





















































Positivity
Constraints

on EFT Bang.it

We have seen in 13 that positivity bounds follow by S matrix

principles encoding causality analyticity and unitarty

On the other hand we have seen in L2 that subluminality causality

enforces also non trivial bound on the size of Wilson coefficients
can we obtain the same using 5 metrix argument Yes

Positivity Theoryof Moments

Let's work again first in the simplestcase forwardscattering of
massless scolor assuming weakly coupledUV completions
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where no 0 to ensure convergence at s on according to Froissant

The Ca provides an IR representation of the Wilson coefficients
that survive in the forward limit Mls t d castas't
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On the other hand analyticity allows a UVrepresentation 1411

4 an's df.IM I.fm f Im Mls 1

that recasts them in terms of moments of a positive measure

thanks to unitarity
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IR Representation

Remarks

The measure next has support on 10,1 R

As long as one is happy with tree level
statements

ie neglecting

calculable IR loops one can just set s M if UVtheory
weakly coupled Thatis we assumecouplings sufficientlysmall that we

can make a trustworthy argumentto the desired n i e n log9461
logsm

for fixed couplings gi an end fixed 51m
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Which is basically an upper
bound on how large can be
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taken i e a statement on the cutoffm

8 M entz cut upper bound catoff
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Remark

the Cn's in 1 are dimensionful if resading them in units

ofM cn gyn one gets that is equivalent to

9 Mls gain s
944,1 7 18 1

Supersoft ruled out for Wilson coefficients thatsurvivein
Line theory runningfasterthenE Mls for t 00

Despite there would be a symmetry to realize it namely

I it Can mx
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From 8 no matter how smallthe coupling Mal

the cutoff is bounded by two consecutive Wilson coefficients

110 MISI E s s I

Is still amplitude breaks at s M

Compare it with 4 II 9 spp fault



Now that we know that Wilson coefficients are moments
44

we can say
much more

For instance we can define a scalar product on the space

of real polynomials on 10,1
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SimplestNon LinearBound

Example
parable
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which together with 8 CaM C2 and com Casey
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thatwoulallowed allfirstquadrant

Taik
In our collaboration 2011.00037 we refer to 15 as the banana plot
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General strategy

given positive measure drive in 10,11 we can test it against
positive polynomials proxy oforder M to get relations

among the first Mtl moments
M

16 form E f Ing a 0 Ignen 53,0
0

so the varying gn whilekeepingpm 0 we reduce theallowed

space of Cnta I

Positivity Bounds Space of PositivePolynom in I 10,1

This is a problem of algebraic geometry find positive polyn
in domain D defined by other polynomials Q 0

in our case Qy X 42 1 X Q 0 970 defineD 0,1

Solution sum of square theorem Schmuedgen 1991
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then a

He fan 8am Mantan 70 gangam
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in agreementwith441

Using 1181 one generates all bounds but if one restricts to the first
3 Wilson coefficients we optained the optimalboundsalready

Whatabout the Wilson coefficients that are in front to

powers of th Can we constrain them You bet

Finite t Positivity Bounds

Let's assume that amplitude is s analytic for fixed finite t

typically it has been proven rigorously forMist µ with

Mr 0111m eg 4m exactly for identical particles and µi 0h09m
In fact for too maximally analyticity assumes tss for scattering
the lighteststatepontiles we willnotneed this much butin gravity isrequired



144With this analyticity we can define finite t arcs

centered at the crossing symmetricpoint Sx 2m 125 th
s Sx 4m Sx of radius stth to land at s s

finite

123 an 1st Miss imam meaning 0

These provide IR representation of linear combinations ofWilsonoff
IR representation t o

n o Cz Cst 3cg zest too
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Again analyticity provides a UV representation

s t
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whe the Legendre polynomials guesswhat one polynomial in of
order l Pe 11 atls 4 19 with known aglet
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Remonk Re 1 211 can now be negative but we

know the function We knowhownegative it can get

2 strategies
a integrate both sides of 1261 with suitably constructed

functions felt such that

27 Sdt felt Ie it241 1 20 He s'as

this_is
typically done numerically eg 2102 08951 exceptin eikondlimit

2211 00085

lb defines a 2D momentproblem with respect to
a positive measure drixe α Imaelsk in

128 10,11 40,2 6 12 Lem supportofduxs

so that expending 26 in t

a anastis fdi i
Linear combinationsof momentsfor instance

Is H s dm x s 1 131 5 tax 322 261 4
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Now we see that po means the arcs are

linear combinations of 2D moments

ft
112,2 892,1 1292.4

too
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Qyls.tl at Ma t f EM Ms t is 2cgt2cst4

Q21sHs Man 4 51Mao Ma rs Cg Cst

where in the lastequality we used the IR repo 1241
matching both sides in powers of Hs gives the desired
relations among D moments and Wilson coefficients

Matching to moments leading
Wilson

2 c 5 No 0
C 3µso Msp 45 M2,0

From this immediately follows that 35 3M 3mar
since moments are positive and stillmonotonic

in thefirst index 10,11 Man Mn

33 C3s 3245 Galileon Bounded Above

Can we also bound it below since 5 312µs 1,2 Mi 8needto boundµ
notice we don'thavemonotonicity in thesecond index because 3 runs overinfiniterange We

can bound µ using full s t n crossing which gives a α 9of
and 4 Qal of
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134 4647442 4 3544

by 2subtractionsFdbcrossing selected
by www

elected

and2 t derivative
i e Mao

351 120454,12 a Manuf

Providing a sum rule among
moments known as

136 Maz 892,1 Nullconstraint
simplestexampleof 5

Now together with the simplest Henkel matrix constraint IE I Ifing
37 Idu 4 6 34230 so µ MoMa

a b

gives

138 Mi MoMa 4 1 1 Ma 8990

and therefore from 132

9 C 32µso Ms Mi 890,0 8452

we extract as well the lower bound 8452 s

1391 8452 C 53 324s

In perfectagreementwith the subluminality arguments seen in L2



14HRemarks

The lower bound in 139 is notoptimalbecause we used only
the information of first few moments Using more moments e g in

larger Henkelmatrices 822 5.2C In any case Galileon
symmetry is forbidden by positivity Likewise no supersoft theory too

Method at around 1271 gives the same result butrequires numerics
Method a is however superior when one can't expendaround t 0

which happens in the presenceof IR divergences like in gravity where
minimalcoupling gives M sYt for elastic nearforwardscattering

Simple Approximate Method

There is an approximate analyticmethod thatallowsto avoid all the

gymnastic with moments in strategy lay or functional in b we know the

two sources of t dependence in 461 e g for aols.tt

40 Ovols t 1 Real Ids Im he t Pelet 5341 Hey3 E
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when Ee is atworstas negative as 1 and where the

is monotonic so thatit is largest at s s i e test otis

411 1901411 Hyp zeety as emde's l 1st44 919th

1 I 11 Hyp
Exact Bound

Non forwardonescan'tgrow
Let's calculate the e his in the EFT approximately now toofast with t
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44

This allows to immediately exclude Galileon reasoning by contradiction

i assume Galileon is good symmetry 03ft 1

ii within galileon EFT assume higher 2 are EFT control fatefact
43 requires that

1441 4 12 1 which contradicts our assumptions

Fitcan be used to determine the where theory breaks down i e the cutoff

sdemetically
t

it Similar logic more
accurate in 2304.02559

if ii is relaxed it remains truethat ehis of431 is IR calculable in EFT
and one can repeatargumentfor thefirstunsuppressed on coefficient


