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Lattice gauge theory calculations without sign problem:
Real time dynamics

- Requires different theoretical framework.

- Addressed different objectives

- Computational Methods are entirely different.
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Digital algorithms,

Tensor network calculations
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Emergent research directions:
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Framework: Hamiltonian Formalism
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Hamiltonian formulation of Wilson’s lattice gauge theories

John Kogut*
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14853

Leonard Susskind’

Belfer Graduate School of Science, Yeshiva University, New York, New York
and Tel Aviv University, Ramat Aviv, Israel |
and Laboratory of Nuclear Studies, Cornell University, Ithaca, New York

(Received 9 July 1974)

Wilson’s lattice gauge model is presented as a canonical Hamiltonian theory. The structure of the
model 1s reduced to the interactions of an infinite collection of coupled rigid rotators. The
gauge-invariant configuration space consists of a collection of strings with quarks at their ends. The
strings are lines of non-Abelian electric flux. In the strong-coupling limit the dynamics is best described

in terms of these strings. Quark confinement is a result of the inability to break a string without
producing a pair.
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gauge theories

Erez Zohar and J. Ignacio Cirac

Search for efficient formulations for Hamiltonian simulation = '1ys: Rev. D 99, TS = Fublished 28 June 2019
of non-Abelian lattice gauge theories , .
Purely Bosonic Purely Fermionic
Zohreh Davoudi®,* Indrakshi Raychowdhu_gyll and Andrew Shaw’ Formalism Formalism
@
RS
&/
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LSH Hamiltonian dynamics
No need to impose Gauss law constraint: Significant

reduction in the cost of Hilbert space generation, 1-sparse
basis. SU(2) rishon representation of gauge fields
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Prepotential Formulation

staggered site x + 1
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Local SU(2) Invariant Operators in 1d: loops-strings- hadrons

(i) Pure gauge loop operators.—L°° :

Gauge singlets

1 (R 1 1 (L
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(ii) Incoming string operators.—S%° : Outgoing string operators.—S%.3 - Hadron operators.—H°°:
Gauge singlets Gauge singlets

Gauge singlets

c?r}stgucted out of c;r.lsl’:ructed out of constructed out of
eft osons and Ight bO_SO" and two fermions
fermions fermions

(1/2)L77(8,7)" (Sout )"[0) = 8,,,18,,1HF|0)



Local SU(2) Invariant Operators in 1d: loops-strings- hadrons

(i) Pure gauge loop operators.—L°°

[+ — a(R)};a(L)geaﬂ Z’@o > z’@o > @’@0
L7~ = a(R),a(L)geqp = (L)

N am) [ ][00
L~ = a(R)}a(L) 404 az(R). Y2 | | a2(L)
£ = alR),a(L)jog = (L)'

(11) Incoming string operators.—Sﬂi",: Outgoing string operators.—S55 - Hadron operators.—H°°:
++ _ 1 I 1
S;1+ — a(R)z;l//;Eaﬂ Sout — l//aa(L)ﬂEaﬂ HT+ = 2' y/al//ﬂeaﬂ
Sa~ = a(R)wpees = (S5’ Soit = Vaa(L)yesp = (Siud)’ 1 B
Sii” = a(R)wpbes Sax = wha(L) 464
Si" = a(R)oydop = (Siy7)" Sout = Vat(L)jBop = (Sau)"

(1/2)L77(8,7)" (Sout )"[0) = 8,,,18,,1HF|0)



LSH Formulation: local LSH basis for SU(2) in 1+1 dimension

At each site define: T (m), n; (5’3)7 nO(CE)

| ny, n,n,) = (3++)nl (CS),H)n (05)?)” |0)

0 < nyx) < oo

nz(a:) - {O, 1},
no(x) € {0,1}.

Abelian weaving along the link: n(x) + fio(x) (1 — Ai(x)) = Mz + 1) + 23 (z + 1)(1 — fo(z + 1))
staggered site « staggered site x + 1
—e —
—® ) ni(z+1) —@
— 10 (2) ne(z + 1) —
TL[(QZ') ni(x + ) ——




LSH Formulation: key ingredients

Local gauge invariant Hilbert space

L ocal constraint on each link: Abelian Gauss’ law



LSH Formulation: key ingredients Generalization to QCD

First attempt: SU(3) gauge theory in 1+1 dimension

Local gauge invariant Hilbert space

L ocal constraint on each link: Abelian Gauss’ law

Starting point: Prepotential formulation of SU(3) gauge theory



Prepotential formulation of SU(3) gauge theory

Ramesh Anishetty, Manu Mathur, IR, (2009), (2070)

Not a trivial generalisation

: _ of SU(2)
Kogut-Susskind Schwinger boson
Formulation representation of SU(3)
I | | SU(3): rank 2

Brenotential f otion § Fundamental and anti-fundamental representation:
PR 'asu‘z;';“” HONTOT Two Schwinger boson triplets ag, Ak

' ‘ 3
T pTta. :
Aq, B Ireducible @E- Multiplicity problem caused by: agbm >=q"-b"

Schwinger boson

representation of SU(3) a=1 .
AT. BT ~ 0 SU(3) singlets

Chaturvedi and Mukunda J. Math. Phys. 43, 5262 (2002)



Prepotential formulation of SU(3) gauge theory

E;(x), U(x), ER(x)

B R,x — 1) o AT(L, x) BT*(R, x) o AL, x+ 1)
AiR,x—1)  BY(L,x) AR, x)  BiL x+1)
E;(x), U;(x) Ur(x), Ep(x)

Abelian Gauss’ Law

N,(L,x) = Ng(R, x)

Ng(L,x) = N4(R, x)

Imposes continuity of the flux lines

Directed flow of electric flux on a link: From triplet to anti-triplet



Prepotential formulation of SU(3) gauge theory

E;(x), U(x), ER(x)

B R,x — 1) o AT(L, x) i BT*(R, x) o AL, x+ 1)
A'(R,x—1)  B™L,x) 4 AR, x) B™(L,x + 1)
E;(x), U;(x) Ur(x), Ep(x)

Abelian Gauss’ Law

N,(L,x) = Ng(R, x)

Ng(L,x) = N4(R, x)

Imposes continuity of the flux lines

Directed flow of electric flux on a link: From triplet to anti-triplet



Loop-String-Hadron formulation of SU(3) gauge theory

Collaborators:

Pideapig e s e TP
R N

BN

Jesse Stryker Saurabh Kadam

Singlets can be formed using:

Local ingredients: 3 3"
AL(3) A%(0)
Al (o) A% (o) 5aﬁ = e*Pr or €apy = N
B, (i) B (i)
B, (0) B(o)



Loop-String-Hadron basis: onsite SU(3) invariant basis

Local ingredients:

; 3 Bosonic: AT (3) - BT (o)
AL A°(i) BT(3) - AT(o
A, (o) 4% (o) o | (7’2[ T( .)
Ba (i) Bte (i) Fermionic + Bosonic : Y- B'(7)
Ba(0) B (o)

i e YT - BT(0)

0%

)
Singlets can be formed using: - (T A AT(3))
)
)

™" Or €, = A Fermionic: T - (WL A



LSH state:

3*

Loop-String-Hadron basis: Pictorial Representation



LSH state:

3 3" Bosonic: [ AT(37) - BT(O)}“P — }np
Al (i) A%(1) —_—
440 420 M) B — e e
Ba (i) BT (i) T
B, (0) B(o) UL

vl Pe Q) — © ©

© O

©

Fermionic + Bosonic : ot Bt 0)|Q)  — ©)
oAl A AN0)1Q) — = @

©

ot -t A AT(0)|) —

pt-Bla)Q) — ——=0O © ©

ot BIG) ¢t - Bio))) — —<—O © @

phogf Al — ——0O—-0O ©

Fermionic: hytavtl) - @O © ©

Loop-String-Hadron basis: Pictorial Representation



3 3* Rosonic: N ——
A}Q) A (i) OSOTLC: AT(@)-B'(0)] " — — }”P
Al (o) A% (o) 170 Y 1,
Ba (i) 0 A B~ e 7
Ba(OT) BTO‘(O) v,  Up, U,
Wl ¥ Q) — © © ©
Fermionic + Bosonic : ot Bt (0)|Q)  —» @ @ ®+

Yi -yt A AT (o)) — © O—0O—

We further need to weave these along links
J oB) - ——D @ @

* ot BiG) ot Bl o)) — ——O @ O——
- Abelian Gausslaws shutnalife — —-0-0 ©

Fermionic: Pt AYTQ)  — O O O

Loop-String-Hadron basis: Pictorial Representation









Towards building the LSH Hamiltonian

Kogut-Susskind *Irreducible Schwinger boson representation of SU(3) » Local LSH operators weaved
Hamiltonian coupled to on-site staggered fermions together by the Abelian Gauss law

Local One-quark operators Purely bosonic operators

building ' 50)'=@— v BOAAD =B | ADTB) =~ A@)-Blo) = .~

d O ) b- AW ABGHT = @ | BOTAR) = —=— B()-4l0) = -
WB = 8wt B AAW) = B~ L) Al = = AW Al) = =
-B(i) = --- _(/Z\ - A(0) A Blo)T = @‘,_\ T'wo-quark operators

| YT UTAAL) =@ Y-y A Al0) = Fi-

T - Ao) = @---- YT A@)TAA(0)T = —@)— &
V-Alo)T = GH—  Y-A@R)NA(0) = -m-- pr-y (4) O@ - NAY D
pr-A(i) = @ Three-quark operators

St Ayt = Q@0 ¢ Y AY = Hi

<
AN
~~
.
N—
—I-
il



One-quark operators Purely bosonic operators

YT B(i) A AGG)T At B(o)f =

- A(i) A B()! = | BO-a©) =

YT - B(o) A Ao)T = A()' - Afo)

acting on

Y- A(o) A B(o)T

YT AT A Ao)T =
Y- A(i) A\ A(o)

Three-quark operators

AN AN AN

vt Ayl = OB v Y AY = Dl




@/JT . B(O)T
¢ - B(o)
W . B(i)T

v-B(i) =

One-quark operators

® Yt B@E) AA@G)T =
o) ¥ - A(3) A B()t

—® Y- Blo)AA(o)f
o - A(0) AB(o)!

YT - AT A Afo)t =

- A(i) A A(o)

Purely bosonic operators
AT Blo)t = —=
BT A(o)l = ———
AT - Alo) = —=--

Two-quark operators

acting on

Three-quark operators

it Ayt = @@@

I

@

O

OO

np —np+ 1

ng —ng + 1

v; > v; + 1

Um — Um + 1

v, — vV, + 1

U, Uy, + 1
U, v, + 1

1

V; Vz"'l
Um Uy, + 1

1

V; Vz"']-
U + 1
U, v, + 1

np —np — 1

nQ—>nQ—1

v; —> v; — 1

Uy, — Uy, — 1

U, v, — 1
V; . v; — 1
Vfrn Vm - ].
V; v; — 1
Um | —



Towards building the LSH Hamiltonian

We formalize the quantum numbers with number operators fip, niQ, Vi, Vm, and U,:

— Z |np nQ; ViVm 1/0) <nP ngQ,; ViVm 1/0|np

np,NQ,Vi,Vm,Vo N 2 . [ A v A Vo
S npng; vivmve) (npng; vivm vel ng = (Ap)"" (AG)" ()" (&F,)"™ (%})**100;000)

np,nqQ,Vi,Vm,Vo

> NP NQ; ViVm Vo) (NP NQ ;5 Vi Vm Vol Vi

np,nqQ,Vi,Vm,Vo

Z |nP ng,; ViVm V0> <nP ngQ; ViVm V0|Vm

Z MNP NQ; ViVm Vo) (NP NQ ; Vi Vi Vol Vo

np,nQ,Vi,Vm,Vo

Ar= 3 S e L g v va) (g v vm v KS Hamiltonian in LSH basis:

TLP:]. nQ,Vi,Vm,Vo

@)
Z Z np, ng —1; Vi Vmn Vo) (nan; Vi U Vo

naZl e re-written in terms of LSH
Y Inpng; 0,vm, Vo) (npng; L, vm, Vol Operators

np,NQ,Ym,Vo

V;

Z Inpng; vi,0,v) (npng; vi, 1,0, (—1)

np,nQ,Vi,Vo

S e na; vis v, 0) (e nQ; Vi vimy 1] (—1)7H

np,nQ,Vi,Vm




The LSH Hamiltonian for (1+1)d SU(3) gauge theory

1

Hp =Y Hg(r)=>)» Z(P(r)*+Q(r)>+ P(r)Q(r)) + P(r) + Q(r)

3




He =Y He(r) = 3 3 (P(r)” + Q) + P(r)Q(r) + P(r) + Q(r)

T

Hy =) Hu(r) =) (=) (0i(r) + O (r) + Do(r))




He =Y He(r) = 3 3 (P(r)” + Q) + P(r)Q(r) + P(r) + Q(r)

T

Hy =) Hu(r) =) (=) (0i(r) + O (r) + Do(r))

TIRP 1% U; 1% U; . .
H 1) =< xI(AS ”m\/l T 1 - \/1 P /14 - Co(AL)Pm H.c.




The LSH Hamiltonian

(Pout, Qout) d(Pout, Qout) Eigenvalue
(0, 0) 1 0.000
-0.387
1.721
-1.535
0.868
3.333
1.333
-3.858
-0.497
2.137
4.884
-0.081
2.747
-2.562
1.089
4.140
1.333
-1.277
2.610
0.000

(1, 0) 3

1
d(Pout,Qout) — §(Pout + 1)(Qout + 1)(Pout + Qout + 2)

p(r) = ¢'(r)

[Tuw)| () Yi(r) =t (r) =3i(r) [T U®)

Ly<r

Uir) - U'(r) = [[[vw)| v | 1] U

N-—-1 .
OYE =TT 115 fos fa) o Cc[))ntams degeneracy
2—0 ue to global symmetries

Fermionic Hamiltonian with long range interaction




Already demonstrated for SU(2)



Benefits of working in the LSH framework: Applications in quantum simulation

Symmetry protection protocol: Already demonstrated for SU(2)

Protecting local and global symmetries in simulating 1+1D non-Abelian
gauge theories

Phys. Rev. D

Emil Mathew and Indrakshi Raychowdhury

Accepted 24 August 2022

ABSTRACT

Efficient qguantum simulation protocols for any quantum theories demand efficient protection protocols for its underlying symmetries. This task is nontrivial for
gauge theories as it involves local symmetry/invariance. For non-Abelian gauge theories, protecting all the symmetries generated by a set of mutually non-
commuting generators, is particularly difficult. In this letter, a global symmetry-protection protocol is proposed. Using the novel loop-string-hadron formalism of
non-Abelian lattice gauge theory, we numerically demonstrate that all of the local symmetries get protected even for large time by this global symmetry
protection scheme. With suitable protection strength, the dynamics of a (1+1)-dimensional SU(2) lattice gauge theory remains confined in the physical Hilbert
space of the theory even in presence of explicit local symmetry violating terms in the Hamiltonian that may occur in both analog and digital simulation schemes Emil Mathew,

as an error. The whole scheme holds for SU(3) gauge theory as well. Grad. S_tud_ent,
BITS-Pilani, Goa

e ———————————ee et ==,



Symmetry protection protocol:

Benefits of working in the LSH framework: Applications in quantum simulation

0.00 o ewee 200 | emee o o
0.00015 4 0015
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0.00010 1 2.00010 1
N
/N
= —0.10 1 0.00005 1.90 1 2.00005 |
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~~—
0.00000 { **7 2.00000
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-0.00005 1 1.99905 1
—0.20 - 1.80 A
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A A

Protecting local and global symmetries in simulating 1+1D non-Abelian
gauge theories

Phys. Rev. D
Emil Mathew and Indrakshi Raychowdhury
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Protection of global

symmetries



Benefits of working in the LSH framework: Applications in quantum simulation

Protecting local and global symmetries in simulating 1+1D non-Abelian
gauge theories

Phys. Rev. D

Symmetry protection protocol:

Emil Mathew and Indrakshi Raychowdhury

C let tect f all th
0.00 { e 2.00 - 4.00  emwee p p
local symmetries
—0.05 1.95 1 3.95 1 Oca y
2.00010
~ q=0 q=2 q=4
= —0.10 1 1.90 1 200005 3.90 1 Lo000s
=
| 0l (AG Ly (t)) (AG L (1)) (AG L (t))
200000 4 ** 1.00000 4 * 0.6 , 0.6 0.6 1 ,
—0.15 1.85 - 3.85 . (4(1L1«_>(1‘)> <A(,’Ll._)(f)> ¢ <4GL13(f)>
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Benefits of working in the LSH framework: Applications in quantum simulation

Symmetry protection protocol:

q=10 q=72 q=4
0.00 { e 2.00 - 4.00 { ewee
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@—0.10 ) 1.90 1 200005 3.90 1 100005
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3.99995
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0.01 0.03 0.01 0.0: 04 0.01 0.03
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Quantum simulation of non-Abelian
gauge theory without imposing any
local constraint

Protection of global

symmetries

Protecting local and global symmetries in simulating 1+1D non-Abelian
gauge theories

Phys. Rev. D

Emil Mathew and Indrakshi Raychowdhury

Complete protection of all the
local symmetries
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Benefits of working in the LSH framework: Applications in quantum simulation

Protecting local and global symmetries in simulating 1+1D non-Abelian
gauge theories

Phys. Rev. D

Symmetry protection protocol:

Emil Mathew and Indrakshi Raychowdhury
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Benefits of working in the LSH framework: Applications in quantum simulation

Already demonstrated for SU(2)

PHYSICAL REVIEW A 105, 023322 (2022)

Cold-atom quantum simulator for string and hadron dynamics in non-Abelian lattice gauge theory

Raka Dasgupta®!-" and Indrakshi Raychowdhury ©231
' Department of Physics, University of Calcutta, 92 A. P. C. Road, Kolkata 700009, India
2Maryland Center for Fundamental Physics and Department of Physics, University of Maryland, College Park, Maryland 20742, USA
3BITS-Pilani, K. K. Birla Goa Campus, Zuarinagar, Goa 403726, India

M (Received 11 October 2020; accepted 2 February 2022; published 22 February 2022)

We propose an analog quantum simulator for simulating real-time dynamics of (1 4 1)-dimensional non-
Abelian gauge theory well within the existing capacity of ultracold-atom experiments. The scheme calls for the
realization of a two-state ultracold fermionic system in a one-dimensional bipartite lattice, and the observation of
subsequent tunneling dynamics. Being based on the loop string hadron formalism of SU (2) lattice gauge theory,
this simulation technique is completely SU (2) invariant and simulates accurate dynamics of physical phenomena
such as string breaking and/or pair production. The scheme is scalable and particularly effective in simulating
the theory in the weak-coupling regime, and also a bulk limit of the theory in the strong-coupling regime up to
certain approximations. This paper also presents a numerical benchmark comparison of the exact spectrum and
real-time dynamics of lattice gauge theory to that of the atomic Hamiltonian with an experimentally realizable
range of parameters.

DOI: 10.1103/PhysRevA.105.023322
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Benefits of working in the LSH framework: Applications in quantum simulation

Already demonstrated for SU(2)

PHYSICAL REVIEW RESEARCH 2, 033039 (2020)

Analog Quantum Computation

Solving Gauss’s law on digital quantum computers with loop-string-hadron digitization

‘n0>$+1 o o |n0>w+1 . *
ns) ns) Indrakshi Raychowdhury
et et Maryland Center for Fundamental Physics and Department of Physics, University of Maryland, College Park, Maryland 20742, USA
0) — D 0)
; e | A v N2 e |4 L Jesse R. Stryker®'
0) [ne) g1 — 7 S 7 [ 7 102 ) 541 Institute for Nuclear Theory, University of Washington, Seattle, Washington 98195, USA
|no>:c |n0>33
i) I I ). M (Received 22 April 2020; accepted 4 June 2020; published 9 July 2020)
0) J) & & \JI;J 10) We show that using the loop-string-hadron (LSH) formulation of SU(2) lattice gauge theory (I. Raychowdhury
A A’ and J. R. Stryker, Phys. Rev. D 101, 114502 (2020)) as a basis for digital quantum computation easily solves
N+2 NA2 | — N1 — & N+2 N+2 . . ] . . .
0) [ne), —# # XON+2 CcT(2) XON+2 # # 10) [ne)., an important problem of fundamental interest: implementing gauge invariance (or Gauss’s law) exactly. We first
l discuss the structure of the LSH Hilbert space in d spatial dimensions, its truncation, and its digitization with
0) H H ) qubits. Error detection and mitigation in gauge theory simulations would benefit from physicality “oracles,”
S ——— S so we decompose circuits that flag gauge-invariant wave functions. We then analyze the logical qubit costs
) ) and entangling gate counts involved with the protocols. The LSH basis could save or cost more qubits than
QUbIt Cost AnaIySIS a Kogut-Susskind-type representation basis, depending on how the bases are digitized as well as the spatial
dimension. The numerous other clear benefits encourage future studies into applying this framework.
Qubit Cost Comparison (d = 2) . : _
00 = . [ Cubit Cos Comparioon (43 DOI: 10.1103/PhysRevResearch.2.033039
— K8 (Gemes jrmr) — K-S (jemesjrme) | |
%0 — K-S (j mr mg) K-S ( mz, ma) -
'E % 100
5 2
2 Z w0 Also upcoming results by Jesse Stryker, Alex Shaw and
Zohreh Davoudi, UMD
0 0
0 2 4 6 8 10 0 2 4 6 8 10
logz(7) log, ()



Benefits of working in the LSH framework: Applications in quantum simulation

Other ongoing works:

Tensor network calculations for non-Abelian gauge theories

Understanding entanglement structure
for non-Abelian gauge theories

Collaborators:

Aniruddha Bapat Niklas Mueller Zohreh Davoudi



* arXiv:2209.xxxx

We look forward to demonstrate all such advantages for SU(3)

LSH framework for arbitrary dimension:
Exists for SU(2)
To be developed for SU(3)
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Hamiltonian, describing dynamics of loops, strings and hadrons for SU(2)
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Hamiltonian, describing dynamics of loops, strings and hadrons: Identical spectrum to KS



Global symmetries of the LSH framework: SU(2)

LSH basis in 1 spatial dimension |nl,ni,n0>(x)

Vo

with local constraints

n; + ne(1l — ny;)
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The super-selection sectors of the LSH Hamiltonian are defined by:

1. Total fermionic occupation number:

Q) = Z nz ‘|‘no )]

For a IN-site lattice, the value of () can be any
integer between [0, 2NV].

2. The imbalance between incoming and outgo-
ing strings: relates to the boundary fluxes

N-—-1

g= ) [no(z) — ni(x)]

=0

For a particular () value, g can take any value
from —() to +() and defines different discon-
nected sectors of the larger gauge-invariant

LSH Hilbert space.

=n; + n;(1 — ny)

e Charge conjugation symmetry: 'The parti-
cle anti-particle symmetry of the theory identifies
(@, q) sector of the Hamiltonian to the (Q, —q) sec-

tor.



Global symmetries of the LSH framework: SU(3)
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The super-selection sectors of the LSH Hamiltonian are defined by:

2_:1/2-(7“) , il/m(’r) , il/o(r).

Or equivalently by:

L—-1 L—1 L—1

Q: [V,i(T)—FVm(T)—FVO(T’)] Pout — Z(Vm('r)—l/i(’f')) 9 Qout — Z(VO(T)_Vm(T))

r=0 r=0 r=0



SU(2) LSH framework in d > 1

T2

a'(2)

Local Loop Operator: gl‘.]ﬁ = ea‘ﬂa;(i)aﬂT (J)

Pictorial representation: 5
L ;
Overcomplete I ‘ ‘ /

3 physical d.o.f = 2 x 3 (local loop quantum numbers in 2d)
- 3( Abelian Gauss’ law constraint)

+ 0 (Mandelstam constraint )

3 physical d.o.f = 6 (local loop quantum numbers in 2d)
- 2( Abelian Gauss’ law constraint along 2 link directions)

-1 (Mandelstam constraint)

- L -
S S - Generalized for arbitrary dimension!




Matter-Gauge interactions
are same as in 1d




FIG. 7. Connectivity of a xy-plaquette in three dimensions.
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o Matter-Gauge interactions are same as in 1+1d

FIG. 8. Connectivity of a yz-plaquette in three dimensions.

S ————— NS FIG. 9. Connectivity of a zx-plaquette in three dimensions. 9 Pure gauge |nter‘act|ons are same as |n 2+1 d




