. Shannon proved that the shortest
mean length of the codeword £ is bounded by (see also section 2.8)

— Y p()log, p(i) <£<—Y  p(i)log, p(i) + 1. (2.9)

Of course, only carefully chosen encoding guarantees the shortest mean
codeword and the maximal rate of transmission. Designating sequences of
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the same length to objects with different probabilities is apparently subop-
timal. Inequality (2.7) quantifies that. To shorten the mean word length
and achieve signal compression in the limit of long messages, one codes
frequently used objects by short sequences and infrequently used ones by
lengthier combinations—Ilossless compressions like zip, gz, and gif work
this way.

Consider a fictional creature whose DNA contains four bases, A, T, C, G,
occurring with probabilities p; listed in the table:

Symbol pi Code 1 Code2
A 1/2 00 0
T 1/4 01 10
C 1/8 10 110
G 1/8 11 111

We want a binary encoding for the four bases. As mentioned above, there
are exactly four two-bit words, so one can suggest code 1, which has exactly
four words and uses two bits for every base. Here the word length is two.
However, it is straightforward to see that the entropy of the distribution
S=-— Z?: 1 pilog, pi =7/4isless than two. One then may suggest a variable-
length code 2. It is built in the following way. We start from the least probable
C and G, which we want to have the longest codewords of the same length dif-
fering by one (last) binary digit that distinguishes between the two of them.
We then can combine C and G into a single source symbol with the probabil-
ity 1/4, which coincides with the probability of T. To distinguish from C, G,
we code T by a two-bit word, placing 0 in the second position. The combined
C, Gisnowencoded 11, while T is encoded 10. We then can code A by one-bit
word 0 to distinguish it from the combined T, C, G.

It is straightforward now to see that code 2 uses fewer bits per base
on average, namely, that its mean length of the codeword is equal to the
entropy: (1/2)-14(1/4)-24(1/4)-3=7/4. The length of each code-
word is exactly equal to minus the log of probability. It is an example of the
so-called Huffman code, which draws a binary tree starting from its leaves:
First, ascribe to the two least probable symbols the two longest codewords
differing in the last digit. Second, combine these two symbols into one and
repeat. The procedure ends after n — 1 steps, where 7 is the size of the orig-
inal alphabet. One may think that the variable-length code always requires
an extra symbol (space or comma) to distinguish codewords in a continuous
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stream of 0 and 1. Actually, codes do not require a separating symbol if they are
prefix-free, that is, no codeword can be mistaken for the beginning of another
one. Such are, in particular, Huffman codes.

The most efficient code has the length of the mean codeword (the number
of bits per base) equal to the entropy of the distribution, which determines
the fastest mean transmission rate (i.e., the shortest mean codeword length).

To make yourself comfortable with the information brought by fractions
of a bit, consider the decrease in uncertainty. One bit halves the uncertainty.
For a uniform distribution, receiving one bit shrinks the uncertainty interval
by the factor 27!, Receiving H bits shrinks the interval to a 2~ fraction ofts
original length. Receiving a half bit shrinks the interval of possible values by
the factor 27 1/2 ~0.7.

The inequality (2.5) tells us, in particular, that using an alphabet is not opti-
mal for the speech transmission rate as long as the probabilities of the letters
are different. For example, if we use 26 letters, a space, and five punctuation
marks (,.!2-), one option is to use 32 five-bit words to encode these 32 symbols
(a system actually used for teletype machines). We can use variable codeword
length to make the average codeword shorter than 5. Morse code uses just
three symbols (dot, dash, and space) to encode any language.” In English, the
probability of “E” is 13% and of “Q” is 0.1%, so Morse encodes “E” by a sin-
gle dot and “Q” by — — - —. One-letter probabilities for the written English
language give the information per symbol as follows:

z
— Zp,- log, pi &~ 4.11 bits,

i=a

which is less than log, 26 = 4.7 bits. Language uses the same principle at the
level of words: more frequently used words are generally (not always!) shorter.

Exercise 2.6: Encoding by binary digits.
If we need to encode the results of independent throwing of a fair
coin, we can use a one-bit encoding: 0 for heads and 1 for tails.

(a) Ifwe have a fair die, which is either a regular tetrahedron or a
cube, how long must our binary codewords be?

2. Great contributions of Morse were the one-wire system and the simplest possible encod-
ing (opening and closing the circuit), far superior to the multiple wires and magnetic needles
of Ampere, Weber, Gauss, and many others.
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(b) If we have a fair die with six sides (all having the same
probability), which binary encoding could we use to provide
for a transmission rate within approximately 3% of the maximal
rate?

2.3 Redundancy in the Alphabet

Vether it’s worth goin’ through so much, to learn so little, as the charity-boy
said ven he got to the end of the alphabet, is a matter o’ taste.

—CHARLES DICKENS, THE PICKWICK PAPERS

The first British telegraph managed to do without C, ], Q, U, and X, which tells
us that some letters can be guessed from their neighbors and, more generally,
that there is a correlation between letters. Apart from one-letter probabilities,
one can utilize more knowledge about the language by accounting for two-
letter correlation (say, that “Q” is always followed by “U”, “H” often follows
“T;” etc.). That further lowers the entropy.

A simple universal model with one-step correlations is called a Markov
chain. It is specified by the conditional probability p(j|i) that the letter i
is followed by j. For example, p(U|Q) = 1. The probability is normalized
for every i: ij(in) = 1. The matrix p;; = p(j|i), whose elements are posi-
tive and in every column sum to unity, is called stochastic. Do the vector of
probabilities p(i) and the transition matrix p;; bringindependent information?
The answer is no, because the matrix p;; and the vector p; are not indepen-
dent but are related by the condition of stationarity: p(i) =) p(jpji, that is,
p={p(a),...p(2)}is an eigenvector with the unit eigenvalue of the matrix p;;.

The probability of an N-string is then the product of N — 1 transition prob-
abilities times that of the initial letter. As in (2.4), minus the logarithm of the
probability is a sum of uncorrelated numbers (for a Markov chain):

N
log, p(in, . . ., in) =log, p(ir) + Y _ log, pliks1lik)- (2.10)
k=2
At large N, the sum grows linearly with N with the rate, which is the mean
value of the logarithm of conditional probability, — > j p(jli) log, p(jli) = S;,
called the conditional entropy, S;. Therefore, the number of typical sequences
starting from i grows with N exponentially, as 2V, To get the mean rate
of growth for all sequences, it must be averaged over different i with their
probabilities p(i). That way we express the language entropy via p(i) and p(j|i)
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by averaging over i the entropy of the transition probability distribution:
S=—_pi ) p(jli)log, pjlh. (211)
i j

That formula defines the information rate of the Markov source. We discuss
Markov chains further when describing the Google PageRank algorithm in
section 4.1 and index strategies in section A.6. Let us stress that we com-
puted not the average number of strings but the average rate of growth of this
number, that is, the mean logarithm, also called the geometric mean.

One can go beyond two-letter correlations and statistically calculate the
entropy of the next letter when the previous L — 1 letters are known (Shannon
1950). As L increases, the entropy approaches the limit, which can be called
the entropy of the language. Such long-range correlations and the fact that we
cannot make up words bring the entropy of English down to approximately
1.4 bits per letter, if no other information is given. Comparing 1.4 and 4.7, we
conclude that the letters in an English text are about 70% redundant—about
the same value one finds when asking people to guess the letters in a text one
by one, which they do correctly 70% of the time. This redundancy makes data
compression, error correction, and crossword puzzles possible. The famous
New York City subway poster of the 1970s illustrates it:

17

“Ifucnrd thsu cn gta gd jb whi pa

These days, it is exploited with gusto in texting, using nonstandard spelling
and truncated grammar. Triple redundancy of the alphabet encoding not only
serves the goal of protecting the message against errors of transmission. It
could also correspond to the deeper need of our brain to obtain reinforcing
of the prior guess (see section 3.4): “What I tell you three times is true!”

What is so special about the alphabet? Redundant encodings are numer-
ous. Section A.3 explains the uniqueness of this invention and describes
the frequency distribution of words and their meanings. It also explains the
profound consequences of another great invention: the positional numeral
system.

How redundant is the genetic code? There are four bases, which must
encode 20 amino acids. There are 4* two-letter words, which is not enough.
The designer then must use a triplet code with 4 =64 words so that the
redundancy factor is again about three. The number of ways Nature uses to
encode a given amino acid is approximately proportional to its frequency of
appearance.
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Another example of redundancy for error protection is the NATO phonetic
alphabet used by the military and pilots. To communicate through a noisy
acoustic channel, full words encode letters: alpha is A, bravo is B, Charlie is
C, etc.

To conclude this subsection, recall that by knowing the probability dis-
tribution, one can compute entropy, which determines the most efficient
encoding rate. One can turn the tables and estimate the entropy of the data
stream by looking for its most compact lossless encoding. It can be done
in a one-pass (online) way, not looking at the whole data string but opti-
mizing encoding as one processes the string from beginning to end. Several
such algorithms are called adaptive codes (Lempel-Ziv, deep neural networks,
etc.). These codes are also called universal since they do not require a priori
knowledge of the distribution.

2.4 Mutual Information as a Universal Tool

In answering the first question posed in section 2.2, we have found that the
entropy of the set of objects determines the minimum mean number of bits
per object (word length in the binary code), which is the maximal transfer
rate of the information about the objects. In this section, we turn to question
(2) and find out how this rate is lowered if the transmission channel can make
errors so that one cannot unambiguously restore the input B from the output
A. How much information then is lost on the way?

We continue to view everything as communications and treat measure-
ment results A as messages about the value of the quantity B that we measure.
We can also view storing and retrieving information as sending a message
through time rather than space. We can include forecast and observation into
the same scheme, asking how much information about the experimental data
B is contained in the theoretical predictions A. In all cases, A is what we have
and B is what we want.

When the channel is noisy, the statistics of inputs P(B) and outcomes
P(A) are generally different; we need to deal with two probability distribu-
tions and the relation between them. Treating inputs and outputs as taken
out of distributions works for channels/measurements both with and with-
out noise; in the limiting cases, the distribution can be uniform or peaked
at a single value. Relating two distributions needs conditional probabilities,
which we introduced in the preceding section. They lead us to relative entropy
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Got the message!

Communication by gestures.

and mutual information, presently the most powerful and universal tools of
information theory.

Noisy channel
B » A

The relation between the message (measurement) A; and the event
(quantity) B; is characterized by the conditional probability (of B; in
the presence of A;), denoted P(B;j|A;). For every A;, this is a normal-
ized probability distribution, and one can define its entropy as S(B|A;) =
— Zj P(Bj|A;) log, P(Bj|A;). Since we are interested in the mean quality of
transmission, we average this entropy over all values of Aj, which defines the
conditional entropy (Shannon called it “equivocation”):

S(B|A) = " P(A)S(BIA) =— Y _ P(A)P(Bj|A;) log, P(Bj|A)). (2.12)
i ij

We already encountered it in (2.11) when considering correlations between
subsequent terms in the sequence. If our sequence consisted of the related
pairs A;, Bj, like i, i1 in the previous section, it would yield the information
(2.11,2.12).
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But we do not receive B;. How much information about B gives us knowl-
edge of A? The conditional entropy between input and output measures what,
on average, remains unknown about B after the value of A is known. The
missing information was S(B) before the measurement and is equal to the con-
ditional entropy S(B|A) after it. Then what the measurements give on average
is their difference, called mutual information:

I(A,B) =S(B) — S(B|A) = Z P(A;)P(Bj|A;) log, [%} . (213)

ij J
Information is a decrease in uncertainty, so mutual information must be non-
negative. That means that measurements, on average, lower uncertainty by
increasing the conditional probability relative to the unconditional:

P(Bj|A))
<1°g2 [ P(B) ]> ="

Note that we average the logarithm of the probabilities.

For example, let B be a choice out of n equal possibilities: P(B) = 1/n and
S(B) =log, n. Assume that for every A; we can have m different values of B
from disjoint sets, as shown on the left in the figure. Then P(B|A) =1/m,
S(B|A) =log, m, and I(A, B) = S(B) — S(B|A) =log, (n/m) > 0, since evi-
dently m <n. In this case, knowledge of B fixes A, so that S(A|B) =0 and
I(A, B) = S(A). When there is a one-to-one correspondence, m = 1, then A
tells us all we need to know about B.

B — A B *A
—————> K L S E—— ¢
/ \
.3 1=3 *
* *
* * * *
* *
— I
r— > % *r——————————— %
/ \

* n/m *
n=9 k=9

Probabilities are multiplied, and entropies are added for independent
events. For correlated events, one uses conditional probabilities and entropies
in what is called the chain rule:

P(A;, Bj) = P(B;|A;)P(A;) = P(A;|B;)P(B)), (2.14)

S(A, B) = S(A) + S(B|A) = S(B) + S(A|B).
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| S(4, B) |
| S(4) |
| S(B) |
[ s@aB ][ s@ela ]
This gives I(A, B) in a symmetric form:
P(Ab Bj)
I(A,B)=Y P(A;, B))log, | ——2— | =S(B) — S(B|A
(A,B) Xl]: ( ;) log, [P(Ai)P(Bj)i| (B) (BlA)
=S(A) + S(B) — S(A, B) = S(A) — S(A|B). (2.15)

To illustrate the symmetry, consider the case corresponding to the m —n
example above: For every equally probable input B, we have [ equally probable
values of A, whose total number is k, as shown on the right in the figure. In this
case, P(A|B) =1/I and S(A|B) =log, |, so that I(A, B) =S(A) — S(A|B) =
log, (k/1) = S(B) bits, similar to the m — n case.

To avoid confusion, let us state the obvious: there is no symmetry between
A and B. They could be of a very different nature—one is the position of an
atom and the otheris the device’s reading, for instance. Neither their entropies,
S(A) and S(B), nor their conditional entropies, S(B|A) and S(A|B), are gener-
ally equal or even comparable. In spite of that, the degree of their correlation
I(A, B) is a symmetric function. If I(A, B) is one bit, knowledge of the atom
position shrinks by a factor of two the range of possible device readings and
vice versa.

It is important to stress that measuring A decreases the entropy of B only
on average over all values A;: S(B|A) < S(B). That follows from P(B;) =
> P(Bj|A;)P(4;) and the convexity of the logarithm. Yet for any particular A;,
the entropy S(BJA;) can be either smaller or larger than S(B), depending on
how this measurement changes the probability distribution (see exercise 2.7).
Note that P(A;, B;) could be either larger or smaller than P(A;) P(B;) when the
pair A;, B; are respectively correlated or anticorrelated. On average, however,
the nonnegativity of the mutual information gives the so-called subadditivity

of entropy:
S(A) + S(B) > S(A, B). (2.16)

When A and B are independent, the joint entropy is a sum, and the mutual
information is zero. When A, B are related deterministically, S(A) = S(B) =
S(A,B) =1(A,B), where S(A) =— ). P(A;)log, P(4;), etc. And finally,
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since P(A|A) = 1, the mutual information of a random variable with itself
is the entropy: I(A, A) = S(A). So one could call entropy self-information.
Another evident remark is that I(A, B) exceeds neither S(A) nor S(B).
Certainly, A cannot contain more information about B than about itself or
than B contains about itself.

We have seen in the previous section that the mutual information between
letters lowered the entropy of the language from the one-letter entropy,
— > p() log p(i). That lowering is brought about by the knowledge of the
conditional probabilities p(j|i), p(jli, k. . .), which is greater than the knowl-
edge of p(i).

2.5 Channel Capacity

If an imperfect channel brings about mutual information, how reliable is it?
It is tempting to suggest that mutual information plays the same role for
noisy channels that entropy plays for ideal channels; in particular, it sets
the maximal rate of reliable communication in the limit of long messages,
thus answering question (2) from section 2.2. Indeed, if there are differ-
ent outputs for the same input, like in the simple k — [ example above,
the information transfer rate is lower than for one-to-one correspondence
since we need to divide our k outputs into groups of [, distinguishing only
between the groups. More formally, for each typical N sequence of indepen-
dently chosen Bs, we have [P(A|B)]7N =2N S(A[B) possible output sequences,
all of them equally likely. To get the rate of the useful information about
distinguishing the inputs, we need to divide the total number of typical

2NS(A) 2NSAIB) corresponding to different inputs.
2NS(4) /o NS(AIB) — HNI(AB)

outputs into sets of size

Therefore, we can distinguish at most sequences
of the length N, which sets I(A,B) as the maximal rate of information
transfer.

That was a rather trivial case in which inputs could be distinguished from
outputs without errors so that the information transfer at that rate is reliable.
But what if a single output can correspond to different inputs, like in the m — n
example above? There is no way now to determine every input exactly. Can we
still use this imperfect channel to convey information in a way where errors
can be made arbitrarily small? Yes, we can if we avoid overlapping inputs or,
in other words, correctly choose the input statistics. Here we switch focus

from B to the communication channel or measurement procedure. Let us
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characterize the channel itself, maximizing I(A, B) over all choices of the input
statistics P(B). That quantity is called Shannon’s channel capacity, which
quantifies the quality of communication systems in bits per symbol:

C =maxI(A,B).
P(B)

1
1/2 1 1 )
0 0 o< 2 s
12 =2 R "
B A B 4
1/4 3 4
1 1 1< 5
3/4 4 S 6
6
c=1 c=1 C=S(B) - S(B| A) = log3

Simply put, the channel capacity is the log of the maximal number of dis-
tinguishable inputs. For example, if our channel transmits the binary input
exactly (zero to zero, one to one), then the capacity is 1 bit, which is achieved
by choosing P(B=0) =P(B=1) =1/2; see left panel in the figure. Let
us stress that if P(0) 7 P(1), then the average rate is less than the capacity
(one bit per symbol) despite the channel being perfect. Even if the chan-
nel has many outputs for every input out of n, the capacity is still log, n, if
those outputs are non-overlapping for different inputs so that the input can
be determined without an error and P(B|A) = 1. Such a case is presented
in the middle panel of the figure. In this case, the transfer rate is deter-
mined by the number of B states; from the perspective of A states, the rate is
S(A) —S(A|B)=2—-1=1.

Like mutual information, the capacity deviates from S(B) when the same
outputs appear for different inputs, say, different groups of m inputs each give
the same output, so that P(B|A) = 1/m. In this case, one cannot achieve error-
free transition for uniform P(B); one needs to choose only one input symbol
from each of n/m groups, that is, use P(B) = m/n for the symbols chosen and
P(B) =0 for the rest; the capacity is then indeed C =log, (n/m) bits (right
panel; n =6, m = 2). Lowered capacity means increased redundancy, that is,
aneed to send more symbols to convey the same information.

Let us treat, at last, the most generic case with random errors when one
cannot separate inputs/outputs into completely disjoint groups. Here one
may argue that taking the limit of large N does not help since the channel
continues to make errors all the time. And yet Shannon showed (in the so-
called noisy channel theorem) that one can both keep a finite transmission
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rate and make the probability of error arbitrarily small at the limit N — oc.
The idea is to do error correction: send extra bits containing tests for identi-
tying errors. To get the rate, we need to compute how many bits are devoted
to error correction and how many are used to transfer the information itself.
Shannon showed that it is possible to make the probability of error arbitrarily
small when sending information with a finite rate R, if there is any correlation
between output A and input B, that is, C > 0. Then the probability of an error

N(C=R)_asymptotically small in the limit of N — o0 if the rate is

becomes2™
lower than the channel capacity. The fraction of information lost goes to zero
in the limit. This (arguably most important) result of the communication the-
ory is rather counter-intuitive: if the channel makes errors all the time, how
can one decrease the error probability by treating long messages? Shannon’s
argument is based on typical sequences and average equipartition, that is, on
the law of large numbers (by now familiar to you).

For example, if in a binary channel the probability of every single
bit going wrong is g, then the conditional probabilities are P(1]|0)=
P(0|1) =q and P(1]|1) =P(0]|0) =1 — g, so that S(A|B) =S(B|A) =S(q)
=—qlog, g— (1 —q)log,(1—¢q). The channel capacity, C=maxp(p)
[S(B) — S(B|A)] =1 — S(q), is achieved using the maximal entropy S(B) =1
corresponding to P(0) =P(1) =1/2.

I Capacity of a binary channel
with error probability
14
! I
L T
0 1/2 1 q

Let us now see how the capacity bounds the transmission rate from above.
To correct an error, we need to specify its place. In a message of length N, there
are gN errors on average, and there are N!/(gN)!(IN — gN)! ~ 2NS(9) ways
to distribute them. We then need to devote some m bits in the message not
to data transmission but to error correction. Apparently, the number of pos-
sibilities provided by these extra bits, 2™, must exceed 2N5@ | which means
that m > NS(gq), and the transmission rate R = (N — m)/N < 1 — S(q). The
channel capacity is zero for g =1/2 and equals 0.988 bits per symbol for
q=1073. The probability of errors is binomial, with the mean number of
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errors gN and the standard deviation 0 = /Ngq(1 — q). If we wish to bound
the error probability from above, we must commit to correcting more than
the mean number of errors, making the transmission rate smaller than the
capacity.

The conditional entropy S(B|A) is often independent of the input statis-
tics P(B), as in the example above. Maximal mutual information (capacity)
is then achieved for maximal S(B). If no other restrictions are imposed, that
corresponds to the uniform distribution P(B).

If the measurement/transmission noise £ is additive, that is, the output is
A = g(B) + & with an invertible function g, then S(A|B) = S(§), so that

I(A,B) =S(A) — S(§). (2.17)

The more choices of the output that are recognizable despite the noise, the
greater the capacity of the channel is. When the conditional entropy S(A|B)
is given, we need to choose the measurement/coding procedure to maxi-
mize the mutual information, for instance, g(B) above, which maximizes the
entropy of the output S(A).

Mutual information also sets the limit on the data compression from A to
some encoding C such that S(A|C) is nonzero. In this case, the maximal data
compression, that is, the minimal coding length in bits, is min I(4, C).

Possible
communication

Compression Transmission
limit
min I(A, C)

limit
max I(A, B)

schemes

Take-home lesson: The entropy of the symbol set is the ultimate data
compression rate; channel capacity is the ultimate transmission rate. Since
we cannot compress below the entropy of the alphabet and cannot transfer
faster than the capacity, transmission is possible only if the latter exceeds the
former.

Exercise 2.7: Conditional entropy of criminality.
In our town, 2% of the people are criminals, and they all carry guns.
In the rest of the population, only half of the people carry a gun.

(a) How much information yields a result about whether a given
person is a criminal or not?

(b) How much information yields such a result if we also know in
advance that the person does not carry a gun? How much
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information does the result yield if we see that the person
carries a gun?

(c) How much information about a person’s criminality yields
knowledge of whether he/she carries a gun?

Exercise 2.8: Cascade of binary channels.
Find the capacity of a cascade of n consequent binary channels each
with the probability of error g. How does the capacity decay at large n?

Exercise 2.9: Capacity of a noisy channel.

Consider a noisy channel X — Y, where both input and output can
take four values. After making 128 transmissions, the frequencies were
as follows:

Y\X x1 x) x3 x4 Sum
1 12 15 2 0 29
V2 4 21 10 0 35
y3 0 10 21 4 35
V4 0 2 15 12 29

Sum 16 48 48 16 128

Compute the mutual information between the input and the output.
What fraction of the output Y is a signal? What would be the capacity
of the channel if it were error-free?

2.6 Continuous Case and the Gaussian Channel

Information theory is essentially discrete since it is ultimately about count-
ing. Moreover, the world of natural phenomena is described by digitized data
both on a practicallevel because of finite resolution and on a fundamental level
because of quantum bounds on maximal entropy in a given volume. Yet the
analysis presents such a convenient mathematical tool with all the derivatives
and integrals that we generalize here the definition of the Gibbs entropy (2.3)
for a continuous distribution.

In a continuous case, an indeterminacy is infinite, as for the position of a
point on an interval L. If we agree to know the position with an accuracy €,
then the entropy of the uniform distribution is S(B) = log, (L/€). How much
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information does a measurement A of the point position with a precision
A yield? The indeterminacy in the point position after the measurement is
S(B|A) =log, (A /€), so that the measurement gives the information inde-

pendent of €: L
I(A,B) = S(B) —S(B|A):Iogz. (2.18)

We see that, even though the entropies go to infinity in the continuous limit
€ — 0, the mutual information stays finite. That property makes the mutual
information and its quantum cousin, entanglement entropy, so important
in physics since they are insensitive to microscopic details and free from
ultraviolet divergencies.

More generally, we define the entropy of a continuous distribution o (x)
by dividing the space of x into € intervals and denoting p; = p(x;)€. Such
entropy in the limit € — 0 consists of two parts:

- Zp,- log, pi — — f dxp (x) log, p(x) +1log,(1/€). (2.19)

The second term on the right is an additive constant depending on the reso-
lution. When we are interested in the functional form of the distribution, we
usually focus on the first term, which is called differential entropy:

SX)=— / dxp (x) log, p(x). (2.20)

It is not sign definite. For example, the differential entropy of the uniform dis-
tribution on the interval Lis S(u, L) = L1 log, L.It changessignat L = 1 and
dS(u, L) /dL changes sign at L = 2 so that it does not characterize uncertainty,
which we expect to grow monotonically with L. Yet it sheds light on the inho-
mogeneity of the distribution inside the interval. On a unit interval, S(X) is
the difference between the entropies of the coarse-grained distribution and
the uniform distribution; when € — 0, both diverge but their difference may
stay finite. In another distinction from a discrete case, S(X) is invariant with
respect to shifts but not rescaling of the variables: S(aX + b) = S(X) + loga.

For example, the differential entropy of the Gaussian distribution

P() = QrN)~1/2 exp[—SZ/ZN] is as follows:

0 1
S(€) = — / dEP(§)log, P(§) =  log, 2eN.

Consider a linear noisy channel A =B+ £, such that the noise is inde-
pendent of B and Gaussian with (§) =0 and (£2) =N. Then P(A|B) =
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QrN)~1/2 exp[—(A — B)?/2N]. If in addition we have a Gaussian input
signal with P(B) = 27 S) —1/2 exp(—B?/28), then

P(A) = / dBd§P(B)P(§)6(A—B —§)

=2 N +8)]7% exp[—A% /2N +S)].

Now, using the chain rule, we can write

IN+S S+N A\
P(B|A) =P(A|B)P(B)/P(A) = ﬁ@q{— ;;\/ (B— S+J\/) }

If we measure the value A = g, what is the best estimate for the value B(a) =

b? It is computed using the conditional probability

SNR
=a ,
S+N 1+ SNR

b:fm@mw: (221)
where the signal-to-noise ratio is SNR = S /N The rule (2.21) makes sense:
to “decode” the output of alinear detector, we use the unity factor at high SNR.
We scale down the output at low SNR since most of what we see must be noise.
Note that the estimate of b is linearly related to the measurement a, which
requires linearity of the input-output relation and Gaussianity of the statistics.
Let us now find the mutual information (2.17):

I(A,B)=S(A)—S(A|B)=S(A)—S(B+£&|B)=S(A)—S(&|B)=S(A)—S(£§)
= % [log, 277e(S +N) —log, 21eN| = %logz(l + SNR). (2.22)

The capacity of such a channel depends on the input statistics. One increases
capacity by increasing the input signal variance, that is, the dynamic range rel-
ative to the noise. For a given input variance, the maximal mutual information
(channel capacity) is achieved by a Gaussian input because the Gaussian dis-
tribution has maximal entropy for a given variance: Varying [ dxp (x) (kxz -
In ,0) with respect to p, we obtain p (x) exp(—)\xz). Therefore, (2.22) also
determines the capacity of the Gaussian channel in bits per transmission:
C=log, /(N 4+ 8)/N. That means that receiving a value A allows us to
distinguish between 2¢ values. Noise effectively makes a continuous chan-
nel discrete. We elaborate on this in section 3.5. Note that the differential
entropies S(A) and S(A|B) depend on the units used for variances and can
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be of either sign, while their difference and the channel capacity are positive
and independent of the units.

Exercise 2.10: Efficient coding of correlated Gaussian signals.

Consider two correlated signals with Gaussian statistics determined
by (x1) = (x2) =0, (x%) = (x%) =1, and (x;x,) = r. Find the most effi-
cient encoding, y (%1, x2) and y, (%1, x2). Remember that such encoding
must maximize the data transmission rate, that is, entropy.

2.7 Hypothesis Testing and Bayes’ Formula

... nothing but common sense reduced to calculus

—PIERRE-SIMON LAPLACE

All empirical sciences need a quantitative tool for confronting hypotheses
with data. One (rational) way to do that is statistical: update prior beliefs in
light of the evidence. This is done using conditional probability. For any e and
h, we have P(e, h) = P(e|h)P(h) = P(h|e)P(e). If we now call h the hypothe-
sis and e the evidence, we obtain the rule for updating the probability that the
hypothesis is true:
P(e|h)
P(e)

This form of the chain rule is so important that it isnamed after Thomas Bayes,

P(hle) = P(h) (2.23)

who first introduced it in 1763. That common-sense statement specifies how
to update the probability that the hypothesis & is correct after we receive the
data e: the new (posterior) probability, P(hle), is the prior probability P(h)
times the quotient P(e|h)/P(e), which presents the support e provides for h.
Without exaggeration, one can say that most errors made by data analysis in
science and most conspiracy theories are connected to neglect or abuse of this
simple formula. For example, suppose your hypothesis is the existence of a
massive international conspiracy to increase the power of governments and
the evidence is the COVID pandemic. In this case, P(e|h) is high: a pandemic-
provoking increase of state power is highly likely given such a conspiracy exists.
Some people stop thinking right there and accept the hypothesis. They thus
commit the error called inversion of the conditional since we need to evaluate
not P(e|h), but P(h|e). Even when the former is not small, the latter could be.
Indeed, absent such an event, the prior probability P(h) could be vanishingly
small. To overcome that smallness by a large quotient support factor, we need
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to evaluate total P(e), that is, the probability that a pandemic happens with or
without conspiracy.

If we choose between two mutually exclusive hypotheses, h; and h;, the
total probability of the evidence consists of two terms: P(e) =P(e, h;) +
P(e, hy) = P(h1)P(e|h1) + P(hy)P(elhy). Then the posterior probability of
the hypothesis being true is as follows:

P<h1|e)=P(hl)M:P(hl) P(e|hy)

. (224)
P(e) P(hy)P(e|h1) + P(hy)P(e|h2)

For example, when we want to check an improbable hypothesis, P(h;) <
P(h,), any data changing the probability of this hypothesis won’t matter much
because P(e|h;) in (2.24) is multiplied by a small number, P(hy). It is better
then to design an experiment or look for the data that could minimize P(e|h,)
rather than maximize P(e|h) ), that is, to rule out alternatives rather than sup-
port the hypothesis. This is why even good tests, with P(e|h;) close to unity
and P(e|h,) small, are not very reliable at the beginning of a pandemic when
P(hy) is small. The same is true for drug tests in a mostly drug-free popula-
tion. Suppose that a drug test is 99% sensitive and 99% specific. That means
that the test produces 99% true positive results for drug users (hypothesis
h1) and 99% true negative results for other people (hypothesis h). If e is
the positive test result, then P(e|h;) =0.99 and P(e|hy) =1 —0.99 =0.01.
Suppose that 0.5% of people are drug users, that is, P(h;) = 0.00S. The prob-
ability that a randomly selected individual with a positive test is a drug user
is 0.005 - 0.99/(0.99 - 0.005 + 0.01 - 0.995) & 0.332, which is less than half.
The result is more sensitive to specificity approaching unity when P(e|hy) —
0 than to sensitivity. For example, taking P(e|h;) =0.001, we obtain the
probability 0.83.

The choice between two (not necessarily exclusive) hypotheses is deter-
mined by the ratio of their probabilities conditioned on the data:

P(hile) _ P(h1) P(e|h1)

P(hyle) ~ P(hy) Pelhy)’ (2:25)

Both factors on the right quantify Occam’s razor, which is a preference for a
simpler hypothesis. The second factor is applied to data and is mostly used
by experimentalists. A more complex hypothesis, say, hy, is capable of a wider
variety of predictions, so it spreads its probability over the data space more
thinly. If the evidence is compatible with both hypotheses (the data range
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is around their probability maxima, as in the figure), the simpler hypothesis
generally assigns more probability to the evidence.

P P (elhy)

P (e[hy)

e

Contrary to experimentalists, theoreticians apply Occam’s razor to the first
factor on the right side in (2.25), choosing prior beliefs on aesthetic grounds
of mathematical beauty and simplicity.

Alternatively, one can interpret higher probability as lower surprise and
less information brought by the choice. That interpretation of (2.25) is some-
times called minimum description length: one should prefer the hypothesis
communicating the data in fewer bits. Two subsequent messages are commu-
nicated: first, we choose the model and then communicate the data within
this model. The length of the message is then —log, P(h) —log, P(e|h) =
— log, P(e, h). This way, the choice of a simpler model is communicated in
fewer bits, and such a model also communicates data prediction in fewer bits
since a more narrow distribution has lower entropy. Technically, P(e|h) is also
evaluated in a two-step process, so the respective message has two parts: first,
we specify the choice parameters, then communicate the data in these terms.
Increasing the number of parameters, we are able to fit the data better, which
shortens the error list in the data message; optimization of the respective
trade-off is briefly described at the end of section 3.6.

Note the shift in the interpretation of probability brought by (2.23-2.25).
The traditional sampling approach by mathematicians and gamblers treats
probability as the frequency of outcomes in repeating trials. The Bayesian
approach defines probability as a degree of belief; that definition allows wider
applications, particularly when we cannot have repeating identical trials nor
an ensemble of identical objects. For example, we have only one Earth and
cannot yet restart it from the same or different initial conditions. Therefore,
any estimate of the statistical significance of a global warming prediction must
be based on the Bayesian approach. The approach may seem unscientific since
it is dependent on prior beliefs, which can be subjective. However, by repeat-
edly subjecting our hypothesis to variable testing, we hope that the resulting
flow in the space of probabilities will eventually come close to a fixed point
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independent of the starting position. Normally, only a data sequence with a
clear trend of increasing probability can lead us to accept the hypothesis.

Making prior assumptions explicit is important, both computationally and
conceptually. There are neither inferences nor predictions without assump-
tions, however uncomfortable some may feel about that (those claiming to
be unbiased are usually most misleading). For example, given §, 8, . . . as two
numbers of the sequence, one may put forward two hypotheses: h; predicts
an arithmetic sequence 5, 8,11, . . ., while h; predicts the Fibonacci sequence
5,8,13,..., where any number is the sum of two preceding ones. If the
next number comes through the noisy channel as 12 &£ 1, then P(e|h;) =
P(e|hy) and the choice in (2.25) is due to priors. Engineers and accountants
argue that arithmetic sequences are more frequently encountered, while nat-
ural scientists point to pinecones, floral petals, and seed heads to argue for
Fibonacci.

Observing our own mental processes gives us the idea of both logic and statis-
tical inference. A Bayesian approach is used in brain research on multiple levels,
from an interpretation of neural spikes and functional brain imaging to model-
ing sensory processing and belief propagation. One such approach is described
in section 3.4.

One also uses Bayes’ formula for design. For example, experimentalists
measure the sensory response A of an animal to the stimulus B, which gives
P(A|B)/P(A), or build a robot with the prescribed response. Then they go to
the natural habitat of that animal/robot and measure the distribution of stimuli
P(B) (see the example at the beginning of section 3.3). After that, one obtains
the conditional probability

P(A|B)

P(B|A) = P(B) PA)

(2.26)

which allows the animal/robot to perceive the environment and function
effectively in that habitat.

2.8 Relative Entropy

The mutual information I(A, B) measures the degree of correlation, which is
essentially the difference between the true joint distribution P(A, B) and the
product distribution P(A)P(B) of two independent quantities. As such, itisa
particular case of a more general measure of difference between distributions.
Let us ask the following question: How fast can a data sequence invalidate an
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incorrect hypothesis? If the true distribution is p but our hypothetical distri-
bution is g, what number N of trials is sufficient to decrease the probability
P(hle) by some a priori set factor? For that, we need to estimate how fast the
factor P = P(e|h) /P(e) decreases with N, that is, to compute the probability
of the stream of data observed given the distribution g. The result i is observed
piN times. We judge the probability of that happening as ¢} N = NI times
the number of sequences with those frequencies:

N!
— p,-Nlnqi
) | |e —Hj(pj T (227)

This is how fast the probability of our hypothetical distribution being true

i

changes with N, given the data set. Considering the limit of large N, we obtain
A exp {N [lnN + Z_p,—(ln qi — lnp,-N)] }

= exp [—N Zi piIn(p; /qi)] . (2.28)

This is a large-deviation-type relation, like (A.7) in section A.2. The probabil-
ity exponentially changes with the rate, called the relative entropy (Kullback-
Liebler divergence):

Diplg) = ) piln(pi/a) = {In(p/9)). (2:29)

We need this quantity to always be nonnegative so that the probability of a not-
exactly-correct hypothesis to approximate the data decreases with the number
of trials. That can be shown using the simple inequality Inx < x — 1 (turning
into equality only for x = 1):

~D(ple) =) piln(ai/p) < _ (0 —p) =0.

To prove our hypothesis wrong, the number N of trials must be large enough
for ND(p|q) to exceed a threshold. The closer our hypothesis is to the true
distribution, the larger the number of trials needed. On the other hand, when
ND(p|q) is below the threshold, our hypothetical distribution is just fine.
The relative entropy measures how different the hypothetical distribution
qis from the true distribution p. Note that D(p|q) is not the difference between
entropies (which measures the difference in uncertainties). Nor is the rela-
tive entropy a geometrical distance in the space of distributions since it does
not satisfy the triangle inequality and is asymmetric: D(p|q) 7 D(q|p). There
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is no symmetry between reality and a hypothesis. Yet D(p|q) has important
properties of a distance: it is nonnegative and turns into zero only when dis-
tributions coincide, that is, p; = g; for all i. One possible distance between
distributions is defined in exercise 2.13.

Nonnegativity and asymmetry are related for the relative entropy. If I
believe that the distribution is p;, then the entropy — Y . p;Inp; quantifies
my average degree of surprise upon receiving the series of outcomes. But if
somebody believes that the distribution is g, then her surprise upon the out-
comeiis — In g;. I judge her average degree of surprise tobe — ) . p; In g;. That
must be larger than my own degree since I naturally believe that I use the best
distribution; otherwise, I'd replace it by a better option.

In particular, relative entropy quantifies how close to reality is the asymp-
totic equipartition estimate (2.4) of the probability of a given sequence.
Assume that we have an N sequence where the values/letters appear
with the frequencies g, where k=1, ..., K. Then the asymptotic equipar-
tition (the law of large numbers) suggests that the probability of that
sequence is [ ], quqk =exp(N ), qkIngx) = exp[—NS(g)]. But the fre-
quencies we observe in a finite sequence are generally somewhat differ-
ent from the true probabilities {p;}. That difference has a price so that
the true probability is actually lower, which follows from the positivity of

the relative entropy: [ [, pquk =exp (N > 1 dk lnpk) =exp[N Zk(qk In gi +
gk In(pr/qi))] = exp{ —NI[S(9) + D(qlp)]}-
Asymptotic equipartition, on average, overestimates the probability of a given
sequence because it disregards atypical sequences, assuming that the ensem-
ble is smaller than it really is.

If our guess is the Gibbs distribution with a given temperature, q; =
Z1e7E/T then the relative entropy is the difference of the free energies
divided by that temperature:

F(q) E

F(p) — F(q)
T T — T

—S(p) = T

D(plg) =InZ+ ) piEi/T —S(p) =

(2.30)

The positivity of D(p|q) corresponds to the known fact that the Gibbs dis-
tribution has the lowest free energy (which does not necessarily mean that it
is a true distribution in every case). Therefore, one can also think of the rela-
tive entropy as a generalization of a free energy difference for a non-Gibbs g
distribution.
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Mutual information is that particular case of the relative entropy when we
compare the true joint probability p(x;, y;) with the distribution made out of

their separate measurements q(x;, y;) = p(x;)p(y;), where p(x;) = > y p(xi, )
and p(y) =), p(x;, ;)

D(plg) =SX)+S¥)—-SX,Y)=I1(X,Y) > 0.

If i in p; runs from 1 to d, we can introduce D(p|u) =log, d — S(p), where u
is a uniform distribution. That allows us to show that both relative entropy
and mutual information inherit from entropy convexity properties. You are
welcome to prove that D(p|q) is convex with respect to both p and g, while
I(X,Y) is a concave function of p(x) for fixed p(y|x) and a convex function of
p(y|x) for fixed p(x). In particular, convexity is important for ensuring that the
extremum we seek is unique and lies at the boundary of allowed states.

How many different probability distributions {g;} (called types in informa-
tion theory) exist for an N sequence made out of an alphabet with d symbols?
The distribution {g;} is a d vector. Since g; can take any of N + 1 values,
0,1/N,...,1,thenthe number of possible d vectorsis at most (N + 14 which
grows with N only polynomially, where the alphabet size d sets the power. The
number of sequences grows exponentially with N, so that there is an exponen-
tial number of possible sequences for each type. The probability of observing
a given type (empirical distribution) is determined by the relative entropy,
P{qi} ocexp[—=ND(qlp)].

Relative entropy also measures the price of nonoptimal coding. As we dis-
cussed before, a natural way to achieve optimal coding would be to assign the
length to the codeword according to the probability of the object encoded:
li=—log, p;. Indeed, the information in bits about the object, log, (1/p;),
must be exactly equal to the length of its binary encoding. This is the case
with code 2 in section 2.2. For an alphabet with dletters, [; = — log ; p;. Shorter
words then code the more frequently used objects, and the mean length is the
entropy. The problem is that [; must all be integers, while — log; p; are gener-
ally not. A set of integer /; effectively corresponds to another distribution with
the probabilities g; = i/ ; d~%. Assume for simplicity that we find encod-
ingwith ) ", d~% =1 (unity can be proved to be an upper bound for the sum).
Then [; = —log, g; and the mean length is 1= Yopili=—).pi log, qi =
— > b (logd pi —log, pi/q,-) = S(p) + D(plq), that is, larger than the optimal
value S(p), so that the transmission rate is lower. In particular, if one takes
li=log(1/pi)] (ie., the integer part), then one can show that S(p) <i<
S(p) + 1; that is, nonoptimality is at most one bit.
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Monotonicity and irreducible correlations If we observe fewer variables, then
the relative entropy is less, a property called monotonicity:

DIp(xi, )19 (xi, ;)1 = Dlp(x:) |q(x))],

where as usual p(x;) = Zj p(x;,y;) and q(x;) = Zj q(x;, y;). With fewer vari-
ables, we need larger N to have the same confidence. In other words, informa-
tion does not hurt (but only on average!). For three variables, one can define
q(xi, yjy zk) = p(x:)p(yj, zk), which neglects correlations between X and the
rest. What happens to D[p(x;, yj, zi) |q(xi, yj, zi) ] if we do not observe Z at all?
Integrating Z out turns ¢ into a product. Monotonicity gives

pX,Y,Z)
pXp(Y,2)

D[p(xixyj; Zk) |q(xi;yj) Zk)] = <P(X: Y, Z) log > = S(X) + S(Y; Z)

which can be presented as the positivity of the conditional mutual information:

I(X,Z|Y) =S(X|Y) + S(Z|Y) — S(X, Z|Y) = S(X, Y) — S(Y) + S(Z,Y)
—S(Y) —S(X,Y,2) + S(Y) =S(X, Y) + S(Y, Z) — S(Y) — S(X, Y, Z) > 0.
(2.31)

That allows one to make the next step in disentangling information encod-
ing. The straightforward generalization of the mutual information for many
objects, I(Xy, ..., Xp) =Y S(X;) — S(Xy, . . ., X), simply measures the total
correlation. We can introduce a more sophisticated measure of correlations
called the interaction (or multivariate) information, which measures the
irreducible information in a set of variables beyond that which is present in
any subset of those variables. For three variables, it measures the difference
between the total correlation and that encoded in all pairs and is defined as
follows (McGill 1954):

I=I1(X,Z) —I(X, Z|Y) = S(X) + S(Y) + $(Z) — $(X, Y) — S(X, Z)
(2.32)

Interaction information measures the influence of a third variable on the
amount of information shared between the other two and can be of either
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sign. When positive, it indicates that the third variable accounts for some of
the correlation between the other two, so its knowledge diminishes the cor-
relation. When negative, it indicates that the knowledge of the third variable
facilitates the correlation between the other two. Alternatively, one may say
that a positive II(X, Y, Z) measures redundancy in the information about the
third variable contained in the other two separately, while a negative one mea-
sures synergy, which is the extra information about Y received by knowing X
and Z together, instead of separately.

For example, a channel with input X, noise Z, and output Y corresponds
to I(X,Z) =0 and I(X, Z|Y) > 0, that is, II(X, Y, Z) < 0. Indeed, once you
know the output, the unknown noise and input are related. Love triangles can
be either redundant or synergetic (information-wise). I Y dates either X, both
X, and Z, or none, then the dating states of X and Z are correlated. Knowing
one tells us more about another (chooses from more possibilities) when the
state of Y is not known than when it is: I(X, Z) > I(X, Z|Y). On the contrary,
if Y can date with equal probability one, another, both, or none, the states of X
and Z are uncorrelated, but the knowledge of Y induces correlation between
X, and Z: if we know that Y presently dates, then it is enough to know that X
does not to conclude that Z does. Note that II(X, Y, Z) is symmetric.

Capturing dependencies by using structured groupings can be generalized
for an arbitrary number of variables as follows:

L= SX)— ) SXyX)+ Y S(X;,X;Xp)
i=1 ij

ijk

= S Xy Xy X)) + -+ (=D"IS(X, LX) (233)
ijki

Entropy, mutual information, and interaction information are the first three
members of that hierarchy.

An important property of both relative entropy and all I,, for n>1 is
that they are independent of the additive constants in the entropies, that
is, of the choice of units or bin sizes. One can also define differential rela-
tive entropy, f dx p (x) log[p(x)/p’(x)], which is invariant with respect to
arbitrary (differentiable) coordinate transformations, x — y(x).

Relative entropy also allows us to generalize the second law for nonequi-
librium processes. Entropy itself can either increase upon evolution toward
thermal equilibrium or decrease upon evolution toward a nonequilibrium
state, as demonstrated in sections 5.3 and 5.4, respectively. However, the
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relative entropy between the distribution and the steady-state distribution
monotonously decreases with time.

Exercise 2.11: Interaction information.

Consider a love triangle in which Y can date X and Z. Consider
the statistics of dating-not dating. Compute the entropies of the joint
distribution and all the marginal distributions and the interaction infor-
mation, IT = S(X) + S(Y) + S(Z) + S(X, Y, Z) — S(X, Y) — S(X, Z) —
S(Y, Z), in the two cases.

(a) Assume that Y with equal 1/3 probabilities can be in these
three states: not dating anyone, dating X, dating Z. That is, Y is
dating with probability 2/3.

(b) Assume that Y with equal 1/4 probabilities can be in these four
states: not dating anyone, dating X, dating Z, dating both X and
Z.

Exercise 2.12: Correlations between three events.

What sign is the interaction information between i) clouds, rain, and
darkness, and ii) a dead car battery, a broken fuel pump, and failure to
start the engine?

Exercise 2.13: Distance between distributions.

Consider two random quantities X and Y and define p(X,Y) =
S(X|Y) + S(Y|X). Apparently, p(X,Y) is nonnegative and turns into
zero if and only if X and Y are perfectly correlated.

(a) Prove the triangle inequality p (X, Z) < p(X,Y) + p (Y, 2).

(b) Recall that a Markov chain is an ordered set of probability
distributions where the next one depends only on the one
immediately preceding it. In particular, the three random
quantities X — Y — Z constitute a Markov triplet if Y is
completely determined by X, Z, while X, Z are independent,
conditional on Y; thatis, I(X, Z|Y) = 0. Find the relation
between p(X,Z) and p(X,Y), p(Y, Z).
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Applications of
Information Theory

My brothers are protons, my sisters are neurons

—GOGOL BORDELLO, “SUPERTHEORY OF SUPEREVERYTHING

This chapter gives some content to the general notions introduced thus far.
Choosing from an enormous variety of applications, I tried to balance the
desire to show beautiful original works and touch diverse subjects to let you
recognize the same ideas in different contexts. The chapter is concerned with
practicality no less than with optimality; we often sacrifice the latter for the
former. The simplest and probably the most important lesson we learn here is
that looking for a conditional entropy maximum is a universal approach.

3.1 The Whole Truth and Nothing But the Truth

So far, we have defined entropy and information via distribution. In practi-
cal applications, however, the distribution p (x, t) is usually unknown and we
need to guess it from some data. Information theory supplies a systematic way
of guessing, making use of partial information, which is assumed to be given as
(Ri(x, 1)) = f p(x,t)R;(x,t) dx =r;(t), i.e,, as the ensemble averages of some
dynamical quantities including normalization, f p(x,t) de=1=—ry. How
to get the best guess for p(, t), based on that information? Before, we used
to find thermal equilibrium distribution looking for an entropy maximum
under some condition. Now we want to treat any distribution; among the
parameters that we measure could be currents, gradients, or other signs of

S1
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nonequilibrium. Nevertheless, the approach is essentially the same. There are
infinitely many distributions that contain the whole truth (i.e., are compatible
with all the given information). Our distribution must also contain nothing
but the truth; that is, it must maximize the missing information, which is the
entropy S = —(In p). This provides for the widest set of possibilities for future
use, compatible with the existing information ( Jaynes 1957). Looking for the

extremum of
S+ 1Ry ) = / PG~ Inlo(, 0] + > MG 0} dx

we differentiate it with respect to p («, t) and obtain the equationIn[p (x, t)] =
—14+ Zj AjR;(x, t), which gives the distribution

o (x,t) =exp [Z} AjRj(x, t) — 1] =z ! exp |:Zi>1 AjR;(x, t):|. (3.1)

The normalization factor,

ZO)=e Th = / exp [ijl AiR;(x, t)i| dx,

and the parameters A; can be expressed via the measured quantities by using

0lnZ
=7 32
TV (32)

The distribution (3.1) corresponds to the entropy extremum, but how do we
know that it is the maximum? The positivity of relative entropy proves it. Con-
sider any other normalized distribution g(x), which satisfies the constraints

J dxg(x)R;(x) =r;. Then

/dxgln,o:ij,-ry—an:/dx,olnp:—S(,o),

so that
S(p)—S(g)=—/dx(glnp—glng)=/dxg1n(g/p)=D(glp)20.

The Gibbs distribution s (3.1), with R; being energy. When it is the kinetic
energy of molecules, we have a Maxwell distribution; when it is potential
energy in an external field, we have a Boltzmann distribution.

Example 3.1: Let us return to our “candy-in-the-box” problem (think
of an impurity atom in a lattice, if you prefer physics to candy) and
find the probability distribution of it being in box j. Different attempts
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give different j, but after many attempts we find the mean value, {(j) =r.
The distribution giving maximal entropy for a fixed mean is exponen-
tial: p(j) = Z7 e ™M, Using Z = Zj eM=010—e*)"land (3.2), we
find et = r/(1+r)=p, so that we have the geometric distribution
p()=Q1-pyp.

Another approach is to scatter on the lattice an X-ray with wavenum-
ber k. This time we find {(cos(kj)) = 0.3, which gives the probability
distribution

p () =Z"" (1) exp[—A cos(kj)]

Z() = explicos(kp], (cos(kj)) =dlogZ/dh=0.3.
j=1

We can explicitly solve this for k < 1 < kn when one can approximate
the sum by the integral so that Z(1) & nly(A), where Ij is the modified
Bessel function. Equation Ij;(A) = 0.3Io()) has an approximate solution
of A ~ 0.63.

The set of equations (3.2) may be self-contradictory or insufficient so that
the data do not allow us to define the distribution or allow it nonuniquely.
For example, consider R; = f x'p(x) dx for i=0, 1,2, 3. Then (3.1) cannot
be normalized if A3 7 0; but having only three constants, 19, A1, A5, one gen-
erally cannot satisfy the four conditions. That means that we cannot reach the
entropy maximum, yet one can prove that we can come arbitrarily close to the
entropy of the Gaussian distribution In[27e(r, — r%)]l/ 2,

If, however, the extremum is attainable, then the information still miss-
ing after the measurements can be computed from (3.1): S{r;} = — Z]. o)
In p(j). It is analogous to thermodynamic entropy as a function of (measur-
able) macroscopic parameters. It is clear that S has a tendency to decrease
whenever we add a constraint by measuring more quantities R;. On the
contrary, removing a constraint generally leads to entropy increase.

If we know the given information at some time t; and want to make guesses
about some other time f,, then our information generally gets less relevant
as the distance |t; — ;| increases. In the particular case of guessing the dis-
tribution in the phase space, the mechanism of losing information is due
to the separation of trajectories described in section 5.3. If we know that
at 1 the system was in some region of the phase space, the set of trajecto-
ries started at ¢; from this region generally fills larger and larger regions as
|t1 — t2| increases. Therefore, missing information (ie., entropy) increases
with |£; — 2. It works both into the future and into the past. The information
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approach allows one to see clearly that there is really no contradiction between
the reversibility of equations of motion and the growth of entropy.

Yet there is one class of quantities where information does not age. These
quantities are integrals of motion. The situation in which only integrals of
motion are known is called equilibrium. When we leave the system alone, all
currents dissipate and gradients diffuse. The distribution (3.1) then takes the
equilibrium form, either canonical (5.3) if environment temperature is known
or microcanonical if only total energy is known.

From the information point of view, the statement that systems approach
thermal equilibrium is equivalent to saying that all information is forgotten
except the integrals of motion. If, however, we possess the information about
averages of quantities that are not integrals of motion and those averages
do not coincide with their equilibrium values, then the distribution (3.1)
deviates from equilibrium. Examples are fluxes and gradients.

The traditional way of thinking is operational: if we leave the system alone,
itis in equilibrium; we need to act for it to deviate from equilibrium. Informa-
tional interpretation lets us see it in a new light: if we leave the system alone,
our ignorance about it is maximal and so is the entropy, so that the system
is in thermal equilibrium. When we act on a system in a way that gives us
more knowledge of it, the entropy is lowered, and the system deviates from
equilibrium.

We see that looking for the distribution that realizes the entropy extremum
under given constraints is a universal, powerful tool whose applicability goes
far beyond equilibrium statistical physics. It is essentially common sense
expressed via simple mathematics. A beautiful example of using this approach
is obtaining the statistical distribution of the ensemble of neurons. In a
small window of time, a single neuron either generates an action potential
or remains silent, and thus the states of a network of neurons are described
naturally by binary vectors, 0; = 1. The most fundamental results of mea-
surements are the mean spike probability for each cell, (0;), and the matrix of
pairwise correlations among cells, (0;0;). One can successfully approximate
the probability distribution of o; by maximum entropy distribution (3.1)
that is consistent with the two results of the measurement. The probability
distribution of the neuron signals that maximizes entropy is as follows:

1
p{oh)=2""exp Zhiai+521gaiq , (33)

i<j



“125-128005_Folkovich_Information” — 2024/6/10 — 17:26 — page 55 — #S

APPLICATIONS OF INFORMATION THEORY S5

where the Lagrange multipliers h;, J;; have to be chosen so that the averages,
(01), (0i0;)) in this distribution, agree with the experiment. Such models bear
the name Ising in physics, where they were first used for describing systems of
spins (the model was formulated by Lenz in 1920 and solved in one dimen-
sion by his student Ising in 1925). The distribution (3.3) corresponds to the
thermal equilibrium in the respective Ising model, yet it describes the brain
activity, which is apparently far from thermal equilibrium (unless the person
is brain dead). More in section A.4.

Looking for a conditional entropy maximum is a great way to process data.
Unfortunately, we lack any guidance from first principles on which conditions
to impose theoretically for describing the statistics far from thermal equilib-
rium. Very close to equilibrium, such a condition is often the minimum of the
entropy production, but for nonequilibrium states like turbulence, we don’t
have any idea which or how many conditions to impose.

Exercise 3.1: Distribution from information.
Consider particles having coordinates x on a line: —00 < x < 00.
Find the probability distribution p(x) in two cases.

(a) The only information established by measurement is that the
mean distance from zero is (|x|) = X.
(b) The only information established by measurement is that the
variance is given by (x?) = X2
Which measurement provides more information on the
coordinate distribution? Quantify the difference in bits.

3.2 Exorcising Maxwell’'s Demon

The demon died when a paper by Szildrd appeared, but it continues to haunt
the castles of physics as a restless and lovable poltergeist.

—PETER LANDSBERG, QUOTED FROM JAMES GLEICK’S
THE INFORMATION

Making a measurement R, one changes the distribution from p (x) to p (x|R),
which has its own conditional entropy:

S(x|R) = —/ddep(R)p(odR) In p(x|R) = —/dde,o(x, R) In p(x|R).



-1

+1__

“125-128005_Folkovich_Information” — 2024/6/10 — 17:26 — page 56 — #6

S6 CHAPTER 3

The conditional entropy quantifies our remaining ignorance about x once we
know R. Measurement decreases the entropy of the system by the mutual
information (2.13, 2.15)—that is, how much information about x one gains:

S(x)—S(le):/,o(x,R) In p(x|R) dde—/,o(x)ln,o(x) dx

- / 0(x% R) In PER) L aR= S(x) + S(R) — S(x,R) = AL (3.4)
p(x)p(R)

But all our measurements happen in the real world at a finite temperature.
Does it matter? Yes, it determines the energy cost of measurements. Assume
that our system is in contact with a thermostat having temperature T, which by
itself does not mean that our system is in thermal equilibrium (as, for instance,
a current-carrying conductor). We then can define free energy as F(p) =E —
TS(p). The Gibbs-Shannon entropy (2.3) and the mutual information (2.13,
3.4) can be defined for arbitrary distributions. If the measurement does not
change energy (like the knowledge of which half of the box the particles are
in), then the entropy decrease (3.4) increases the free energy, that is, the total
work we are able to do. The first law of thermodynamics then requires that
the minimal work to perform such a measurementis F(p (x|R)) — F(p(x)) =
T[S(x) — S(x|R)] =TAL

Thermodynamics interprets F as the energy we are free to use while keeping
the temperature constant. Information theory reinterprets that in the follow-
ing way: If we know everything, we can possibly use all the energy (to do
work); the less we know about the system, the greater is the missing infor-
mation S and the less work we are able to extract. In other words, the decrease
of F = E — TS with the growth of S measures how available energy decreases
with the loss of information about the system. Maxwell had this epiphany in
1878: “Suppose our senses sharpened to such a degree that we could trace
molecules as we now trace large bodies, the distinction between work and heat
would vanish.”

The concept of entropy as missing information allows one to understand
that Maxwell’s demon or any other information-processing devices do not
really decrease entropy. If at the beginning one has information on the posi-
tion or velocity of any molecule, then the entropy is less by this amount from
the start; the entropy can only increase after using and processing the infor-
mation. Consider, for instance, a particle in the box at a temperature T. If we
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know which half it is in, then the entropy (the logarithm of available states)
is In(V/2). That teaches us that information has thermodynamic (energetic)
value at a finite temperature: by placing a piston at the midpoint of the box and
allowing the particle to hit and move it, we can get the work TAS = T'In 2 out
of the thermal energy of the particle:

(a) (b) ©

0 02080

Energy conservation tells us that, to get such information, one must make

a measurement whose minimum energetic cost at a fixed temperature is
Wineas = TAS = T'In 2 (that was realized in 1929 by Szilard, who also intro-
duced “bit” as a unit of information). Such work needs to be done for any
entropy change by a measurement (3.4).

That guarantees that we cannot break the first law of thermodynamics.
What about the second law? Our work of lifting the weight was done at the
expense of the thermal energy of the system, that is, we just turned heat into
work. Indeed, by hitting the moving piston, the particle loses momentum
and energy, which it replenishes to T by hitting the walls with that temper-
ature provided by the environment. We can then do the measurement using
this work extracted from heat. Can we break the second law by construct-
ing a perpetuum mobile of the second kind, regularly using the thermal energy
of the environment to do work and measuring particle position? To answer
this question, we need to account for the fact that our demonic engine now
includes both the working system A and the measuring device M. For the ideal
(or demonic) observer, which does not change its state upon measurements,
the entropy change is the difference between the entropy of the system S(A)
and the entropy of the system interacting with the measuring device S(A|M);
that is, the mutual information defined inWhen there is also a change in the free
energy — AFy of the measuring device, the measurement work could be less

than the mutual information:

Wineas = TAS — AFy = T[S(A) — S(A|[M)] — AF. (3.5)



-1

+1__

“125-128005_Folkovich_Information” — 2024/6/10 — 17:26 — page 58 — #8

S8 CHAPTER 3

However, to make a full thermodynamic cycle, we need to return the demon’s
memory to the initial state. What is the energy price of erasing information?
Such erasure involves compression of the phase space and is irreversible. For
example, to erase information about which half of the box the particle is in, we
may compress the box to move the particle to one half irrespective of where
it was. That compression decreases entropy and is accompanied by the heat
T In 2 released from the system to the environment. If we want to keep the
temperature of the system constant, we need to do exactly thatamount of work
compressing the box (Landauer 1961). In other words, the demon cannot get
more work from using the information than we must spend erasing it to return
the system to the initial state (to make a full cycle):

Weras = AF. (36)
Together, the energy price of the cycle is again the mutual information:
Weras + Wneas = T[S(A) - S(A|M)] = TI(A; M) (37)

The thermodynamic energy cost of measurement and information erasure
depends neither on the information content nor on the free energy differ-
ence; rather, the bound depends only on the mutual correlation between the
measured system and the memory. Inequality (3.7) expresses the trade-off
between the work required for erasure and that required for measurement:
when one is smaller, the other one must be larger. Let us stress that informa-
tion acquisition and processing have no intrinsic, irreducible thermodynamic
cost, whereas the seemingly trivial act of information destruction does have
a cost. The relations (3.5, 3.6, 3.7) are versions of the second law of ther-
modynamics, in which information content and thermodynamic variables are
treated on an equal footing.

Similarly, in the original Maxwell scheme, the demon observes the
molecules as they approach the shutter, allowing fast ones to pass from A to
B and slow ones from B to A. This is one way to use information to transfer
heat from cold to hot; see also (5.13). The creation of the temperature dif-
ference with a negligible expenditure of work lowers the entropy precisely by
the amount of information that the demon collected. Erasing this information
also requires work.

Landauer’s principle not only exorcises Maxwell's demon but also imposes
the fundamental physical limit on computations. Performing standard opera-
tions independent of their history requires irreversible acts (which do not have
a single-valued inverse). Any Boolean function that maps several input states
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onto the same output state, such as AND, NAND, OR, and XOR, is logically
irreversible. When a computer performs logically irreversible operations at a
finite temperature, the information is erased and heat must be generated. It is
worth stressing that one cannot make this heat arbitrarily small, making the
process adiabatically slow: T In 2 per bit is the minimal amount of dissipation
to erase a bit at a fixed temperature.!

Take-home lesson: Information is physical. We can get extra work out of it,
for instance, improving the efficiency of thermal engines beyond the Carnot
limit. Processing information without storing an ever-increasing amount of it
must be accompanied by a finite heat release at a finite temperature. Of course,
any real device dissipates heat just because it works at a finite rate. Lowering
that rate lowers the dissipation rate too. The message is that, no matter how
slowly we process information, we cannot make the dissipation rate lower than
T'In2 per bit. This is in contrast to usual thermodynamic processes where
there is no information processing involved and we can make the heat release
arbitrarily small, making the process slower.

3.3 Information Is Life

What lies at the heart of every living thing is not a fire, not warm breath, not a
“spark of life.” It is information.

—RICHARD DAWKINS

One may be excused for thinking that living beings consume energy and mat-
ter to survive, unless one knows that energy and matter are conserved and
cannot be consumed. All the energy, absorbed by plants from sunlight and
by us from food, is emitted as heat. The life-sustaining substance is entropy:
we consume information and generate entropy by intercepting flows from
low-entropy energy sources to high-entropy body heat. Just think how much
information is processed to squeeze 500 kcal of chemical energy into 100
grams of chocolate, and you enjoy it even more. For plants, the sun is a low-
entropy energy source due to its high temperature. The same is true for the
whole earth, which exports into space much more entropy than it receives
from the sun. Nor do we consume matter; we only make it more disordered.

1. In principle, any computation can be done using only reversible steps, thus eliminating
the need to do work (Bennett 1973). That requires the computer to reverse all the steps after
printing the answer.
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What we consume has much lower entropy than what comes out of our
excretory system. In other words, we decrease entropy inside and increase
it outside of our bodies. Consuming information is our way to resist (tem-
porarily) the second law of thermodynamics and survive. Atoms of our bodies
are in the equilibrium state of maximal entropy and minimal free energy only
postmortem.

Genome and brain ' We have two separate systems for processing information:
the genome and the brain. The genome’s way of staying out of the (most prob-
able) state of thermal equilibrium is to use replication to generate ordered
(highly improbable) structures. The instructions for replication are encoded
in genes. The gene is both the DNA molecule that replicates and the infor-
mation that is translated to produce proteins. What are the error rates in the
transmission of the genetic code? The typical energy cost of a mismatched
DNA base pair is that of a hydrogen bond, which is about ten times the room
temperature: E/T 2~ 10. If DNA molecules were in thermal equilibrium with
the environment, thermal noise would cause errors, with the probability esti-
mated from the Gibbs distribution: e /T ~ ¢710 ~ 107 per base. This is
deadly. A typical protein has about 300 amino acids that are encoded by
about 1000 bases; we cannot have mutations in every tenth protein. More-
over, the synthesis of RNA from the DNA template and of proteins on the
ribosome involves comparable energies and could cause comparable errors.
That means that Nature operates in a highly nonequilibrium state, where
bonding involves extra irreversible steps of removing incorrect products. This
is done by molecular ratchets spending extra free energy AF at every step,
which then fails to discriminate with the probability e~ 2/, After making
n steps, we lower the probability of error by the factor e ¥/, This way of
sorting molecules is called kinetic proofreading (Hopfield 1974, Ninio 1975)



“125-128005_Folkovich_Information” — 2024/6/10 — 17:26 — page 61 — #11

APPLICATIONS OF INFORMATION THEORY 61

and is conceptually similar to Maxwell’s demon discussed in the preceding
section.

Such an effective information-processing system is the result of evolution
through natural selection. The selection is not survival of the fittest. No one
survives. Evolution is an increasingly efficient encoding of information about
the environment in the gene pool of its inhabitants. The ultimate survivor is
the information in the genes, which continues to exist long after its former
carriers, individuals, and even species have gone extinct.

On another level, the nervous system maintains the body’s integrity, con-
suming information by active inference, as described in section 3.4. The
genome’s method of information processing is clearly digital; what about the
brain? Since neurons often either do or do not fire a standard pulse, it may
seem that information is encoded in binary digits. Indeed, written language
and many similar tasks are clearly handled by processing digital information.
However, there are reasons to believe that the brain is also an analog device;
for instance, encoding information in the frequency of pulses, which could be
varied continually.

Genetic code and human language are the only known natural digital mech-
anisms of information storage and transmission with potentially unlimited
heredity; i.e., they comprise an indefinitely large number of structures that can
replicate. The genome uses a homologous pairing of four bases; just a million
bases (typical for any bacteria) provide 410° possible structures to replicate,
exceeding the number of atoms in the universe. The modular character of the
genome means that all those structures are potentially different. Similarly, in
language, just adding a comma changes the meaning of the whole message:
from “eats shoots and leaves” to “eats, shoots, and leaves.” At the level of gram-
mar, the language uses recursion for generating new meanings: “This is the cat
thatkilled the rat that ate the malt that lay in the house that Jack built.” Another
similarity is that memes replicate like genes.> The combination of an infinite
range of messages with a high-fidelity transmission mechanism is unique for
genetic code and language.

If such an elementary act of life as information processing (say, thought)
generates AS, we can now ask about its energy price. Similar to our treat-
ment of thermal engine efficiency (1.1), we take Q from the reservoir with
T; and deliver Q — W to the environment with T,. Then AS=S, — §; =

2. Meme is defined as a unit of cultural inheritance.
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(Q — W) /T, — Q/T; and the energy price is as follows:
ToAS+W
Q- TSV
o 2/ 1 $1=Q/T, j Q
$,=(Q-W)/T, | Q-w

When Ty — T, the information processing is getting prohibitively ineffec-

tive, just like the thermal engine. In the other limit, T| >> T, one can neglect
the entropy change on the source, and we have Q = T, AS + W. Hot sun is
an energy source of a very low entropy.

How many bits do we consume per second? Let us estimate our rate of
information processing and entropy production. An average lazy human being
dissipates about W =200 watts of power at T = 300 K. Since the Boltzmann
constant is k= 1.38 x 1072, that gives about W /kT > 10*3 bits per sec-
ond. The amount of information processed per unit of subjective time (per
thought) is about the same, assuming that each moment of consciousness lasts
about a second (Dyson 1979).

We thus conclude that living beings obtain information from the sources
of energy, matter, and, last but not least, sensors.

Processing sensory information Do the Gibbs entropy and the mutual infor-
mation have any quantitative relation to the way we react to signals? Yes, they
do! When one must react differently to different stimuli, the average choice
reaction time T is linearly proportional to the entropy of the distribution of
stimuli (Hick 1952, Hyman 1953). The greater the uncertainty, the longer
it takes to recognize the event. For example, when one needs to name the
number that appears randomly on a screen, the average response time grows
logarithmically with the size of the set. Logarithmic dependence on the set
size means that the decision is made by a subdividing strategy. Similarly, the
time to find an item in an ordered menu grows logarithmically with the menu
length; the time grows linearly when the menu is disordered.

When the number of elements stays constant but the frequencies of their
appearances are made unequal, thus lowering entropy, the average response
time decreases proportionally. Even more remarkably, when experimental-
ists introduce a correlation between subsequent stimuli, the response time
goes down in proportion to the conditional entropy, which is less than

unconditional.
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One can turn the tables and prescribe the reaction time. As this time
gets shorter, we make more and more errors in naming the objects. How
to quantify that? We need to compute the mutual information between
the input (the number i on a screen) and the output (our name j for it).
Making more errors means lower mutual information. Experimentally, one
measures the joint probability p(i,j) from which one obtains the marginal
probabilities p(i) = Zj pG,j), p() = _;p(i,j) and conditional probability
p(li)) =p(,j)/p@). One then computes S(j) = — Zip(j) log p(j), S(jli) =
— Zijp(i)p(ﬂi) log p(jli) and I(j, j) = S(j) — S(jli). The mutual information
is found to be linearly proportional to the reaction time prescribed. Is the
invention (or discovery?) of the Boltzmann and Gibbs entropies and the
mutual information related to the fact that our brain actually employs them?

Since the time of processing is proportional to the amount of information,
one can conclude that what characterizes the system is the average amount
of information processed per unit time, that is, the rate. The next example
presents a strategy for processing stimuli, where the system maximizes the
information transfer rate by keeping it uniform through the dynamic range
of the signal (such strategies are sometimes called the infomax principle).

Maximizing capacity Imagine yourself on day five of Creation designing the
response function for the sensory system of a living being. Technically, the
problem is to choose thresholds for switching to the next level of response, or
equivalently, to choose the function of the input for which we take equidistant
thresholds. Suppose that we divide the whole perceivable (finite) interval of
signals into three regions, encoding them as weak (1, 2), medium (2, 3), and
strong (3,4):

Response
state

Input

For given value intervals of input and response, should we take the solid
line of linear proportionality between response and stimulus? Or choose the
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lowest curve that treats even medium-intensity inputs as weak and amplifies
the difference in high-intensity signals? The choice may depend on the sig-
nificance of different intervals for survival. For example, the upper curve was
actually chosen (on day six) for the auditory system of animals and humans:
our ear senses loudness as the logarithm of the intensity, which amplifies dif-
ferences between weak sounds and damps strong ones. That way we better
hear the whisper of someone close or the sound of a distant creek and aren’t
that frightened by thunder.

If, however, all the input amplitudes are of comparable significance, then
the goal could be to maximize the mean information transfer rate (capacity)
at the level of a single neuron/channel. In such a case, the response curve
(encoding) must be designed by the Creator together with the probability
distribution of stimuli. That was demonstrated in one of the first applications
of information theory to real data in biology, namely, to processing of visual
signals (Laughlin 1981). It was conjectured that maximal-capacity encoding
must use all response levels with the same frequency, which requires that the
response function is the integral of the probability distribution of the input
signals (see figure). First-order interneurons of the insect eye were found to
code contrast rather than absolute light intensity. Subjecting the fly in the lab
to different contrasts x, the response function y = g(x) was measured from
the fly neurons; the probability density of inputs, o (x), was measured across
its natural habitat (woodlands and lakeside) using a detector that scanned
horizontally, like a turning fly.

) —— Cumulative
z g’\ probability
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We can now explain the relation between the response and the cumulative
probability by noting that the representation with the maximal capacity corre-
sponds to the maximum of the mutual information between input and output:
I(x,y) = S(y) — S(y|x). Since we consider a one-to-one relation y = g(x), that
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is, an error-free transmission, then the conditional entropy S(y|x) is zero.
Therefore, according to section 2.4, we need to maximize the entropy of the
output, assuming that the input statistics p(x) are given. Absent any extra
constraints except normalization, the entropy for a distribution on a finite
interval is maximal when p (y) is constant. Indeed, since p (y)dy = p (x)dx =

p (x)dydx/dy = p(x)dy/g (x), then
Sy)=-— / P Inlp(y)]dy=— f p(x) In[p(x) /¢ (x)]dx, (3.8)

88()’)_3 o ’ .
?_axg/(x)_o = g=Cpk),

as in the figure. In other words, we choose equal bins for the variable whose
probability is flat. Since the probability p (x) is positive, the response function
y = g(x) is always monotonic, i.e., invertible. Note that our choice of response
function is an exact analog of efficient encoding, using longer codewords for
less frequently used letters. Analogous to code 2 in section 2.2, we combine
signals into intervals with the same probability. In that way, we utilize only the
probability distribution of different signal levels, similar to language encod-
ing based on frequency of letters (and not, say, their mutual correlations). We
have also applied quasi-static approximation, neglecting dynamics and relat-
ing instantaneous values of x and y. Allow yourself to be impressed by the
agreement of theory and experiment—there are no fitting parameters. The
same approach also works well for biochemical and genetic input-output rela-
tions. For example, the dependence of a gene expression on the level of a
transcription factor is dictated by the statistics of the latter. That also works
when the conditional entropy S(y|x) is nonzero but independent of the form
of the response function y = g(x). See more details in section A.S.

For particular types of signals, practicality may favor nonoptimal but simple
schemes like amplitude and frequency modulation (both are generally non-
optimal but computationally feasible and practical). Even in such cases, the
choice is dictated by the information-theory analysis of the efficiency. For
example, a neuron either fires a standard pulse (action potential) or stays silent,
which makes it natural to assume that the information is encoded as binary dig-
its (zero or one) in discrete equal time intervals. One can also imagine that
the information is encoded by the time delays between subsequent pulses.
Since time is continuous, this is more of an analog computation. In the engi-
neer’s language, the former method of encoding is a limiting case of amplitude
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modulation, while the latter case is one of frequency modulation. The maximal
rate of information transmission in the former case is dependent only on the
minimal time delay between the pulses determined by the neuron recovery
time. On the other hand, in the latter case, the rate depends on both the mini-
mal error of timing measurement and admissible maximal time between pulses.
In reality, brain activity “depends in one way or another on all the information-
bearing parameters of an impulse—Dboth on its presence or absence as a binary
digit and on its precise timing” (MacKay and McCulloch 1952).

3.4 Whom to Believe: My Eyes or Myself?

How is sensory information processed and how does it determine behavior?
An ambitious application of information theory is an attempt to understand
and quantify sentient behavior. One idea going back to Helmholtz is to view
“perception as an unconscious inference.” There is evidence that the percep-
tion of our brain is inferential, that is, based on prediction and hypothesis test-
ing. Among other things, this is manifested by the long-known phenomenon
of binocular rivalry, which occurs when different pictures are presented to our
two eyes. Rather than perceiving a stable, single amalgam of the two stimuli,
we experience alternations as the two stimuli compete for perceptual domi-
nance, which can be influenced by priming. Another piece of evidence is the
recently established fact that signals between the brain and sensory organs
travel in both directions simultaneously.

Perception is thus treated not as a bottom-up encoding of sensory states
Y into internal neuronal representations of the environmental states X, but
as a combination of top-down prior expectations with bottom-up sensory
signals. The combined bottom-up-top-down approach makes sense from evo-
lutional and developmental perspectives. The bottom-up approach, taken
alone, premises some entity that processes the sensory inputs Y into a pic-
ture of the world P(X|Y). Yet where did that entity come from? Imagine the
brain as a bunch of neurons in a black box receiving electrical signals, which
do not carry with them labels “from the retina,” “from the liver,” “from your
grandmother,” etc. The best we can do is to send out signals that help us sur-
vive. Since we have managed to survive up to this point, then the right survival
strategy is a continuation, in which we try to receive more or less the same
signals as before.

In this spirit, we might describe perception as hypothesis testing within
the Bayes approach, introduced in section 2.7. The mechanics of the sensory
system determine P(Y|X), which is the conditional probability of sensory
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input for a given state of the environment. In the example of the fly eye
from section 3.3, x is a contrast in light intensity and y is the neuron sig-
nal. Upon receiving the particular input y, the simplest inference about the
environment is that of maximal likelihood: taking the value x that maxi-
mizes P(y|x). However, to make a decision or action based on inference, we
need a measure of confidence in the result. That means that our inference
must be probabilistic, obtaining the whole posterior probability distribution
P(X|Y)—sharp distribution gives a high and flat distribution low confidence.
To obtain the posterior distribution, we need a prior distribution P(X) and
Bayes’ formula (2.23):

P(X|Y) = P(Y|X)P(X)/P(Y). (3.9)

Leaving aside for a while the normalizing factor P(Y), we thus presume that
the mind has a so-called generative model, represented by the joint distribu-
tion P(X,Y) = P(Y|X)P(X). Exact computation by (3.9) can be impossible
orimpractical, for instance, due to the necessity of having to average over many
hidden states and variables. It is natural to assume that the brain uses a varia-
tional approach based on optimizing some tractable proxy. The first thing to
account for is the degree of surprise or necessary change, characterized by the
relative entropy between prior and posterior distributions. Averaged over all
X and Y, it is simply the mutual information, that is, the average information
brought by sensory inputs:

DIPXIV)[PG)] =Y P(¥) Y P(XIY) log[P(X|Y)/P(X)] = I(X, ).
Y X

For perception, however, we need to evaluate the change at a given y. Chang-
ing beliefs and updating expectations entails a cognitive metabolic cost, as we
know all too well. More important and probably related, expected states are
preferred for survival (fish expect to stay in the water), while surprises are
to be avoided. A generative model must be strongly biased toward a narrow
interval of parameters guaranteeing survival. This natural tendency to min-
imize change conflicts with the necessity to accommodate data. Whenever
we encounter a trade-off, free energy negotiates it. The working hypothesis
is that, for a given y, the brain looks for the posterior distribution Q (X) that
minimizes the following free energy, which is a function of y and a functional

of Q(X):3

3. A function gives a value for every value; a functional gives a value for every function.



-1

+1__

“125-128005_Folkovich_Information” — 2024/6/10 — 17:26 — page 68 — #18

68 CHAPTER 3

Q(x)

FIQ(x),y]1=)_ Q(x)log Eriee

Y Q) logP(x,y) — S(Q)

Q(x)
P(x)

=DIQ®IP@] - QlogP(l) =) Q) [log - logP(y|x)]

= DIQ()|P(xly)] — log P(y). (3.10)

As is clear from the beginning of the first line, it measures the mismatch
between the internal generative model P(x,y) and the current observation.
The three lines suggest three different operational strategies according to the
three different interpretations of the same quantity.

Minimization of the first line thus requires the trade-off between the data-
imposed “truth” and “nothing but the truth” maximization of the entropy
S(Q). Indeed, the logarithm of probability, as we have seen in section 3.1, is
essentially the set of our prior data. Therefore, the first term on the right repre-
sents the “truth” imposed by the data—both the prior data that formed P(x, y)
and the given input value of y.

The second line describes the trade-off between inertia and the force of
data: the first term on the right is the degree of change, while the second
term quantifies the accuracy of data representation—Q (x) must give more
weight to that x, which provides for higher probability to observe y according
to P(y|x), which is given.

The third line in (3.10) does not describe any trade-off but shows that the
free energy is bounded from below by the sensory surprise — log P(y). Only
when our variational Q (x) is equal to the exact P(x|y), does the free energy
reach its global minimum. That suggests that perceptual inference, that is,
computing Q (x), is not the only way to minimize F(Q, y); another way is to
change the sensory data y. Changing input requires action: one can switch the
channel or look the other way rather than change beliefs.

That brings us to the active inference approach, which puts action into per-
ception (Parr, Pezzulo, Friston 2022). The assumption is that living beings sur-
vive by adapting action-perception loops to their environment. That means
that every sensory input is not obtained passively, but is predicted by the brain
and is solicited by an action intended for the predicted input. A mismatch
between predicted and actually received sensory input leads to updating the
predictive (generative) model, which then triggers new action leading to
new sensory observations better corresponding to expectations. Perception
and action are complementary ways to diminish the mismatch. Perception
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changes your mind, replacing prior beliefs with posterior ones, while action
changes the world to make it more compatible with the beliefs. Surprise
minimization by active inference is our way to survive.

Who are you gonna believe,
me or your own eyes?

In particular, our perception of objects is very much determined by the
generative model with its prediction of how actions change sensory input
(encoded in the conditional probability of what could have happened). Even
with one eye closed, we distinguish a three-dimensional object from its two-
dimensional picture despite receiving identical visual signals. The reason is
that our brain knows that moving our head will reveal the new parts of the
image in the former case but not in the latter.

While still highly hypothetical, this theory finds some empirical support in
measurements of the connectivity and activity of neural networks. For exam-
ple, some connectivity patterns in a motor cortex support the idea of a motor
command as a prediction, such that the prediction errors related to body posi-
tion and motion can be resolved by reflexes without belief updating. Simply
speaking, the brain can infer the positions of body parts without receiving
outside signals. The analysis of the experimental data on brain activity is facili-
tated by the asymmetry between descending signals carrying expectations and
ascending signals bringing prediction errors—the latter involves nonlinear
operations generating higher frequencies, which is measurable. Last but not
least—playing tennis would be impossible if our brain just reacted to visual
stimuli, since the time between light hitting the retina and the brain receiv-
ing a signal is in excess of 150 msec. The active inference approach is also
useful in building models for analyzing data from behavioral experiments and
disease processes and drawing inferences about inferences. When top-down
signals totally dominate, one has hallucinations; what is considered normal
perception could then be called “controlled hallucination.”
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The internal generative model encodes the world from the perspective of the
body’s needs, not in some “objective” way, which would be a waste of metabolic
resources. Physiological state changes constantly, shifting the focus to different
sensory inputs. The neurons then are not expected to lie dormant waiting for
sensory input. In particular, emotions must play an important role in choosing
the focus. Within the active inference approach, emotions are treated not solely
as fixed universal patterns of brain and body inherited from animal ancestors
and triggered by sensory inputs. One may consider emotions as constructed
and learned patterns of prediction and reaction amenable to significant vari-
ability and plasticity. I find it inspiring that our work with averaging logarithms
and finding conditional optima could one day have direct moral implications.

I mention in passing the suggestions to use relative information and mutual
entropy for the more ambitious task of quantifying consciousness, understood
as processing information from different channels in an integrated way, irre-
ducible to processing information in the channels separately. Such an approach
is known as integrated information theory (Tononi 2008).

I'think that poetry and music appeal to our ever-predicting mind by creating
expectations (using rhythm or melody) and then partially fulfilling and partially
breaking them. An optimal mixture of expected and surprising is what makes
for great art, which still waits for its free energy analysis.

3.5 Rate Distortion and the Information Bottleneck

There’s no sense in being precise when you don’t even know what you are

talking about.

—JOHN VON NEUMANN

When we transfer information, we look for the maximal transfer rate and thus
define channel capacity as the maximal mutual information between input
and output. But when we encode information, we may be looking for the
opposite: What is the minimal number of bits, sufficient to encode the data
with a given accuracy?

For example, encoding a real number requires an infinite number of bits.
Representation of a continuous input B by a finite discrete output encoding
A generally leads to some distortion, which we characterize by the real func-
tion d(A, B). How large is the mean distortion, D = Zij P(A;, Bj)d(A;, B)),
for given statistics of B and the encoding A with R bits and 2% values?
It depends on the choice of the distortion function, which specifies the
most important properties of the signal B. For Gaussian statistics (which
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is completely determined by the variance), one chooses the squared error
function, d(A, B) = (A — B)%. We first learn to use it in the standard least
squares approximations—now we can understand why squares and not other
powers—because minimizing variance minimizes the entropy of a Gaussian
distribution and thus the amount of information needed to characterize it.
Consider a Gaussian B with (B) =0 and (B?) = o'2. If we have one bit
to represent it, apparently, the only information we can convey is the sign
of B. The simplest approach is to encode positive/negative regions by num-
bers =A. To minimize the squared error, we need to choose A ==£(|B|) =

+o0/2/7, which corresponds to

D(1) =221)" 12 /OO<B g 2/71)2 expl—B2/207 2
0 o

=o(1-2/7). (3.11)

Let us now turn the tables and ask what minimal rate R is sufficient to pro-
vide for distortion not exceeding D. This is called the rate-distortion function,
R(D). We know that the rate is the mutual information I(A, B), but now we
are looking not for its maximum (as in channel capacity) but for the minimum
over all the encodings defined by the conditional probabilities P(B|A), such
that the distortion does not exceed D. Since I(A, B) = S(B) — S(B|A), then
minima of I(A, B) are maxima of S(B|A). It is helpful to think of distortion as
produced by the added noise & with the variance D. For a fixed variance, max-
imal entropy S(B|A) corresponds to the Gaussian distribution so that we have
an (imaginary) Gaussian channel with the variance ((B — A)?) = D. Together
with the Gaussian input having (B*) = 02, they provide for the minimal rate
given by (2.22):

R(D)=1I(A,B) =S(B) — S(B|A) =S(B) — S(B—A|A)

0.2

5.
(3.12)

1 o1 1
>SB)—-SB—-A)= 3 Iog2(27'[ea ) -3 log2(27TeD) = 3 log,

This goes to infinity for D — 0 and turns into zero for D = o', For D > o2,

we can take A = 0 with probability 1, making the mutual information zero—
an absolute minimum! Note that stochastic encoding provides D(1) = 02 /4
in (3.12), which is less than (3.11).
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Often we need to represent by R bits m independent Gaussian signals with
different variances oj,i =1, . . . , m—for instance, signals from different spec-
tral intervals. How to divide these bits between signals to minimize the total
distortion? We look for the distortions D; and minimize ) ; Di="Dunderthe
condition that ), R(D;) = R. Differentiating Y ,[D; + A log, 0?/D;] with
respect to D;, we find out that the total distortion is minimal when D; are all
equal, D; = D/m, as long as this constant is less than all 0;. Taking smaller R,
we increase D and reach the moment when D /m exceeds some oj—then we
need to take R; = 0, that is, allocate zero bites to this component. Alternatively,
if we manage to decrease enough of the variance of some component, it is not
treated as fluctuating and does not deserve to be represented (except one bit
for its mean if it is nonzero) —such is the logic of rate-distortion theory.

One can show that the rate-distortion function R(D) is monotonous and
convex for all systems. When the distortion is not a quadratic function, the
conditional probability of encoding P(A|B)) is not Gaussian. In solving prac-
tical problems, it must be found by solving the variational problem, where
one finds a normalized P(A|B)), which minimizes the mutual information
under the condition of a given mean distortion. For that, one minimizes the

functional
P(Ai|B))
F=I+pD= 2}: P(4;|B))P(B;) [hl ey TP |
After variation with respect to P(A;|B;) and enforcing normalization, we
obtain
P(A; .
P(Ai|B) = (—)e—ﬁd“wf’ﬂ, (3.13)

where the partition function Z(B;, ) = Do P(A]-)e_ﬂ d(4iB)) is the normaliza-
tion factor. Recall that what is given is P(B), not P(A). The latter must be
expressed via the same conditional probability:

P(A;) = P(A|B)P(B)). (3.14)
j

The system of linear equations (3.13, 3.14) is usually solved by iterations.
An immediate physical analogy is that (3.13) is a Gibbs distribution with
the “energy” equal to the distortion function. Maximizing entropy for a given
energy (Gibbs) is equivalent to minimizing mutual information for a given
distortion function. As usual, what is given is in the exponent. The choice of
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the value of the inverse temperature 8 reflects our priorities: at small 8, the
conditional probability is close to the unconditional one; that is, we minimize
information without much regard to the distortion. On the contrary, large 8
requires our conditional probability to be sharply peaked at the minima of the
distortion function.

Similar but more sophisticated optimization procedures are applied, in
particular, in image processing. Images contain an enormous amount of infor-
mation. The rate at which visual data are collected by the photoreceptor
mosaic of animals and humans is known to exceed 10° bits/sec. On the other
hand, studies on the speed of visual perception and reading speeds give num-
bers around 40-50 bits/sec for the perceptual capacity of the visual pathway in
humans. The brain then has to perform huge data compressions. This is possi-
ble because visual information is highly redundant due to strong correlations
between pixels.

Event Measurement Encoding

B C\\§::>AI]I]I::>C

The measured quantity A thus contains too much data of low information
value. We wish to compress A to C while keeping as much information as
possible about B. Understanding the given signal A requires more than just
predicting/inferring B; it also requires specifying which features of the set of
possible signals {A} play a role in the prediction. Here meaning seeps back into
information theory. Indeed, information is not knowledge (and knowledge is
not wisdom). Not surprisingly, the main tool in automated and Al-assisted
pattern recognition in images and other data is mutual information. We for-
malize this problem as one of finding a short code for {A} that preserves the
maximum information about the set {B}. That is, we squeeze the information
that A provides about B through a “bottleneck” formed by a limited set of
codewords {C}. This is reached via the method called the information bot-
tleneck (Tishby at al. 2000), targeted at characterizing the trade-off between
information preservation (accuracy of relevant predictions) and compression.
Here one looks for the minimum of the functional

I(C,A) — BI(C, B). (3.15)

The coding A — Cis also generally stochastic, characterized by P(C|A). The
quality of the coding is determined by the rate, that is, by the average num-
ber of bits per message needed to specify an element in the codebook without
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confusion. This number per element A of the source space {A} is bounded
from below by the mutual information I(C, A), which we thus want to min-
imize. Effective coding utilizes the fact that mutual information is usually
subextensive, in contrast to entropy, which is extensive. In section 2.4, we
maximized I(A, B) over all choices of the source space {B} to find the chan-
nel capacity (upper bound for the error-free rate), while now we minimize
I(C, A) over all choices of coding. To put it differently: Before, we wanted
to maximize the information transmitted, and now we want to minimize the
information processed. This minimization, however, must be restricted by the
need to retain in C the relevant information about B, which we denote as
I(C,B).

Having chosen what properties of B we wish to stay correlated with the
encoded signal C, we add the mutual information I(C, B) with the Lagrange
multiplier to the functional (3.15). The sign of 8 (inverse temperature) is pos-
itive to have minimal coding I(A, B) preserving maximal information I(C, B);
thatis, I(C, B) is treated similarly to the channel capacity. The single parameter
B again represents the trade-off between the complexity of the representation,
measured by I(C, A), and the accuracy of this representation, measured by
I(C, B). At B =0, our quantization is the most sketchy possible—everything
in A is assigned to a single codeword in Cand I(C, A) = 0. As 8 grows, we are
pushed toward detailed quantization. By varying 8, one can explore the trade-
off between preservation of the meaningful information and compression
at various resolutions. Comparing with the rate-distortion theory functional
(3.13), we recognize that we are looking for the conditional probability of the
mapping P(C|A); that is, we explicitly want to treat some pixels A; as more
relevant than others.

However, the constraint on the meaningful information is now nonlinear in
P(C|A), so this is a much harder variational problem. Indeed, (3.15) can be

written as follows:
P(GjlA)
P(C))

I(C,4) - BI(C,B) =) _ P(G}|A)P(A) In
j
P(B|C))

The conditional probabilities of A, B under a given C are related by the Bayes

rule
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P(A;)P(Bk|A;)P(Cj|A 3.17
P(C)Z(>(k|)<|>, (3.17)
where the conditional probability of the measurements, P(Bi|4;), is presumed
to be known. The variation of (3.16) with respect to the encoding condi-
tional probability, P(Cj|A;), now gives the equation (rather than an explicit

expression):
(S P(B|4)
P(Cj|A1) 7, B) exp |: B ZP(Bk|A)log PGy |C):|
ERAC))
= Za g & (=ADIPGIAIPEIC)) (3.18)

We see that the relative entropy D between the two conditional probability dis-
tributions emerges as the effective distortion measure D. Here P(B|A) is the
true (data-given) distribution and P(B|C) is our compressed encoded version.
The system of equations (3.17, 3.18) is also solved by iterations. For exam-
ple, one minimizes I(A, C) + BD[P(B|A)||P(B|C)] in alternating iterations
first over P(C|A), then over P(C), then over P(B|C), then repeating the cycle.
Doing the compression procedure many times, A— C; — C, ... is used in
multilayered deep learning algorithms. Statistical physics helps in identifying
phase transitions (with respect to 8) and suggests the relation between process-
ing from layer to layer and the renormalization group: features along the layers

become more statistically decoupled as the layers get closer to the fixed point.

Practical problems of iterations and machine learning are closely related
to fundamental problems in understanding and describing biological evolu-
tion. Here an important task is to identify classes of functions and mechanisms
that are provably evolvable—they can logically evolve into existence over
realistic time periods and within realistic populations, without any need for
combinatorially unlikely events to occur. Quantitative theories of evolution
in particular aim to quantify the complexity of the mechanisms that evolved,
which is done using information theory.

Exercise 3.2: Rate-distortion function of a binary source.

Consider a binary source, which generates B =1 with probability
p < 1/2 and B = 0 with probability 1 — p. Define the distortion func-
tion d(A, B) =d4p — 1, that is, zero when A = B and unity otherwise
(the so-called Hamming function). Find the rate-distortion function
R(D).
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3.6 Information Is Money

This section is for those brave souls who decided to leave science or engineer-
ing for gambling. If you have read till this point, you must be well prepared for
that.

Letus start with the simplest game: you can bet on a coin, doubling your bet
if you are right or losing it if you are wrong. Surely, an intelligent person would
not bet money hard saved during graduate studies on a totally random process
with zero gain. You bet only when you have information that one side has the
probability p > 1/2. To have an average growth, you want to play the game
many times. Shall we look then for the maximal average return? The maxi-
mal mean arithmetic growth rate is (2p)™ and corresponds to betting all your
money every time on the more probable side. Such a mean, however, comes
from a single all-win realization; the probability of that winning streak goes to
zero with growing N as pV. To avoid losing it all with probability fast approach-
ing unity, you bet only a fraction f of your money on the more probable p side.
What to do with the remaining money—keep it as insurance or bet on a less
probable side? The first option just diminishes the effective amount of money
that works. Moreover, the other side also wins sometimes, so we put 1 — f on
the side with 1 — p chance. If after N such bets the p side wins n times, then
your money is multiplied by the factor (2f)"[2(1 — f)]N " =2N"  where the

rate is

AP =1+ 2 logy [+ (1= 5 ) logy (1 = ). (3.19)

As N — 00, we approach the mean geometric rate, whichis A = 1+ plog f +
(1 —p) log(1 — f). Note the similarity with the Lyapunov exponents that are
introduced in section 5.3—we consider the logarithm of the exponentially
growing factor since we know limy_, o0 (1/N) = p (it is called a self-averaging
quantity because it is again a sum of random numbers). Differentiating A (f)
with respect to f, you find that the maximal growth rate corresponds to f =p
(proportional gambling) and equals

A(p) =1+plog, p+ (1 —p)log,(1 —p) =S(u) — S(p), (3.20)

where we denote the entropy of the uniform distribution S(u) =1 bit. We
thus see that the maximal rate of money growth equals the entropy decrease,
that is, the information you have (Kelly 1950). What is beautiful here is that
the proof of optimality is constructive and gives us the best betting strategy.

An important lesson is that we maximize not the mean return but its mean
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logarithm, which is a geometric mean. Since it is a self-averaging quantity, the
probability to grow with this rate approaches unity as N — 00. Note, how-
ever, that the geometric mean is less than the arithmetic mean because the
logarithm is a convex function. Therefore, we may have a situation when the
arithmetic growth rate is larger than unity while the geometric mean is smaller
than unity. Don’t play such games, since no matter the strategy, the probability
of losing it all tends to unity as N — 00, even though the mean returns grow
unbounded.

It is straightforward to generalize (3.20) for gambling on horse races or
investing, where many outcomes have different probabilities p; and payofts
gi- To maximize ) _ p; log(fig;), we look for the maximum of ) _ p; log f:. Since
Y fi=1, we can treat it as a distribution. The relative entropy > _ p; log(p;/f;)
is nonnegative so that ) _ p; log f; reaches its maximum when all f; = p; inde-
pendent of g;; that is, our distribution coincides with the true distribution,
which is proportional gambling. The rate is then

Mpg) =) piln(pig). (3.21)

Here you have a formidable opponent—the track operator, who actually sets
the payoffs. Knowing the probabilities, a perfect (idealistic) operator would
set the payoffs, g = 1/p;, to make the game fair and your rate zero. Nobody’s
perfect, so it is more likely that a realistic operator has the business sense to
make the racecourse profitable by setting the payofts a bit lower. That will
make your A negative. For example, the European roulette wheel has 18 red
and 18 black pockets and a single green, so that even the highest-odds bets, on
red or black, have a slightly less than half chance of success.

Your only hope then is that your information is better. If the operator
assumes that the probabilities are g; and sets payoffs as g; = 1/Zg; with Z > 1,
then

Mp,9)=—InZ+Y  piln(pi/q) = —InZ+D(p|g). (322)

1

That is, if you know the true distribution but the operator uses the approx-
imate one, the relative entropy D(p|q) determines the rate with which your
winnings can grow. Since you aren’t perfect either, then it is likely that you
use the distribution ', which is not the true one. In this case, you still have
a chance if your distribution is closer to the true one: A(p,q, ) = —InZ+
D(plq) — D(p|q’). Recall that the entropy determines the optimal rate of
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coding. Using an incorrect distribution incurs the cost of nonoptimal cod-
ing. Amazingly, (3.22) tells us that if you can encode the data describing the
sequence of track winners so that it is shorter than the operator’s, you get paid
in proportion to that shortening.

That beautiful theory, of course, has nothing to do with how people bet
and bookmakers operate. In reality, people bet according to their whims rather
than by playing a long game, while bookmakers set the rewards according to
the statistics of betting rather than horse winnings. Average gambler losses and
bookmaker income are independent of the outcome of racing, which is thus a
pure sport (most of the time).

The theory, however, has found numerous applications in engineering and
biology. It turns out that bacteria follow the proportional gambling strategy
without ever taking this or another course on information theory. Like in coin
flipping, bacteria face the choice, for instance, between growing fast but being
vulnerable to antibiotics or growing slow but being resistant. They use pro-
portional gambling to allocate respective fractions of populations to different
choices. There could be several lifestyle choices, analogous to horse racing,
called phenotype switching in this case. The same strategy is used by many
plants, where a fraction of the seeds do not germinate in the same year they
were dispersed; the fraction increases with environmental variability.

More generally, the environment can be characterized by a set of parame-
ters A, while the internal state of a gambler, plant, or bacteria can be character-
ized by another set of parameters B. In the proportional gambling setting, A is
the vector of probabilities {p;} and B is the vector of fractions { f;}. In another
setting, A could include the concentration of a nutrient and B the amount of
an enzyme needed to metabolize the nutrient. The logarithmic growth rate
is then the function of these two parameters, r(A, B), and the mean rate is as
follows:

A= / dA dBP(A,B)r(A,B) = / dAP(A) / dBP(B|A)r(A,B). (3.23)

To maximize growth, bacteria, plants, and gamblers need to coordinate their
internal state with that of the environment. That coordination is governed by
the conditional probability P(B|A), which determines the mutual information
between the external world and the internal state:

P(B|A)

) (3.24)

I(A,B) = / dAP(A) / dBP(B|A) log,
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But acquiring that information has its own cost, al. One then looks for a trade-
off between maximizing growth and minimizing information cost. Therefore,
we look for the maximum of the functional F = A — al, which gives similarly

to (3.13)

P(B|A) = %eﬁ'(w, (3.25)

where B =a~!In2 and the partition function Z(4, 8) = f dBP(B)e'B r(AB) ig
the normalization factor. We now recognize the rate-distortion theory from
the previous section; the only difference is that the energy now is minus the
growth rate. The choice of 8 reflects the relative costs of the information and
the metabolism. If information is hard to get, one chooses small 8, which
makes P(B|A) weakly dependent on r(A, B) and close to unconditional prob-
ability P(B). If information is cheaper, (3.25) tells us that we need to peak our
conditional probability around the maxima of the growth rate. All the pos-
sible states in the plane r, I are below some monotonic convex curve, much
like in the energy-entropy plane in section 1.1. One can reach the optimal
(Gibbs) state on the boundary either by increasing the growth rate at a fixed
information or by decreasing the information at a fixed growth rate.

Section A.6 describes a remarkable class of strategies to find an optimal
balance between exploration for new information on the environment and
exploitation of the existing information to maximize growth.

Financial activity is not completely reducible to gambling and its essence is
understood much less. When you earn enough money (or no money at all),
it may be a good time to start thinking about the nature of money itself. Money
appeared first as a measure of value and acquired a probabilistic aspect with
the development of credit. These days, when most of it is in bits, it is clear
that money is less matter (coins, banknotes) and more information. The total
amount of money grows on average but could experience sudden drops when
a crisis arrives. Yet in payments money behaves as energy and matter, satisfy-
ing the conservation law. It seems that we need a new concept for describing
money, which has properties of both entropy and energy. Free energy com-
bines energy and entropy additively, describing, in particular, how an entropy
increase (loss of information) diminishes the amount of work one can do.
Similarly, free energy can describe a decrease in purchasing power due to infor-
mation loss. However, to describe money as a universal medium of exchange,
we probably need a more sophisticated notion. Since money is essentially a
social construct, the degree of universality varies. For example, cold hard cash
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is guaranteed by governments, but credit card payments are guaranteed by pri-
vate banks, so these two kinds of money are not identical. Add to this nonbank
money like cryptocurrencies, and we see that the value of money depends
essentially on how many people agree to use it. It is a challenge to devise a
conceptual framework able to handle both the material and ephemeral sides

of money, but it seems that information theory is the right place to start.

Exercise 3.3: Bookmaker’s sure bet.

In a series of two-horse races, the first horse wins three times more
often than the second one. Yet public sentiment is such that it bets on the
first horse only twice as many times. A bookmaker has two choices to set
the rewards: i) according to race probabilities, pay respectively 4/3Z and
4/Z times the amount of the bet on the first/second horse, ii) according
to public preferences, pay respectively 3/2Z and 3/Z times the amount
of the bet on the first/second horse. Here Z > 1 to guarantee a profit.
Which strategy is preferable?
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4

New Second Law of
Thermodynamics

So far, we have quantified uncertainty mostly by combinatorics. Classifying
and keeping count are among the most difficult mental processes (possibly
because they require impartiality and memory). It is best to hire somebody
else to do the job. That tireless somebody, who never stops, is a random walker.
In this chapter, we exploit the walker and explore random walks in different
environments. We first use a random walk on a graph to describe Google’s
PageRank algorithm, designed to quantify not the amount of information but
its perceived importance. We then consider a random walk on a lattice biased
by an externally imposed time-dependent drift. That leads us to fluctuation-
dissipation relations and the modern generalizations of the second law of
thermodynamics. This is important both for the fundamentals of science and
for numerous modern applications related to fluctuations in nanoparticles,
macromolecules, stock market prices, etc.

4.1 Stochastic Web Surfing and Google’s PageRank

When it was proclaimed that the Library contained all books, the first
impression was one of extravagant happiness . . . followed by an excessive
depression. The certitude that some precious books were inaccessible seemed
almost intolerable.

—JORGE LUIS BORGES, “THE LIBRARY OF BABEL”

To know which are the most precious books in the library, we need an
objective and quantitative measure of information importance. For efficient
information retrieval from the web library, web pages need to be ranked by

81
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their importance to order search results. By this time, it should come as no
surprise for the reader that such ranks can be found by a statistical approach:
performing a random walk on the web.

For an internet with #n pages, we organize their ranks into a vector
p=1{p1, .., pn}, which we normalize: Z:l:l pi = 1. The idea is to equate the
rank p; with the probability to arrive at this page by randomly clicking on links.
A reasonable way to measure the probability of arriving at a page is to count
the number of links that refer to it. Not all links are equal, though—those from
a more probable page must bring more probability. On the other hand, a link
from a page with many outgoing links must bring to each link less probability.
One then comes to the two rules: i) every page relays its rank to the pages it
links to, dividing it equally between them, and ii) the rank of a page is the sum
of all ranks obtained by links. According to these rules, p; = ) j i/ nj, where
is the number of outgoing links on page j, which links to page i. In other words,
we are looking for the eigenvector of the hyperlink matrix, pA = p, where the
matrix elements a;; = 1/#; if j links to i and a;; = 0 otherwise. Does a unique
eigenvector with all non-negative entries and a unit eigenvalue always exist?
If yes, how to find it?

The iterative algorithm to find the rank eigenvector p; is called PageRank
(Brin and Page 1998).! 1t starts by ascribing equal probability to all pages,
pi(0) = 1/n, and generates the new probability distribution by applying the
above rules of the rank relay:

pt+1)=p(HA. (4.1)

We recognize that this stochastic process is a Markov chain, mentioned in
sections 2.3 and 3.6, which means that the future is determined by the present
state, but not by the past. We thus interpret A as the matrix of transition prob-
abilities between pages for our random surfer. In later modifications, rather
than fill the elements of A uniformlyas 1/ nj, one uses information about actual
frequencies of linking that can be obtained from access logs. Could our self-
referential rules lead to a vicious circle or the iterations converge at t — 00? It
is clear that if the largest eigenvalue A of Ais larger than unity, then the iter-
ations would diverge; if A; < 1, then the iterations would converge to zero.
Both contradict normalization, )  p; = 1. We need the largest eigenvalue to
be unity and correspond to a single eigenvector so that the iterations converge.

1. “Page” relates both to web pages and to Larry Page, who with Sergei Brin invented the
algorithm and created Google.
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How fast it converges is then determined by the second largest eigenvalue A,
(which must be less than unity).

A moment’s reflection is enough to identify the problem: some pages do
notlink to any other page, which corresponds to rows of zeros in A. Such pages
accumulate the score without sharing it. Another problem is caused by loops.
The figure presents a simple example illustrating both problems:

—

N\

®

If all transition probabilities are nonzero, the probability vector with time
tends to (0, 0, 1), that is, the surfer is stuck at page 3. When the probabilities
a13, az3 are very small, the surfer tends to be caught for long times in the loop
1<«—2.

To release our random surfer from being stuck at a sink or caught in a loop,
the original PageRank algorithm allowed it to jump randomly to any other
page with equal probability. To be fair with pages that are not sinks, these ran-
dom teleportations are added to all nodes in the web: the surfer either clicks on
alink on the current page with probability d or opens up a random page with
probability 1 — d. To quote the original: “We assume there is a random surfer’
who is given a web page at random and keeps clicking on links, never hitting
‘back’ but eventually gets bored and starts on another random page. The prob-
ability that the random surfer visits a page is its PageRank. The damping factor
is the probability that the ‘random surfer’ will get bored and request another
random page.” This is equivalent to replacing A by G = dA + (1 — d)E. Here
the teleportation matrix E has all entries 1 /n, thatis, E = ee” /n, where e is the
column vector with ¢; = 1 fori= 1, .. ., n. After that, all matrix entries g;; are
strictly positive and the graph is fully connected.

It is important that our matrix now has positive elements in every column
whose sum is unity. Such matrices are called stochastic since every column
can be thought of as a probability distribution. Every stochastic matrix has
unity as the largest eigenvalue. Indeed, since ) i&=1 then e is an eigenvec-

tor of the transposed matrix: GTe =e. Therefore, 1 is an eigenvalue for G7,
and also for G, which has the same eigenvalues. We can now use convexity to
prove that this is the largest eigenvalue. For any vector p, every element of pG
is a convex combination of the elements, Zj ;g which cannot exceed the
largest element of p since Zi gij = 1. For an eigenvector with an eigenvalue
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exceeding unity, at least one element of pG must exceed the largest element of
p; therefore, such an eigenvector cannot exist. This is a particular case of the
following theorem: The eigenvalue with the largest absolute value of a positive
square matrix is positive and belongs to a positive eigenvector, where all of the
vector’s elements are positive. All other eigenvectors are smaller in absolute
value (Markov 1906, Perron 1907).

The great achievement of the PageRank algorithm is that it replaces the

process (4.1) by R
p(t+1)=p()G. (4.2)

That iterative process cannot be caught into a loop and converges, which fol-
lows from the fact that G;; # 0 for all j; that is, there is always a probability of
staying on the page, breaking anyloop. The eigenvalues of Garel,d, ... dA,,
where {A;} are eigenvalues of A (prove it), so the choice of d affects conver-
gence, the smaller the faster. On the other hand, it is somewhat artificial to
use teleportation to an arbitrary page, so larger values of d give more weight
to the true link structure of the web. As in other optimization problems we
have encountered in this book, a workable compromise is needed. The stan-
dard Google choice, d = 0.85, comes from estimating how often an average
surfer uses bookmarks. As a result, the process usually converges after about
S0 iterations.

One can design a personalized ranking by replacing the teleportation
matrix by E = ev’, where the probability vector v has all nonzero entries
and allows for personalization; that is, it can be chosen according to the indi-
vidual user’s history of searches and visits. That means that it is possible in
principle to have our personal rankings of the web pages and make searches
customized.

As mentioned, the sequence of the probability vectors defined by the
relations of the type (4.1, 4.2) is a Markov chain. In particular, the three ran-
dom quantities X — Y — Z constitute a Markov triplet if Y is completely
determined by X, Z, while X, Z are independent, conditional on Y; that is,
I(X, Z|Y) = 0. Such chains have an extremely wide domain of applications.

Exercise 4.1: PageRank of the two-page internet.

Consider the simplest version of the internet, which has two pages:
page 1 has one link to page 2, which has no links. Rank these pages
according to the PageRank algorithm with arbitrary d < 1 (the proba-
bility of following a link).
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Exercise 4.2: Eigenvalues of the Google matrix.

Assume that the matrix A with the spectrum (1,Az,...,A,) is
stochastic, that is, ) j 4 =1 for every i. Prove that the spectrum of the
Google matrix G=dA+ (1 —d)evlis(1,dAs, ..., d)\,), where visan
arbitrary probability vector, thatis, ), v; =1.

Exercise 4.3: Solus Rex. A king randomly moves to any of the adjacent
squares with equal probability on an otherwise empty 3 X 3 chessboard.

(a) How much information brings a message specifying his
position?

(b) If we wish to encode the whole game (the random walk of the
king), we need to know how the number of typical sequences
N(n) grows asymptotically with the number # of the moves:
lim,— oo N (1) =2". Find S, which is called the information
rate of the source. Is it the same as the entropy that determined
the answer to the previous question?

4.2 Random Walk and Diffusion

Let us now consider a particular yet fundamental stochastic process of a ran-
dom walk on a lattice, where the transition probability is nonzero only for
neighboring sites. Our walker can hop randomly to any of the 2d neighbor-
ing sites in the d-dimensional cubic lattice, starting from the origin at t =0.
We denote a as the lattice spacing, T as the time between hops, and e; as the
orthogonal lattice vectors that satisfy e; - ¢j = a28,-]-. The probability of being
in a given site x evolves according to the equation
1 d
Pt +7) = > [Px+e;t) +P(x—e;,D)]. (4.3)
i=1

That can be rewritten in the form convenient for taking the continuous limit:

Pxt+1) —P(x,t) a Xd: P(x + &, ) + P(x — e;, ) — 2P(x, 1)

T ~ 24t a?
= (4.4)

This is a finite difference approximation to the diffusion equation, which app-
ears when we take the continuous limit a — 0, T — 0, keeping finite the ratio
k =a?/2dt: (; — k A)P(x,t) =0. The space density po(x,t) = P(x, t)a_d
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satisfies the same equation:
0o =Kk Ap. (4.5)

The solution with the initial condition p (x,0) = 6 (x) is the Gaussian distri-
bution:
ox,t) = (471Kt)_d/2exp (—x2/4/<t) . (4.6)

Along with (4.3) and (4.4), the diffusion equation conserves the total
probability, [ p(x,t) dx, because it has the form of a continuity equation,
0¢p (x,t) = —divj with the current j=—«V p.2Note that (4.5) and (4.6)
are isotropic and translation invariant, while the discrete version respects only
cubic symmetries. The phase volume increases as t¥/2, and the entropy grows
with time logarithmically.

Another way to describe a random walk is to treat e; as a random variable
with (e;) =0 and (eje;) = a25ij, so that x = ngl e;. The probability of the
sum is (4.6), that is, the product of Gaussian distributions of the components,
with the variance growing linearly with ¢.

A path of a random walker behaves more like a surface than a line. The two-
dimensionality of the random walk is a reflection of the square-root diffusion
law: (x) o¢ /t. The dimensionality of a set defines the relation between its size
x and the number N ox & of standard-size elements needed to cover it. For a
random walk, the number of elements is on the order of the number of steps,
N o t o< x%. One can also look at how the number of boxes N(a) needed to
cover a geometric object grows as the box size a decreases; see the definition of
the box-counting dimension (5.20) in section 5.4. Foraline N o< 1/a, generally
N o a~ 9. Aswe discussed above, diffusion requires the time step to shrink with
the lattice spacing according to T o a®. The number of elements is the number
of steps and grows for a given t as N(a) =t/7 a2 so that d = 2. Surfaces
generally intersect along curves in 3D; they meet atisolated points in 4D and do
not meet at d > 4. That is reflected in special properties of the random walk in
2D (where it fills the surface) and 4D (where random walkers do not meet and
hence do not interact). The mean time spent on a given site, Z?io P(x,t) —>
f p(x,t) dt foo t=4/24¢, diverges for d < 2. In other words, the walker in 1D

and 2D returns to any point an infinite number of times.

Exercise 4.4: Random walk on a circle.
Consider a one-dimensional random walk over a circle with N sites as
a Markov chain and write the one-step transformation of the probability

2. The continuity equation is derived in detail at the beginning of section 5.1.
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distribution over the sites i=1,...,N. Find the transition probabil-
ity matrix A and show that its eigenvectors are ¢/ if k, = 27n/N for
n=0,1,...,N — 1. Show that the only stationary distribution is the
eigenvector with the highest eigenvalue and the rate of relaxation to it
is determined by the second largest eigenvalue.

4.3 Detailed Balance

A significant generalization of equilibrium statistical physics can be achieved
for systems with one or few degrees of freedom deviated arbitrarily far from
equilibrium. That can be done under the assumption that the rest of the
degrees of freedom are in equilibrium and can be represented by a thermo-
stat generating thermal noise. This new approach also allows one to treat
nonthermodynamic fluctuations, such as a negative entropy change.

We illustrate these developments using the simplest example of a one-
dimensional random walk, to which we add a drift with velocity v(x) =
—0V(x)/0x; that is, down the gradient of the potential V'(x). According
to the continuity equation, the drift adds pv to the current j and —0d,(pv)
to dp(x,t)/dt. Combining this with (4.5), which describes diffusion from
the random walk, we obtain the so-called Fokker-Planck equation for the
probability p (x, ) (see section A.10 for the detailed derivation):

0ip =T0; p + 0x(03, V) = — . (4.7)

Here we denote diffusivity as T for reasons that will be clear in a moment. Let
us denote p (x/, t; x, 0) as the conditional probability to come from x at 0 to &’
at t. Without the coordinate-dependent field V' (x), the transition probability

is symmetric: ) ,
,O(x;t}xyo):/?(x;f}x;o)- (48)

That property is called the detailed balance.

How is it modified in an external field? If the potential V is time-
independent, then the stationary solution of (4.7) is the zero-current Gibbs
state: requiring j = —Td,0 — 00,V = 0, we obtain

px) = ZO_1 exp[—BV(x)], Zo= / exp[—BV(x,0)] dx. (4.9)

From the perspective of information theory, if the only condition we impose
is that a particle at x has the mean energy V(x), then the probability distribu-
tion is an exponent of the energy. The Gibbs state (4.9) satisfies a modified
detailed balance: the probability current is the (Gibbs) probability density
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at the starting point times the transition probability; forward and backward
currents must be equal in equilibrium:

o, 5,006V O/ = p(x, 1« O)e_V(‘x/)/T. (4.10)

-1

+1__

We can exploit an analogy between quantum mechanics and statistical physics
by introducing the Fokker-Planck operator,

How— d 3V+T8
P dx \ 0x ax )’

This operator governs the evolution of the probability density the same way the
Hamiltonian governs the evolution of the quantum wave function. The proba-
bility density is then treated as a ¥ function in the x representation, p (x, t) =
(x| (t)), using notations from chapter 6. We then rewrite (4.7) as d|y/) /dt =
—Hpp|yr), which has the formal solution |y (£)) = exp(—tHgp)|¥ (0)). The
only difference with quantum mechanics is that their time is imaginary (of
course, they think that our time is imaginary). In other words, the Schrodinger
equation,

d n?
lﬁalw = <—%A+V) V),

corresponds to imaginary diffusivity. The transitional probability is given by
the matrix element:

o, t;x,t) = («| exp[(t — t')Hpp)|x). (4.11)

The quantum-mechanical notations allow us to translate the detailed bal-
ance from the property of transition probabilities to that of the evolution
operator. The field-free symmetry (4.8) formally corresponds to the fact that
the respective Fokker-Planck operator 92 is Hermitian. The relation (4.10) can
be written as follows:

+
(xllefthp67V/T|x> — <x|eftHFp67V/T|x/) — (x/|€7V/T€7tHFP|X>.

s
Since this must be true for any x, ’, then ¢ Hrp = ¢V/Te—tHrpo=V/T 3png
ov 0\ o
Hip=(——~T—) —=¢"/THpe V', (4.12)
0x d0x ) 0x

ie, ¢V/2THgpe~V/2T is Hermitian, which can be checked directly (more on
the analogy between thermal and quantum fluctuations can be found in
section A.12).
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4.4 Fluctuation Relation and the New Second Law

Two hundred years after Carnot, one might expect the second law of thermo-
dynamics to be a bronze monument, yet it is very much alive, growing, and
changing shape.

To seeiit, let us allow the potential V in (4.7) to change in time; then the sys-
tem goes away from equilibrium. Consider an ensemble of trajectories starting
from the initial positions taken with the probabilities determined by the equi-
librium Gibbs distribution corresponding to the initial potential: p(x,0) =
Zy ! exp[—BV(x,0)], where 8 =1/T. As time proceeds and the potential
continuously changes, the system is never in equilibrium, so that o (x,t)
does not generally have a Gibbs form. Even though one can define a time-
dependent Gibbs state, Z, ! exp[—BV(x,t)], withZ; = f exp[—BV (%, t)]dx,
one can directly check that it is not a solution of the Fokker-Planck equa-
tion (4.7) because of the extra term: d;0 = —Bp9;V. The distribution needs
some time to adjust to the potential changes and is generally dependent on
the history of these. For example, if we suddenly broaden the potential well to
the width L, it will take diffusion (with diffusivity T) a time of order L?/T
to broaden the distribution. Can we find some quantity that accounts for
this history and lets us generalize the detailed balance relation (4.10) we had
in equilibrium? Such a relation was found surprisingly recently despite its
generality and relative technical simplicity of derivation.

To find the quantity that has a Gibbs form (ie., that has its probability
determined by the instantaneous potential), we need to find an equation that
generalizes (4.7) by having an extra term that will cancel the time derivative of
the potential. This is achieved by considering, apart from a position x, another
random quantity, defined as the potential energy change (or the external work
done) along the particle trajectory during time :

EavV(x(),t
Wt:/ dt/M. (4.13)
0 at’

The time derivative is partial, i.e., taken only with respect to the second argu-
ment, so that the integral is not equal to the difference between the start and
the finish, but is determined by the whole history. The work is a fluctuating
and even sign-changing quantity depending on the trajectory x(¢'), which
itself depends on the initial point and random walk realization.

Let us now run our random walker many times, choosing different starting
points x(0) according to the Gibbs probability o (x) = Z, ! exp[—BV(x, 0)].
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This gives us many trajectories having different endpoints x(t) and accu-
mulating different energy changes W along the way. Now consider the joint
probability o (x, W, t) of reaching x and acquiring energy change W. This two-
dimensional probability distribution satisfies the generalized Fokker-Planck
equation, which can be derived as follows: similar to the argument preceding
(4.7), we note that the flow along W in x — W space proceeds with the veloc-
ity dW /dt = 9,V so that the respective component of the currentis p9;V and
the equation takes the form

Op=PB"107p + 0x(pd:V) — 3y, p0,V. (4.14)
Since Wy = 0, the initial condition for (4.14) is
0 (%, W,0) =Zy " exp[—BV (x,0)18(W). (4.15)

While we cannot find p (x, W, t) for arbitrary V (£), we can multiply (4.14) by
exp(—BW) and integrate over dW. Since V (x, t) does not depend on W, we
get the closed equation for f (x, t) = f dWp (x, W, t) exp(—BW):

df = BTHOLf + 0.(f3.V) — BfO,V. (4.16)

Now, this equation does have an exact time-dependent solution,

fxt) =25 " expl—BV (%, 0],

where the factor Z, ! is chosen to satisfy the initial condition (4.15). Note
that f(x, t) is instantaneously defined by V'(x, t) without any history depen-
dence, in contrast to p(x,t). In other words, the distribution weighted by
exp(—BW¢) looks like the Gibbs state, adjusted to the time-dependent poten-
tial at every moment of time. Even though the phase volume defines probabil-
ity only in equilibrium, the work divided by temperature is an analog of the
entropy change (production), and the exponent of it is an analog of the phase
volume change. Let us stress that f(x, t) is not a probability distribution. In
particular, its integral over x is not unity but the mean phase volume change,
which remarkably is expressed via equilibrium partition functions at the ends
(Jarzynski 1997):

Z  [e PVt gy

_ —-BW | —BW - s
/f(x, t)dx _/p(x, W, t)e PV dxdW _(e )— Zo fe_,aV(x,O)dx'

(4.17)
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Here the bracket means double averaging: over the initial distribution p (x, 0)
and over the different random walks during the time interval (0, t). We can also
obtain all weighted moments of x, like (x" exp(—BW})) 3 One can introduce
the free energy F; = — T In Z;, so that Z; /Zy = exp[ B (Fo — F¢)].

Let us reflect on where we have arrived following our random walker. We
started from a Gibbs distribution but considered arbitrary temporal evolution
of the potential. Therefore, our distribution was arbitrarily far from equilib-
rium during the evolution. Despite that, we expressed the mean exponent of
the work done via the partition functions of the equilibrium distributions, cor-
responding to the potential at the beginning and at the end. Even though the
system is not in equilibrium at the end, the use of the Gibbs distribution is not
that surprising, because the further relaxation to equilibrium at the end value
of the potential is not accompanied by doing any work W. What is surprising
is that there is no dependence on the intermediate times. One can also look at
it from the opposite perspective: no less remarkable is that one can determine
a truly equilibrium property, the free energy difference, from nonequilibrium
measurements (which could be arbitrarily fast rather than adiabatically slow,
as we used to do in traditional thermodynamics).

The total heat release is the work minus the free energy change: Q =
W — F; + Fy. Divided by the temperature, this is minus the entropy change
during the evolution. That allows us to rewrite (4.17) as the following identity:

(e UTy = (728 =1, (4.18)

which is a generalization of the second law of thermodynamics. Note that the
entropy change AS is treated here as a fluctuating quantity, which could have

A)

either sign. Using the Jensen inequality (¢*) > ¢4}, one can obtain the usual

second law of thermodynamics for the positivity of the mean entropy change:
(AS) > 0.

When information processing is involved, it must be treated on an equal
footing, which allows one to decrease the work and the dissipation below the
free energy difference (Sagawa and Uedo, 2012; Sagawa 2012):

(PN =(e2)=1. (4.19)

We considered such acaseinsection 3.2, whereweused (Q) > —IT = —TAS.

The exponential equality (4.19) is a generalization of this inequality and (3.7).

3.1 thank R. Chetrite for this derivation.
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So the modern form of the second law of thermodynamics is equality rather
than inequality. The latter is just a partial consequence of the former. Compare
it with the reformulation of the second law in section 5.2 as a conservation law
rather than a law of increase.

And yet (4.19) is not the most general form. The further generalization is
achieved by relating the entropy production to irreversibility, stating that the
probability of having a change —AS in a time-reversed process (marked by a
dagger) is as follows (Crooks 1999):

PT(—AS) =P(AS)e S, (4.20)

Integrating (4.20), one obtains (4.19). That remarkable relation also allows
one to express the mean entropy production via the relative entropy (2:29)
between probabilities of the forward and backward evolution:

(AS) = <ln[P(AS) /PT(—AS)]>. (421)

The positivity of the mean entropy change is thus related (as is almost every-
thing) to the positivity of the relative entropy.

One can find the derivation of the relation (4.20) for the toy model of
the generalized baker’s map in section A.8 and multidimensional versions in
section A.11.

Exercise 4.5: Random walk in an inverted potential.

Consider a particle in an inverted quadratic potential V(x)=
—ax? /2 under the action of a random noise 1(t) with (7(0)n(t)) =
3(t). This is described by the Langevin equation with o > 0:

x=ox+1. (422)
Assume that the particle is at xg at t = 0.

(a) Find the probability distribution p (x, t) by directly solving
(4.22). Find the longtime decay of probability at a finite
distance.

(b) Write the Fokker-Planck Hamiltonian Hgp. Find the spectrum
of the Hamiltonian and compare it with the cases of negative
and zero «. In our case of positive ¢, relate the longtime
asymptotic of p (x, t) to the lowest eigenvalue of the
Fokker-Planck Hamiltonian.
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5
Inevitability of lrreversibility

Time is greater than space. Space is a thing.
Time, in essence, is the thought of a thing.

—JOSEPH BRODSKY

Let us understand how entropy actually grows in the physical world. A
random walk increases entropy because it adds uncertainty at every step. But
for a physical system, every step is prescribed by physical laws. The puzzle here
is how irreversible entropy growth appears out of reversible laws of mechan-
ics, electromagnetism, etc. If we screen the movie of any evolution backward, it
will be alegitimate solution to the equations of motion. Will it have its entropy
decreasing?

This question was already posed in the nineteenth century. It took the bet-
ter part of the twentieth century to answer it, resolve the puzzles, and make
statistical physics conceptually trivial (and technically much more powerful).
The general idea is that only full knowledge can persist; any partial knowl-
edge dissipates. Knowledge can be partial due to the inability to observe all
the degrees of freedom or due to a finite precision requiring us to consider
regions in phase space. The former case corresponds to Boltzmann kinetics
described in section 5.2. The latter relates to the mechanism of randomiza-
tion called dynamical chaos: initially small regions spread over the whole
phase space under reversible Hamiltonian dynamics, very much like flows of
an incompressible liquid mixing. Such spreading and mixing in phase space
correspond to the approach to equilibrium, as described in section 5.3. On
the contrary, to deviate a system from equilibrium, one adds external forc-
ing and dissipation, which makes its phase flow compressible and distribution
nonuniform, as described in section 5.4. In the last section, we design our

93
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own way to irreversibly forget what we consider irrelevant and learn what is
relevant.

5.1 Evolution in the Phase Space

So far, we have said precious little about how physical systems actually evolve
to arrive at equilibrium. Let us start with a broad class of energy-conserving
systems that Hamiltonian dynamics can describe. Every such system is char-
acterized by its momenta p and coordinates g, together comprising the phase
space. Any state of a system is a point in the space. Coordinates and momenta
change as time progresses, and the point moves in the phase space. We should
consider finite regions since we cannot measure p, q exactly. We define the
probability for a system to be in some ApAg region of the phase space as the
fraction At of the total observation time T it spends there: w = At/T. Assum-
ing that the probability of finding it within the volume dpdq is proportional
to this volume, we introduce the statistical distribution in the phase space
as a density: dw = p(p, q)dpdq. By definition, the average with the statistical
distribution is equivalent to the time average:

T
i= [ seaneopi=g [ s (s)
‘We can now consider the evolution of the density o (p, g) on timescales larger
than the T used to define it.
Here we start considering flows, which are determined by the velocity
v. Our focus is on density changes. They are brought by the flow nonuni-
formity, which we characterize by the velocity spatial derivatives. Consider
for illustration a square with small sides, x, §y, in a two-dimensional flow,
v(x,y) = (vx, vy). The sides change according to ddx/dt = §v, = xdv,/0x
and ddy/dt = vy, = §ydv, /dy. The area time derivative is as follows:

d ddy déx v, vy .
ESxSy = (Sx% + Sy? = dxdy (a + 8_y) = dxdy divv.
We see that div v gives the local rate of the volume change. Similarly, the diver-
gence of the mass current, j = pv = (jy, j,), determines the density change.
Indeed, the differences between mass flows through the opposite y sides is
8ydjx = 6ydx0jy/dx. Adding the difference for x sides, we obtain the rate of
mass change as §x8y divj. That means that the density changes according to
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the continuity equation

% = —divj=—div (pv).

The phase-space flow has the velocity v = (p, ). Hamiltonian dynamics
of the momenta and coordinates describe the motion: g; = 9H /dp; and p; =
—07H/0dg;. The resulting continuity equation for the probability density is
called the Liouville equation:
ap ) oH dp 9H dp
op = —div (ov) Z I 90, 9a gy = {p, H}. (5.2)
Here the Hamiltonian generally depends on the momenta and coordinates of
the given subsystem and its neighbors.

The equation (5.2) describes the density evolution at a given point of the
phase space since the time derivative at the left is partial, that is, taken at fixed
Pi, qi- Any given physical system changes its momenta and coordinates mov-
ing in the phase space. The density change for a system is then described by
the full derivative taken along the flow: dp/dt =0dp/dt 4+ (vV)p. What is
most important for us now is that any Hamiltonian flow in the phase space
is incompressible: it conserves area in each plane p;, g; and the total volume:
divv=04;/9q; + 9p;/dp; = 0. That gives the Liouville theorem: dp/dt =
dp /ot + (vV)p = —pdivv = 0. The statistical distribution is thus conserved
along the phase trajectories of any system. As a result, p is an integral of
motion.

We define statistical equilibrium as a state where p must be expressed solely
via the integrals of motion. When forces are short-range, macroscopic subsys-
tems interact weakly and are statistically independent so that the distribution
for a composite system 01 is factorized: p13 = p1p2. Since In p15 =1In p; +
In p, is an additive quantity, then in equilibrium it must be expressed linearly
via the additive integrals of motion (which replace the enormous microscopic
information). Considering a subsystem that has zero total momentum and
angular momentum, the only such integral is energy E(p, q), which is addi-
tive, neglecting interaction energy between subsystems. That corresponds to
the familiar Gibbs canonical distribution:

p(p,q) =Aexp[—E(p,q)/T]. (5.3)

Note one subtlety: On the one hand, we consider weakly interacting sub-
systems to have their energies additive and distributions independent. On
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the other hand, it is precisely this weak interaction that is expected to drive
a complicated evolution visiting all regions of the phase space, thus mak-
ing statistical description possible. A particular case of (5.3) is a distribution
constant over all the phase space (kind of microcanonical), which is evi-
dently invariant under the Hamiltonian evolution of an isolated system due
to the Liouville theorem. That distribution formally corresponds to an infi-
nite temperature when canonical and microcanonical distributions coincide
since energy differences between different regions of the phase space do not
matter.

It is time for reflection. How can the Hamiltonian dynamics preserving
distribution bring a system to the equilibrium distribution?

5.2 Kinetic Equation and H-Theorem

Any Hamiltonian evolution is an incompressible flow in the phase space,
divv =0, so it conserves the total Gibbs entropy:

0
%:—fdxa—'iln,o=/dxlnpdiv,ov:—/dx(vV),o

:/dx,odivv:O.

Which entropy then can grow? Boltzmann answered this question by deriving
the equation on the one-particle momentum probability distribution. Such an
equation must follow from integrating the N-particle Liouville equation (5.2)
over all N coordinates and N — 1 momenta.

Consider the probability density p(x,t) in the phase space x= (P, Q),
where P={p;...pn} and Q ={q; ... qn}. The Hamiltonian of parti-
cles with pair interaction is the sum of kinetic and potential energies:
H=>, % + Zi<j U(q; — q;)- The evolution of the density is described by

the following Liouville equation:

dp(P,Q, 1) o~ pi
T:{IO(P;Q_;t);H}: _Z;a_ql_*—zel] p(P)QJt))

i<j
(5.4)

where

U(gi—q) (9 0
9,‘]‘=9(qi) Pis q]?P]) = —q] (_ )

9q; api B 3_PJ
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is the rate of the momentum change due to interaction. For a reduced
description of the single-particle distribution over momenta, p(p,t) =

f p(P,Q,1)8(p1 —p) dpi1 . ..dpndqi . . . dqu, we integrate (5.4). The terms
with 9/0q; do not contribute, and we get

dp(p,t)
ot

= / §(p1 —p)0(q1, P1; 92, P2) 0 (41, P1; 92, P2) dq1dp1dqadps.
(5.5)

This equation is apparently not closed since the rhs contains two-particle
probability distribution. If we write the equation on that two-particle distribu-
tion integrating the Liouville equation over N — 2 coordinates and momenta,
the interaction 6 term gives three-particle distribution, etc. The consistent
procedure is to consider a short-range interaction and a low density so that
the mean distance between particles greatly exceeds the radius of interaction.
In this case, we may assume that particles come from large distances and their
momenta are not correlated for every binary collision. Statistical indepen-
dence then allows us to replace the two-particle momenta distribution with
the product of one-particle distributions.

It is easy to write the general form that such a closed equation must have.
For a dilute gas, only two-particle collisions need to be considered in describ-
ing the evolution of the single-particle distribution over moments p(p, t).
Consider the collision of two particles having momenta p, p;:

P /p'

Pi / P

For that, they must come to the same place, yet we shall assume that the par-
ticle velocity is independent of the position and that the momenta of two
particles are statistically independent so that the probability is the product
of single-particle probabilities: o (p, p1) = p(p) o (p1). These strong assump-
tions constitute what is called the hypothesis of molecular chaos. Under such
assumptions, the number of collisions (per unit time per unit volume) is pro-
portional to the probabilities p (p) o (p1) and depends on the initial momenta,
P, P1, and the final ones, p/, p}:

w(p,p1; P, P1) P (p)p(p1) dpdp:dp’dp). (5.6)
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One may believe that (5.6) must work well when the one-particle distribution
function evolves on a timescale much longer than that of a single collision.

We can now write the rate of the probability change as the difference
between the number of particles arriving and leaving the given region of phase
space around p by integrating over all p;pp/:

% = / (w'p’py —wpp1) dp1dpdp]. (5.7)

The scattering probabilities w = w(p, p1; p, p}) and w' = w(p’, p}; p, 1)
are nonzero only for quartets satisfying the conservation of energy and
momentum. We assume that the probabilities are invariant under time
reversal, which changes p — —p and interchanges incoming and outgoing
particles:

w(p,p1; P, Py) =w(—p, —p1; —p, —P1)- (5.8)

If the medium is also invariant with respect to inversion, r,p — —r, —p,
thenw(p, p1; p’, p}) = w(—p, —p1; —p’, —p})- Translation invariance makes
scattering the same at r and —r. All three symmetries combined give

w=w(p,pi;p,p)) =w@,p;pp1)=w. (5.9)

Using (5.9), we transform the second term in (5.7) and obtain the famous
Boltzmann kinetic equation (1872):

ap
= / w'(p'py — pp1) dprdp'dp| =1. (5.10)

Actual derivation relating w’ in (5.10) to the interparticle potential U is
cumbersome; fortunately, we need only the positivity of w’ for what follows.

H-theorem Let us now look at the evolution of the entropy of the one-
particle distribution satisfying (5.10):

ds ap
—=— | Zlnpdp=— | Ilnpdp. 11
" /at n o dp / n o dp (5.11)

The integral (5.11) contains the integrations over all momenta so that we may
exploit two interchanges, p; <> p and p, p1 <> p/, p}:

das

= f w' (01— p'p1) In p dpdpdp'dp)
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1

=3 / w'(pp1 — p'p1) In(pp1) dpdp1dp’dp|
1

=— / w' pp;1 In '0/'01/ dpdp1dp’dp’, > 0. (5.12)
2 P Py

Here we subtract the integral [ w’ (pp1 - ,0/,01) dpdp1dp’dp1/2 = 0and use
the inequality xInx — x + 1 > 0 with x = pp; /p’ p;. Even though the scat-
tering probabilities are reversible in time, according to (5.8), our use of the
molecular chaos hypothesis makes the kinetic equation irreversible.

Equilibrium realizes the entropy maximum, so the distribution must be
a steady solution of the Boltzmann equation. Indeed, the collision integral
turns into zero by virtue of po(p)Po(p1) = Po(p") Po(p}), since In pg is the
linear function of the integrals of motion, as explained in section 5.1. All this
is also true for an inhomogeneous equilibrium in an external potential (see
section 4.4).

One can look at the transition from (5.4) to (5.10) from a temporal view-
point. N-particle distribution changes during every collision when particles
exchange momenta. On the other hand, the single-particle distribution is the
average over N — 1 particles, so changing it requires many collisions. Even
though some of these collisions occur in parallel, in a dilute system with short-
range interaction, the time between collisions is much longer than the colli-
sion time, so the single-particle distribution changes on a much longer scale.
In other words, the transition from (5.4) to (5.10) is from a fast-changing
function to a slow-changing one.

Let us summarize the present state of confusion. The full entropy of the
N-particle distribution is conserved. The one-particle entropy grows. Is there
a contradiction here? Isn’t the full entropy a sum of one-particle entropies?
The answer (no to both questions) follows from our consideration of mutual
information in section 2.8. What was defined as the entropy of the gas in ther-
modynamics is indeed the sum of entropies of different particles )  S(p;, q;)-
In the thermodynamic limit, we neglect interparticle correlations. However,
the total entropy of the gas includes correlations, which are measured by
generalized (multiparticle) mutual information:

S@1- - Pwdu -8 =D_ SPia) — 1(p1, 415 - - - Pu Gn)-
i

We broke time reversibility and set the arrow of time when we assumed par-
ticles were uncorrelated before the collision and not after. If one starts from a
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set of uncorrelated particles and lets them interact, then the interaction will
build correlations, and the total distribution will change, but the total entropy
will not. This is because lowering entropy by correlations compensates the
growth of the single-particle entropies. That growth is described by the
Boltzmann equation, which is valid for an uncorrelated initial state (and for
some time after). The motivation for choosing such an initial state for comput-
ing one-particle evolution is that it is most likely in any generic ensemble. Yet
it would make no sense to run the Boltzmann equation backward from a cor-
related state, which is statistically a very unlikely initial state, since it requires
momenta to be correlated in such a way that a definite state is produced after
time . In other words, the Boltzmann equation describes at a macroscopic
level (of one-particle distribution) not all but typical microscopic (N-particle)
evolutions.

We can replace the usual second law of thermodynamics by the law of
conservation of the total entropy (or information): the increase in the ther-
modynamic (uncorrelated) entropy is exactly compensated by the increase
in correlations between particles expressed by the mutual information. The
usual second law results from our renunciation of all correlation knowledge
and not from any intrinsic behavior of dynamical systems. One way to dis-
regard correlations is to consider only one-particle distribution as we do
here. Another version of such renunciation is presented in section 5.3: the
full N-particle entropy grows because of phase-space mixing and continuous
coarse-graining.

But mutual information can work in the opposite direction, too. Imagine
that two systems are at respectively T} and T, heat dE; passes from 2 to 1,and
the degree of their correlation changes by AI. The second law then generalizes
(1.6) to

1 1

(_ _ _) dE, — AI> 0. (5.13)

T, T,

If correlations were absent before and appeared when the systems were
brought into contact, then AI > 0 and we still have heat flowing from hot to
cold, its amount bounded from below: dE; (T, — T;) > T1 T, Al > 0. How-
ever, one can create a situation where there is an initial correlation between the
systems that is destroyed during the heat exchange, i.e., AI < 0. In this case,
the heat could flow from the cold to the hot system. An information-theoretic
resource can be used to perform refrigeration using, for instance, Maxwell’s
demon, who opens a window for fast particles from the right and slow particles
from the left.
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Neglecting interparticle correlations by factorizing the two-particle distri-
bution p12 = p(q1, P1; 92, P2) = P1 02 means using incomplete information.
This naturally leads to a further increase of uncertainty, that is, of entropy. For
dilute gases, such a factorization is just the first term of an expansion over the

powers of density:
pr2=p1p2+ / dqsdpsJ123p10203+ - - . .

In section A.7, we explain that this (so-called cluster) expansion is regular only
for equilibrium distributions. For nonequilibrium distributions, the expansion
generally contains nonanalytic terms with log p. The Boltzmann equation is
nice, but corrections to it are ugly when one deviates from equilibrium. The
corrections also violate the H-theorem—indeed, dropping all the terms is part
of passing from the Liouville equation to the Boltzmann equation, which leads
to the loss of information and entropy growth.

5.3 Phase-Space Mixing and Entropy Growth

‘We have seen that one-particle entropy can grow even when the full N-particle
entropy is conserved. To show how the full entropy can grow, let us return to
the full N-particle distribution and recall that we always measure coordinates
and momenta within some intervals; i.e., we characterize the system not by
a point but by a finite region in phase space. We now show that quite gen-
eral dynamics stretches this finite domain into a thin, convoluted strip whose
parts can be found everywhere in the available phase space, say, on a fixed-
energy surface. The dynamics thus provide a stochastic-like mixing in phase
space responsible for the approach to equilibrium (uniform microcanonical
distribution). By itself, this stretching and mixing does not change the phase
volume and entropy. Another necessary ingredient is to continually treat our
system with finite precision. Such a consideration is called coarse-graining, and
together with mixing, it is responsible for the irreversibility of statistical laws
and for entropy growth.

The dynamical mechanism of entropy growth is the separation of trajecto-
ries in phase space: trajectories started from a small neighborhood are found
farther and farther away from each other as time proceeds. Denote again by
x = (P, Q) the 6N-dimensional vector of the position and by v = (P, Q) the
velocity in the phase space. The relative motion of two close points, sepa-
rated by r, is determined by their velocity difference: dv; ~ r;0v;/9x; = rj0y;.
We have seen in section S.1 that the trace of the tensor of velocity deriva-
tives, divv = Zi 0ii, determines the volume change rate. We now consider
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the whole tensor and decompose it into an antisymmetric part (describ-
ing rotation) and a symmetric part, Sjj = (9v;/dx; 4 dv;/dx;) /2 (describing
deformation). Separation of trajectories is due to deformation, so we focus on
Sij. The vector initially parallel to the axis j turns toward the axis i with the
angular speed 0v;/dxj, so that 2§;; is the rate of change of the angle between
two mutually perpendicular vectors along i and j axes. To put it simply, 2S;; is
the rate at which a rectangle deforms into a parallelogram. Arrows in the figure
show the velocities of the endpoints:

Xy

5
y S,y 0

Ox

S, 0y
>

The symmetric tensor S;; can be always transformed into a diagonal form by an
orthogonal transformation (i.e., by the rotation of the axes) so that Sij = Sidjj.
According to the Liouville theorem, Hamiltonian dynamics is an incompress-
ible flow in the phase space, so the trace must be zero: Troj; =), S; = div
v =0. That means that some components are positive and some are neg-
ative. Positive diagonal components are the stretching rates, and negative
components are the contraction rates in respective directions. The equation
for the distance between two points along a principal direction has the form
i = 8v; = r;S;. The solution is as follows:

t
r;(t) =r;(0) exp |:/ Si(t) dt/:|. (5.14)
0

For a time-independent strain, the growth/decay is exponential over time.

A purely straining motion converts a spherical element into an ellipsoid
with the principal diameters that grow or decay. As an example, consider
a two-dimensional projection of the initial spherical element, i.e., a circle
of the radius R at t =0, as shown in figure 5.1. The point that starts at

x0, o = v/R? — x% becomes

x(t) = eS“txo s

y(t) = eszztyo —Snt [R2 _ x% — eszzt\/Rz — x2(t)e—2Sut,

K (H)e St 42 (1) B2t = R2, (5.15)
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FIGURE 5.1. Deformation of a phase-space
element by a permanent strain.

The equation (5.15) describes how the initial circle turns into the ellipse
whose eccentricity increases exponentially with the rate [S;; — S3]. In a
multidimensional space, any sphere of initial conditions turns into the ellip-

soid defined by

6N 6N
Z xl2 0)= Z xl2 (t)efzs"t = const.
i=1 i=1

If our uncertainty about the initial state is confined within a sphere, then
the uncertainty about the evolved state is within the ellipsoid. As the system
moves in the phase space, both the strain values and the orientation of the
principal directions change so that an expanding direction may turn into a
contracting one and vice versa. Since we do not want to go into the details of
dynamics, we consider such evolution as a kind of random process. The ques-
tion is whether averaging over all values and orientations gives a zero net sepa-
ration of trajectories. It may seem counterintuitive, but exponential stretching
generally persists on average, and the majority of trajectories separate. There
are two ways to understand that: one in space and another in time.!

Let us first go with the flow and see the separation of trajectories with time.
Denote the rate of separation along a given direction as A;(t) = fot Si(t)dt' /t.
Even when the time average is zero, lim;_, o f Ot Si(t')dt’ =0, its average expo-
nent is larger than unity (and generally grows with time):

i(t 1 [T
<r()>— lim —/ dte® > 1, (5.16)
0

ri(0)] T—oo T

This is because the time intervals with positive A (¢) contribute more to the

exponent than the intervals with negative A (). That follows from the con-
vexity of the exponential function. In the simplest case, when A is uniformly
distributed over the interval —a < A < g, the average A is zero, while the
average exponent exceeds unity: (1/2a) fa_a eMdA = (e —e %) /2a> 1.

1. “Time and space are modes by which we think and not conditions in which we live”
(A. Einstein).
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FIGURE 5.2. Left: Streamlines of a saddle-point flow. Right:
Motion down a streamline. For ¢ = 9 = arccos[1 4 exp
QAT V2>n /4, the initial and final points are symmetric
relative to the diagonal: x(0) = y(T) and y(0) = x(T). If

@ < @o (majority of starting points), the distance from the
origin increases.

From a spatial perspective, let us look at figure 5.2, presenting the simplest
case of a pure strain, which corresponds to an incompressible saddle-point
flow in a plane: v, = Ax, v, = —Ay. We are in the reference frame of the trajec-
tory corresponding to the center, so that r = (x, y) represents the separation
between that trajectory and one nearby. Two-dimensional phase-space flow is
of great illustrative value, all the more because the Liouville theorem is true
in every p; — q; plane projection. Here we have one expanding direction and
one contracting direction, their rates being equal. The evolution of the vector
components satisfies the equations x = v, and y =v;. The solutions, x(t) =
xp exp(At) and y(t) = yo exp(—At) = xgyo/x(t), show that every trajectory is
a hyperbole. Whether the separation vector is stretched or contracted after
some time T depends on its orientation and on T. The vector r = (x, y) can
initially have any angle ¢ with the x axis. After time T, the length is multi-
plied by [cos? ¢ exp(2AT) + sin? @ exp(—2AT)] 1/2 The vector is stretched
ifcosgp>[1+ exp(Z)LT)]_l/2 < l/ﬁ, i.e., the fraction of stretched direc-
tions is larger than half. When all orientations are equally probable along the
motion, the net effect is stretching, increasing with the persistence time T.

The net stretching and separation of trajectories is formally proved in math-
ematics by considering a random strain matrix 6 (f) and the transfer matrix
W defined byr(t) = Wit t1)r(t;). It satisfies the equation dW/dt =G6W. The
Liouville theorem tr & =0 means that det W = 1. The modulus r(¢) of the
separation vector may be expressed via the positive symmetric matrix W .
The main result (Furstenberg and Kesten 1960; Oseledec 1968) states that
in almost every realization & (t), the matrix %In wT (t, O)W(t, 0) tends to a
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finite limit as t — 00. In particular, its eigenvectors tend to d fixed orthonormal
eigenvectors f;. Geometrically, that means that an initial sphere evolves into an

elongated ellipsoid over time. The limiting eigenvalues
ri= lim t ' n|WE| (5.17)
t—00

define the so-called Lyapunov exponents, which can be thought of as the mean
stretching rates. The sum of the exponents is the mean volume growth rate,
which is zero due to the Liouville theorem. Aslong as there is no special degen-
eracy, which makes all the exponents identically zero, at least one positive
exponent gives stretching. Therefore, as time increases, the ellipsoid becomes
more and more elongated, and it is less and less likely that the hierarchy of the
ellipsoid axes will change.

The mathematical lesson to learn is that by multiplying N random matrices
with a unit determinant (recall that the determinant is the product of eigen-
values), one generally gets some eigenvalues growing and some decreasing
exponentially with N. It is also worth remembering that there is always a prob-
ability for two trajectories to come closer in a random flow. That probability
decreases with time, but it is finite for any finite time. In other words, the
majority of trajectories separate, but some approach. The separating ones pro-
vide for the exponential growth of positive moments of the distance: E(a) =
limy— o0 t 1 In [(r*(t)/r*(0))] > O for a > 0. However, approaching trajecto-
ries have r(t) decreasing, guaranteeing that the moments with sufficiently
negative a also grow. We mention without proof that E(a) is a concave func-
tion that passes through zero, E(0) = 0. It must then have another zero, which
can be shown to be a = —d for isotropic random flow in d-dimensional space.

The probability of finding a ball turning into an exponentially stretching

ellipse thus goes to unity as time increases. The physical reason for this is that
substantial deformation appears sooner or later. To reverse it, one needs to
contract the long axis of the ellipse. The direction of contraction then must be
inside the narrow angle defined by the ellipse eccentricity, which is less likely

than being outside the angle:

To transform ellipse to circle,
contracting direction
8 > must be within the angle.

This is similar to the argument about the irreversibility of the Boltzmann equa-
tion in the previous section. Randomly oriented deformations continue to

increase the eccentricity on average.
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FIGURE 5.3. Increase of the phase volume upon stretching-
contraction and coarse-graining. The central panel shows the initial
state and the velocity field.

Armed with the understanding of exponential stretching, we now return
to the dynamical foundation of the second law of thermodynamics. Our finite
resolution does not allow us to distinguish between the states within some
square in the phase space. That square is our “grain” in coarse-graining. In
figure 5.3, one can see how such a black square of initial conditions (at the cen-
tral panel) is stretched in one (unstable) direction and contracted in another
(stable) direction so that it turns into a long, narrow strip (left and right pan-
els). Later in time, our resolution is still restricted—the rectangles in the right
panel show finite resolution (this is coarse-graining). Viewed with such res-
olution, our set of points occupies a larger phase volume at t = £T than at
t = 0. A larger phase volume corresponds to larger entropy.

The time reversibility of any trajectory does not contradict the time-
irreversible filling of the space by the set of trajectories considered with a
finite resolution. By reversing time, we exchange stable and unstable directions
(ie,, those of contraction and expansion), but the fact of space filling persists.
We see from figure 5.3 that the volume and entropy increase both forward and
backward in time. And yet our consideration does provide for a time arrow: if
we observe an evolution that produces a narrow strip, then its time reversal
is the contraction into a ball; but if we consider a narrow strip as an initial
condition, it is unlikely to observe a contraction because of the narrow angle
mentioned above. Therefore, being shown two (sufficiently long) movies, one
with stretching into a strip and another with contraction into a ball, we con-
clude that with probability close (but not exactly equal!) to unity, the first
movie shows the true sequence of events from the past to the future.

When the possible occupied region expands, the entropy grows as the log-
arithms of the volume. If initially our system is within the phase-space volume
v, then its density is po = 1/v¢ inside and zero outside. After stretching to
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some larger volume ¢*!vg, the entropy S= — [ p In pdx has increased by At.
If there are k stretching and d — k contracting directions in a d-dimensional
space, then contractions eventually stabilize at the resolution scale while
expansions continue. Therefore, the long-term entropy growth rate is deter-
mined by the sum of the positive Lyapunov exponents, A = Zf: 1 A

Let us briefly discuss our flow from the information perspective. Consider
an ensemble of systems having close initial positions within our finite resolu-
tion. In a flow with positive Lyapunov exponents, we lose our ability to predict
where it goes with time. This loss of information is determined by the growth
of the available phase volume, that is, of the entropy. But we can look back-
ward in time and ask where the points come from. If we consider two points
along a stretching direction, we can with confidence predict that they were
closer before. During some time in the past, they were hidden inside the reso-
lution circle, but they separate with time beyond the resolution and can now
be distinguished:

As time proceeds, we learn more and more about the initial locations of
the points. The acquisition rate of such information about the past is again
the sum of the positive Lyapunov exponents and is called the Kolmogorov-
Sinai entropy. As time lag from the present moment increases, we can say less
and less where we shall be and more and more where we came from. It illus-
trates Kierkegaard’s remark that the irony of life is that it is lived forward but
understood backward.

After the strip length reaches the scale of the velocity change (when one
already cannot approximate the phase-space flow by a linear profile ), the
strip starts to fold because rotation (which we can neglect for a ball but not
for a long strip) is different at different parts of the strip. Still, however long
and folded, the strip continues the exponential stretching locally. Eventually,
one can find the points from the initial ball everywhere, which means that the
flow is mixing, or ergodic. A formal definition is that the flow is called ergodic
in the domain if the trajectory of almost every point (except possibly a set of
zero volume) passes arbitrarily close to every other point. An equivalent def-
inition is that there are no finite-volume subsets of the domain invariant with
respect to the flow except the domain itself. Ergodic flow on an energy surface
in the phase space provides for a microcanonical distribution (i.e., constant)
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since time averages are equivalent to the average over the surface. While we can
prove ergodicity only for relatively simple systems, like the gas of hard spheres,
we believe that it holds for most systems of a sufficiently general nature. (That
vague notion can be made more precise by saying that the qualitative behavior
is insensitive to small variations of the system’s microscopic parameters.)

One can think of Hamiltonian dynamics as a phase space mapped onto
itself. Section A.8 describes a toy model of such a map, which is of great
illustrative value for the applications of chaos theory to statistical mechanics.

Two concluding remarks are in order. First, the notion of an exponential
separation of trajectories put an end to the old dream of Laplace to be able
to predict the future if only all coordinates and momenta are given. Even if
we were able to measure all relevant phase-space initial data, we could do it
only with a finite precision €. However small the indeterminacy in the data,
it is amplified exponentially with time so that eventually € exp(AT) is large,
and we cannot predict the outcome. Mathematically speaking, limits € — 0
and T — o0 do not commute. Second, the above arguments do not use the
usual mantra of the thermodynamic limit, which means that even the systems
with a small number of degrees of freedom need statistics for their description
at long times if their dynamics have a positive Lyapunov exponent (which is
generic). This is sometimes called dynamical chaos.

A common lesson from the last two sections is that full knowledge persists
while partial knowledge dissipates. If you know everything, this knowledge
stays with you (the Liouville theorem). But if your knowledge is incomplete—
either because you study only part of your degrees of freedom (Boltzmann)
or because of finite precision (coarse-graining)—then your degree of uncer-
tainty generally increases with time.

5.4 Entropy Decrease and
Nonequilibrium Fractal Measures

As we have seen in the previous section, if we have indeterminacy in the data
or consider an ensemble of systems, then an incompressible flow of Hamil-
tonian dynamics effectively mixes and makes the distribution uniform in the
phase space. Evolution is Hamiltonian for isolated systems, which conserve
their integrals of motion so that the distribution is uniform over the respective
surfaces of constant integrals. In particular, dynamical chaos justifies micro-
canonical distribution, uniform over the energy surface.
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To diminish entropy, one needs to act. Let us now consider systems that are
notisolated; the dynamics are non-Hamiltonian, and the Liouville theorem is
invalid. The flow in the phase space is then generally compressible. The sim-
plest nonconservative effect is a dissipation of kinetic energy, which shrinks all
momenta and thus decreases the phase volume. We are interested, however, in
a nonequilibrium steady state where we keep the total energy nondecreasing.
For example, to compensate for the loss of momentum of particles with dis-
sipation rates y;, we act on them by external forces f;, so that the equations of
motion take the form (4.7)

) oH . 0H _ of;

Pi:fi_yipi_a_qir q1'=8—pi = dwv:Xi: (8—£—Vi>-
When the system is in a thermostat, the forces f; are due to random kicks,
which are short-correlated compared to times of order yi_l. Such forces are
in detailed balance with the dissipation: after averaging over the short correla-
tion time, (0f;/dp;) = ¥ for every i, so that div v = 0. For an example, see the
consideration of a Brownian particle in section A.10, particularly (A.27).

Let us consider now a generic environment, where there is no detailed bal-
ance and the forces are correlated so that div v # 0 during finite intervals. The
whole phase volume does not change, that is, the volume integral of the local
expansion rate is zero at every moment: [ div v dr = 0. Such phase-space flows
create quite different distributions since the probability density changes along
a flow: dp/dt = —pdivv. For a nonuniform density, the entropy is not the
(Boltzmann) log of the phase volume but the (Gibbs) mean log of the inverse
density, S(t) = —(Inp) = — f p(xr,t) In p(r, t) dr. The entropy production
rate equals the mean local expansion rate:

d—f= f,o(r, t)divv(r, t) dr = (divv). (5.18)
Even though [divv dr = 0, (5.18) is nonzero because of correlations between
p and divv. Indeed, p is on average smaller in the expanding regions where
divv > 0. That means that (5.18) is nonpositive and the entropy decreases.
Maximal entropy corresponds to a uniform distribution. The decrease in
entropy, keeping normalization | p(r,t) dr =1, means (by convexity) that
the distribution is becoming more and more nonuniform in the phase space.

Let us now switch focus from space to time and consider the density of an
arbitrary fluid element with the coordinate r(t), which satisfies dr/dt = v and
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r(0) = ro. The density then evolves along the flow as follows:

t

M = exp |:— / divv(x(t),t) dt’j| =¢C0, (5.19)

P (1‘0, 0) 0
If the expansion rate in the flow reference frame, s(t) =divv(r(t),t),
is a random function with a finite correlation time 7, then its integral
C= fot s(t) dt’ at t/T =N > 1 can be broken into a sum of many uncorre-
lated random numbers with a zero mean and some variance A. According
to the central limit theorem (see section A.2), the statistics of such a sum
are Gaussian with a zero mean and the variance linearly growing with time:
P(C) x ¢~C"/2AN W then obtain for the average over all possible trajecto-
ries exp(C) = f P(C)e€dC x eNA/2, Therefore, for a generic random flow,
the density of most fluid elements must grow nonstop as they move. The rea-
son is again the concavity of the exponential function, asin (5.16): if the mean
is zero, the mean exponent generally exceeds unity.

Since the total measure is conserved, the growth of density in some places
must be compensated by a decrease in other places so that the distribution
becomes more and more nonuniform, which decreases the entropy. Look-
ing at the phase space, one sees it more and more emptied, with the density
concentrated asymptotically in time on a small subset. That is the oppo-
site of mixing by Hamiltonian incompressible flow. Note how arguing for
the entropy decrease we used the convexity of the logarithm in the spatial
consideration and the concavity of the exponent in the temporal argument.

If the density of any fluid element grows on average, its volume decreases.
The longtime Lagrangian average (along the flow) of the volume change rate,

dt_ wv=— lim o wv = i iy

t—oo t

is a sum of the Lyapunov exponents, which is then nonpositive, in con-
trast to from an instantaneous average over space, which is zero at any time:
[divvdr=0.

It is important that we allowed for compressibility of a phase-space flow,
v(r, t), but did not require its irreversibility. Even if the system is invariant with
respect to t = —t, v— —v, the entropy production rate is nonnegative and
the sum of the Lyapunov exponents is nonpositive for the same simple reason
that contracting regions have more measure and give higher contributions.
Backward in time, the measure also concentrates, only on a different set.
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FIGURE 5.4. The number of covering squares depends on their size:

N(1/2) =4,N(1/4) =12,N(1/8) = 30.

Let us show that in a spatially smooth random compressible flow the den-
sity could concentrate on a very nonsmooth set having dimensionality less
than that of the full phase space. The dimensionality could even be noninteger,
which corresponds to a fractal set. One defines the (box-counting) dimension
of a set as follows:

InN(e)
I 0 In(L/e)

(5.20)

Here N (¢) is the number of boxes of side € needed to cover the set of the size
L (see figure 5.4).

Consider a two-dimensional phase-space flow with one positive and one
negative Lyapunov exponent, A and A_. After time t, a square having ini-
tial side § < L will be stretched into a long, thin strip of length 6 exp(tA )
and width §exp(tA_). To cover the contracting direction, we choose
€ =0 exp(tA_), then N(€) = exp[t(A4 — A_)], so that the dimension is

df=1+k—+. (5.21)
|A—|
Since |A_| > A4, the dimension is between 1 and 2. The set is smooth in the
expanding direction and fractal in the contracting direction, giving two terms
in (5.21). How density concentrates on a fractal set in a random compressible
flow is illustrated by a toy model presented in section A.8.

The general (Kaplan-Yorke) conjecture is that df = j + Z{:l Ai/Aji1, where j
is the largest number for which Y _, A; > Oand Z{:i A; < 0.Forincompress-
ible flows, j =d.
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Fractalization of the measure proceeds until the coarse-graining stops it.
In contrast to from the incompressible flow, coarse-graining at a small scale
€ does not make the distribution uniform, but it makes the entropy finite:
S=InN(e) =dsIn(L/€). An equilibrium uniform (microcanonical) distri-
bution in d-dimensional phase space has the entropy So=dIn(L/€); a
nonequilibrium steady state generally has alower dimensionality, df < d, with
alower entropy.

We thus see that, for smooth dynamical systems, both temporal and spa-
tial properties of the entropy are determined by the Lyapunov exponents.
Entropy dependence on time (both forward and backward) is governed by
the Kolmogorov-Sinai entropy, which is the sum of the positive Lyapunov
exponents. The dimensionality determines entropy dependence on spatial
resolution.

Let us appreciate the dramatic difference between the entropy growth
described in section $.3 and the entropy decay described in the present
section (see also section A.8 for examples of both). In the former, phase-space
flows were area-preserving and the volume growth of an element was due
to a finite resolution, which stabilized the size in the contracting direction
so that the mean volume growth rate was solely due to stretching direc-
tions and thus equal to the sum of the positive Lyapunov exponents, as
described in section 5.3. On the contrary, the present section deals with com-
pressible flows. The relation between compressibility and nonequilibrium
is natural: to make a system non-Hamiltonian, one needs to pump energy
into some degrees of freedom and absorb it from other degrees of freedom
to keep a steady state, which corresponds to expansion and contraction of
the momentum part of the phase space. That decreases entropy by creating
more inhomogeneous distributions. The mean rate of the entropy decay is
the sum of all the Lyapunov exponents, which is nonpositive since contract-
ing regions contain more trajectories and contribute more than expanding
regions. Long time net contraction of a fluid element and respective entropy
decay is the analog of the second law of thermodynamics: to deviate a system
from equilibrium, one needs to lower its entropy until the resolution limit is
reached.

This is a good time to reflect on the complementarity of determinism and
randomness expressed in terms “statistical mechanics” (nineteenth century)
and “dynamical chaos” (twentieth century). What shall we have in the twenty-
first century: predictable uncertainty, multiversion reality?
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5.5 Renormalization Group and the Art of Forgetting

Erase the features Chance installed, and you will see the world’s great beauty.

—ALEXANDER BLOK

Erase the features Chance installed. Watch by chance do not rub a hole.

—VSEVOLOD NEKRASOV”
Economics, biology, and physics all deal with what are essentially large-scale,
low-resolution effective theories. Even what were once considered elementary
particles are now described as large-scale excitations of fields whose micro-
scopic behavior is generally unknown (say, at the Planck scale, introduced
in section 6.6). The most fundamental question is which information about
the microscopic properties determines the observable macroscopic behavior,
and which is irrelevant and can be forgotten. We have seen in this chapter
how dynamics naturally lose information. Rather than leave it to Nature, we
ourselves can design the process of forgetting. One such step-by-step process
is called the renormalization group (RG). It eliminates degrees of freedom,
renormalizes remaining ones, and looks for universal features of the statisti-
cal distributions that are invariant with respect to such a procedure. There
is a paradigm shift brought by the renormalization group approach. Instead
of being interested in this or that probability distribution, we are interested
in different RG flows in the space of distributions. Under RG transforma-
tion, whole families (universality classes) of systems described by different
distributions flow to the same fixed point (i.e.,, have the same asymptotic
distribution).

Aswith almost everything in this book, the simplest realization of RG sums
independent random numbers, a procedure described in detail in Section A.2.
Let us do it step-by-step, summing pairs at every step. Consider a set of
random independent, identically distributed (iid) variables {x; . ..xn}, each
having the probability distribution p(x) with zero mean and unit variance.
The two-step RG reduces the number of random variables by replacing
any two of them by their sum and rescales the sum to keep the variance:
zi = (i1 +x25)/ /2. Since summing doubles the variance, we divide by V2.

2. Translated from Russian by A. Shafarenko.
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Each new random variable has the following distribution:

p'(2)= / dxdyp (x) p ()8 (z— %) (5.22)

The distribution, which does not change under the procedure, is called a fixed
point (in the space of functions) and satisfies the equation

px)=~2 / dyp () p (v 2x —y).

Since this is a convolution equation, we solve it by the Fourier transform,

pk)= f P (x)eikx dx. Multiplying by ek and integrating, we get
p(kv/2) = p* (k). (5.23)

The solution of (5.23) is pg (k) ~ ¢ and Po(x) = (Zn)_l/ze_xz/z. We thus
have shown that the Gaussian distribution is a fixed point of repetitive sum-
mation and rescaling of random variables, keeping variance fixed. This is not
surprising, since it has a maximal entropy among the distributions with the
same variance.

To turn that into the central limit theorem, we need to show that this distri-
bution is stable, that is, RG flows toward it. For the flow near the fixed point,
we denote p = po(1 + h) and linearize the transform in k. The transformed
distribution is then 4’ (k) = 2h(k/ V2). The eigenfunctions of the linearized
transform are h,, (k) = k™ with eigenvalues h/, (k) /hy, (k) = 217m/2 We see
that the modes with m =0, 1 grow, while the mode with m =2 does not
decay. Fortunately, these three modes are forbidden by the three conserva-
tion laws of the transformation (5.22): the moments f x" p (x) dx must be
preserved for n = 0 (normalization), n = 1 (zero mean), and n = 2 (unit vari-
ance). The moments of p(x) are the derivatives of the generating function
p(k)atk=0: f «"p(x) dx =d" p (k) /d(ik)}_,. Therefore, the three conser-
vation laws mean that h(0) = dh(0)/dk = d*h(0)/dk* =0, so only the per-
turbation modes with m > 2 are admissible. All the admissible perturbations
decay upon RG flow, that is, deviations from the fixed point decrease, which
means that the point is an attractor.

To conclude, the RG flow eventually brings us to the distribution with
the maximal entropy, forgetting all the information except the invariants—
normalization, the mean, and the variance.

When we look for limiting distributions in the real world, we often need to
deal not with independent but with strongly correlated random variables. Let
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Rescaling by predictive mind.

us consider the Ising model of interacting spins and describe RG as the pro-
cedure of block spin transformation. The model is mentioned in section 3.1:
random variables are spins, 0; = 1. To eliminate small-scale degrees of free-
dom, we divide all the spins into groups (blocks). It is natural to group into
blocks the most strongly correlated spins. In neuron systems (3.3), correla-
tion is not necessarily related to spatial proximity. Here we consider physical
systems where the strongest correlations are with the nearest neighbors. In this
case, there are m? spins in every block with the side m (d is space dimension-
ality). We then assign to any block a new variable o/, which is =1 when the
spins in the block are predominantly up or down. We assume that the system
can be described equally well in terms of block spins, with the distribution of
the same form as the original but with renormalized parameters.
Consider first a one-dimensional chain, where the Gibbs distribution is

,O{O’i} = Z_1 exp (-I( Zi O'iO’,'_H) . (524)

It has a single parameter, K = 1/T, which will be renormalized. The partition
function Zis easy to compute by summing not over N spins but over the N — 1
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bonds between them. A bond brings either factor ¢X when two spins have the
same sign or e~ K when the signs are different. For a chain with open ends, we
also have two possible values at the ends, which gives

Z(K) = Z{azil} xp [K Z,- G’U"“] =2(2cosh k)",

Let us transform p{o;} and Z(K) by the procedure (called decimation?)
of eliminating degrees of freedom by ascribing (undemocratically) to every
block of m =3 spins the value of the central spin. Consider two neighbor-
ing blocks, 01, 03,03 and 0y, 05, 06, and sum over all values of 03 = =£1,
04 ==1, keeping 0] =0, and 0, =05 fixed. The respective factors in
the partition function can be written as follows: exp[Ko304] = cosh K 4
0304 sinh K, which is true for 0304 = £ 1. Denote x = tanh K. Then only the
terms with even powers of 03 and 04 contribute the factors in the partition
function that involve these degrees of freedom:

Z (K(0103+0304+0403) _ cosh3KZ (1 + x0{03) (1 + x0403) (1 + x0504)

03,04 03,04
= 4 cosh? K(1+ x30‘1’c72’) = ¢ 8% cosh K1+ x/O’I,O’Z,) — ¢8O +Kajo;
(5.25)

The expression (5.25) has the form of the Boltzmann factor exp(K'o|0;

with the renormalized constant K’ = tanh™!(tanh® K) or &' =x>—this
formula and g(K) =In(cosh K’/4 cosh® K) are called recursion relations.
The partition function of the whole system in the new variables is
Z{U/} exp[—g(K)N/?y +K'), Ui/ai/+1]' The term proportional to g(K)
represents the contribution to the free energy of the short-scale degrees of
freedom, which have been averaged out. This term does not affect the statistics
of the remaining variables, which is determined by (5.24) with the renormal-
ization of the constant, K — K. Let us discuss this renormalization. Since
K o1/T,then T — 00 corresponds tox — 0+ and T — O tox — 1—. One
is interested in the values that do not change under the RG, i.e., that rep-
resent a fixed point of this transformation. Both x =0 and x =1 are fixed
points of the transformation x — x°. The first one corresponds to the flat
distribution p{0o;} =const having equal probabilities for both signs if every
spin is independent of other spins. Such a distribution has a zero mean and

3. The term initially meant putting to death every tenth soldier of a Roman regiment that
ran from a battlefield.
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corresponds to a disordered state. The second fixed point corresponds to the
distribution that is a delta function peaked at either 0; =1 or 0; = —1 for all
i. It is an ordered state with nonzero magnetization (o;).

The first fixed point is stable and the second one is unstable: iterating the
process for 0 < x < 1, we see that x approaches zero and effective tempera-
ture infinity. That means that large-scale degrees of freedom are described
by the distribution with the effective temperature so high that the system is
in a disordered (paramagnetic) state. Long-range order is impossible in one-
dimensional systems with short-range interaction because any overturned
spin breaks the correlation between left and right parts. For however small
yet finite temperature, the distance to the next overturned spin is e¥, which is
finite so that the system is disordered at larger distances. At this limit, we have
K, K’ — 0 so that the contribution of the small-scale degrees of freedom is
independent of the temperature: g(K) — — In 4. We see that spatial rescaling
leads to the renormalization of temperature: the spin chain looks hotter when
viewed with less resolution.

What entropic measure monotonically changes along RG to quantify the
irreversibility of forgetting? Eliminating some degrees of freedom decreases
the entropy of the whole system even when RG moves us toward a more dis-
ordered state. Then it is more natural to be interested in the entropy per spin
or in the mutual information between eliminated and remaining degrees of
freedom. These two entropic measures are related. For RG, we can define the
mutual information between two sublattices: eliminated and remaining. The
positivity of the mutual information then implies the monotonic growth of
the entropy per spin, h(K) = limy_, o0 S(K, N)/N. Consider, for instance, the
RG eliminating every second spin, N — N/2, and renormalizing tanh K’ =
tanh® K (such RG has the same flow and the same fixed points). Subtracting
the entropy of the original lattice from the sum of the entropies of two iden-
tical sublattices gives the mutual information: I =2S(N/2,K’) — S(N,K) =
N[h(K') — h(K)] > 0. That shows that in 1D the entropy per block spin grows
with the block size upon RG at any distance from the fixed point.

Let us now consider a finite N system that comes close to a fixed point. Ina
finite system with short-range correlations, the entropy for large N is generally
as follows:

S(N)=hN +C, I=N[h(K) —h(K)]+2C —C. (5.26)

‘We now have two characteristics, h and C. In a fixed point, the extensive terms
in I cancel and I = C > 0. This is why C is called excess entropy. One can
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explain the positivity of C by saying that a finite system appears more random
than it is since we haven't seen all the possible correlations.

Mutual information also naturally appears in the description of the informa-
tion flows in the real space. Let us break the 1D N chain into two parts, M and
N — M. The mutual information between two parts of the chain (or between
the past and the future of a message) is as follows: I(M, N — M) = S(M) +
S(N — M) — S(N). Here the extensive parts (linear in M, N) cancel in the limit
N, M — 00. Therefore, such mutual information is equal to C from (5.26).
Note that the past-future mutual information also serves as a measure of the
message complexity (that is, the difficulty of predicting the message).

After these general arguments, let us now compute h and C for the Ising
model. Recall that the entropy is expressed via the partition function as

follows:

E—-F 0lnZ
S=—=T
oT

T +InZ.

For the 1D Ising chain, Z=2(2 cosh K)N-1 gives h=In(2 coshK) —
Ktanh K and C=K tanh K —In(cosh K). Upon RG flow, these quantities
monotonously change from h(K) & 3¢ 2K CaIn2 at K— 00 to h(K) ~
In2,C— 0atK — 0.One caninterpret this by saying that C = In g, where g is
the degeneracy of the ground state. Indeed, g = 2 at the zero-temperature fixed
point due to two ground states with opposite magnetization, while g = 1in the
fully disordered state. So this mutual information (and the excess entropy)
measures how much information per one degree of freedom one needs to
specify. (For noninteger g obtained midway through the RG flow, one can
think of it as viewing the system with finite resolution.)

The RG flow is rather trivial in 1D, where RG moves systems toward disor-
der so that K < K and h(K') > h(K). In higher dimensions, there could exist
fixed points (limiting distributions) that describe neither a low-temperature
fully ordered state nor a high-temperature fully disordered state, but a critical
state of the phase transition between the two. This is described in section A.9.

Exercise §.1: RG and the family of universal distributions.
Consider a set of random iid variables x7 . . . xpn.

(a) The RG reduces the number of random variables by replacing
any two of them by their mean (half sum):
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zi = (x2i—1 + %2;) /2. Show that the Fourier image of the
distribution p (k) = exp(—|k|) is a fixed point of this map.
Study the linear stability of this fixed point. What probability
density does this correspond to? Why doesn’t this contradict
the central limit theorem?

Consider the one-parametric family of the transformations:
zi = (x2i—1 + x2;) /2", Find the fixed point, that is, the
distribution invariant under this transformation.
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Fundamental Limits
of Uncertainty

In our consideration so far, an uncertainty could be arbitrarily small or large.
Physical laws impose restrictions. First, the quantum nature of the world
bounds uncertainty from below, making some information unavailable in
principle. Second, gravity and relativity create regions of space (black holes)
from where no information can escape; surprisingly, this imposes an upper
bound on how much information can be stored in a finite region of space. That
upper bound contains all three fundamental constants known to physics: the
gravitational constant, the speed of light, and the Planck constant.

The first three sections of this chapter are devoted to the implications for
information theory of the quantum nature of our world. That adds some
unavoidable uncertainty, which cannot be diminished by improving measure-
ment precision or gathering more information. Quantum description is in
principle incomplete as it is formulated in physical terms that describe the
possible results of measurements, which are interactions with a classical object
that does not itself obey quantum laws. The unique source of quantum uncer-
tainty issuperposition: a quantum system can be in many different states at
the same time. Measurement chooses one state, which irreversibly changes the
system. This change cannot be made arbitrarily small. The results of quantum
measurement are then truly random (not because we did not bother to learn
more about the system). Accounting for quantum-mechanical uncertainty is
thus of fundamental value for information theory.

Interest in quantum information is also pragmatic. Quantum superposition
means that evolution proceeds in the space of factorially more dimensions
than the classical system. This is a source of the parallelism of quantum

120
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computations. Moreover, classical systems, including computers, are limited
by locality; that is, operations have only local effects. Spatially separated quan-
tum systems may be entangled with each other so that operations may have
nonlocal effects. Those two basic facts motivate an interest in quantum com-
putations and communications, which is briefly discussed in the fourth and
fifth sections.

The last section of this chapter is devoted to the upper bounds of uncer-
tainty imposed by the existence of black holes, considered as gates out of the
accessible world. We shall see how general relativity and quantum mechanics
conspire to impose some fundamental restrictions on the amount of informa-
tion in the world.

6.1 Quantum Mechanics and Entropy

Not surprisingly, quantum information theory is also based on the notion
of entropy, which is similar to classical entropy yet differs in some impor-
tant ways. Uncertainty and probability already exist in quantum mechanics,
where we consider an isolated system. On top of that, we shall consider quan-
tum statistics due to incomplete knowledge, which is caused by considering
subsystems. Here I give a very brief introduction to the subject, focusing on
information and entropy and their most dramatic differences from the clas-
sical world. Recall that the entropy consideration by Planck is what started
quantum physics in the first place. Looking at two asymptotics of a spectral
curve, he decided to search for an analytic formula matching their entropies,
simply adding them. The resulting formula is the logarithm of the number of
ways to distribute a given energy in equal discrete portions—quantization was
born.

Quantum mechanics mathematically is quite elementary, since it is based
on linear algebra, that is, the study of vectors and linear operations on them. A
quantum state of a physical system is a vector, which contains all the informa-
tion. We denote such (column) vectors either by ¥/; or by the Dirac notation
|i). The dual (row) vector then is denoted (i| and the inner (scalar) prod-
uct by (ilj). If in some orthonormal basis {|i)}, two vectors are presented as
lv) =3 . vili)and |w) =), w; |i), then (v|w) = > . v;'w;. A property that can
be measured is called an observable and is described by a self-adjoint operator
(matrix), say, O.The expectation value of an observable in a state 1 is an inner

product (| O |y).



-1

+1__

“125-128005_Folkovich_Information” — 2024/6/10 — 17:49 — page 122 — #3

122 CHAPTER 6

The fundamental statement is that any system can be in a single state, v;,
or in a superposition of states, ¥ = ) . a;1/;, where a; are generally complex
numbers. An example of a single state is a fixed-energy eigenstate of a Hamilto-
nian (which is an operator that is a matrix). The possibility of a superposition
is the total breakdown from classical physics, where those states (say, with
different energies) are mutually exclusive.

There are two things we can do with a quantum state: either let it evolve
without touching or measure it. Measurement is classical; it produces one
and only one state from the initial superposition, and immediately repeated
measurements produce the same outcome. However, repeated measurements
of the identically prepared initial superposition, ¥ =) . a;1;, find different
states: the state i appears with probability p; = |a;|%.

There is already an uncertainty in any state of an isolated quantum system.
A product of two operators XZ defines the result of the successive measure-
ments. If the two observables X and Z can simultaneously have definite values,
then ZX gives the same result as XZ. However, matrices generally do not com-
mute. If the operators are noncommuting, [5(, Z] =XZ-7X # 0, then the
observables cannot simultaneously have definite values since the product of
their variances is restricted from below:

(WX, Z1Y) 1P = 4[(W X Z1W) 1> — (W 1XZ + ZX|y) |
<4{WIXZIY) > <4 X1 ) (W IZ2 ). (6.1)

Here the second step is the Cauchy-Bunyakovsky-Schwarz 1nequa11ty In par-
ticular, momentum and coordinate are such a pair: X =p — (p), Z=q — (q).
Since the momentum operator in the coordinate representation is p, = 1 id,,
then [py, x] = —1h, which gives the Heisenberg uncertainty principle: the

variances of the coordinate and the momentum along the same direction,

0p= (pz) — (p)z, 0q= (qz) — (q)z, satisfy the inequality

V50, > /2. (6.2)

That means that we cannot describe quantum states as points in the phase
space (p, q). What we call “quantum entanglement” is ultimately related to
the fact that one cannot localize quantum states in a finite region of the phase
space—if coordinates are fixed somewhere, then the momenta are not.

The variances depend on the state. One can show (see exercise 6.1) thata
Gaussian wave packet corresponds to the minimal product of variances and
turns (6.2) into equality. For the corresponding Gaussian distribution, the
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entropy Sg is a logarithm of the variance. Taking the log of the Heisenberg
equality for Gaussian states, we obtain log(20;,/ h) + log(204/ h) =Sc(p) +
Sc(g) =0, recasting it as a relation on the (differential) entropies of the
Gaussian probability distributions of the momentum and the coordinate. It
turns into an inequality for arbitrary distributions. In d dimensions, different
components commute, so that , /0,04 > di/2 and

S(p) + S(q) > logd. (63)

More formally, if two matrices do not commute, they cannot be diagonalized
by a single orthonormal set. Assume that two noncommuting matrices X and
Z can be respectively diagonalized by (projected onto) two different orthonor-
mal bases, {|x)}, {|z)}. If we measure a quantum state y/ by projecting onto the
x basis, the outcomes define a classical probability distribution p(x). The Shan-
non entropy S(X) quantifies how uncertain we are about the outcome before
we perform the measurement. There is also a corresponding classical probabil-
ity distribution of outcomes when we measure the same state ¥ in the z basis.
The two bases are incompatible, so there is a trade-off between our uncertainty
about X and about Z, captured by the inequality

S(X) +8(2) zlog(1/c),  c=max |(x|2)|" (6.4)

We see that the lower bound on the total uncertainty is given by the maxi-
mum overlap between any two eigenvectors, that is, by the degree of mutual
nonorthogonality of the two bases. We prove a more general form of that
relation in the next subsection.

Two different bases, {|x)}, {|z)}, for a d-dimensional space are called mutu-
ally unbiased if | (x;|z¢)|? = 1/d for all i, k. That means that if we measure any
x-basis state in the z basis, all d outcomes are equally probable and give the
same contribution to the total probability: ) ", |{xi|z«) |2 = > Hailze) 2=1.
For measurements in two mutually unbiased bases performed on a pure state,

the entropic uncertainty relation becomes
S(X) 4 S(Z) = logd. (6.5)

This inequality is saturated by x-basis states, for which S(X) =0 and S(Z) =
log d. In one dimension, logd = 0.

Note that the right-hand sides of (6.2, 6.3, 6.4, 6.5) are fixed lower bounds,
in contrast to that of (6.1), which generally depends on the state 1 and is thus

not universal.

Qubit  So far, we have dealt with the statistics of the measurement outcomes,
and the entropy has been the familiar classical Gibbs-Shannon entropy. Let
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us now deal with the states of quantum systems rather than with the mea-
surements. We have defined a classical “bit” as a unit of information choosing
between two states, so we can also call a bit a physical system, where we dis-
tinguish two states only. This could be a coin, a magnetic moment looking
along or against an applied field, a photon with two polarizations, etc. Simi-
larly, we define a qubit as a quantum system having only two orthogonal states:
|0) and |1). The most general state of a qubit A is a superposition of two states,
Ya =a|0) 4+ b |1), where any observable is as follows:

(a10al¥ra) = lal*(0]010) + [b*(1]0al1) + (a*b +ab™)(0]O4l1).

(6.6)
Normalization requires |a|* + |b|> = 1, and if the overall phase does not mat-
ter, then a qubit is characterized by two real numbers—say, the amplitude |a|
and the relative phase between a and b. Alternatively, we may characterize it by
a complex number. The qubit represents the unit of quantum information the
same way the bit represents the unit of classical information. Apparently, quan-
tum systems operate with much more information—one needs many bits to
record a complex number with reasonable precision, and the difference grows
exponentially when we compare the states of N classical bits with the possible
states of N qubits. Moreover, a qubit is not a classical bit because it can be in
a superposition; nor can it be considered a random ensemble of classical bits
with the probability |a|? in the state |0), because the phase difference of the
complex numbers a, b matter, as seen from (6.6).

And yet quantum mechanics tells us that we cannot measure the com-
plex numbers g, b, that is, we cannot determine the quantum state of the
qubit. This is in sharp contrast with our ability to determine the state of a
bit (say, when a classical computer retrieves memory). Measurements of a
qubit bring either the result |0) with the probability |a|> or the result |1)
with the probability |b|*> =1 — |a|*. In other words, a quantum coin can
defy gravity and stand on its edge at an arbitrary angle, but any measure-
ment collapses it on one side, either heads or tails up. What use then in
quantifying the quantum information if we cannot measure it? One should
not despair, though. While we cannot measure it directly, we can communi-
cate it. Moreover, we describe below indirect ways to manipulate a quantum
system so that a measurement gives a result, which depends distinctly on
the state of the system. These ways involve entanglement between different
subsystems.
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Exercise 6.1: Least uncertain wave packet.

Proceeding from the fact that the momentum operator in the coordi-
nate representation is p, = 1 hdy, find the state ¥ (x) that minimizes the
expectation of the product of variances of the coordinate and momen-

tum, (Y |[p, x]|Y). What is the corresponding ¥ (p)?

6.2 Quantum Statistics and the Density Matrix

To consider subsystems, we need to pass from quantum mechanics to quan-
tum statistics and introduce the fundamental notion of the density matrix.
Consider a composite system AB, which is in a state Yr4p. If states of A are
characterized by N vectors and of B by M vectors, we need to characterize AB
by MN vector. We can make such a vector by the so-called tensor product,’
multiplying every component of one vector state of A by every component of
one of B: Y4 = ¥4 ® ¥p. This corresponds to independent subsystems. In
this case, any operator Oa acting only on A has the expectation value (Tis the
identity operator)

(WaBlOa ® Ipl¥ap) = (WalOalWa) (Wl1sWE) = (¥alOal ),

so that one can forget about B and characterize A by the vector 14, as expected
for independent systems. However, a general state /45 is not a single (tensor)
product of A and B states. For example, if A and B are qubits, then a gen-
eral state of a two-qubit system is a superposition, a [00) + b |11) 4 ¢|01) +
d[10). When ab # cd, such a superposition cannot be presented as a single
tensor product:

(@0)4+B11)) ® (@' |0)g+ B 1))
=ao’ |00) + BB’ |111) + B’ |01) +a’B |10) .

For arbitrary orthonormal bases, ¢} and (b%, one may generally expect a

double sum, Y45 = Zij ot,-j¢j\ ® q%. Fortunately, a so-called singular value
decomposition allows one to represent the matrix of the coefficients as o;; =

uikdkkvkj, where 1, ¥ are unitary and d is diagonal. We then define wfl = uk,-gbj’;l
and Wg = v]-kq%. This is called Schmidt decomposition by orthonormal vec-
tors wﬁ, Wg , which allows us to present any state of AB as a single sum of the

1. For example, (a, b) ® (¢, d, e) = (ac, ad, ae, be, bd, be).
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products: for each vector from A, there is just one vector from B:
Vap =Y _ PV ® V. (6.7)
k

If there is more than one term in this sum, we call subsystems A and B
entangled. There is no factorization of the dependencies in such a state. We
can always make 1/4p a unit vector so that ) _; p; =1, and these numbers can
be treated as probabilities (to be in the state i). Now the operator acting only
on A has the following expectation value:

(V45104 @ Islwas) = > /BB (Wil Oalw)) (Wi alwh)

ij
= BB VAIOAIVA)S; =D pitwh|0alh) = TrapaOa,
i,j i
where we define the density matrix as
pa= Y pilvA) (Wl (6.8)
i

Tr denotes the trace, which is the sum of the diagonal elements of a (square)
matrix. The density matrix is all we need to describe A. From now on, we shall
distinguish pure states described by a vector and mixed states described by a
density matrix. The matrix is Hermitian; it has all nonnegative eigenvalues and
a unit trace. Every matrix with those properties can be “purified,” that is, pre-
sented (nonuniquely) as a density matrix of the subsystem A in the extended
system AB, which as a whole is in a pure state, Y4p. The possibility of purifi-
cations is quantum mechanical with no classical analog: the classical analog of
a density matrix is a probability distribution, which cannot be purified.

The statistical density matrix describes a mixed state or, in other words,
an ensemble of states. Different ensembles can give the same density matrix;
see exercise 6.2. A mixed state described by a matrix must be distin-
guished from a quantum-mechanical superposition described by a vector.
The superposition is in both states simultaneously; the ensemble is in per-
haps one or perhaps the other, characterized by probabilities—that uncer-
tainty appears because we do not have any information on the state of the B
subsystem.

We characterize the uncertainty in classical physics by a probability vec-
tor {p;} and in quantum mechanics by a state vector ¥/;. In quantum statistics,
we need a matrix, generally nondiagonal, whose ij element quantifies how the
states i and j of A are correlated via all possible states of B.
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Example 6.1: Consider a pure entangled quantum state of a two-qubit

system A, B:
Yap=al00) +b|11). (6.9)

One can predict one qubit by knowing another. Any operator acting on
A gives

(V48104 ® 15| ¥ap) = (a*(00] + b*(11)) 04 ® I/ (a]00) + b|11))
=1al?(0104]0) + [b*(1|O41). (6.10)
That corresponds to a diagonal density matrix:
pa = Trp (|al* 100) (00| + [b]* |11) (11| +a*b |00)

(11] + ab* |11) (00])

2 2 lal> 0

=[a|”]0) (O] + [b] 1) (1|=[ 0 |b|2]' (6.11)
We can interpret this as saying that the system A is in a mixed state, that
is, with probability |a|? in the quantum state |0) and with probability
|b|? in the state |1). Due to the orthogonality of B states, the same results
(6.10,6.11) are obtained if (0| OA |1) # 0 and for whatever relative phase
between a and b, in contrast to (6.6). Being in a superposition is not the
same as being in a mixed state, where the relative phases of the states
|0}, |1) are experimentally inaccessible.

In 1852, long before Landau and von Neumann introduced the quantum
density matrix (1927), Stokes used an equivalent description for a partially
polarized light. Let us consider the (electric) field in a propagating wave:
E =A(t) exp(ik - r — 1wt). The two-dimensional polarization vector A is per-
pendicular to k. Since the wave has both amplitude and phase, it is described
by a complex vector, like a quantum state. Time dependence A(t) means that
polarization (slowly) changes with time. If one measures the light intensi-
ties (i.e., the quadratic functions of the field), the only nonzero averages over
time windows exceeding 1/w are Ju =Ea_EZ. We then can characterize the
polarization by the Hermitian 2 X 2 density matrix with a unit trace: pg, =
Jub/TtJ. Here uncertainty appears due to finite temporal resolution.

2. An early idea of entanglement was conjured up in the seventeenth century: it was claimed
that if two magnetic needles were magnetized at the same place and time, they would stay “in
sympathy” forever at however large distances, and the motion of one would be reflected on the
other. One con man tried to sell this communication device to Galileo, who didn’t buy it.
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Exercise 6.2: Density matrix.

Consider two mixed states (ensembles): In the first ensemble A, the
system can be in the state |0) with the probability 3/4 and in the state |1)
with the probability 1/4. In the second ensemble B, the system can be in
the state [a) = 4/3/4 |0) + /1/4|1) and in the state |b) = \/3/4 |1) —
/1/4|0) with equal probability.

a) Write the density matrices for these two ensembles in the basis
he d y for th bl he b
10), [1).
onsider two sets of normalized vectors, |{;) and |¢;), and two
(b) Consid f lized |¥i) and |¢;), and
probability distributions, p; and g;. The sets are related by
JPi [y} = Z). uij/4j |¢j>, where the matrix is unitary:

_; iju, = 8jk. Find the relation between two density matrices,

pr="2_pi 1V (¥l and pr = 37, g1 ;) (5]

6.3 Entanglement Entropy

One can ascribe to any density matrix p4 the entropy by the formula analo-
gous to the Gibbs-Shannon entropy of a probability distribution (von Neu-
mann 1927, 1932):

S(pa) =—Tr pa IOg PA- (6.12)

Since we are dealing with diagonalizable matrices, a logarithm (or any other
function) of the matrix is defined for a diagonal matrix: if p = ), p |k) (k|,
then log p = Zk log(p) k) (k|. To avoid confusion, we always use Greek
letters for the argument of von Neumann entropy and Latin letters for the
argument of Shannon entropy.

The von Neumann entropy quantifies the type of uncertainty, which exists
only in a quantum world and is related to the principal restriction of measure-
ments to a finite volume. The classical entropy is the logarithm of the number
of microstates compatible with the given macroscopic state. The quantum
entropy S(p4) is, roughly speaking, the logarithm of the number of states of
the inaccessible part B of the universe compatible with all measurements of A,
together with a priori knowledge that A + B is in a pure state.

Evidently, S(p4) is invariant under a unitary transformation, ps —
UpaU~!, which is an analog of the Liouville theorem on the conservation
of distribution by Hamiltonian evolution. Just like the classical entropy; it is
nonnegative, equals to zero only for a pure state, and reaches its maximum
log d for equipartition (when all d nonzero eigenvalues are equal), that is,



“125-128005_Folkovich_Information” — 2024/6/10 — 17:49 — page 129 — #10

FUNDAMENTAL LIMITS OF UNCERTAINTY 129

it satisfies concavity (2.7). What does not have a classical analog is that the
purifying system B has the same entropy as A (since the same p; appears in
its density matrix). Moreover, von Neumann entropy of a part S(p4) can be
larger than that of the whole system S(pagp). When AB is pure, S(pap) =0,
but S(p4) could be nonzero (Landau 1927). Information can be encoded in
the correlations among the parts, yet be invisible when we look at one part of
a quantum system. That purely quantum correlation between different parts
is called entanglement, and the von Neumann entropy of a subsystem of pure
state is called entanglement entropy.

Classically, we measure the nonlocality of information encoding by the mutual
information I(A, B) = S(A) 4+ S(B) — S(A, B), which never exceeds the sum of
two entropies. Quantum I is nonnegative like classical, but generally is differ-
ent. The nonlocality of information encoding is raised to a whole new level in
the quantum world. For example, when AB is in an entangled pure state, then
S(paB) =0 so that A and B together are perfectly correlated, but separately
each one is in a mixed state with S(pa) = S(o) > 0. Classically, the mutual
information of perfectly correlated quantities is equal to each of their entropies,
but quantum mutual information is their sum that is twice more: I(pap) =
S(pa) + S(pB) — S(paB) =25(pa). Quantum correlations are stronger than
classical.

The von Neumann entropy of a density matrix is the Shannon entropy
S(p) =— ) _;pilogp; of its vector of eigenvalues, which is the probability
distribution {p;} of its orthonormal eigenstates. In particular, for Y 4p =
a|00) + b |11), we have S(pa) = —|a|? log, la]®> — |b|? log, |b|2. The maxi-
mum S(pa) = 1 is reached when |a|?> = |b|> = 1/2, which is called a state of
maximal entanglement. In this case, when we trace out B (or A), we wipe out
the information about the whole: any measurement on A or B cannot tell us
anything about the state of the pair since both outcomes are equally probable.
On the contrary, when either b — 0 or a — 1, the entropy S(pa) goes to zero,
and measurements (of either A or B) give us definite information on the state
of the pair.

The original von Neumann argument involved a mixing process. Consi-
der a gas of molecules, where pN are in a pure state |a) and (1 —p)N are
in an orthogonal state |b). This is described by the power N of the density
matrix p =p |a) {(a| + (1 — p) |b) (b|]. Orthogonality of the states means that
a molecules can be separated from b molecules, for instance, by a wall perme-
able only for one state. We then double our volume and move a, b walls from
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opposite ends to the center to separate the molecules completely. The den-
sities in the respective halves are different: their ratio is p/(1 — p). We now
squeeze one half by the factor p and the other by (1 — p), making the densi-
ties equal and returning the whole volume to the original value. We can now
transform a states into b states by some unitary transformation, say, by tempo-
ral evolution. Here the quantum nature shows up. After that, we remove the
partition and obtain a zero-entropy state. Since the squeezing at a constant
temperature T releases the heat —T[plogp + (1 — p) log(1 — p)]1 = TS(p),
which decreases the entropy by S(p), it is the mixing entropy of the original
mixture.

Letp=D), Pk|1ﬁk) (V¥| be diagonal in the basis of eigenvectors {lvk),
but we measure by projecting p on a different orthogonal set {l¢")}. In
this case, the outcome i happens with the probability ¢; = (@'|plo’) =
> i PkDix, where Dy = | (@] wk) |2 is a so-called double stochastic matrix, that
is, Y ;Dit =) _; Dix = 1. The Shannon entropy of that probability distribu-
tion is larger than the von Neumann entropy,

S(9) =S(p) + Zik pkDixlog (Zn pnDin/ Pk)
=S(p) + D(glp) = S(p) = S(p),

that is, such measurements are less predictable. Mathematically, the interpre-
tation is that the diagonal elements (g;) are more random than the eigenvalues
( Pk) for a nonnegative Hermitian matrix.

General uncertainty relation If we measure a mixed state p by projecting
onto the orthonormal basis {|x)}, the outcomes define the density matrix
Mop=py= >, |x) (x[plx) (x]. The measurement operator M, projecting
onto another basis {|z)} defines M,p = p, = > . |2) (zlplz) (z|. Both den-
sity matrices are diagonal so that each von Neumann entropy is equal to the
corresponding Shannon entropy: S(p,) = S(X) and S(p;) = S(Z). We now
introduce the relative entropy for density matrices:

D(plpx) =Tr p(log p —log pr) =Tr plog p
— Tr pylog px = S(X) — S(p).

Here we use the property of trace: Tr p log p,, = Tr p, log py. As in the classi-
cal case, D is nonnegative and quantifies the number of measurements needed
to distinguish two density matrices. It also possesses the important property
of monotonicity, that is, nonincreases upon any partial trace. This property is
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intuitive, as in the classical case—after all, it should be no easier to distinguish
two density matrices looking only at the subsystem, yet the proof is compli-
cated and we do not give it here. We now use monotonicity of the relative
entropy D(p|px) under the action of the measurement in the z basis:

D(p|px) = D(M.p|Mpy) = D(pz|Me. px) = —S(Z) — Tr p. log M. oy
(6.13)

The new density matrix obtained by two measurements,

Mpx=RMp =) |2) ) (zlx) (xlpl) (x2) (2],

is diagonal, so that

logMpe =Y 12)log (Y (z1x) (xlpl) (x12)) (el

The logarithm is a monotonic function:

log <Z<z %) (xl 1) (x| z>) <log (rgazx|<x|z>|2 Z<x|p|x>)

X X

=log (max | (x]|z) |2> .

Substituting that into (6.13), we obtain the generalization of the uncertainty
relation for a mixed state:
S(X) +8(2) = log(1/c) +S(p), c=max|(x|z)|.
X,z

Both sources of uncertainty in quantum statistics are here: nonorthogonal-
ity of states quantified by c and entanglement quantified by S(p). Comparing
that with the uncertainty relations (6.4, 6.5) written for a pure state, we see
that the von Neumann entropy quantifies the increase in uncertainty due to
entanglement with the environment.

Coming to equilibrium When a classical system is attached to a thermostat,
it comes to thermal equilibrium with it, attaining entropy maximum deter-
mined by the temperature of the thermostat. But what if a quantum system is
attached to alarge system with which they together form a pure quantum state
with zero entropy? Are thermalization and entropy growth possible for sub-
systems of a quantum system that as a whole remains in a pure quantum state?
Yes, they are! Thermalization takes place for any subsystem of a large system if
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the dynamics are ergodic and can be characterized by the growth of the entan-
glement entropy. Then the system as a whole acts as a thermal reservoir for its
subsystems, provided they are small enough.

Consider a small quantum system that at some moment is attached to a
large system. At this moment, the information is encoded locally, the entan-
glement entropy is zero, and the subsystem is not in equilibrium with the
whole system. As the small subsystem starts interacting with the large system
and approaches equilibrium, the von Neumann entropy grows and reaches
its maximum. Information, which was initially encoded locally in an out-of-
equilibrium state, becomes encoded more and more nonlocally as the system
evolves, eventually becoming invisible to an observer confined to the subsys-
tem. Such thermalization can be quantified by a relative entropy. Denote the
(evolving) density matrix of our subsystem as p. If the evolution of the sub-
system, when it is closed, is described by the Hamiltonian H, we can define
the Gibbs density matrix as

_exp(—=pH) _
0= T o(— B exp(—,BH)_Z exp(—pBH). (6.14)

We now define the respective free energies via the energy and the von Neu-
mann entropy:

F(p)=E—B7'S(p)=TrpH+ B 'Trplnp=B""Tr p(In p + BH),
Fo=p""Tr po(In po + BH) = —B 'InZ=—B ' In Tr exp(—BH).
The relative von Neumann entropy between p and pg can be expressed via

the difference in the free energies:
D(plpo) =Trplnp —Tr pln po
=Trp(Inp + BH) + " InTr exp(—pH) = B[F(p) — Fo] >0,
(6.15)

where the last inequality follows from the positivity of the relative entropy,
just like in the classical case (2.30). Therefore, the Gibbs state has the lowest
free energy at a given temperature, which is determined by its environment
treated as a thermostat. Unitary evolution of the subsystem and its environ-
ment induces on a subsystem a decrease (by monotonicity) of D(p, po),
eventually bringing the subsystem to the Gibbs state.
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Exercise 6.3: Von Neumann entropy.

Consider two nonorthogonal states, |0) and the superposition |s) =
(]0) — |1))/+/2, mixed with the respective probabilities pand 1 —p.
Find the density matrix p in the orthogonal basis |0) , |1), diagonalize
it, compute the von Neumann entropy S(p), and compare it with S(p).

6.4 Quantum Communications

Without going into the specifics of quantum processors and communication
schemes, here we discuss how much information one can transfer by send-
ing (or sharing) quantum objects. Let us first ask, How many bits of classical
information can be recovered from a quantum system? Even though any qubit
potentially contains a complex number, any measurement only gives one or
another state, so that a pure state of a qubit can store one classical bit. The four
orthogonal maximally entangled states of the qubit pair, (|00) £[11))/ V2
and (]01) = |10))/+/2, can store two bits. Generally, when sending a quantum
system whose state is determined by a d-dimensional complex vector, one can
send at most log d bits of classical information (for instance, by sending one
of the states from d basic vectors).

How this is related to the quantum mutual information can be realized
by looking at a more symmetric variant of the same problem. Let a com-
posite system AB be described by the density matrix p4p. Alice has access
to A, while Bob has access to B. The results of the measurements belong to
classical information and can be written in the notebooks C4 and Cg. The
maximal number of bits Alice can get from her measurements about those of
Bob (and vice versa) is the classical mutual information between their note-
books, I(C4, Cp). Measurements correspond to tracing out some degrees of
freedom so that monotonicity guarantees that I(C4, Cg) <I(pap) <logd,
where I(pag) = S(pa) + S(pB) — S(pap) is the mutual information of the
initial density matrix psp.

Let us now turn to quantum information, that is, to the information
about quantum states themselves rather than to the measurement results.
We pose the same natural question we asked for classical communications
in section 2.2: How much can a message be compressed? That is, what is
the maximum information one can transmit per quantum state? Is it given
by von Neumann entropy or by Shannon entropy, as in the classical case?
Now the letters of our message are quantum states picked with their respective
probabilities p; that is, each letter is described by the density matrix and
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the message is a tensor product. Leaving aside how actual quantum com-
munication devices handle information compression, we discuss here only
the amount of quantum information, that is, the number of combinations of
states involved. If the states are mutually orthogonal and the density matrix
is diagonal, it is essentially the classical case; that is, the answer is given by
the Shannon entropy S(p) = — ), px log px, which is the same as the von
Neumann entropy in this case. For example, the output of a qubit source that
sends |0) with probability p and |1) with probability 1 — p can be compressed
similarly to the classical source described in section 2.2.

The new issue in quantum theory is that nonorthogonal states cannot be
perfectly distinguished, a feature with no classical analog. If a pure state AB is
built from nonorthogonal states taken with the weights p;, then the density
matrix p4 is nondiagonal. There is then the difference between the Shan-
non entropy of the mixture and the von Neumann entropy of the matrix,
S{pi} — S(pa).Itis nonnegative and quantifies how much distinguishability is
lost when we mix nonorthogonal pure states. Measuring Pa, wereceive S(04)
bits, which is less than S{p;} bits that were encoded mixing the states with
probabilities {g;}.

For example, nonorthogonal states |0) and the superposition |s) = (|0) +
1))/ /2 cannot be distinguished when a measurement in the basis |0), [1)
brings |0). Consider an output producing |0) with the probability p, and [s)
with the probability 1 — p, like in exercise 6.3. Sending classical information
about these states brings the information S(p). Could we use different encod-
ing corresponding to a shorter mean length of a codeword? The letters of our
alphabet, |0) and |s), both contain the state |0), which means redundancy. The
redundancy must allow for tighter compression than S(p). That can be demon-
strated using essentially the argument from section 2.2 with the only difference
being that, instead of typical sequences, we consider typical subspaces. Could
we decrease the entropy using the orthogonal states |0), |1)? A long N string
emitted by the source looks like a superposition of the terms having, after
reordering, the following form:

|0)®Np |S)®N(lfp) ~ |0>®N(1+p)/2 |1>®N(17p)/2‘ (6.16)

This is because in the limit N(1 —p) > 1 the product |s)®N(17P) can
be approximated by the superposition of the states with equal proba-
bility of |0) and |1). The number of the states of the form (6.16) is
given by the number of N(1+p)/2 choices out of N; the logarithm
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of the number of states is NS(1/2+p/2) according to the Stirling for-
mula. If (1+p)/2>1—p, that is, p>1/3, we can use the states of the
form (6.16) as the new alphabet letters and neglect atypical states. We
then achieve compression for sending classical information about these
states, since S(p) —S(1/2+p/2)=(1/2+p/2)log(1/2+p/2) + (1/2 —
p/2)log(1/2 —p/2) —plogp — (1 —p)log(1—p) >0 for p>1/3. That
bound makes sense, since at p < 1/3 the chosen way of encoding actually
increases redundancy, and one needs to use a different encoding.

The most efficient encoding uses the states, where the density matrix of our
source is diagonal, instead of the states |0}, |s) or |0}, |1), where it is not. The
orthonormal eigenvectors can be found in the solution to exercise 6.3 in the
appendix. The number of typical strings is then given by the Shannon entropy
of this representation, which is now equal to the von Neumann entropy and
is strictly lower than the Shannon entropy for any representation where the
density matrix is not diagonal.

The best rate of quantum information transfer (the number of qubits car-
ried per letter of a long message) is given by the von Neumann entropy of the
density matrix of the source only when we deal with a mixture of pure states.
This is not true when p =), prpk and pi are mixed states. It is easy to see
from a trivial example: Suppose that a particular mixed state oo with S(pg) > 0
is chosen with probability pg = 1. Then the message pp ® 0o & . . . carries no
information.

When our alphabet is made of mixed yet mutually orthogonal states, the
states are distinguishable and the problem is classical, since we can just send
the probabilities of the states; so the maximal rate is the Shannon entropy
S(p). However, it is less than the von Neumann entropy, which now includes a
nonzero entropy of every mixed state pi. Because all py are orthogonal, they
could be made diagonal simultaneously, and we obtain

S(p) == Tr(pepr) log(pipr)
k

=— Z(Pk log pi + pi Tt pr log pi) = S(p) +Z PeS(oK)-
k P

This shows that, when pj are mixed states, S(p) is no longer a good mea-
sure of quantum entanglement since it clearly mixes quantum and clas-
sical correlations. In this case, von Neumann entropy exceeds Shannon
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entropy:

S(p)=8(0) = Y pS(p) =$ (ZPW) =Y S (617)
k k k

To conclude, the information transfer rate

i) by orthogonal pure states is equal to S(p) = S(p),
ii) by nonorthogonal pure states is equal to S(p), which is less than S(p),
iii) by orthogonal mixed states is equal to S(p), which is less than S(p).

For nonorthogonal mixed states, it is believed that

X (P pi) =S (Z Pkpk) - Z piS(or)
k k

(called in quantum communications Holevo information) defines the limiting
compression rate in all cases, including when it does not coincide with S(p).
The reason for this belief is that x is monotonic (i.e., it decreases when we take
partial traces), but S(p) is not—one can increase von Neumann entropy by
going from a pure to a mixed state. It follows from concavity that x is always
nonnegative. We see that it depends on the probabilities py, that, is on the way
we prepare the states. Of course, (6.17) is a kind of mutual information; it tells
us how much, on average, the von Neumann entropy of an ensemble is reduced
when we know which preparation was chosen. It is exactly like classical mutual
information, I(A, B) = S(A) — S(A|B), which tells us how much the Shannon
entropy of A is reduced once we get the value of B. So we see that classical
Shannon information is mutual von Neumann information. One also calls x
the accessible information of an ensemble of quantum states, that is, the maxi-
mal number of bits of information that can be acquired about the preparation
of the state on average.

6.5 Conditional Entropy and Teleportation

Similar to the classical conditional entropy (2.12), one defines for von Neu-

mann entropy
S(paslps) = S(paB) — S(pB). (6.18)

However, this is not an entropy conditional on something known; moreover, it
is not zero for correlated quantities but negative! Indeed, for pure AB, one has
S(paglpr) = —S(pB) < 0. Classical conditional entropy measures how many
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classical bits we need to add to B to fully determine A. Similarly, we would
expect quantum conditional entropy to measure how many qubits Alice needs
to send to Bob to reveal herself. But what does it mean when S(pap|0B) is
negative? In this situation, it includes the amount of quantum information
that Bob already shares with Alice.

That negativity is due to entanglement between A and B, which allows the
trick of teleportation. Teleportation moves quantum states around without a
quantum channel, and we shall see below that negative von Neumann condi-
tional entropy counts the number of possible future teleportations. Imagine
that Alice has in her possession a qubit Ag and wants Bob to create in hislab a
qubit in a state identical to Ag. However, she is only able to communicate by
sending a classical message. If Alice knows the state of her qubit, there is no
problem (except that communicating a complex number exactly requires an
infinite number of classical bits): she tells Bob (say, over the telephone) the
state of her qubit and he creates one like it in his lab. If, however, Alice does
not know the state of her qubit, all she can do is make a measurement, which
will give some information about the prior state of qubit Ag. She can tell Bob
what she learns, but the measurement will destroy the remaining information
about Ag and it will never be possible for Bob to re-create it. So she needs to
make a measurement revealing no information about Ag. Then what informa-
tion can that measurement reveal? It must be about something else that Alice
and Bob share.

Suppose then that Alice and Bob have previously shared a qubit pair A;, B;
in a known entangled state, for example,

1

VaB, = N

(100) + [11))4,B,- (6.19)

Bob then took B; with him, leaving A; with Alice. In this case, Alice can
solve the problem by making a joint measurement of her system ApA; in a
basis, that is, chosen so that no matter what the answer is, Alice learns nothing
about the prior state of Ag. In that case, she also loses no information about
Ag. But after getting her measurement outcome, she knows the full state of the
system and she can tell Bob what to do to re-create Agy. To see how this works,
let us describe a specific measurement that Alice can make on AgA; that will
shed no light on the state of Ag. The measurement must be a projection on a
state where the probability of Ag to be in the state |0) is exactly equal to the
probability to be in the state |1). The following four states of AgA; satisfy that
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property:
1 1
V2 V2
The states are chosen to be entangled, that is, having Ag and A; correlated. We
don’t use the state with |00) = |10), which has equal probability of zero and
one for A but no correlation between the values of Ag and A;.

Denote the unknown initial state of the qubit Ag as  [0) 4 8 |1); then the
initial state of AgA{Bj is

(100) = [11)) aga,, (101) £ [10)) ag4, - (6.20)

%(a 1000) + a [011) + B |100) + B [111)) 4,4,5, - (6.21)
Let’s say that Alice’s measurement, that is, the projection on the states (6.20),
reveals that AgA; is in the state
1
E(IOO) — [11)) ap4, - (6.22)
That means that only the first and the last terms in (6.21) contribute (with
equal weights but opposite signs). After that measurement, B; will be in
the state (« |0) — B |1))p,, whatever the (unknown) values of «, 8. Appre-
ciate the weirdness of the fact that B; was uncorrelated with A initially,
but instantaneously acquired correlation after Alice performed her measure-
ment a thousand miles away. Knowing the state of By, Alice can send two
bits of classical information, telling Bob that he can re-create the initial state
a [0) 4 B [1) of Ag by multiplying the vector of his qubit B; by the matrix
1 O
0 -1
beauty of it is that Alice learned and communicated not what the state Ao was,

, which switches the sign of the second vector of the basis. The

but how to re-create it.

To understand the role of the quantum conditional entropy (6.18) in tele-
portation, we symmetrize and purify our problem. Generally, the weirdness of
quantum entropies can be traced to the purely quantum possibility of purifi-
cation. Notice that A; and B; are maximally entangled (come with the same
weights), so that S(pp) = log, 2= 1. On the other hand, A;B is in a pure
state, so its von Neumann entropy is zero. Let us now add another system R,
which is maximally entangled with A in a pure state AgR, say,

1

VAR = ﬁ(|00> + [11)) 4or- (6.23)
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Neither Alice nor Bob have access to R. From this viewpoint, the combined
system RAB=RApA;B; starts in a pure state, which is a direct product
YrA, @ Ya,B,. Since A is maximally entangled with R, then S(p4,) =
log, 2 =1, which is equal to the entropy of the AB system, S(paq4,B,) =
S(pa,) =1, since A1 By is a pure state. Therefore, S(0ag|08) = S(04,4,)|0B)
= S(paya;B;) — S(pB,) = 0. One can show that teleportation is only possible
when S(pag|pp) is nonpositive.

Recall that, classically, S(A|B) measures how many bits of information
Alice has to send to Bob (in addition to B, which he has) so that he will have full
knowledge of A. The quantum analog of this involves qubits rather than clas-
sical bits. Suppose that S(pag|pp) > 0 and Alice nevertheless wants Bob to
re-create her states. She can simply send her states. The alternative is to do tele-
portation, which requires sharing with Bob an entangled pair for every qubit
ofher state to be teleported. Either way, Alice must be capable of quantum com-
munication, that is, of sending a quantum system while maintaining its quan-
tum state. For teleportation, she first creates some maximally entangled qubit
pairs and sends half of each pair to Bob. Each time she sends Bob half of a pair,
S(pap) isunchanged but S(pp) goes up by 1,s0 S(pasloB) = S(paB) — S(0B)
goes down by 1. So S(paB|0B), if positive, is the number of such qubits that
Alice must send to Bob to make S(A|B) nonpositive and to make teleportation
possible without any further quantum communication. Negative quantum
conditional entropy measures the number of possible future qubit telepor-
tations. We thus see that entanglement is an important resource in quantum
communications.

6.6 The Way Out Is via a Black Hole

All things physical are information-theoretic in origin.

—JOHN WHEELER, 1990

A black hole presents a way to eliminate all uncertainty about a system by
swallowing and forever eliminating it from our reach. No body, no uncer-
tainty. On the other hand, this information, while inaccessible, still remains
a part of our world. Our religious belief that uncertainty in the world can
only increase leads us to the entropy of a black hole and to the ultimate
restriction on the amount of information that can be encoded in a physical
system.
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Area law  Relativity imposes a restriction: no material body can move faster
than light. Coupled with gravity, it makes possible inescapable regions of
space—black holes. A body of the mass m can escape a gravitating body of the
mass M from the distance R if the kinetic energy mv? /2 exceeds the poten-
tial energy GMm /R, where G is the gravitational constant. Since v < ¢, then
R > r;, =2GM/c*. One cannot escape from within the so-called horizon r,
since the speed needed for that exceeds c. A black hole is an object, whose size
is smaller than its horizon.

Since the interior is inaccessible, one may think that the entropy of a black
hole must be zero for us. Let us now add to the mix the quantum theory that
does not allow strict separation of space regions. The quantum entanglement
entropy (between interior and exterior) is thought to be responsible for the
entropy of black holes. To estimate it, we need an equation of state, that is, the
relation between energy and temperature. The energy of the hole is simply
Epgr = Mc? = ¢*r,/2G. The temperature of the hole is determined by its radi-
ation, which is due to a purely quantum phenomenon of particle-antiparticle
pairs appearing from vacuum fluctuations. Such pairs usually stay together and
soon annihilate. If, however, such a pair straddles the horizon, then the inside
part is absorbed by the hole, while the outside part can escape and be regis-
tered as radiation (this is how the entanglement appears). The typical wave-
length of such radiation can be estimated as rp,, and its energy/temperature
is then T =~ fic/ry,. Now we can obtain the entropy (up to 77 and order-unity
factors) by integrating the equation of state T = dE/dS:

he dEgy ¢ dr, rﬁc3
~— ~ — =Spy >~ —.
h dSBH G dSBH Gh

The entropy is proportional to the squared horizon, that is, to area rather than
volume. Since any entropy is dimensionless, 4G /c* must be a square of some
fundamental length. It is called the Planck length, I, = \/hG/c3 >~ 10~ ¢m,
and it is the only combination with that dimensionality of the three funda-
mental physical constants, ¢, i, G; it is the scale where quantization of gravity
is expected to be important.®> The entanglement entropy of a black hole can

3. One-parameter theories: G-theory, seventeenth century; c-theory, nineteenth and twen-
tieth centuries; /i-theory, early twentieth century. Two-parameter theories: ¢, G (general relativ-
ity), ¢, i (quantum electrodynamics), twentieth century. Hopefully, ¢, G, h-theory will appear
in the twenty-first century.
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thus be written as follows:

23 2 2

r;c r GM
Spy~ =~ . 6.24
BH="¢ch B~ he (6:24)

The area law behavior of the entanglement entropy in microscopic theories
could be related to the holographic principle—the conjecture that the informa-
tion contained in a volume of space can be completely encoded by the degrees
of freedom that live on the boundary of that region.

Bekenstein bound 'We can now estimate the information capacity (not a chan-
nel capacity!) defined as the maximal amount of information that can be
encoded in a system by exploiting all of its degrees of freedom down to the
quantum level. Is there a universal limit on how large the entropy of a phys-
ical system can be? The answer is given by the so-called Bekenstein bound
(and its generalizations). On dimensional grounds, it can be guessed as fol-
lows. The entropy must be the total energy E (including any rest masses)
divided by a temperature (in energy units). The temperature must be deter-
mined by the system size R—the smaller the size, the higher the temperature.
Confining a system to a smaller region by quantum uncertainty increases the
kinetic energy. The only combination with the dimensionality of energy one
can make out of R and the world constants 7, ¢ is the same Ac/R, which is the
energy of a photon with wavelength R. That suggests a bound in the following
form: S < RE/hc (Bekenstein 1981, 2004; Casini 2008).

That bound was argued by exploiting the only known way to eliminate
entropy from the observable world—to drop it into a black hole. If we drop
a body of energy E and entropy S into a black hole of large mass M > E/c?,
then the black hole’s mass will grow by E/c*. According to (6.24), the entropy
of the hole will then grow by >~ 2GME/h¢? plus a negligible term of order E2.
Meanwhile, the entropy S has gone forever out of this world. The second law
then requires that S < 2GME/hc® = r,E/hic. This is expected to hold up to a
body size comparable with the black hole horizon, which gives the estimate

for the bound:
RE
S<— 6.25
<2 (625)
We presume that the body itself is not a black hole, that is, its size exceeds
its horizon, R > r,(E) > GE/c*. Substituting E < ¢*R/G into (6.25), we write
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the entropy restriction solely in terms of the radius:

R*3 R?
Gh lp

(6.26)

Comparing (6.26) and (6.24), we conclude that a system must be a black hole
to realize the capacity limit. We note without elaboration that (6.25, 6.26)
actually refer to the difference between the entropy of the system with energy
E and the entropy of the quantum vacuum in the region of size R.

In the thermodynamic limit, the classical total entropy is extensive; that is,
itis proportional to the system volume or total number of degrees of freedom.
‘We now see that the entropy is proportional to the volume only as long as one
can squeeze more and more distinguishable matter into it. When there is so
much matter or so little space that the system turns into ablack hole, we can see
only the horizon, and the entropy is proportional to the area (like a hologram
where a 3D image is encoded on a 2D surface).

The appearance of the gravitational constant G in (6.26) deserves reflec-
tion. Via black holes, gravity makes some information unavailable in principle,
which is a source of the bound. Another way to look at it is that black holes
provide the gates out of the observable world. A counterpart to this is the Big
Bang, which provided a gate into this world—how something comes out of
nothing could probably teach us important lessons about the nature of infor-
mation as well. It is also worth bearing in mind that gravitational instabilities
soon after the Big Bang are the origin of structures in the universe and thus of
most of information.
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This chapter attempts to compress the book to its most essential elements.

Conclusion

7

7.1 Take-Home Lessons

1. Thermodynamics studies restrictions imposed by the hidden on the

observable. It deals with two extensive quantities. The first one

(energy), E, is conserved for a closed system, and its changes are

divided into work (due to observable degrees of freedom) and heat

(due to hidden ones). The second quantity (entropy), S, can only

increase for a closed system and reach its maximum in thermal

equilibrium, where the system entropy is a convex function of the

energy. All available states lie below this convex curve in the

S, E plane.

2. Convexity of the dependence, E(S), allows us to introduce

temperature as the derivative of the energy with respect to the entropy.

The extremum of the entropy means that the temperatures of the

connected subsystems are equal in equilibrium. The same is true

for the energy derivatives with respect to volume and other

extensive variables. The entropy increase (called the second law of

thermodynamics) imposes restrictions on thermal engine efficiency,

that is, the fraction of heat used for work:

T, AS, “1_

CTAS,

143

T,

T,

—-1

_ +1
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If information processing generates AS=S, — S =(Q — W)/
Ty — Q/ T}, its energy price is as follows:

SIZQ/TI j Q
$=(Q-W)/T, | @-w

T AS+W
C1-Ty/T:

. Need in statistics appears due to incomplete knowledge: we are able

to follow only part of the degrees of freedom and only with finite
precision. Statistical physics defines the (Boltzmann) entropy of a
closed system as the log of the phase volume, S =log I', and assumes
(for lack of knowledge) the uniform distribution w =1/ T, called
microcanonical. For a subsystem, the (Gibbs) entropy is defined as the
mean phase volume: S = — ) . w; log w;. The probability distribution
is then obtained, requiring maximal entropy for a given mean energy:
log w; ¢ —E;. Information theory generalizes this approach; see point
11 below.

. We quantify the lack of knowledge by the amount of information

needed to make the knowledge complete and remove the uncertainty.
We start by receiving information as answers to yes-no questions
(called bits). The amount of information is the number of such
answers, that is, log, n, where 7 is the number of possibilities each
with the probability 1/n (Boltzmann entropy). If the probabilities p;
are different from 1/, then the Shannon-Gibbs entropy/information
is the mean logarithm: — ) . p; log, p;. Convexity of the function

—p log p guarantees that the information/entropy has its maximum
for equal probabilities (when our ignorance is maximal).

. A simple mathematical notion of convexity is a powerful tool. We

first use it in thermodynamics to make sure that the extremum is

on the boundary of the region and to make Legendre transforms of
thermodynamic potentials. Concavity of the logarithm and entropic
measures (including relative and von Neumann entropies) play a
central role in classical and quantum statistics. Convexity is used

to establish hierarchies and find the extremum. Convexity of the
exponential function is used to show that, even when the mean of

a random quantity is zero, its mean exponent exceeds unity. That
provides for an exponential separation of trajectories in an
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incompressible flow and exponential growth of the density of an
element in a compressible flow. On the other hand, if the mean
exponent is unity, (e=25) =1, then the mean itselfis negative:
—(AS) <0.

. In our discrete thinking, we use another basic mathematical
object—the sum of independent random numbers, X = Zfi 1 Vi
Three concentric statements can be made (see section A.2). The
weakest one is that X approaches its mean value, X = N{y),
exponentially fast in N. The next statement is that the distribution
P(X) is Gaussian in the vicinity of the width >~ N ~1/2 around the
maximum. The whole distribution is also very sharp, which is
described by the large-deviation form: P(X) o e NHX/N) \where
H > 0and H({y)) = 0. Applying this to the log of the probability of a
given sequence, limy_, oo log p(y1 . . . yn) = —NS(Y), we learn two
lessons: i) the probability is independent of a sequence for most of
them (almost all events are almost equally probable), ii) the number
of typical sequences grows exponentially and the entropy is the rate.

. The number of typical binary sequences of length N is then 25,
which cannot exceed 2. The efficient encoding of the typical
sequences thus involves words with lengths from unity to NS, which is
less than N if the probabilities of 0 and 1 are not equal. That means
that the entropy is both the mean and the fastest rate of the reception
of information brought by long messages/measurements. To squeeze
out all the unnecessary bits, encoding is used both in industry and in
nature.

. If the transmission channel B — A makes errors, then the message
does not completely eliminate uncertainty; what remains is the
conditional entropy, S(B|A) = S(A, B) — S(A), which is the mean rate
of growth of the number of possible errors. Sending extra bits to
correct these errors lowers the transmission rate from S(B) to the
mutual information, I(A, B) = S(B) — S(B|A) = S(A) 4+ S(B) —

S(A, B), which is the mean difference of the uncertainties before and
after the message. The great news is that one can still achieve an
asymptotically error-free transmission if the transmission rate is
lower than I. The maximum of I over all source statistics is the
channel capacity, which is the maximal rate of asymptotically
error-free transmission. In particular, to maximize the capacity of
sensory processing, one makes the signal probability flat using the
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response function of a sensor equal to a cumulative probability of
stimuli.

Very often our goal is not to transmit as much information as possible
but to compress it and process it as little as possible, looking for an
encoding with a minimum of the mutual information. For example,
rate-distortion theory looks for the minimal rate I of information
transfer under the restriction that the signal distortion does not
exceed the threshold D. This is done by minimizing the functional
I+ BD.

Conditional probability allows for hypothesis testing by the Bayes
rule: P(h|le) = P(h)P(e|h)/P(e). That is, the probability P(h|e) that
the hypothesis h is correct after we receive the data e is the prior
probability P(h) times the support P(e|h) /P(e) that e provide

for h. Taking a log and averaging, we obtain the familiar S(h|e) =

S(h) —I(e, h). The Bayes approach demonstrates that there is no
inference without prior assumption. If our hypothesis concerns the
probability distribution itself, then the difference between the true
distribution p and the hypothetical distribution g is measured by the
relative entropy D(p|q) = (log, (p/q)). This is yet another rate—how
the error probability grows with the number of trials. D also measures
the decrease of the transmission rate due to nonoptimal encoding:
the mean length of the codeword is not S(p) but is bounded by

S(p) + D(p|q). Mutual information is a particular case of relative
entropy; they are both invariant with respect to arbitrary
transformations of variables in a continuous case, which facilitates
their ever-widening area of applications.

Since so much hangs on getting the right distribution, how best can we
guess it from the data? This is achieved by maximizing the entropy
under the given data—“the truth and nothing but the truth.” That
explains and makes universal the entropy maximization from point 3.
What was thought to be a unique property of thermal equilibrium is
now understood as universally applicable common sense. It also sheds
new light on physics, telling us that, on some basic level, all states are
constrained equilibria. Whenever we encounter a trade-off, free energy
appears, whose two terms quantify the opposite tendencies. Not only
do its (conditional) minima describe physical systems, but they are
presently the most powerful technical tools of optimization, from our
Bayesian brain to machine learning algorithms.
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Information is physical. At a finite temperature, both learning

and erasing information require work. The energetic price of a
learning-erasing cycle is T times the mutual information between the
system and the measuring device. Another side of the physical nature
of information is that there is a (Bekenstein) limit on how much
entropy one can squeeze inside a given radius; surprisingly, the limit is
proportional to the area rather than the volume and is realized by black
holes—our gates out of this world.

Full knowledge persists, partial knowledge dissipates. Irreversible
entropy growth may seem to contradict the laws of mechanics, which
are time-reversible and preserve the N-particle phase-space density.

If we follow precisely all the degrees of freedom, the entropy is
conserved and no information is lost. But if we follow only part of
them, the entropy of that part generally grows as it interacts with the
rest—whatever information we had is getting less relevant with time.
We illustrate that for a one-particle momentum distribution of a dilute
gas. Assuming that before every collision particles are independent,
one obtains the Boltzmann kinetic equation, which, in particular,
describes the irreversible growth of the one-particle entropy.
Therefore, the difference must grow between the growing sum of
one-particle entropies and the constant total entropy. That difference
describes correlations and is called mutual information. Similarly, the
thermalization of a quantum subsystem increases the entanglement
entropy since the information is getting encoded in interaction with
the environment and is locally inaccessible.

Total entropy growth can appear even if we follow all the degrees of
freedom but do it with finite precision, that is, if we consider the
evolution of finite phase-space regions. Instability leads to the
separation of trajectories, which spread over the whole phase space
under generic reversible Hamiltonian dynamics, very much like flows
of an incompressible liquid are mixing (metaphorically, extra digits in
precision add new degrees of freedom for unstable systems). Spreading
and mixing in phase space correspond to the approach to equilibrium
and entropy growth. On the contrary, to deviate a system from
equilibrium, one adds external forcing and dissipation, which makes
its phase flow compressible and distribution nonuniform.

The renormalization group (RG) is the best known way to forget
information. As always with forgetting, the trick is to choose what to
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keep, which is decided by the renormalization. For example, we can
divide the sum of two random numbers either by 2, keeping the mean,
or by +/2, keeping the variance. That leads to different asymptotic
distributions, which is the main focus of RG. We find that the entropy
of the partially averaged and renormalized distribution is the proper
measure of forgetting in simple cases, like adding random numbers on
the way to the central limit theorem. In physical systems with many
degrees of freedom, the quantity that changes monotonically upon RG
could be the mutual information, defined in two ways: either between
remaining and eliminated degrees of freedom or between different
parts of the same system.

16. Two central themes of quantum information and the two respective
sources of quantum uncertainty are nonorthogonality and
entanglement. The first theme appears in quantum mechanics, where
uncertainty can be characterized by classical entropy. Quantum
statistics appears when we treat subsystems and must deal with von
Neumann entanglement entropy. The quantum entropy of the whole
can be less than the entropy of a part. In particular, the whole system
can be in a pure state with zero entropy, in which case all the entropy of
a subsystem comes from entanglement.

17. The last lesson is two progressively more powerful forms of the second
law of thermodynamics, which originally was (AS) > 0. The first new
form, (e25) =1, is the analog of a Liouville theorem. The second

form relates the probabilities of forward and backward processes:

pT(=AS) = p(AS)e2S.

7.2 Epilogue

The central idea of this book is that learning about the world means building
a model, which is essentially finding an efficient representation of the data.
Optimizing information transmission or encoding may seem like a technical
problem, but it is actually the most important task of science, engineering, and
survival. Science works on more and more compact encoding of the strings of
data, which culminates in formulating a law of nature, potentially describing
an infinity of phenomena.

The main mathematical tool we learned here is an ensemble equivalence
in the thermodynamic limit; its analog is the use of typical sequences in
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communication theory. The resultis two roles of entropy: it defines maximum
transmission and minimum compression.

Another central idea is that entropy is not a property of the physical
world, but the information we lack about it. And yet the information is
physical—it has an energetic value and a monetary price. The difference
between work and heat is that we have information about the former but not
the latter. That means that one can turn information into work and one needs
to release heat to erase information. We also have learned that one not only
pays for information but can turn information into money as well. The physi-
cal nature of information is manifested in the universal limit on how much of
it we can squeeze into a space restricted by a given area.

The panoramic view accepted here works on different levels. Natural
scientists and engineers tend to see analogies between phenomena. One
analogy extensively exploited here is that measurements, predictions, record-
ing retrievals, etc. can all be treated and described uniformly as different
forms of communication. Another analogy is between finding optimal strat-
egy in economics (proportional gambling), biology (phenotype switching),
engineering design, data processing, perceptual inference, etc. On a higher
level, mathematicians see analogies between analogies. For the two analogies
above, the unifying mathematical notions are relative entropy and free energy.
Convexity with its bag full of inequalities is another recurring mathematical
notion unifying different approaches to the classes of phenomena, rather than
phenomena themselves.

No rigorous proofs were given in this book, replaced instead by exam-
ples or hand-waving arguments of varying plausibility. A more rigorous and
detailed while still compact deductive presentation of thermodynamics can
be found in Thermodynamics by Callen (1965). Detailed information the-
ory with proofs can be found in Elements of Information Theory by Cowen
and Thomas, whose chapter 1 gives a concise overview. A more practical and
problem-oriented approach with numerous exercises can be found in Infor-
mation Theory, Inference and Learning Algorithms by MacKay. Those interested
in proofs for chapter S can find them in An Introduction to Chaos in Nonequi-
librium Statistical Mechanics by Dorfman. On quantum information, the two
comprehensive books are those by Preskill (2015), and Nielsen and Chuang
(2010).

I also wish to stress that the examples given in this book represent a
small slice of the ever-widening avalanche of applications; more biological
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applications can be found in Biophysics by Bialek, and others in original arti-
cles and reviews. Numerous references scattered through the text, like (Zipf
1949), give you the most compact encoding for a search. On the other end
of the spectrum is the popular book The Origins of Life: From the Birth of
Life to the Origin of Language by Maynard Smith and Szathmary, describing
evolution as a set of transitions from competition (between replicating
molecules, genes, cells, individuals) to cooperation, which raises competi-
tion to the level of collectives (chromosomes, multicellular organisms, animal
groups, societies). Accompanied by the appearance and development of signal
systems, from cellular to human languages, came major transitions in informa-
tion storage and transfer. We mention the speculative but compelling hypoth-
esis that the explosion of innovations that started approximately 50,000 years
ago was brought about by the development of language, which broke barri-
ers between social, technical, and foraging skills. This is another argument in
favor of a panoramic view.

Several important subjects were left out of this book. Our focus was largely
(though not entirely) on finding a data description that is good on average.
There exists a closely related approach that focuses on finding the shortest
description and ultimate data compression for a given string of data. The Kol-
mogorov complexity is defined as the shortest binary computer program able
to compute the string. It allows us to quantify how much order and random-
ness is in a given sequence—a truly random sequence cannot be described
by an algorithm shorter than itself, while any order allows for compression.
Complexity is (approximately) equal to the entropy if the string is drawn from
arandom distribution, but is actually a more general concept, treated in texts
on computer science. A fundamental issue is the dramatic difference between
the classical and quantum classifications of computational complexity. After
much hesitation, I also left out evolutionary game theory, which describes,
in particular, the appearance of cooperation and diversity—subjects having
direct bearing on the information transfer in our world. Other subjects for
mathematically oriented readers to explore are the applications of entropy as a
measure of irreversibility in geometry (see, e.g., Perelman 2002) and the rela-
tion of entropy subadditivity to the rich world of isoperimetric and related
inequalities (see, e.g., Gromov 2013).

Taking a wider view, I invite you to reflect on the history of our attempts
to realize the limits of the possible, from heat engines to communication
channels to computations. Will the next step be to study the natural limits of

thinking and feeling?
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Looking back, one may wonder why accepting the natural language of
information took so much time and was so difficult for scientists and engi-
neers. Generations of students (myself included) were tortured by “para-
doxes” in statistical physics, which disappear when information language is
used. I suspect that the resistance was to a large extent caused by the misplaced
desire to keep the scientist out of science. A dogma that science must be some-
thing “objective” and only related to the things independent of our interest in
them obscures the simple fact that science is a form of human language. True,
we expect it to be objectively independent of the personality of this or that sci-
entist as opposed, say, to literature, where we celebrate the difference between
languages (and worlds) of Shakespeare and Tolstoy. However, science is the
language designed by and for humans, so it necessarily reflects both the way
body and mind operate and the restrictions on our ability to obtain and pro-
cess data. Presumably, omnipresent and omniscient beings would have no
need for the statistical information approach described here. As far as physics
is concerned, I do not share the belief, widely held inside and outside the disci-
pline, that physicists’ notions are truly objective and fundamental, as opposed
even to chemistry (where the distinction between organic and inorganic is
due to our distinctively human interest in life), not to mention linguistics or
economics. I believe that we, physicists, can benefit from better appreciating
the essential presence of the scientist in science (for instance, to understand
the special status of measurement in quantum mechanics).

As we learned here, better understanding must lead to a more compact
presentation; hopefully, the next edition will be shorter.
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APPENDIX

Extras, Exercises, and Solutions

This appendix addresses some advanced subjects, which are either more
technical or more cross-disciplinary, or both.

A.1  Formal Structure of Thermodynamics

Both energy and entropy are homogeneous, first-order functions of their
variables: S(AE,A\V,AN) =AS(E,V,N) and E(AS,AV,AN) = AE(S,V,N)
(here V and N stand for the whole set of extensive macroscopic parameters).
Differentiating the second identity with respect to A and takingitat A = 1, one
gets the Euler equation:

E=TS — PV + uN. (A1)
The equations of state are homogeneous of zero order, for instance,
T(ME, AV, AN) = T(E, V,N).

That confirms that the temperature, pressure, and chemical potential are the
same for a portion of an equilibrium system as for the whole system.
Generally, thermodynamics can be developed for as many quantities as
we observe. But what is the minimal number of observables for a meaning-
ful description? It may seem that a thermodynamic description of a one-
component mechanical system requires operating functions of three intensive
variables. Let us show that the homogeneity leaves only two independent
parameters. For example, the chemical potential i can be found as a function
of T'and P. By differentiating (A.1) and comparing with (1.5), one gets the so-
called Gibbs-Duhem relation (in the energy representation), Ndit = —SdT +
VdP, or for quantities per mole, s =S/N and v=V/N: du = —sdT 4+ vdP.
In other words, one can choose A = 1/N and use first-order homogeneity to

153
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get rid of the variable N, for instance: E(S, V, N) = NE(s, v, 1) = Ne(s, v). In
the entropy representation,

1 p "

S=E—-+V—-—N—

T T T
the Gibbs-Duhem relation again states that, because dS= (dE+ PdV —
1dN) /T, the sum of products of the extensive parameters and the differentials
of the corresponding intensive parameters vanish:

Ed(1/T) + Vd(P/T) — Nd(u/T) =0. (A2)

Let us summarize the formal structure: The fundamental relation is equiv-
alent to the three equations of state (1.4). If only two equations of state
are given, then the Gibbs-Duhem relation may be integrated to obtain the
third relation up to an integration constant; alternatively, one may integrate
the molar relation de = Tds — Pdv to get e(s, v), again with an undetermined
constant of integration.

Example A.1: Consider an ideal monatomic gas characterized by two
equations of state (found, say, experimentally with R >~ 8.3]/mole
K 2~ 2 cal/mole K):

PV=NRT, E=3NRT/2. (A.3)

The extensive parameters here are E, V, N, so we want to find the fun-
damental equation in the entropy representation, S(E, V, N). We write
(A.1) in the form

1 p 12

S=E—+V—-—N—. A4

T T T (a4)
Here we need to express intensive variables 1/T,P/T, /T via exten-
sive variables. The equations of state (A.3) give us two of them:

P NR R 1 3NR 3R
—=—== === (A.5)

T VvV v’ T 2E 2

Now we need to find /T as a function of e, v using the Gibbs-
Duhem relation in the entropy representation (A.2). Using the expres-
sion of intensive via extensive variables in the equations of state
(A.5), we compute d(1/T) = —3Rde/2¢* and d(P/T) = —Rdv/v*,and
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substitute into (A.2):

3R, R 3R
d<ﬁ>:___de_—dv, B 2 lne—Rlnv,
T 2e v T 2

1 p 3R
s=—e+ — E:so—l-—lni—i—Rln
T 2

14
V— —_—.
T T €0 V0

(A.6)

Here we assume that the system has the entropy sp in the state with the
parameters e, vo.

A.2 Central Limit Theorem and Large Deviations

The true logic of this world is to be found in the theory of probability.

—JAMES MAXWELL

A bridge from statistical physics to information theory is a simple techni-
cal tool used in both. Mathematics, underlying most of the statistical physics
in the thermodynamic limit, comes from universality, which appears upon
adding independent random numbers. The weakest statement is the law
of large numbers: the sum approaches the mean value exponentially fast.
The next level is the central limit theorem, which states that the majority
of fluctuations around the mean have a Gaussian probability distribution.
Consideration of large, rare fluctuations requires the so-called large-deviation
theory. Here we briefly present all three at the physical (not mathematical)
level.

Consider the variable X, which is a sum of many independent, iden-
tically distributed (iid) random numbers, X = le\l yi. Its mean value,
(X) =N({y) grows linearly with N. Here we show that its fluctuations
X — (X) not exceeding O(N 172 are governed by the central limit theorem:
X —-(X))/N 1/2 becomes for large N a Gaussian random variable with vari-
ance (y*) — (y)> = A. The quantities y; that we sum can have quite arbitrary
statistics P(y); the only requirements are that the first two moments, the mean
(y) and the variance A, are finite. Finally, the fluctuations X — (X) on the
larger scale O(N) are governed by the large-deviation theorem, which states
that there exists a convex function H such that the probability distribution of
X asymptotically has the form

P(X) o ¢ NHO/N), (A7)
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P(X) N, P/N
Ny

-In
X (X)T/N X/N

To show this, we write

N
P(X) = / 8 (Z)’i —X> P(yDdyr ... P(yn) dyn
=1

00 N
:f dp/exp |:lp (Zyi—X):|P(yl)dyl...P(yN)dyN
- i=1

N

o0 o0
=f dPe_leH/elpyiP()’i)d}’i=/ dpe™'PXTNGUD) (A )

Here we introduce the generating function (¢?) = ¢5@ _ The derivatives of
the generating function with respect to z at zero are equal to the moments
of y, while the derivatives of its logarithm G(z) are called cumulants (see
exercise A.3).

For large N, the integral (A.8) is dominated by the saddle point zg such
that G'(z9) = X/N. This is similar to representing the sum (1.10) by its
largest term. If there are several saddle points, the result is dominated by the
one with the largest probability. We assume that the contour of integration
can be deformed in the complex plane z to pass through the saddle point
without hitting any singularity of G(z). We now substitute X = NG'(zo) into
—2zX + NG(z) and obtain the large-deviation relation (A.7) with

H=—G(z0) +20G (z0). (A9)

We see that —H and G are related by the ubiquitous Legendre transform
(which always appear in the saddle-point approximation of the Fourier or
Laplace transformations). Note that NdH /dX = zo(X) and

N*d®H/dX?* = Ndzo/dX =1/G" (z0).

The function H of the variable X/N — (y) is called the Cramér or rate func-
tion since it measures the rate of probability decay with the growth of N
for every X/N. It is also sometimes called an entropy function since it is a

logarithm of probability.
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Several important properties of H can be established independently of
G(z). It is a convex function as long as G(z) is a convex function since their
second derivatives have the same sign. It is straightforward to see that the
logarithm of the generating function has a positive second derivative (at least

for real z): )

d
G'(z)=— In/ e?P(y) dy
dz?
. fyzezyp(y) dy [ e?P(y) dy — [fyezyp(y) dy]2
[ @PG) dy]”
This uses the Cauchy-Bunyakovsky-Schwarz inequality, which is a gener-

>0. (A.10)

alization of (yz) > (y)z. Also, H(zp) takes its minimum at zg =0, i.e., for X
taking its mean value (X) = N(y) = NG'(0). The maximum of probability
does not necessarily coincide with the mean value, but they approach each
other when N grows and the maximum gets very sharp—this is called the
law of large numbers. Since G(0) =0, the minimal value of H is zero, that
is, the probability maximum saturates to a finite value when N — 0o. Any
smooth function is quadratic around its minimum with H”(0) = A™!, where
A = G"(0) is the variance of y. Quadratic entropy, H o (X — (X ))2, means
Gaussian probability near the maximum—this statement is (loosely speak-
ing) the essence of the central limit theorem. In the particular case of the
Gaussian P(y), the distribution P(X) is Gaussian for any X. Non-Gaussianity
of the y’s leads to a nonquadratic behavior of H when deviations of X /N from
the mean are large, of the order of A /G”(0).

One can generalize the central limit theorem and the large-deviation approach
in two directions: i) for nonidentical variables y;, as long as all variances are
finite and none dominates the limit N — 09, it still works with the mean and
the variance of X being given by the average of means and variances of y;;
ii) if y; is correlated with a finite number of neighboring variables, one can
group such “correlated sums” into new variables, which can be considered
independent.

The above figure and (A.7, A.9) show how distribution changes upon
adding more numbers. Is there any distribution that does not change upon aver-
aging, that is, upon passing from y; to Zfil ¥i/N? That can be achieved for
H =0, that is, for G(z) = kz, which corresponds to the Cauchy distribution
Py) x (yz +k*) 7. Since the averaging decreases the variance, itis no surprise
that the invariant distribution has infinite variance. Distributions invariant
under summation of variables are treated by the renormalization group in

section S.S.
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Exercise A.1: Large deviations for the energy of particles.

Find the probability distribution of the kinetic energy, E = ZII\I r?/2,
of N classical, identical unit-mass particles in 1D, which have the
Maxwell distribution over momenta. Derive the large-deviation form of
the distribution in the limit N — oo.

Exercise A.2: Large deviations for the binomial distribution.

One of the most widely used statistical distributions (including in
this book) is the binomial distribution of two possible outcomes, y = 1
with probability p and y = 0 with probability 1 — p. Compute the prob-
ability, that in a large number of trials N, the first outcome happens gN
times; thatis, X = Zfil yi = gN. Do it in two ways: 1) discrete combi-
natoric, using the binomial formula C?\,N =N!/(gN)!(N — gN)! for the
number of ways to choose gN out of N, and the Stirling formula In N! ~
N In Nj;2) continuous, using the large-deviation theory, that is, comput-
ing the cumulant generating function G(z) = In(¢?) =In(pe* +1 — p)
and the Legendre transform of it.

Exercise A.3: Generating function for cumulants.

The derivatives at zero of the logarithm of the generating func-
tion G(z) =In(e?) are called cumulants. Are k,, = (d"G/dz") ,—¢ equal
to the moments of (y — (y))"? Express the first four «1,...,k4 via
Mn = (y")

A.3 Numbers, Words, and Animal Signals

How best to encode numbers? Using a separate symbol for every number
stops making sense when the number N gets large. An alternative is to repeat
one symbol N times, but it is immediately clear that one can encode much
more efficiently by dividing into groups so that the number N can be encoded
by log N symbols. One particular way of organizing numbers is the posi-
tional numeral system—a discovery of historical importance. Apart from
the log N economy, another profound consequence of encoding where the
meaning of the symbol depends on the position is that the decoding implies
algebraic operations of multiplying and adding: 2024 =2 x 1000 + 2 x
10 + 4. Such a system allows simple, automatic rules for computations. This
was (formulated by the Persian mathematician al-Khwarizmi, from whose
name the word algorithm is derived; algebra, alcohol, etc. also have Arabic
origins.)
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Human languages encode meaning not in separate letters but in words.
The oldest system of writing was logographic, where every word required
a separate symbol, or logogram. Several of these systems were developed
independently: Egyptian hieroglyphics, cuneiform, Chinese characters, etc.
Scribes and readers then learned thousands of symbols, which necessarily
was restricted to a small part of society. The great democratizing invention of
alphabetic writing, which dramatically improved information handling (and
irreversibly changed how we speak, hear, and remember), was done only once
in history. All known alphabets derive from that seminal (Semitic) script. The
idea was to make writing both to convey meaning and to reproduce (extremely
poorly!) the way speech sounds. Of course, the old logograms have some pho-
netic component, generally based on the rebus principle, mostly representing
the names of foreign rulers (Putin = put + in). But the alphabet makes a
complete transition, using phonograms instead of logograms. The way we
hear is related to the notion of phonemes. Linguists define the phoneme as
the smallest acoustic unit that makes a difference in meaning. Their exact
number in different languages is subject to disagreement, but generally there
are a few dozen, which is comparable to the number of letters in the alpha-
bet. Another interesting question is how we recognize words in a speech,
which is essentially a running stream of sound—apparently, rhythm plays the

“The prophecy says they will turn back to hieroglyphs in the twenty-first
century””
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leading role. Coming full circle, the new age has brought two new hieroglyphic
encodings: emoticons and emoji.

The statistics of words and their meanings is the subject of much research
and still poorly understood. It was found empirically that if one ranks words
by the frequency of their appearance in texts, then the frequency decreases
with the rank by a power law: p, = Cr~ (Zipf 1949). In first place is the with
7%, followed by of with 3.5%, and with 1.7%, etc. Most data give o 2~ 1. Such
a decrease is remarkably slow—rare words appear quite frequently. Moreover,
Zyzl ! grows with the vocabulary size V. Another empirical finding is that
the vocabulary itself grows approximately as a square root of the text length,
V oc+/N (Herdan 1960, Heap 1978). Word length distributions also keep
changing with the sample size (shifts to longer words). Such nonsaturation
is a nontrivial feature of the word statistics.

Probably the simplest model that gives the Zipf law is random typing: all
letters plus the space are taken with equal probability (Miller 1957, Wentian
Li 1992). Then any word with the length L is flanked by two spaces and has
the probability P;(L) = (M + 1)_L_2/Z, wherei=1,2,...,M'and Misthe
alphabet size. The normalization factoris Z=) I MM+ D 2=+
1)2/M. Since the probability decreases with L, so does the rank, so that (L)
is a growing function: 0 <r(1) <M, M < r(2) < M(M + 1). Generally, the
number of words with a length not exceeding L is Z,L: 1 M, so that r(L) of
any L word satisfies the inequality

L—1 L
MM — 1) /(M —1) =ZM" <r(L) SZMi =MM"—1)/(M—1),
i=1 i=1

which can be written as P;(L) < C[r(L) +B]™* <P;(L —1) with a =
log, (M + 1), B=M/(M — 1), and C=B%/M. Note that & > 1 so that the
distribution is normalizable. For M = 26, we have @ = 1.01, and in the limit
of large alphabet size, M > 1, we obtain

P(r)y o< (r+ 1)~ (A.11)

This asymptotic actually takes place for wide classes of letter distributions, not
necessarily equiprobable. Does then the Zipflaw trivially appear because both
the number of words (inverse probability) and rank increase exponentially
with the word size? The answer is negative because the number of distinct
words of the same length in real language is not exponential in length and is
not even monotonic (though on average the brevity law holds: the frequency
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of a given word decays exponentially with its length). Moreover, if we estimate
the maximal word length for a finite (typical!) N text by P(Lyax)N = 1, then
the random typing model gives the highest rank; i.e., vocabulary V' = r (L),
growing linearly with the length, N/M* < V < N/M3, which does not corre-
spond to reality. Random models also give wrong lexical density (the number
of words differing from a given word by one letter), which is very important
for errors in transmission and comprehension.

It is reassuring that our texts are statistically distinguishable from those
produced by an imaginary monkey with a typewriter. Besides, words mean
something. The number of meanings (counted from the number of dictionary
entries for a word) grows approximately as the square root of the word fre-
quency: m;  4/P;. Meanings correspond to objects of reference having their
own probabilities, and it might be that the language combines these objects

into groups whose sizes are proportional to the mean probability of the group
2

pi, so that P; = m;p; occmy.

A way of interpreting statistical distributions is to look for the variational
principle they satisfy. What we mostly do in this book and what most statis-
ticians do most of the time is to look for a conditional entropy maximum
and minimize a two-term functional. In this case, one may require maximal
information transferred with the least effort. It is tempting to suggest that
the word distributions appear due to the balance between minimizing the
efforts of writers and readers, or speakers and listeners. Writers and speak-
ers would minimize their effort by having one word meaning everything and
appearing with the probability of one. On the other end, the difficulty of
perception is proportional to the depth of the memory keeping the context,
needed, in particular, for choosing the right meaning. Readers and listeners
then prefer a lot of single-meaning words. The rate of information transfer is
§=—7>",P(r)log P(r). The effort must be higher for less common words,
that is, it must grow with the rank. It is natural to assume that the effort is pro-
portional to the word length L; then it is logarithmic in r. The mean effort
is then W = Zr P(r) log r. Looking for the minimum of S — AW, we obtain
P(r) ocr~* (Mandelbrot 1962). The Zipf law corresponds to A = 1, when
goals and efforts are balanced. So far, no convincing optimization scheme
giving different features of word statistics has been found.

Some statistical laws of language probably could be better understood by
treating it as a signal system. The information that changes the behavior

of a receiver is referred to as a signal. For example, some conversations are
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not exchanges of information but rather mating games, with multiple syn-
onyms and meanings as verbal plumage (Miller 2011). The information-
versus-manipulation dilemma is also at the heart of the fascinating study of
animal signals, where reliability and cost are central themes. For example, if
a signal indicates the intention to attack, the population of honest signalers
seems unstable to the invasion of dishonest signalers who drive opponents from
precious resources without any intention or ability to attack; eventually, the
majority will be dishonest and the signal meaningless (Maynard Smith and
Price 1973). One hypothetical resolution is the handicap principle, which sug-
gests that some signals are too metabolically costly to fake: a fitness-lowering
peacock tail is a reliable signal of greater fitness (Zahavi 1975). Another mech-
anism involves mutual benefits between the signaler and receiver: a bright color
of a toxic animal benefits both it and a potential predator. Nontoxic animals can
use mimicry, butitis effective only if rare, as any unreliable signal. A quantitative
description of the evolution and stable equilibria of signal systems is a subject
of much interest. Even more tantalizing is the question of how any system of sig-
nals and codes gets started. After all, an absence of signaling also seems a stable
equilibrium: no signals means no ability to respond, which means no need to
signal. Related are the studies of the appearance and evolution of cooperation.
Such problems are generally treated in evolutionary game theory, which con-
siders optimization strategies (like we do in sections 3.6 and A.6) but in more
general situations where the result depends on the behavior of other players.

A.4 Ising Model of the Brain

As was mentioned at the end of section 3.1, the activity of a network of neu-
rons could be described by one-bit variables, o; = £1 (active or inactive). The
probability distribution that maximizes entropy under the given set of mean
activities (0;) and pairwise correlations (0;0;) is that of an Ising model (3.3):

_ 1
p({och) =2 lexp Xi:hiﬁi—FEZL’jO’in . (A.IZ)

i<j

One can also measure some multicell correlations and check how well they
agree with those computed from (A.12). Despite apparent patterns of collec-
tive behavior involving many neurons, it turns out to be enough to account
for pairwise correlations to describe the statistical distribution remarkably
well (Schneidman, Berry, Segev, and Bialek 2006). This is also manifested
by the entropy changes: measuring double, triple, and multicell correlations
imposes more restrictions and lowers the entropy maximum. One then checks
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that accounting for pairwise correlations changes the entropy significantly,
while accounting for further correlation changes the entropy relatively lit-
tle. The practical sufficiency of pairwise correlations provides an enormous
simplification, which may be important not only for our description but also
for the brain itself. The reason is that our mind actually develops and con-
stantly modifies its own predictive model of probability needed in particular
to accurately evaluate new events for their degree of surprise, as described in
section 3.4. The dominance of pairwise interactions means that learning rules
based on pairwise correlations could be sufficient to generate nearly optimal
internal models to accurately evaluate probabilities. Side remark: We should
not think that what is encoded from sensors into electrical neuron activity is
then “decoded” inside the brain. Whatever it is, the brain is not a computer.

It is interesting how the entropy scales with the number of interacting
neurons N. The entropy of noninteracting (or nearest-neighbor interacting)
neurons is extensive, that is, proportional to N. The data show that Jj; are
nonzero for distant neurons as well. That means that the entropy of an
interacting set is lower at least by the sum of the mutual information terms
between all pairs of cells. The negative contribution is thus proportional to
the number of interacting pairs, N(N — 1)/2, that grow faster with N, at
least when it is not too large. One can estimate from low N data a “critical”
N when the quadratic term is expected to turn entropy into zero. That
critical N corresponds well to the empirically observed sizes of the clusters
of strongly correlated cells. The lesson: Even when pairwise correlations are
weak, sufficiently large clusters can be strongly correlated. It is also important
that the interactions J;; have different signs so that frustration can prevent
the freezing of the system into a single state (like ferromagnetic or anti-
ferromagnetic). Instead, there are multiple states that are local minima of
the effective energy function, as in spin glasses.

A.5 Applying the Infomax Principle

The maximal-capacity approach described in section 3.3 turns out to be quite
useful for image and speech recognition by iterative algorithms. One chooses
some form of the response function y = g(x, w) characterized by the param-
eter w and finds the optimal value of w using an “online” stochastic gradient
ascent learning rule, giving the change of the parameter:

w 0x

Awocailn (M) (A.13)
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Of course, the eye or camera provides not a single input signal but the whole
picture. Let us consider N inputs and outputs (neurons/channels). An input

vectorx = (x1, . . ., xN) is transformed into the output vector y(x) one to one,
thatis, det[dy;/duxy] 7 0. The multivariate probability density function of y is
as follows: p(x)
x
= A.14
p(y) detldy,/oma] (A.14)

Making it flat (distributing outputs uniformly) for maximal entropy is not
straightforward now. In one dimension, it is enough to follow the gradient
to arrive at the closest extremum, but there are many possible paths to dif-
ferent mountain summits. Maximizing the total mutual information between
input and output, which requires maximizing the output entropy, is often (but
not always) achieved by first minimizing the mutual information between the
output components. For two outputs, we may start by maximizing S(y1, y2) =
S(1) + S(2) — I(y, y2), thatis, minimizing I(y1, y2). If we are lucky and find
encoding in terms of independent components, then we choose for each com-
ponent the transformation (3.8), which maximizes its entropy, making the
probability flat; see exercise 2.10.

Maximizing the mutual information between input and output by first min-
imizing the mutual information between the components of the output is
particularly useful for natural signals, where most redundancy comes from
strong correlations (like that of the neighboring pixels in visuals). Also, finding
an encoding in terms of the least dependent components is important by itself
for its cognitive advantages. For example, such encoding generally facilitates
pattern recognition. In addition, presenting and storing information in the
form of independent (or minimally dependent) components is important for
associative learning done by brains and computers. To learn a new association
between two events A and B, the prior joint probability P(A, B) is needed. For
correlated N-dimensional A and B, one needs to store N X N numbers, but
only 2N numbers for quantities uncorrelated (until the association occurs).

Another cognitive task of identifying independent components is the
famous “cocktail party problem” posed by security services: N microphones
(flies on the wall) record N people speaking simultaneously, and we need
the program to separate them—the blind separation problem. A less sinister
aspect of such an auditory scene analysis is when you try to follow one of
the conversations in a noisy hall—it is easy when you look at the speaking
person and it is difficult when you don’t. Formally, the problem is as follows:
Uncorrelated sources sy, . . ., sy are mixed linearly by an unknown matrix A.
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All we receive are the N superpositions of them, «y, . .., xn. The task is to
recover the original sources by finding a square matrix W, which is the inverse
of the unknown A, up to permutations and rescaling. Closely related is the
blind de-convolution problem (see, e.g., Bell and Sejnowski 1995): a single
unknown signal s(¢) is convoluted with an unknown filter, giving a corrupted
signal x(t,= [ a(t —t)s(t') dt’, where a(#) is the impulse response of the
filter. This time the signal is corrupted not by other signals but by the time-
shifted version of itself. The task is to recover s(t) by integrating x(t) with
the inverse filter w(t), which we need to find by learning procedure. Upon
discretization, s, x are turned into N vectors and w into an N X N matrix,
which is lower triangular because of causality: wj; = 0 for j > i and the diag-
onal values are all the same, w;; = w. The determinant in (A.14) is simplified
in this case. For y = g(x), we have det[dy(t;)/dx(t;)] = detw ]_[f\l Y (t) =
whN ]_[fv y'(t;). One then applies some variant of the gradient ascent method
to minimize mutual information.

Ideally, we wish to find the (generally stochastic) encoding y(x) that
achieves the absolute minimum of the mutual information Zi Si) — S(y).
One way to do that is to minimize the first term while keeping the second
one, that is, under the condition of the fixed entropy S(y) = S(x). In gen-
eral, one may not be able to find such encoding without any entropy change,
S(y) — S(x). In such cases, one defines a functional that grades different cod-
ings according to how well they minimize both the sum of the entropies of the
output components and the entropy change. The simplest energy functional
for statistical independence is then

E=Y"S()—BIS(y) —S@1= Y _ S(y) — Blndet[dy;/dxi]. (A.15)

A coding is considered to yield an improved representation if it possesses a
smaller value of E. The choice of the parameter § reflects our priorities—
whether statistical independence or an increase in indeterminacy is more
important.

Maximizing information transfer and reducing the redundancy between
the units in the output is applied in practically all disciplines that analyze and
process data, from physics and engineering to biology, psychology, and eco-
nomics. Within the general infomax domain, this specific technique is called
independent component analysis. More sophisticated schemes employ not
only mutual information but also interaction information (2.32). The redun-
dancy reduction is usually applied after some procedure of eliminating noise.
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This is because our gain function provides equal responses for probable and
improbable events, but the latter can be mostly due to noise, which thus needs
to be suppressed. Moreover, if input noises are uncorrelated, they can get cor-
related after coding. More generally, it is better to keep some redundancy for
corrections and checks when dealing with noisy data.

A.6 Exploration or Exploitation: Index Strategy

Devising gambling strategies in section 3.6, we took the probabilities {p;} as
given. But more often one needs to play the game to learn the chances. As
one plays, incurs some gains and losses, and collects some information, one
needs to strike the right balance between the exploitation of existing informa-
tion to maximize the gain and an exploration for new information. There is a
broad class of the so-called sequential allocation problems encompassing the
design of clinical trials, adaptive routing, job scheduling, gambling, and mili-
tary logistics. Optimal for all of them is the remarkable index strategy, which
we first illustrate using the simple problem of scheduling jobs: Job i takes time
t; and, on completion, gives reward r;. It is important that later rewards are y*
less valuable, where the discount factor 0 < y < 1. To maximize the total dis-
counted reward, we do i before j, if r;y ¥ 4 ;T > 1,5 4 r; . Taking r;
terms to the left and r; terms to the right, we can present this as an inequality
for the job indices:

yh

1—yf

ti
vi=1_—ytl_r,'>vj= .
So we can compute the index v; for each job independently and schedule the
jobs in decreasing order of the indices.

It is remarkable that there exists an index strategy for problems where each
option has arandom element with statistics initially unknown to us. Let us play
aso-called multiarmed bandit game, where we can only make one bet ata time,
choosing among several options (arms of slot machines). Each arm has some
probability of winning, 0 <s; < 1, and gives the same reward: r = 1 if you win
and 0 if you lose. At the start, we do not know the probabilities of winning,
si, so we take a uniform prior: P(s;) = 1. We play each arm several times and
compute the posterior distribution by Bayes’ formula. If we encounter w; wins
and J; losses, then for every value of s;, the posterior probability is the binomial

distribution of w, l; happening:
; (wit+ 1+ 1)!

P(s;) =s; (1 —s))
W,'!li!

(A.16)
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Upon further trials with " losses and w’ wins, the distribution is multiplied
by s}”/ (1— si)l/ ; that is, it preserves its form, renormalizing parameters. A
Bayesian update for every arm is equivalent to a random walk in a positive
direction on a two-dimensional lattice (w;, [;). Each of these lattice points is a
state of a Markov process with the one-step vector of transition probabilities
P={w;/(w; + 1), l;/(w; + 1))}

We need a strategy that maximizes the sum of the discounted rewards: the
expected value of the sum rg + y'r; + y2r, + . . . . Even though the total num-
ber of steps is potentially infinite, the discount factor introduces an effective
horizon 2~ (1 — ) ~!. The powerful statement that we give without proof is
that the optimal strategy is to play at each step the arm with the maximal index
v; (Gittins 1979). The index is the ratio of the expected sum of rewards to the
discounted time, under the assumption that playing the arm will be terminated
in the future after 7 steps:

r
V(li; nj, t) = sup Zk 0 y e 1>

(A.17)
‘L'>0 Zk 0 )/

Here
Wi(ti+k— 1)
wiltt+k—1)+L(t;+k—1)

(Ftgk—1) =

is the expected reward at step k, and we sum the future rewards that one would
obtain by choosing to play only the ith arm up to the stopping time ¢ + 7. The
brackets denote the averaging over all the lattice paths with expectations based
on the distributions (A.16) at every lattice point w;(t; + k — 1), i(t; + k — 1).
We take the maximum over the number of future steps, which is variable
since we admit the possibility of a switch to another arm. That supremum
can be shown to be achieved; that is, the stopping time 7 is finite because
the discounted time in the denominator of (A.17) grows with 7. Denote

L=v/(1—y),then

T—1 T—1
T Z Y (reree) Z vy (repk-1) + v L.
k=0 k=0

That formula means that the lump sum L either now or after some optimal
number of further rewards is an equally good alternative. One then obtains L
(numerically) as a maximal reward, which is a fixed point that does not change
upon one step.
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The game thus proceeds as follows: At the beginning, all indices are equal.
We start from an arbitrary arm and play it until the number of losses makes
its index less than other ones, then we switch to another one, etc. After a
while, all arms are played many times with switches occurring when enough
losses are encountered. In the limit [; 4 w; — 00, the probability shrinks to
P(s;) = 6(s; — pi), where p; =limj_t,, o0 wi/(w; +1;), the mean reward is
ro = pi, and the evident optimal strategy is to choose the arm with the high-
est p;, that is, v; =rg = p;. Generally, the finite-time index is larger than its
infinite-time asymptotic, accounting for the possibility that the actual prob-
ability is larger than the observed one. As we play an arm, its distribution
(A.16) is getting more and more narrow and the index decreases, which makes
it possible to switch to another arm. Switching arms provides the possibility
of exploration and obtaining new information.

A.7 Memory Effects in Particle Collisions

Let us understand how corrections to the Boltzmann kinetic equation can
diverge with system size. To estimate the correction proportional to the
squared concentration, one needs to estimate the probability of a repeated
collision. For simplicity, assume that a given particle is scattered by randomly
placed, distant fixed scatterers with concentration p. The simplest case of a
repeated collision is shown in the figure: the particle is reflected by scatterer 2
to collide with 1 the second time.

N ——0
o

The probability of such an event is proportional to p? times the solid angle
of scatterer 2 as seen from 1 times the solid angle of scatterer 1 as seen from
2. To get the whole probability, one needs to integrate over all possible posi-
tions of scatterer 2. Let us show that such a probability diverges at large
distances in 2D and converges in 3D. The solid angles of the scatterers are
proportional to R'~9, where R is the distance between 1 and 2, considered
to be much larger than the size of the scatterer. The probability of finding
the second scatterer at such a distance is proportional to RY~'dR. The total
probability of a triple collision giving a p* correction is thus given by the inte-
gral f RI-1R20-dgp = f R~44R, which diverges at d < 2. Moreover, the
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correction proportional to p” involves integration over n — 1 positions of dis-
tant scatterers and 7 solid angles, R(r=Dd+n(1—d) , which diverges for alln > d.
That shows how the memory of past collisions and correlations accumulates.
In particular, a p3 correction is determined by the probability of returning to
1 after two consequent scatterings by 2 and 3 (not shown); such a probability
integrated over all possible positions of 2 and 3 could diverge in 3D.
Remarkably, all the divergences cancel in thermal equilibrium due to
detailed balance, so that the equation of state has a regular virial expansion.
For example, the pressure is an analytic function of density for dilute gases. For
nonequilibrium states, the cancellations are generally absent and one has to
deal with the divergences. In particular, that takes place if one tries to apply the
expansion over density to kinetic coefficients, like diffusivity, conductivity, or
viscosity. Of course, the divergences appear because the “naive” virial expan-
sion allows particles to travel arbitrarily long distances between collisions.
One must account for the collective effects that impose the large-distance cut-
off as the mean free path proportional to 1/ p. That requires resummation and
brings logarithmic dependency of p. As a result, kinetic coefficients and other
nonequilibrium properties are nonanalytic functions of density.

A.8 Baker’s Map

Here we present a toy model that is able to describe both the mixing of area-
preserving flows and the fractalization of compressible flows.

Area-preserving map and mixing Consider first the area-preserving transfor-
mation: an expansion in the x direction and a contraction in the y direction,
arranged so that the unit square is mapped onto itself at each step. The trans-
formation consists of two steps: First, the unit square is contracted in the y
direction and stretched in the x direction by a factor of two. The unit square
becomes a rectangle, 0 < x <2, 0 <y < 1/2. Next, the rectangle is cut verti-
cally in the middle and the right half is put on top of the left half to recover a

square.
) ) y
1 1
h——
- ; - ;
1/2 T
=
a—_—
(0,0) 1 «x (0,0) ! 2 «x (0,0) 1 «x
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This is how bakers prepare long, thin strips of pasta. If we consider two
initially close points, after n such steps the distance along x and y will be mul-
tiplied respectively by 2" =¢""2 and 27" =7 "I"2, It is then easy to see,
without a lot of formalities, that there are two Lyapunov exponents corre-
sponding to the discrete time #n. The one connected to the expanding direction
is A+ =1n 2. The other connected to the contracting directionis A_ = —In 2.
For the forward time operation of the baker’s transformation, the expand-
ing direction is along the x axis and the contracting direction is along the y
axis. If one considers the time-reversed motion, the expanding and contract-
ing directions change places. Therefore, for the forward motion, nearby points
separated only in the y direction approach each other exponentially rapidly
with the rate A_ = —In 2. In the x direction, points separate exponentially
with A =In2. The sum of the Lyapunov exponents is zero, which reflects
the fact that the baker’s transformation is area-preserving.

0 1

FIGURE A.l. Iterations of a baker’s map.

Let us argue now that the baker transformation is mixing, that is, spread-
ing the measure uniformly over the whole phase space. If a measure is ini-
tially concentrated in any domain, as in the gray areas in figure A.1, after
a sufficiently long time the domain is transformed into a large number of
very thin, horizontal strips of length unity, distributed more and more uni-
formly in the vertical direction. Eventually, any set in the unit square will
have the same fraction of its area occupied by these little strips of pasta as
any other set. This is the indicator of a mixing system. If we add to that a
small coarse-graining, at a sufficiently long time it blurs our measure to
a constant one. We conclude that a sufficiently smooth initial distribution
function defined on the unit square will approach a uniform (microcanon-
ical) distribution. The baker’s map is area-preserving and does not change
entropy. When we add repeated coarse-graining along with the evolution,
then the entropy grows and eventually reaches the maximum, which is the
logarithm of the phase volume, as must be the case for the microcanonical
distribution.



“125-128005_Folkovich_Information” — 2024/6/10 — 17:53 — page 171 — #19

EXTRAS, EXERCISES, AND SOLUTIONS 171

One can encode any point on the square using the binary code of the expansion
x= Zlfio akl_k_l,y = Zf:l b_2~' where all a, b_; are either 1 or 0. Sim-
ply, a1 encodes in which half, a; encodes in which quarter within the half, etc.
Encoding any point as a bi-infinite string, (x,y) =...b_3b_2b_;.a0a14; . . .,
one finds out that the baker’s map shifts the point . one step to the right. Using
such so-called symbolic dynamics, one can analyze the mixing properties of
maps.

To avoid the impression that cutting and gluing of the baker’s map are nec-
essary for mixing, consider a smooth model with a similar behavior. Namely,
consider a unit two-dimensional torus, that is, a unit square with periodic
boundary conditions, so that all distances are measured modulo 1 in the x and
y directions. We map x’ = ax + by and y’ = cx + dy. The action of such a toral
map is shown in figure A.2; it maps a unit torus into itself if a, b, ¢, d are all
integers. The eigenvalues A1, = (a + d) /2 £ \/(a — d)? /4 + bc are real when
(a — d)?/4+ bc > 0. For the transform to be area-preserving, the product of
the eigenvalues mustbe unity: A1 A, = ad — bc = 1.Ina general case, one eigen-
value is larger than unity and one is smaller, which corresponds respectively to
positive and negative Lyapunov exponents In A1 and In A,.

y
2
/ ,
1 Z Z ’
é/ Z
= =
g7
v 0 1 2 3 X

FIGURE A.2. Toral map.

Compressible map and fractalization To illustrate the entropy decay and frac-
talization in compressible flows, we consider a slight generalization of the
baker’s map, expanding one region and contracting another, keeping the
whole area:
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The transformation has the form

N EL for 0 <x <1
B (x—=D/r for l<x<1’

(A.18)

, |y for 0 <x <1
r+ly forl<x<l1 ’

where r + ] = 1. The Jacobian of the transformation is not identically equal to
unity when r # I:

(A.19)

_ ‘ A,y
a(x,y)

_{r/l for 0 <x <l

I/r for l<x<1

IfI>1/2,thenr=1—1<], so that ] < 1 in the shaded region where x <L
and J > 1 in the white region where x > L. Of course, the mean Jacobian
J=r+ lis unity, since we always occupy the same unit square. Like in the
treatment of the incompressible baker’s map, consider two initially close
points. If during n steps the points find themselves n; times in the region
0 <x <land ny =n — n; times inside | < x < 1, then the distances along x
and y will be multiplied respectively by "'+~ and r"!["2. Taking the log and
the limit, we obtain the Lyapunov exponents:

1
—1n-+91n-] — _llnl—rlnr,
n ) nor

(A.20)

= lim [ﬂlnr—i-glnl]:rlnl—i-llnr. (A21)
n

n—0o n 8);(0) n—oolLn

The sum of the Lyapunov exponents, Ay +A_ = (I—r)In(r/]) =In]J, is
nonpositive and is zero only for | =r = 1/2. Again, the convexity of the loga-
rithmic function means that InJ <InJ = 0. The volume contraction means
that the expansion in the A4 direction proceeds slower than the contrac-
tion in the A_ direction. After n iterations of the map, a square having initial
side § << L will be stretched into a long, thin rectangle of length 6 exp(nA )
and width § exp(nA_). Asymptotically our strips of pasta concentrate on a
fractal set, which is smooth in the x direction and fractal in the y direction.
That gives two terms in the noninteger dimensionality, df =1+ A /|A_|;
see (5.21).
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Let us now use our model to derive the relation between the probabilities
of entropy increase and decrease:

PT(—AS) =P(AS)eS. (A22)

Here P! refers to a time-reversed process. At every step, the volume con-
traction factor is the Jacobian of the transformation: =7/l for x € (0,1)
and J =1/r for x € (I, 1). A longtime average rate of the entropy production,
InJ = (I—r)In(r/), is the volume contraction rate of a fluid element. How-
ever, during a finite time n, there is always a finite probability to observe an
expansion of an element. This probability must decay exponentially with #,
and there is a universal law relating relative probabilities of the extraction and
contraction. If during n steps a small rectangular element finds itself n; times
in the region 0 < x <l and ny =n — n; times inside | < x < 1, then its sides
along x and y will be multiplied respectively by I”"'#~"2 and r"'I">. The vol-
ume contraction factor for such an n sequence is (I/r)"™™"™, and its log is
AS=nln]J=nInj+nIn % The probability of the sequence is P(In]) =
"'y, The opposite sign of In ] takes place, for instance, in a time-reversed
sequence. Time reversal corresponds to the replacementx — 1 —y,y — 1 —
x, that is, the probability of such a sequence is P(— In J) = r"["2. Therefore,
denoting the entropy production rate 0 = —In ], we obtain the universal
probability independent of r, I:

P(AS)  P(0) _(l)”f“:ew:eAs_

P(—=AS) P(—o) \r

(A23)

A.9 Multidimensional Renormalization Group

Here we qualitatively describe the renormalization group flow for the Ising
model in higher dimensions. Recall that we consider the Gibbs distribution

ploy=2z71 exp (—K Zi,j GiGj), where 0; = %1, i,j are the nearest neigh-

bors, and K=1/T is the parameter to be renormalized upon passing from

spins to blocks.
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Critical point and phase transition We have seen in section $.5 that renormal-
ization in 1D is according to the law K’ = tanh ™! (tanh> K). Since tanh K < 1,
then K’ < K, i.e., K decreases under RG transformation. That means that the
zero-temperature fixed point (K = 00) is unstable in 1D. Note, however, that
in the low-temperature region, K decreases slowly so that it does not change
in the main order: K’ = K — const & K. This can be readily interpreted: the
interaction between m blocks is mediated by their boundary spins, which
all point in the same direction, K’ &~ K(03)5,=1(04)0,=1 & K (by the same
token, at high temperatures (o) & K so that K’ K?3). However, in d dimen-
4=1 gpins at the block side so that K’ &~ m?%~ 1K as K — 0.
For m =3 and d =2, we have K’ & 3K; see the right panel of the preced-

sions, there are m

ing figure. That means that K’ > K, that is, the low-temperature fixed point
is stable at d > 1. On the other hand, the paramagnetic fixed point K =0 is
stable too, so there must be an unstable fixed point in between at some K that
corresponds to a critical temperature T.

In contrast to the case of summing random numbers in section 5.5, we are
interested now in an unstable fixed point, because it separates regions between
two qualitatively different large-scale behaviors—ordered and disordered. At
a finite temperature, there are always ordered and disordered domains of dif-
ferent scales. At T > T, looking at larger and larger domains we find them
less and less correlated with each other. At T < T, the mean spins of larger
and larger domains are more and more correlated with each other.

Another new aspect of multidimensional spin systems is the need to con-
sider RG flows not only along the line of K values but also in multidimensional
parameter spaces. As seen in the left panel of figure A.3, summing over a
corner spin o produces diagonal coupling between blocks. In addition to
K, which describes an interaction between neighbors, we need to introduce
another parameter, K, to account for a next-nearest-neighbor interaction. In
fact, RG generates all possible further couplings so thatitis a flow in an infinite-
dimensional K space. An unstable fixed point in this space determines critical
behavior. The dimensionality of the attractor is determined by the number of
unstable directions. To be at criticality, displacements in the unstable direc-
tions must be kept at zero, which requires tuning the respective parameters.
We know, however, that we need to control a finite number of parameters to
reach a phase transition; for Ising at zero external field and many other systems,
itis a single parameter, temperature. For all such systems, RG flow has only one
unstable direction; all the rest must be contracting stable directions, like the
projection on the Kj, K, plane shown in the right panel of figure A.3. The line
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Critical surface

s

FIGURE A.3. Left: Next-nearest-neighbor coupling K, due to
a corner spin. Right: Renormalization group flow with an
unstable fixed point.

of points attracted to the fixed point is the projection of the critical surface, so
called because the long-distance properties of each system corresponding to a
point on this surface are controlled by the fixed point. The critical surface is a
separatrix, dividing points that flow to high T (paramagnetic) behavior from
those that flow to low T (ferromagnetic) behavior at large scales.!

We can now understand why physicists are so interested in the critical sur-
face, where the fixed point is actually stable and attractive. That picture of the
RG flow explains the universality of long-distance critical behavior: different
physical systems (in different regions of the parameter K space) flow to the
same fixed point, that is, have the same statistics of large-scale correlations
and fluctuations. For example, changing the temperature in a system with only
nearest-neighbor coupling, we move along the line K; = 0. The point where
this line meets the critical surface defines Kj, and respectively T,;. At that
temperature, the large-scale behavior of the system is determined by the RG
flow; i.e., by the fixed point. In another system with nonzero K; and changing
T, we move along some other path in the parameter space, indicated by the
dashed line in the right panel of figure A.3. The intersection of this line with
the critical surface defines some other critical temperature T,,. However, the
long-distance properties of this system at that temperature are determined by
the same fixed point.

Irreversibility of RG flow It seems reasonable to expect the irreversibility of
the renormalization group since it is a way of forgetting. Yet it is far from

1. We mention in passing that, in dimensions d > 4, the block-spin renormalization of the
Ising-class models leads to asymptotic Gaussian distribution of the coarse-grained magnetiza-
tion: In p (17) o —| V|2,
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trivial to find entropic characteristics that change monotonicallyupon RGina
multidimensional space. Eliminating modes step-by-step generally decreases
the mutual information between the remaining degrees of freedom. However,
rescaling and renormalization may increase it because some of the information
about eliminated degrees of freedom is stored in the renormalized values of the
parameters of the distribution. An increase or decrease of the mutual infor-
mation upon RG thus shows whether the large-scale behavior is respectively
ordered or disordered. It does not characterize the irreversibility of forgetting.

In Section S.5, we characterized information exchange in one dimension,
looking at a single bond that separates two parts of a spin chain. Breaking a sin-
gle bond in more than one dimension does not cause separation. Ina 2D plane,
one can consider a (finite) line L and break the direct interactions between
the degrees of freedom on the different sides of it. That is, we make a cut and
ascribe to every point two (generally different) values on the opposite sides.
The statistics of such a set are now characterized not by a vector of probabil-
ity on the line but by a matrix pr, similar to the density matrix in quantum
statistics described in section 6.3. For that matrix, one defines von Neumann
entropy as S = —Trpr log or.

For long lines in short-correlated systems, that quantity can be shown to
depend only on the distance r between the endpoints and not on the form
of a line connecting them (that is, information flows like an incompress-
ible fluid). Moreover, this dependence is logarithmic at criticality (when we
have fluctuations of all scales). To cancel nonuniversal terms depending on
the microscopic detail, one defines the function c(r) = rdSy (r) /dr, which is
shown to be a monotonic zero-degree function, using the positivity of the
mutual information (subadditivity of the entropy) between lines with r and
r+ dr (Zamolodchikov 1986, Casini and Huerta 2007). The same function
changes monotonically under RG flow and in a fixed point takes a finite value
equal to the so-called zero charge of the conformal field theory. The zero
charge is a measure of relevant degrees of freedom that respond to boundary
perturbations. It is even more difficult to introduce a proper intensive measure
of information flow in dimensions higher than two; so far it is done in a quite
model-specific way (see, e.g., Komargodski and Schwimmer 2011, Klebanov
etal. 2011).

In looking for fundamental characteristics of order in fluctuating systems in
higher dimensions, one can go even deeper. For instance, one can consider

for quantum systems in 2 + 1 dimensions the relative entanglement of three
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finite planar regions, A, B, C, all having common boundaries. As a quantum
analog of the interaction information (2.32), one can introduce so-called topo-
logical entanglement entropy, S4 + Sg + Sc + Sapc — Sa — Sec — Sac. For
some classes of systems, one can show that the terms depending on the bound-
ary lengths cancel out; what remains (if anything) can be thus independent
of the deformations of the boundaries, that is, characterizing the topological
order, if it exists in the system (Kitaev and Preskill 2006).

A.10 Brownian Motion

We consider the motion of a small particle in a fluid. The momentum of the
particle, p = Mv, changes because of collisions with the molecules. Thermal
equipartition guarantees that the mean kinetic energy of the particle is the
same as the energy of any molecule and equal to T/2. When the particle
mass M is much larger than the molecular mass m, the RMS particle veloc-
ity, v= /T /M, is small compared to the typical velocities of the molecules,
vy = o/T/m. That allows one to write the force f(p) acting on the particle as
a Taylor expansion in p, keeping the first two terms, independent of p and lin-
ear in p: fi(p, t) =£;(0, t) + p;(¢)3£i(0, t) /Op;(t) (we neglect the dependence
of the force on the momentum at earlier times). Such expansion makes sense
if the neglected third term is much less than the second one, but then the sec-
ond term must be much smaller than the first one—what is the reason to keep
both? The answer is that molecules hitting a standing particle produce a force
whose average is zero. The mean momentum of the particle is zero as well.
However, random force by itself would make the squared momentum grow
with time, like the squared displacement of a random walker in section 4.2.
To describe the particle in equilibrium with the medium, the force must be
balanced by resistance, which is also provided by the medium: the particle
meets more molecules in the direction it moves and loses its momentum to
them. That resistance has a nonzero mean and must be described by the sec-
ond term, which then may be approximated as p;df;/dp; = —y pjd; = —y pi.
The dimensionality of y is 1/sec; it is the rate of the momentum loss due to
the resistance of the liquid. We then obtain

p=f—yp. (A.24)

The solution of the linear equation (A.24) is

t
p(H) = / £(t)e’ 0t (A.25)
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We must treat the force f(t) as a random function since we do not track
molecules hitting the particle. We assume that (f) = 0 and that (f(¢') - f(£ +
t)) =3C(t) decays with t during the correlation time 7, which is much
smaller than ¥ ~! because it takes many collisions to change the momen-
tum of the particle. Since the integration time in (A.25) is of order y !,
then the condition y T < 1 means that the momentum of a Brownian particle
can be considered as a sum of many independent random numbers (inte-
grals over intervals of order 7), so it must have Gaussian statistics p (p) =

(27‘[02)_3/2 exp(—p2/20‘2), where

o
°2=<Pi>=<Pf>=<P§>=/ Clt; — by)e ? O+ gr dt,
0

0 2t 1 [ee)
A f e Vgt f C(t)dtf ~— / C(t)dt'. (A.26)
0 ZV —00

—2t

On the other hand, equipartition guarantees that (p>) = MT so that we can
express the friction coeflicient via the correlation function of the force fluctu-
ations (a particular case of the detailed balance):

1 o0
Y = ﬁ / C(t/) dt,. (A27)
—00

Displacement,

t/
Ar(f)=r(t+1t) —rt) = / v(t")dt”,
0

is also Gaussian with a zero mean. To get its second moment, we need the
different-time correlation function of the velocities,

(v(t) - v(0)) = BT /M) exp(—y[t]), (A28)

which can be obtained from (A.25). Note that friction makes velocity corre-
lated on alonger timescale than force. That gives

Cor 6T ,
<|Af|2(t/)> If dty / dtr (v(t)v(tp)) = —z(yt’ +eVE ).
0 0 My

The mean squared distance initially grows quadratically (the so-called ballis-
tic regime at yt' < 1). In the limit of a long time (comparing to relaxation
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time y ~! rather than to force correlation time 7 ), we have the diffusive growth

((Ar)?) ~ 6Tt /My .

Generally, ((Ar)?) = 6kt, where i is the diffusivity. If the particle radius R is
larger than the molecular mean free path ¢, in calculating resistance, we can
consider liquid as a continuous medium and characterize it by the viscosity 7.
For a slow-moving particle, v << v7£ /R, the resistance is given by the Stokes
formula, y = 6 nR/M. The diffusivity then satisfies the Einstein relation:

T T
K=—= .
My  6mnR

(A.29)

The diffusivity depends on the particle radius but not the mass. Heavier par-
ticles are slower both to start and to stop moving. Measuring the diffusion of
particles with a known size, one can determine the temperature.

The probability distribution of displacement at y¢' >> 1,
p(Art) = (4rict’) 3% exp[—|Ar|?/4x ], (A.30)

satisfies the diffusion equation dp/dt' =k V2 p.
An external field V' (q) adds the force:

p=—-yp+f—-9,V, q=p/M. (A31)

These equations characterize the system with the Hamiltonian H = p* /2M +
V(q). The system interacts with the thermostat, which provides friction —y p
and agitation f—the balance between these two terms expressed by (A.27)
means that the thermostat is in equilibrium.

We now pass from considering individual trajectories to the description of
the “cloud” of trajectories and its statistics. Recall that our particle is macro-
scopic, that is, we consider the so-called overdamped limit y v > 1, where
T is the correlation time of the random force. Since we are not interested in
small, irregular changes of the velocity, but only in the statistics of displace-

ment, we average (coarse-grain) over a moving time window, p(t) — p(t) =
t+71
t—t

p(¥')dt’. After the average, we can neglect acceleration. In this limit, our

2. With the temperature in degrees, (A.29) contains the Boltzmann constant, k =k My /T,
which was actually determined by this relation and found truly constant, i.e., independent of the
medium and the type of particle. That proved the reality of atoms—after all, kT is the kinetic
energy of a single atom.
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second-order equation (A.31) on q is reduced to the first-order equation
(we keep the same notations for coarse-grained quantities):

yp=yMq="£f—9,V. (A.32)

We can now derive the equation on the probability distribution p (q, t), which
changes with time due to random noise and evolution in the potential; the two
mechanisms can be considered additively. Together, diffusion and advection
give the Fokker-Planck equation, which is a multidimensional generalization
of (4.7):

3 1 8 av
—p=KV2p+—fpf=—divJ. (A.33)

More formally, one can derive (A.33) by writing (A.32) as ¢; — w; = 1, and
taking the random force Gaussian, delta correlated: (1;(0)n;(t)) = 2k 6;;6 ().
One can write the conditional probability p(q, t; 0, 0) as an average over all
possible paths, each with its own weight determined by the Gaussian statis-
tics of 77;. We start from the convolution identity, which simply states that the
walker was certainly somewhere at an intermediate time ¢;:

,0((1; t; 0, 0) = / P(q; t;q1, tl)p(ql; t1; 0, O) dql (A34)

We now divide the time t into a large number of short intervals, and using
(A.30) for each interval, we write

d‘li+1
,t0,0) = M
P(950,0) / =0 Lazic (tiyy — 6)]97

o exp | — 1qit1 — i +w(tip1 — 1)
P 4K (tiv1 — )

t
—>/Dq(t/) exp |:—4LK/ dt/|('1—w|2:|. (A.35)
0

The last expression is an integral over paths that start at zero and end up at q
at t. The notation Dx(t') implies integration over the positions at intermedi-
ate times normalized by square roots of the time differences. The exponential
gives the weight of every trajectory.

To describe the time change of p, consider the convolution identity (A.34)
for an infinitesimal time shift €; then instead of the path integral, we get simply
the integral over the initial position q'. Into the exponent of this integral, we
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substitute q = (q — q') /€ and obtain

o 12
p(q,t):qu’(4mce)_d/2exp |:_ [q q4KEW(q )] i|,0(q/;t_€)-

(A.36)

What is written here is simply that the transition probability is the Gaussian
probability of finding the noise 7 with the right magnitude to provide for
the transition from q’ to q. It is a coarse-grained continuous version of (4.3).
We now change the integration variable, y = q' + ew(q) — q, and keep only
the first term in €: dq' = dy[1 — €0q - w(q)]. Here dq - w = 0;w; = divw. In
the resulting expression, we expand the last factor, p(q/,t — €):

p(q,t)%(l—eaq-w)/dy(4mc6)_d/2e_y2/4’“p(q+Y—éw,t—e)
A (1 — €dg - W) / dy(4m<6)‘d/2e‘y2/4“[p(q} t) + (y — ew) - 3gp(q, )

+ (yiy; — 2€yiwj + GZWin)aiaj,O (q,t)/2 —€0:p(q, f)]
=(1—€dq-w)[p—€w-0dqp +e€xAp —€dp + 0(e?)].
(A.37)

We obtain (A.33), collecting terms linear in €. Note that it was necessary to
expand to the quadratic terms in y, which made the contribution linear in €
(namely the Laplacian, i.e., the diffusion operator).

A.11 Fluctuation Relations in a Multidimensional Case

Apart from making the potential time-dependent (as in section 4.4), there is
another way to deviate the system from equilibrium in more than one dimen-
sion: to add to (A.31) another external coordinate-dependent force F(q),
which is nonpotential (not a gradient of any scalar):

p=—yp+f—0V+F, q=p/M

The nonpotential force makes the system non-Hamiltonian even without any
contact with a thermostat, that is, when y =0 and f = 0. Bringing such a
system into contact with a thermostat generally does not lead to thermal equi-
librium, as we discussed in section 5.4. The equation on the full phase-space
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distribution p (p, q, t) has the form
dp={H,p}+TApp + dpp[F — ypl =Hgp. (A.38)

It is called the Kramers equation. The Fokker-Planck equation follows from it
in the overdamped limit. Only without F, the Gibbs distribution exp(—H/T)
is a steady solution of (A.38), and one can formulate the detailed balance,

HY = MM THe Tt (A.39)

where we add the operator-inverting momenta: [TpI1~! = —p. A nonpoten-
tial force violates the detailed balance in the following way:

H) =T THge /T 4 (- q)/T. (A.40)

Thelast term (breaking the time-reversal symmetry) is again the power (F - q)
divided by temperature, i.e,, the entropy production rate. The work done
by that force depends on the trajectory, in contrast to the case of a time-
independent potential force. That dependence of the work on the trajectory
precludes thermal equilibrium and is common for nonpotential forces and for
time-dependent potential forces. A close analog of the Jarzynski relation can
be formulated for the entropy production rate averaged during time ¢:

1 t
o= f (- q)dt. (A41)
0

The power (F - q) is identically zero for a magnetic Lorentz force, which
is perpendicular to the velocity. For a potential force, F = dU/dq, we have
(F-q) =dU(q(t))/dt, and the integral turns into zero on average. A nonpo-
tential external force F must on average do positive work to keep the system
away from equilibrium. Over a long time, we thus expect o; to be overwhelm-
ingly positive, yet fluctuations do happen. The probabilities P(o;) satisfy the
relation, analogous to (4.20, A.23), which we give without derivation:

PO o _ (AS

o *° . (A42)

The probability of observing a negative entropy production decays expo-
nentially with the time of observation. Such fluctuations were unobservable
in classical macroscopic thermodynamics, but they are often very impor-
tant in modern applications to nano- and bio- objects. In the limit t — o0,
the probability of the integral (A.41) must have a large-deviation form,
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P(0y) o< exp[—tH(0y)], so that (A.42) means that H(oy) — H(—o0}) = —oy,
as if P(0y) is Gaussian with H(o;) = (07 — 1)2/2.

One calls (4.20, A.23, A.42) detailed fluctuation-dissipation relations
since they are stronger than integral relations of the type (4.17, 4.18). Indeed,
it is straightforward to derive (exp(—to;)) = 1 from (A.42).

The relation similar to (A.42) can be derived for any system symmetric
with respect to some transformation, to which we add perturbation antisym-
metric with respect to that transformation. Consider a system with the vari-
ables s, ..., sy and the even energy: Eq(s) = Eo(—s). Consider the energy
perturbed by an odd term, E = Eg — hM/2, where M(s) = ) | s; = —M(—s).
The probability of the perturbation P[M(s)] satisfies the direct analog of
(A.42), which is obtained by changing the integration variable s — —s:

P(a)= [ ds8[M(s)—aleP e~ E) = / dsS[M(s)+ale P hatE0) =p(—g)¢~2Phe,

The validity condition for the results in this section, as well as in section 4.4, is
that the interaction with the thermostat is represented by a noise independent
of the evolution of the degrees of freedom under consideration.

A.12 Quantum Fluctuations and Thermal Noise

Many aspects of the quantum world are bizarre and have no classical ana-
log. In spite of that, quantum and thermal fluctuations impose uncertainty in
somewhat similar ways due to the necessity of summing over different pos-
sibilities. One analogy is mentioned in section 4.4, where the Schrodinger
equation is treated as a diffusion equation with an imaginary diffusivity. That
means that one can treat the propagation of a quantum particle as a random
walk in an imaginary time. Indeed, the transition probability of a classical
unbiased random walk according to section A.10 is as follows:

t
p(x,t;0, O):/Dx(t/) exp |:—4i/ dt/o'cz(t’)i|.
k- Jo

The transition amplitude T'(x,¢t; 0,0) of a quantum nonrelativistic particle
with mass M from zero to x during t is given by the sum over all possible paths
connecting the points. Every path is weighted by the factor exp(iS/h), where
S is the classical action (integral of energy over time):

M t
T(x,t;0,0) =/Dx(t/) exp |:l2_h_/ dt/a'cz:|.
0
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Comparing the two, we see that the transition probability of a random walk
is given by the transition amplitude of a free quantum particle during an
imaginary time.

Another similarity is revealed using the Heisenberg representation of the
operators evolving in time. Recall that one special operator, called the Hamil-
tonian 7{, determines the temporal evolution of any other operator P accord-
ing to Pt = exp(l'Ht)P(O) exp(—l?{t) We encountered an analog of the
evolution operator T(t) = exp (z?—[t) in section 4.3. The quantum-mechanical
average of P(t) is calculated as a trace with the evolution operator normalized
by the trace of the evolution operator:

(P) = %S)P ;o ZO)=TeT(H =) " (A43)

a

The normalization factor is naturally called the partition function, all the more
so if we formally consider it for an imaginary time t = i3, now related to the

inverse temperature:

ZB) =Tt TiB)=) e PP (A.44)
a
If the inverse “temperature” 8 goes to infinity, then all the sums are dominated
by the ground state, Z(B) & exp(—BEy), and the average in (A.44) is just the
expectation value in the ground state.

That quantum-mechanical description can be compared with the so-called
transfer-matrix description for the systems with nearest-neighbor interaction.
Take for simplicity the Ising model whose Gibbs probability distribution,
exp(—BH), is expressed via the classical Hamiltonian,

N-1
J
:E Z(l —O’i0’i+1), O'i::tl. (A45)

i=1
Consider it on a ring so that o+ = 07 and write the partition function as a
simple sum over a spin value at every site:

7= Z exp [—— 2(1 olo—,ﬂ)} (A.46)

{oi}

N—-1 /3]
= Z 1_[ exp [—7(1—0i0i+1)i|. (A47)
o) i=1
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Every factor in the product can have four values, which correspond to four
different choices of 0; = 1, 0;41 = £1. Therefore, every factor can be writ-
ten as an element of a 2 x 2 matrix: (0j|T|0j+1) = To0;41 = exp[—BJ(1 —
0i0i+1)/2]. It is called a transfer matrix because it transfers us from one site to

Tii  Ti—
T=( b b 1), (A.48)

T 11 T-1,1

the next:

where Ty =T_1,1=1,T_11=T,—1= e PJ. For any matrices A, 1§, the
matrix elements of the product are [AB]jx = A;Bji.. Therefore, when we sum
over the values of the intermediate spin, we obtain the elements of the matrix
squared: Za,- To10:To0i01 = [TZ]Ui_lg,. +1- The sum over N — 1 spins gives
TN=L. Because of periodicity, we end up summing over a single spin, which
corresponds to taking the trace of the matrix:

Z=Y To0,Tor0s - - - Toyo, = Z (01| TN Vo) =Tr TN (A49)
}

{Ui O'1=:|:1

We thus see that taking the sum over two values of o at every site in the
Ising model is the analog of taking a trace in the quantum-mechanical aver-
age. If there are m values on the site, then T is an m X m matrix. For a spin
in n-dimensional space (described by the so-called O(1) model), trace means
integrating over orientations. The translations along the chain are analogous
to quantum-mechanical translations in (imaginary) time. This analogy is not
restricted to 1D systems; one can consider 2D strips that way too.

A.13 Quantum Thermalization

At the end of section 6.3, we mentioned a purely quantum way of thermaliza-
tion via the growth of entanglement. Is there any quantum analog of chaos
that underlies thermalization the same way that dynamical chaos underlies
mixing and thermalization in classical statistics, as described in section §.3?
Writing the classical formula of exponential separation, §x(t) = §x(0) M as
dx(t) /3x(0) = ¢** and replacing quantum mechanically the space derivative
by the momentum operator, one naturally comes to consider the commutator

of x(t) and p(0):

dx(t)  9x(t) dp(0) _ dx(t) dp(0)

_ a4
9x(0) ~ 0x(0) 3p(0) _ 3p(0) 3x(0) {x(t),p(0)} — A~ [x(¢), p(0)].
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That corresponds to the Heisenberg representation, where operators are
time-dependent. The commutator measures the effect of having the value
£(0) on the later measurement of x(t). The average value of this commuta-
tor over the Gibbs distribution with a finite temperature T is zero. Averaging
the square, C(t) = ([x(t)p(O)]Z)), brings the concept of a so-called out-of-
time-order correlation function like (x(#)p(0)x(t)p(0)). Such quantities are
found to grow exponentially in time in some quantum systems (complicated
enough to allow chaos and simple enough to allow for analytic solvability):
C(t) = h2e*™, where the uncertainty relation gives the starting value at t = 0.
The commutator squared is bounded, so that the exponential growth saturates
when C(t) becomes comparable with (pz) (x*)—that value is supposed to be
much larger than A2, which requires a quasi-classical limit. The corresponding
Lyapunov exponent dimensionally must be energy (temperature) divided by
h,andindeed A =27 T/ his shown to be a universal upper limit. To appreciate
this, note that for a particle with mass m, the time of effective scattering P
cannot be less than the de Broglie wavelength 71/ /mT divided by the thermal
velocity /T /m (and the mass drops out!). The limit is reached, for instance,
by black holes, which scramble quantum information at the greatest possible
rate.

When there are many interacting particles, the growth of the many-particle
version, Cjj = ([x;(t)p; (0)]%)), describes how the entanglement of more and
more distant particles appears on the way to thermalization. The evolution of
the operators in the Heisenberg representation is governed by the Hamilto-
nian H{&i, f)i}:

o (1)
f(H =M 0 M =Y ’]_—'[H HEO]..] (AS0)
=0

Since the Hamiltonian describes the interaction between particles, the sub-
sequent terms of the expansion involve more and more particles, which
describes the growth of entanglement with time.

Exercise A.4: Growth of entanglement entropy.

Consider an Ising spin chain with the transverse magnetic field in
the x direction. The Hamiltonian H = Zj ofof, +hol. At t=0,
the chain is in a pure unentangled state, p(0) =01 ® P2 ®. .., and
all components, oy, 0y,0;, are nonzero. Find in which order in ¢
entanglement between neighboring sites appears. Use the commutation
relation [0}, O‘jz 1= hSijOiy .
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A.14 Exercises and Solutions

1.1: Candies and kids.

There are three candies and two systems to distribute them: system
1 contains two boys and system 2 contains three girls. Every boy and girl
can have zero, one, two, or three candies with equal probability. Kids are
distinguishable, but candies aren’t. What is the most probable number
of candies in system 1? What is the average number of candies in sys-
tem 1? What are the most probable and average numbers of candies in
system 22

Solution

Let us compute the possible number of states. There is only one way
to leave girls without candies so that I';(0) = 1. Since we distinguish
the boys, there are four ways to distribute the remaining three candies
between the two of them: (0, 3), (1,2),(2,1),(3,0) so that I';(3) =
4, and the composite system has I'1 (3)['2(0) =4 - 1 =4 states. Simi-
larly, ['1(2)[2(1) =3-3=9, "1 (DI (2) =2-6=12,T"1(0)['2,(3) =
10. Since all the states are equally probable, then the maximal proba-
bility corresponds to the maximal number of states (12)—when there
is one candy in system 1 (and two in system 2). The probabilities of
different numbers for system 1 are p;(0) =10/(104+124944) =
10/35,p1(1) =12/35,p1(2) =9/3S5, p1(3) = 4/3S. The average num-
ber in system 1 is (124+2-9+3-4)/35=42/35=6/5. The aver-
age number in system 2 is (94+2-12+43-10)/35=63/35=9/5.
The average number per kid is, thank God, the same for boys and
girls: 3/5. Most probable and average numbers approach each other
only in the thermodynamic limit of large populations and plentiful
candies.

2.1: Three squares have an average area of 100 m?. The average of the
lengths of their sides is 10 m. Use the Jensen inequality to determine the
values the areas of the three squares can take.

Solution
Convexity of the parabola means that the only way to have a
mean square equal to the square of the mean is to have all squares the

same.
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2.2: Information about precipitation.

In New York City, the probability of rain on the Fourth of July is 40%.
On Thanksgiving, the probability of rain is 65%, while the probability of
snow is 15%. When does the message on the presence or absence of pre-
cipitation bring more information—on Thanksgiving or on the Fourth

of July?

Solution

In the current climate, it is natural to assume that no snow is possi-
ble in July, so the information is —0.4 log, 0.4 — 0.6 log, 0.6 ~ 0.97 bits.
On Thanksgiving, the probability of no precipitation is 0.2, so that the
information is —0.2 log, 0.2 — 0.8 log, 0.8 &~ 0.72 bits.

2.3: Asking the right yes-no questions.

There are two different numbers not exceeding 100. What is the min-
imal number of one-bit questions we need to ask to determine both
of them? How many bits does one need to establish m numbers not
exceeding n?

Solution

There are C},, = 4950 possible results, which all a priori have equal
probability. The uncertainty is then log, 4950 ~ 12.3 bits. The minimal
number of one-bit questions is 13. Each question needs to be designed
to bring maximum information, which requires that the probabilities
of “yes” and “no” are equal or as close as possible. One way to do that
is to divide 4950 outcomes into two halves, etc. In a general case, the
information we need is log, C}!' bits.

2.4: Catching counterfeit coins.

In a pile of 27 coins, there is a counterfeit coin that weighs less than
the others. What is the minimum number of weighings on a balancing
scale we need to isolate that coin? Describe the procedure.

Solution

The information we need is log, 27 bits. Every weighing has three
possible outcomes—balanced, skewed to the left, skewed to the right—
so it brings log, 3 bits. The number of weighings then cannot be less
than log, 27/ log, 3 =log, 27 = 3. We get maximal information from
every act if the probabilities of all three outcomes are equal. At the first
step, that suggests dividing 27 into the three equal groups, and putting 9
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coins on each side of the scale. That determines the suspicious 9 coins,
which we then divide into three groups of 3, etc.

2.5: Deuteronomy.
Estimate the probability of the following sequence:

Solution

The length is N =29 symbols. There are 12 distinct symbols with
the number of appearances respectively 6, 3 (four symbols), 2 (four
symbols), and 1 (three symbols). The total entropy is then SN =
61In(29/6) +121n(29/3) +81n(29/2) +31n(29) =291n29 — 181n

3—141n2 ~ 68. The probability is exp(—NS) = exp(—68) ~ 3 - 1073,

Without any extra information, it is an estimate from above, as any
asymptotic equipartition. Assuming that this alphabet is approxi-
mately triple-redundant as any modern one, we would divide the
entropy by 3.

2.6: Encoding by binary digits.
If we need to encode the results of independent throwing of a fair
coin, we can use a one-bit encoding: 0 for heads and 1 for tails.

(a) Ifwe have a fair die, which is either a regular tetrahedron or a
cube, how long must our binary codewords be?

(b) If we have a fair die with six sides (all having the same
probability), which binary encoding could we use to provide
for a transmission rate within approximately 3% of the maximal
rate?

Solution

(a) Two-bit encoding provides four words for the four sides of the
tetrahedron, while three-bit encoding provides eight words for
the eight sides of the cube. In both cases, those are the shortest
encodings, so that the transfer rate is maximal.

(b) Each result brings the information log, 6 & 2.58 bits. We could
divide the sequence of results into groups each containing m
results and encode each group by a word with length n; then we
use n/m bits per result. We can come within approximately 3%
of 2.58 by using n = 8, m = 3, and 8/3 ~ 2.66. Indeed, the
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number of such groups is 6> = 216. To represent them, we need
eight-digit words, whose number is 28 =256.

2.7: Conditional entropy of criminality.

In our town, 2% of the people are criminals, and they all carry guns.

In the rest of the population, only half of the people carry a gun.

(2)
(b)

(©)

How much information yields a result about whether a given
person is a criminal or not?

How much information yields such a result if we also know in
advance that the person does not carry a gun? How much
information does the result yield if we see that the person
carries a gun?

How much information on average about a person’s criminality
yields knowledge of whether he/she carries a gun?

Solution

(2)

(b)

(©)

Let us denote B as the criminality status; then the probabilities
are p(B;) = 0.02 and p(B;) = 0.98, so that the information
about criminality yields

S(B) = —0.98log, 0.98 — 0.01log, 0.02 ~ 0.14 bits.

When we know that the person does not carry a gun (call it
Ay), then the conditional probabilities are p(B;|A;) = 0 and
p(Bz]A1) =1, so that the conditional entropy S(B|A;) = 0;
no uncertainty left. However, when we spot a gun (call it A),
the conditional probabilities are p(B;|A2) =2/51 and
p(B2]Az) =49/51, so that the conditional entropy

S(B|A) = —(49/51) log, (49/51) — (2/51) log, (2/51)

A 0.24 bits, which is larger that the unconditional S(B).

The reason is simple—seeing the gun has excluded 49%

of the population, so that criminals now comprise a larger
fraction, which makes probabilities closer and increases
uncertainty.

On average, the knowledge about carrying a gun decreases our
uncertainty about criminality: S(B|A) = p(A1)S(B|A}) +
p(A2)S(B|Az) =~ 0.51 - 0.24 ~ 0.12 bits, which is less than
S(B) ~ 0.14 bits. The information about criminality gained by
the knowledge of gun carrying is I(A, B) = S(B) — S(B|A) =
0.02 bits. The same information about carrying a gun yields
knowledge of criminality.
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2.8: Cascade of binary channels.
Find the capacity of a cascade of n consequent binary channels each
with the probability of error q. How does the capacity decay at large n?

Solution

The capacity is C=1— S(p,,), where p, is the probability of an
error at the receiver after subsequently passing through n channels.
The error happens every time there is an odd number of errors on the
way. For example, p3 = g + 3q(1 — q)*. For arbitrary n, the error prob-
ability can be found using binomials and making all the even terms
cancel in the difference: p, =[(1 —q+¢q@)" - (1—q—¢)"]/2=[1—
(1 —29)"1/2. Asymptotically, the capacity is quadraticin p, — 1/2 and
decays exponentially with n: C oc (1 — 2¢)*".
2.9: Capacity of a noisy channel.

Consider a noisy channel X — Y, where both input and output can
take four values. After making 128 transmissions, the frequencies were

as follows:
Y\X x1 X X3 X4 Sum
91 12 15 2 0 29
¥ 4 | 21 | 10 0 35
s 0o | 10 | 21 4 35
74 0 2 | 15 | 12 29
Sum 16 48 48 16 128

Compute the mutual information between the input and the output.
What fraction of the output Y is a signal? What would be the capacity
of the channel if it were error-free?

Solution
The table of joint probabilities p(X, Y) looks as follows:

Y\X X1 X2 X3 X4 p(Y)
y1 0.094 0.117 0.016 0 0.227
y2 0.031 0.164 0.078 0 0.273
¥3 0 0.078 0.164 0.031 0.273
V4 0 0.016 0.117 0.094 0.227

pX) 0.125 0.375 0.375 0.125 1

On the margins are the marginal probability distributions p(X) and
p().
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It is straightforward now to compute S(X) = 1.81 bits, S(Y) =1.99
bits, S(X,Y) = 3.30 bits. Note that the output entropy S(Y) is larger
than the input entropy S(X), since the channel adds noise. The mutual
information is as follows: I(X,Y) =S(X) 4+ S(Y) — S(X,Y) =0.509
bits. That means that only about a quarter of the output entropy is a sig-
nal; the rest is noise: I(X,Y)/S(Y) = 0.509/1.99 & 0.256. That value
can be called transmission efficiency.

The error-free channel would have a capacity of two bits.

2.10: Efficient coding of Gaussian signals.

Consider two correlated signals with Gaussian statistics determined
by (x1) = (x2) =0, (x%) = (x%) =1, and (x;x,) = r. Find the most effi-
cient encoding, y; (x1, x2) and y, (%1, x2). Remember that such encoding
must maximize the data transmission rate, that is, the entropy.

Solution
We first apply a linear transform to statistically independent com-

binations: x4 = (%] +x2)//2(1 +71), x— = (x; —x3)/+/2(1 £ 1), so
that (xi) =(x*)=1, (x;x_) =0. Then we transform each of them
to make the probability flat, using the erf function whose derivative is

yi2=erf (x1 £x2)/y/2(1 —71).

2.11: Interaction information.

Gaussian:

Consider a love triangle in which Y can date X and Z. Consider
the statistics of dating-not dating. Compute the entropies of the joint
distribution and all the marginal distributions and the interaction infor-
mation, II = S(X) + S(Y) + S(2) + S(X, Y, Z) — S(X, Y) — S(X, Z) —
S(Y, Z), in the two cases.

(a) Assume that Y with equal 1/3 probabilities can be in these
three states: not dating anyone, dating X, dating Z. That is, Y is
dating with probability 2/3.

(b) Assume that Y with equal 1/4 probabilities can be in these four
states: not dating anyone, dating X, dating Z, dating both X
and Z.

Solution

(a) Both X and Z are dating with probability 1/3 and not dating
with probability 2/3.Y is dating with probability 2/3, so that
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S(X)=8(2) =S(Y) =(1/3) log, 3+ (2/3) log, (3/2). All the
composite states have probability 1/3 so that S(X,Y) =
S(Y,Z2) =S8(X,Z2) =S(X,Y,Z) =log, 3. In this case, IT <O0.
Even though there is a true correlation between the dating
states of X and Z, knowledge of whether Y is dating or not
increases it.

(b) SX)=S8(2)=1,S(Y)=1/2+(3/4)log,(4/3),S(X,Y,2) =
S(X,2)=2,8(X,Y)=S(Z,Y)=3/2.1I=1+1+1/2+
(3/4)log, (4/3) +2 — 2 — 3= (1/4) log,(16/27) < 0.1In this
case, I(X, Z) = 0 and II = —I(X, Z|Y); that is, knowledge
of the dating state of Y imposes a correlation between X and Z.
Alternatively, one may say that this is a case of synergy, where
knowing the dating states of both X and Z gives more
information about Y than knowing them separately.

2.12: Correlations between three events.

What sign is the interaction information between i) clouds, rain, and
darkness, and ii) a dead car battery, a broken fuel pump, and failure to
start the engine?

Solution

i) Positive interaction information appears for common-cause
phenomena. Clouds cause rain and also block the sun;
therefore, the correlation between rain and darkness is partly
accounted for by the presence of clouds: I(rain, dark|cloud)
< I(rain, dark) and II(rain, dark, cloud) > 0.

ii) Negative interaction information appears for common-effect
phenomena. Generally, malfunctions of the fuel pump and the
battery are uncorrelated. However, if we know that the engine
failed to start (fix common effect), then the dependency
appears: if the check shows that the battery is OK, we infer that
the pump must be broken.

2.13: Distance between distributions.

Consider two random quantities X and Y and define p(X,Y) =
S(X|Y) + S(Y|X). Apparently, p(X,Y) is nonnegative and turns into
zero if and only if X and Y are perfectly correlated.
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(a) Prove the triangle inequality p(X,Z) < p(X,Y) + p (Y, 2).

(b) Recall that the three random quantities X — Y — Z constitute
a Markov triplet if Y is completely determined by X, Z, while
X, Z are independent, conditional on Y; thatis, I(X, Z|Y) = 0.
Find the relation between p (X, Z) and p(X,Y), p(Y, 2).

Solution
(a) Triangle inequality:
SX,2) <S8(X,Y,Z2)=S8(X,Z|Y) + S(Y)
=SXIY) +S(Z|Y) +S(Y) =S(X, Y) + 8(Y, Z) — S(Y).

(b) For the Markov triplet, Y is completely determined by X, Z,
thatis, S(X, Y, Z) = S(X, Z). In addition, I(X, Z|Y) =
SX,Z|Y) —S(X|Y) —S(Z]Y)=S(X,Y,Z) + S(Y) — S(X,Y)
— 8(Y, Z) = 0. That gives equality p(X, Z) = p(X,Y) +
p (Y, Z), that is, the “point” Y lies on a “straight line” through X
and Z. In terms of the distances, all points in a Markov chain lie
in a straight line. That allows one to establish identities of the
following type: S(X1, X3) + S(Xa, X4) = S(X1, X4)

+ S(X;, X3).

3.1: Distribution from information.
Consider particles having coordinates x on a line: —00 <x < 00.
Find the probability distribution p(x) in two cases.

(a) The only information established by measurement is that the
mean distance from zero is (|x|) = X.

(b) The only information established by measurement is that the
variance is given by (x*) = X2.

Which measurement provides more information on the coordinate dis-
tribution? Quantify the difference in bits.

Solution

p1=02X)""exp(—|xl/X), p = 2w X?) /% exp(—a?/2X?). S; =
nQRX)+1,S=InX+1/2[1+In@nr)].L—I;=(S;—S)/In2=
(14+In2—Inm)/21n2~ 0.4 bits.
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3.2: Rate-distortion function of a binary source.

Consider a binary source, which generates B =1 with probability
p < 1/2and B = Owith probability 1 — p. Define the distortion function
d(A, B) = 84p — 1, that is, zero when A = B and unity otherwise (the
so-called Hamming function). Find the rate-distortion function R(D).

Solution

For D > p, we can choose A =0 with probability 1, so that R=
I(A, B) =0. For D < p, one realizes the minimum of the mutual infor-
mation by symmetric encoding: P(A=1|B=1)=1—D=PA=
0|B=0) and P(A=1|B=0) =P(A=0|B=1) =D. By the nature of
the Hamming distortion function, D is the probability of miscod-
ing. The conditional probabilities give S(B|A) =S(D) and R(D) =
I(A,B) =S(B) — S(B|A) =S(p) — S(D), where S(x)=—xlogx—
(1—x)log(1—x).

3.3: Bookmaker’s sure bet.

In a series of two-horse races, the first horse wins three times more
often than the second one. Yet public sentiment is such that it bets on the
first horse only twice as many times. A bookmaker has two choices to set
the rewards: i) according to race probabilities, pay respectively 4/3Z and
4/Z times the amount of the bet on the first/second horse, ii) according
to public preferences, pay respectively 3/2Z and 3/Z times the amount
of the bet on the first/second horse. Here Z > 1 to guarantee a (small)
profit. Which strategy is preferable?

Solution

Even though the longtime mean profit is the same in both cases,
the second strategy is preferable because the bookmaker guarantees the
profit of 1 —1/Z from every race independent of its result. The rea-
son is that every bet is an average over many people. The first strategy
can encounter some short-term losses before the long-term average over
many races sets it.

4.1: PageRank of the two-page internet.
Consider the simplest version of the internet, which has two pages:
page 1 has one link to page 2, which has no links. Rank these
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pages according to the PageRank algorithm with arbitrary d <1 (the
probability of following a link).

Solution
The Google matrix is as follows:

~ 1 1 1
G‘E(1—d 1+d>'

The eigenvalues satisfy the equation ||)j —(A}|| =A—-1/2)[A—(0+
d)/2]—(1 — d)/4 =0, which has two solutions: A =1 and A =d/2.
The eigenvector that correspondsto A =11is (1 —d, 1) /(2 — d), so the
rank 1is (1 —d)/(2 — d) and therank 2is 1/(2 — d).

4.2: Eigenvalues of the Google matrix.

Assume that the matrix A with the spectrum (1,Az,...,A,) is
stochastic, that is, ) jdij=1 for every i. Prove that the spectrum of the
Google matrix G=dA+ (1 —d)evlis(1,dAy,...,dA,), where visan
arbitrary probability vector, thatis, ) _, v; =1.

Solution
Any stochastic matrix has the eigenvector e =(1,...,1) with the
eigenvalue 1. Let Q = (e )A() be a nonsingular matrix having the eigen-

T
vector e as its first column. Denote Q ~! = (:;T) Then Q7 !Q =

yle y'X

T 1+ |, which gives two useful identities: yle=1land Y e=
Ye Y X

0. Now we can use Q in the similarity transformation (which does not

change the spectrum) to isolate the first eigenvalue:

T TRV TAvY
Q_IAQ=<ye YAX>=<1 YAX), (A.51)

Yle YTAX 0 YTAX

which reveals that Y'AX contains the remaining eigenvalues of A,
(A2, ..., An). Applying the similarity transformation to G = dA + (1—-
d)evl gives

A . fd dyTAX T R
(3

0 dyTAX

1 dyTAX4+ (1 —dwv'X
0 dYTAX '
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Comparing with (A.51), we conclude that the eigenvalues of G=dA+
(1—dyevlare (1,dAy, ..., dAy).

4.3: Solus Rex.
A king randomly moves to any of the adjacent squares with equal

probability on an otherwise empty 3 X 3 chessboard.

(2)
(b)

How much information brings a message specifying his
position?

If we wish to encode the whole long game (the random walk of
the king), we need to know how the number of typical
sequences N(n) grows asymptotically with the number n of the
moves: lim,,_ oo N (1) = 2. Find S, which is called the
information rate of the source. Is it the same as the entropy that
determined the answer to the previous question?

Solution

Denote

(@)

SNSRI NG
® noW
O O\ W

A message specifying the king’s position gives the information
equal to the entropy of the invariant (stationary) distribution
pii=1,...,9. Astraightforward way to find the distribution is
to write the 9 X 9 transition probability matrix A = {ajj} and
find its eigenvector with the unit eigenvalue:

pi= ijaji . (A.52)
j

A simpler way is to use symmetries and a detailed balance.
Symmetries require p; = p3 = p7 = p9, p2 = p4+ = p6 = ps, and
normalization gives 4p; + 4p> + ps = 1. The detailed balance
means that for any i, j we have

pia,-j = pjaji. (A53)

Note that (A.52) is a sum of (A.53) over j. The detailed balance
gives two independent relations, p1 /3 =p,/Sand p1 /3 =ps/8.
That gives p1 = p3 = p7 =p9 = 3/40, pr =ps =pes =ps = 1/8,
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ps = 1/5. The entropy of such a distributionis S=— ) _ p;
log, pi=29/10+ (1/2)log, 5 — (3/10) log, 3.

(b) The information rate is H = — Zij piaijlog, a; =3/40 +
1071 log, 15. Of course, H < S since the rules of the game
impose restrictions on possible strings.

4.4: Random walk on a circle.

Consider a one-dimensional random walk over a circle with N sites as
a Markov chain and write the one-step transformation of the probability
distribution over the sites i=1,...,N. Find the transition probabil-
ity matrix A and show that its eigenvectors are ¢/ if k, =27 n/N for
n=0,1,...,N — 1. Show that the only stationary distribution is the
eigenvector with the highest eigenvalue and the rate of relaxation to it
is determined by the second largest eigenvalue.

Solution

Probability at a site evolves according to p;(t+ 1) = [pi—1(t) +
pir1(M]1/2 = Z]. pjaij; that is, the matrix A has all elements zero, except
next-to-diagonal elements 1/2. Eigenvalues are A, =cosk, for the
respective eigenvectors e/, After m steps in time, the amplitude corre-
sponding to an eigenvector is multiplied by A™ & exp[—2m(n7 /N)?].
In the limit m — 00, the only surviving eigenvector corresponds to
A =1 and n=0; the longtime relaxation is determined by the next

eigenvector with n = 1. The relaxation time is then TN? /27 2.

4.5: Random walk in an inverted potential.

Consider a particle in an inverted quadratic potential V(x) =
—ax? /2 under the action of a random noise 1(t) with (7(0)n(t)) =
8(t). This is described by the Langevin equation with o > 0:

x=ax+ . (A.54)
Assume that the particle is at xg at t = 0.

(a) Find the probability distribution p (x, t) by directly solving
(A.54). Find the longtime decay of probability at a finite
distance.

(b) Write the Fokker-Planck Hamiltonian Hpp. Find the spectrum
of the Hamiltonian and compare it with the cases of negative
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and zero «. In our case of positive ¢, relate the longtime
asymptotic of p (x, t) to the lowest eigenvalue of the
Fokker-Planck Hamiltonian.

Solution

(@)

(b)

At all times, x has Gaussian statistics since it is linearly related to
1. To specify the Gaussian statistics, all we need is the mean and
the variance. The direct solution of the Langevin equation gives

t
x(t) = xoe™ + / () dt (A.55)
0

The mean value grows exponentially with time: (x(t)) = xoe®.

Taking the square of (A.SS), we obtain the variance:

(156 — (=) ) = o (2~ 1). (A.56)

The distribution is thus given by

T —-1/2 o
p(x,t) = [; (ezm — 1)] exp |:— At ] (x — xoeat)2i| .

(A.57)

Asymptotically at art 3> 1, the probability at any finite distance,
x <K xpe”t, decays as follows:

1/2
olx,t)= <ﬁ> exp(—at — ax%).
big

The Fokker-Planck Hamiltonian is Hgp = (— 89% + o’ +
ot)/2. Its eigenvalues are E,, = (n + 1/2) || + ¢ /2. For a
noninverted potential with o < 0, the lowest eigenvalue is zero,
Ep =0, and the respective eigenfunction is an asymptotic
equilibrium steady state, exp (ox?). In our case, however, the
lowest eigenvalue is positive: Eg = «. Still, it determines the
longtime asymptotic of (A.57): p(x,t) xe * 4+ O (e_zo‘t).
The probability of finding the particle at any finite distance
from the origin decays exponentially with the rate, Eg = . In
the degenerate case of a free random walk, o = 0, the spectrum
of Hpp is continuous and covers the half-line [0, 00); the
probability decays by a power law, t ~1/2.
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§.1: RG and the family of universal distributions.

Consider a set of random iid variables x; . . . xp.

(@)

(b)

The RG reduces the number of random variables by replacing
any two of them by their mean (half sum): z; = (x2;—1 +

x;) /2. Show that the Fourier image of the distribution

p (k) = exp(—|k|) is a fixed point of this map. Study the linear
stability of this fixed point. What probability density does this
correspond to? Why doesn’t this contradict the central limit
theorem?

Consider the one-parametric family of the transformations:

zi = (x9i—1 + xz,-)/21/“. Find the fixed point, that is, the
distribution invariant under this transformation.

Solution

(@)

The RG transformation is as follows:

p/(Z)=/p(x)p(y)é(z—x/Z—y/Z) dxdy = p' (k)

=p*(k/2).

The stationary solution satisfying po (k) = ,03 (k/2) is po(k) =
exp(—|k|), whose Fourier transform is po(x) = (1 + x%)~ L. For
p (k) = po(k)[1+ h(k)], the linear eigenfunctions of the RG
transformation are h,, = k" with eigenvalues 217" The
transform conserves normalization and the mean (m =0, 1), so
po is the limiting distribution (attractor) when the mean was
zero from the very beginning. Since every step of the
transformation diminishes the variance, then the invariant
distribution pg(x) must have an infinite variance. This is the
reason the central limit theorem cannot be applied. In a sense,
this distribution (named after Cauchy) generalizes the central
limit theorem for iid variables with the tails 1/x%; it can be
generalized further for other power tails.

When the second moment is finite, all terms within the sum
are of the same order, and none of them play a dominant role,
which leads to a sum having Gaussian statistics. When the

second moment is infinite, a few terms become extremely large
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and dominate the sum, which leads to a non-Gaussian
distribution.

(b) We now have the family of universal distributions
p (k) = exp(—|k|*), characterized by the parameter .

6.1: Least uncertain wave packet.

Proceeding from the fact that the momentum operator in the coordi-
nate representation is p, = 1 iy, find the state 1 (x) that minimizes the
expectation of the product of variances of the coordinate and momen-

tum, (Y |[p, x]|\). What is the corresponding ¥ (p)?

Solution
Consider (6.1):

(W I[A, BlIY) 1> = 4[(y|AB|y) > — [(W|AB + BA|y)|?
<4[(WIAB|Y) > < 4y Ay (v |B2y).

To turn the Cauchy-Schwarz inequality into equality in the second line,
we need the vectors A|Y) and B|yr) to be parallel. Solving the equation

Y (x)
dx

we obtain ¥ (x) = exp(1Cx?). In addition, we need (¥ |px + &p|yr) =
0, which requires imaginary C = 1a. Normalization implies a > 0. The

xX|y) =a (x) xplyy) =1h

solution is thus Gaussian: ¥ (x) & exp(—axz). The wave functions of a
quantum particle in the coordinate and momentum representations are
related by the Fourier transform, ¥ (x) = f dpyr (p) exp(ipx/h), so that
¥ (p) is Gaussian as well. Computing the respective probability distribu-
tions [ (x)|? and |/ ») |2, one verifies that the Heisenberg minimum of
the product of variances of x and p is realized by a Gaussian wave packet.

6.2: Density matrix.

Consider two mixed states (ensembles): In the first ensemble A, the
system can be in the state |0) with the probability 3/4 and in the state |1)
with the probability 1/4. In the second ensemble B, the system can be in
the state [a) = 4/3/4 |0) + /1/4|1) and in the state |b) = \/3/4 |1) —
/1/410) with equal probability.

(a) Write the density matrices for these two ensembles in the basis
10}, 1).
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(b) Consider two sets of normalized vectors, |1/;) and ‘¢j>, and
two probability distributions, p; and g;. The sets are related
by /pi 1Y) = > ONCH M)j), where the matrix is unitary:
>_; i, = 8jt. Find the relation between two density matrices,

pr=3_pi W) (Yiland py = 3", q; |¢) (4.

Solution

(a) The density matrices are the same:

1

3 113 0
= = - - (1l|=- .
p=m=30 0+ mai=;] 5 7]

(b) More generally,

P1= Zpi i) (Yl = Zuijuﬁc qi9k |¢j> (rl

ijk

jk J

6.3: Von Neumann entropy.

Consider two nonorthogonal states, |0) and the superposition |s) =
(10) — |1))/+/2, mixed with the respective probabilities p and 1 — p.
Find the density matrix p in the orthogonal basis |0) , |1), diagonalize
it, compute the von Neumann entropy S(p), and compare it with S(p).

Solution

Since the probabilities of the nonorthogonal states |0) and (|0) +
11))/+/2 are, respectively, p and 1 — p, the density matrix in the orthog-
onal basis |0) , |1) is as follows:

1—p ILl14p 1—p
=110) (0 — 10 1) (O 1| = - . A.58
p=p10) {0l + —=10+1) (0 +1 2[1_p l—p] (A.S8)

The eigenvalues are g= (14 ,/2p?> —2p+1)/2 and 1 — q with the
respective eigenstates . /q [1) + /T —q|0)and —,/q|0) + /T —q|[1).

The von Neumann entropy is the Shannon entropy in this orthonormal
representation: S(p) = S(q). One can show that S(g) < S(p) for any p.
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In particular, for p =1/2, we have g = (2 + V2)/2 =sin*(1r/8) and

S(p) =S8(q) =—qlogq— (1 —¢q)log(1—¢q)

1 2442
——log
272 C2—-42

which is indeed less than S(p) = 1.

=1+

1
- ~ 0.6 bits,
2

A.1: Large deviations for the energy of particles.

Find the probability distribution of the kinetic energy, E = ZII\T p2/2,
of N classical, identical unit-mass particles in 1D, which have the
Maxwell distribution over momenta. Derive the large-deviation form of
the distribution in the limit N — oo.

Solution
The Maxwell distribution for momenta is Gaussian:

N
oL, ...,pN) = (27rT)_N/2 exp (— Zpiz/2T).
1

The energy probability for any N is done by integration, using spherical
coordinates in the momentum space:

N
p(E,N)=/p<p1,...,pN)8 (E—Zp%/2> dp: ...dpx
1

B (E)N/2 exp(—E/T)

T EC(N/2)

- (A.59)

Plotting it for different N, one can appreciate how the thermodynamic
limit appears. Taking the logarithm and using the Stirling formula, one
gets the large-deviation form for the energy R = E/E, normalized by the
mean energy E = NT/2:

In p(E,N) Nl RN 1 N' RN N(l R+1InR). (A.60)

n =—mh——h—!'"——~=—(1-— nR). .
PIE 2 2 2 2 2

This expression has a maximum at R = 1, i.e., the most probable value

is the mean energy. The probability of R is Gaussian near the maximum

when R — 1 < N2 and non-Gaussian for larger deviations. Notice
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that this function is not symmetric with respect to the minimum; it is
logarithmic at zero and linear asymptotic at infinity.

A.2: Large deviations for binomial distribution.

One of the most widely used statistical distributions (including in
this book) is the binomial distribution of two possible outcomes, y = 1
with probability p and y = 0 with probability 1 — p. Compute the prob-
ability that, in a large number of trials N, the first outcome happens gN
times; thatis, X = Zil yi = gN. Do it in two ways: 1) discrete combi-
natoric, using the binomial formula C?\,N =N!/(gN)!(IN — gN)! for the
number of ways to choose gN out of N, and the Stirling formulaln N! ~
N In N; 2) continuous, using the large-deviation theory, that is, comput-
ing the cumulant generating function G(z) =In(e?) =In(pe* + 1 — p)
and the Legendre transform of it.

Solution

1) P(g) =CNpN (1 — p)1=DN and In[P(q)] ¥ NIn N —
gNIn(gN) — (1 —g)NIn(N —gN) +gNInp+ (1 —¢q)NIn(1 —
p) = gN'n(g/p) + (1 — ONTa[(1 — )/(1 — p)].

2) P(q) ~ exp[—NH(q)], where H(q) = zoq — G(zo), where
G'(z0) = q. Inverting G’ (zo), we obtain zg = In[q(1 — p)/

p(1—g)],so that H(q) = q1In(q/p) + (1 — @) In[(1 — q)/(1 — p)].

It is a concave function with the minimum H(g = p) =0.

We see that H is the relative entropy between the measured probabil-
ity g and the probability p treated as a hypothesis.

A.3: Generating function for cumulants.

The derivatives at zero of the logarithm of the generating func-
tion G(z) =In(e?) are called cumulants. Are k, = (d"G/dz") ,—¢ equal
to the moments of (y — (y))"? Express the first four «y,...,x4 via

P = (y").

Solution

(P =143 S0, G@=Inie?) =ln(1 +¢7 ~ 1)
n=1

—Z (1—(exp@)' == > ~ ( i;—n: )

n= 1 m=1
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ZZ

=z0)+ (07 - ) 5;

Comparing order by order, we find

+.... (A.61)

K1 = W1, K2 = U2 — M% = ((y— Ml)z)’
K3 =3 — 3t + 207 = ((y — 1)),
Ky = L4 — 43y — 33 + 12027 — 6t # (v — 1))

An advantage in working with cumulants is that for the sum of
independent random variables their cumulants sum up. For example,
consider two random quantities A, B and the second cumulant of their
sum: ((A+B— (A) — (B))*) = ((A — (A))*) + ((B— (B))*)), which
is true as long as (AB) = (A)(B), i.e,, A, B are independent. Therefore,
the cumulant generating functions G is a sum. Indeed, it is the log of
the generating function of the moments ((A + B)"), which is a product:
(exp z(A+ B)) = (exp zA) (exp zB).

A.4: Growth of entanglement entropy.

Consider an Ising spin chain with the transverse magnetic field
in the x-direction. The Hamiltonian % =} 005 + hoi". At t=0,
the chain is in a pure unentangled state, p(0) =01 @ P2 ®. .., and
all components, 0%, 07,07 are nonzero. Find in which order in ¢
entanglement between neighboring sites appears. Use the commutation
relation [0}, sz] = hS,-jcriy .

Solution
)
o () —of(0)=t[H,of ,(0)]+ E[H’ [H, o7, (0)]]

th)®

The entanglement between neighboring sites appears at t*-order.
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active inference, 68

adiabatic process, 3

area law, 141

asymptotic equipartition, 20, 46

Bayes approach, 66

Bayesian approach, 43
Bekenstein bound, 141
binocular rivalry, 66

bit, 18

blind de-convolution, 165
box-counting dimension, 86, 111
brain, 60

brevity law, 160

capacity, 35, 63, 145

Carnot criterion, 2

central limit theorem, 157

central limit therem, 114

chain rule, 32, 41

coarse graining, 101
cocktail-party problem, 164
codeword, 25

complexity, 150

conditional entropy, 28, 31
conditional probability, 28, 30, 66
continuity equation, 86, 95
convexity, S, 22, 47, 83, 110, 144, 149
convolution identity, 180

critical surface, 175

density matrix, 125
detailed balance, 182

INDEX
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differential entropy, 39
distortion function, 70

dynamical chaos, 93,108

energy, 3
entanglement, 126, 131
entropy, xi, 2, 11, 15
entropy production, 92
equation of state, 13, 140,
153,154
equilibrium, 54, 95, 99
equipartition, 178
erasing information, 58
ergodic, 107
Euler equation, 153
evolution operator, 88

Fokker-Planck equation, 87, 90, 180
fractal, 111, 172
free energy, 10, 46, 56, 60, 91

geberative model, 70

general uncertainty relation, 130
generating function, 114, 156
generative model, 67

genome, 60

geometric mean, 77

Gibbs distribution, 15, 46, 52, 72,91
Gibbs-Duhem relation, 153

Gittins index, 167

handicap principle, 162
heat engine, 2
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Herdan-Heap law, 160
Hick-Hyman law, 62
holographic principle, 141
horizon, 140

Huffman code, 27

imaginary time, 184

independent component analysis, 165
infomax principle, 63

information bottleneck, 73

Ising model, 5§, 115, 118,173
isoperimetric inequality, 6

jacobian, 6
Jensen inequality, 22, 91

kinetic equation, 98
kinetic proofreading, 60
Kolmogorov-Sinai entropy, 107

Landauer principle, 58

large deviation theory, 155
Legendre transform, 156

Liouville theorem, 95

Lyapunov exponent, 105, 112, 170

Markov chain, 28, 82, 84
mating games, 162
mixed state, 126, 135
mixing, 93, 170

money, 79
monotonicity, 48, 130

208

mutual information, 47, 57,99, 117, 129,

145, 164

natural selection, 61
negative temperature, 13
neuron, 64

non-orthogonal states, 134

INDEX

Occam’s razor, 42

partition function, 15, 116
perception, 66

phase transition, 174
phenotype switching, 78
proportional gambling, 76
pure state, 126, 131

quantum state, 121

quantum superposition, 120
quantum thermalization, 131
quasi-static process, 7

qubit, 123

random walk, 81
random-typing model, 160
redundancy, 24, 29, 73

relative entropy, 52,77, 146
renormalization, 116, 148, 176
response function, 63

Schmidt decomposition, 125
separation of trajectories, 104
spin-block renormalization, 115, 173
statistical weight, 11

Stirling formula, 13

stochastic matrix, 83

sub-additivity of entropy, 33

temperature, 6

tensor product, 125
thermodynamic limit, 4, 12
thermostat, 14

typical sequence, 19, 36, 134, 145

uncertainty principle, 122

Zipflaw, 160
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