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Introduction

Iwasawa main conjecture relates analytic objects (p-adic L-functions) and
algebraic objects (characteristic ideal of p-Selmer groups).

Iwasawa main conjecture for GL1 : Relates Kubota-Leopoldt p-adic L-function
and p-part of class groups in the cyclotomic tower. Proved by Mazur-Wiles,
Wiles.

Iwasawa main conjecture for modular forms (GL2)
1 Kato proved one divisibility characteristic polynomial divides p-adic L-function.
2 Other divisibility in most cases proved by Skinner-Urban.

Iwasawa main conjecture for Rankin-Selberg L-function (GL2 ×GL2)
1 One divisibility proved by Lei-Loeffler-Zerbes, Kings-Loffler-Zerbes.
2 Other divisibility in a some cases was shown by X.Wan.

Still not proved in wide generality.

In this talk we approach Iwasawa main conjecture for Rankin-Selberg
L-function via congruences.
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Rankin-Selberg L-function

Let f =
∑
a(n, f)qn ∈ Sk(Γ0(N), η) and g =

∑
a(n, g)qn ∈ Sl(Γ0(J), ψ)

with 2 ≤ l < k. The Rankin-Selberg L-function of f ⊗ g is defined as

DJN (s, f, g) := LJN (2s+ 2− k − l, ψη)

∞∑
n=1

a(n, f)a(n, g)n−s,

where LJN (2s+ 2− k − l, ψη) denotes the Dirichlet L-function of ψη with
the Euler factors at the primes dividing JN omitted from its Euler product.

By a result of Shimura, for 0 ≤ j ≤ k − l − 1, we have

DJN (l + j, f, g)

(2πi)j⟨f, f⟩N
∈ Q̄.

For a character φ, let µg(φ)(z) = (g|φ)(z) :=
∑
φ(n)a(n, g)qn.
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p-adic Rankin-Selberg L-function

For a p-ordinary cusp form f , let f0 be the p-stabilization of f with a(p, f0) is a
p-adic unit.

Theorem (H. Hida)

Let f ∈ Sk(Γ0(N), η;K) be a normalised p-ordinary eigenform with p ∤ N and
g ∈Ml(Γ1(Jp

α)) with k > l ≥ 2 and p ∤ J . Assume that the map T (n) 7→ a(n, f)
induces the decomposition hk(Γ0(N), η;K) = K ⊕X. For every finite order
character ϕ ∈ C(Z×

p , Q̄p) and 0 ≤ j ≤ k − l − 1, we have

µf×g(x
j
pϕ) = c(f0)tp

βl/2pβjp(2−k)/2a(p, f0)
1−β DJNp(l + j, f0, µgρ(ϕ

−1)|lτJpβ )

(2i)k+l+2jπl+2j+1⟨fρ
0 |kτNp, f0⟩Np

,

where β is the smallest positive integer s.t. µgρ(ϕ−1) ∈Ml(Γ1(Jp
β)) and

τJpβ =
(

0 1
Jpβ 0

)
.
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Setup

f ∈ Sk(Γ0(N), η) be a p-ordinary newform with p ∤ N . Assume

(i) ρ̄f is irreducible i.e. Tf/π is an irreducible GQ-module.

(ii) f is p-distinguished ρ̄f |Gp
∼=

(
ϵp ∗
0 δp

)
with ϵp ̸= δp.

h ∈ Sl(Γ0(I0p
t), ψ) be a p-ordinary eigenform with p ∤ I0 and 2 ≤ l < k.

Assume ρ̄h is reducible (i.e. p is an Eisenstein prime). More precisely

0 → O
π
(ξ̄1) →

Th
π

→ O
π
(ξ̄2) → 0 with ξ̄2 unramified at p.

M = cond(ξ̄1)cond(ξ̄2) and M0 is prime to p-part of M .

M := {r is prime : r | I0/M0, r
2 |M0} and m :=

∏
r∈M r.

Let L be a number field containing a(n, f), a(n, h) and values of η, ψ. Let π
be a uniformizer of the ring integers of Lp.

ΣK = {primes of K : q | pNI0∞} and ΣK
0 = {primes dividing of K : q | m}.
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Congruence with an Eisenstein Series

Let ξ1 and ξ2 be the Teichmüller lift of ξ̄1 and ξ̄2 respectively.

Let g(z) := El(ξ1ω
1−l
p , ξ2) ∈Ml(Γ0(M), ξ1ξ2ω

1−l
p ). Then

(i) a(n, g) =
∑

d|n ξ1ω
1−l
p (n/d)ξ2(d)d

l−1 for n ≥ 2.

(ii) g is p-ordinary, p-minimal and ρ̄g ∼= ξ̄1 ⊕ ξ̄2.

(iii) L(s, g) = L(s− l + 1, ξ1ω
1−l
p )L(s, ξ2).

Lemma

We have h|ιpm ≡ g|ιpm mod π. As a consequence, we following congruence of
p-adic L-functions µf |ιm×h|ιm ≡ µf |ιm×g|ιm mod π.
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Relating Special values

Proposition

Let f̃0 = f0|ιm, g = El(ξ1ω
1−l
p , ξ2), W (gρ|ϕ̄) be the root number of gρ|ϕ̄ and

0 ≤ j ≤ k − l − 1. There exists a p-adic unit c(m) such that

(i) For trivial character ιp, we have β = 2 and

pβ(l+2j)/2DM0mNp(l + j, f̃0, µgρ|ιm(ιp)|τM0m2pβ ) =

ps(l+2j)/2W (gρ)c(m)uβ−s
f Pp(g

ρ, pju−1
f )L(j + 1, f̃0, ξ2)L(l + j, f̃0, ξ1ω

1−l
p ).

(ii) For a non-trivial finite order character ϕ on Z×
p with (ξ1ω

1−l
p ϕ)0(p) = 0, we

have pβ = condp(ξ1ω
1−l
p ϕ)condp(ξ2ϕ) and

DM0mNp(l + j, f̃0, µgρ|ιm(ϕ̄)|τM0m2pβ ) =

W (gρ|ϕ̄)c(m)L(j + 1, f̃0, ξ2ϕ)L(l + j, f̃0, ξ1ω
1−l
p ϕ).
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Congruence of p-adic L-functions

Recall Σ0 = {primes dividing m}.

Theorem A

Let f ∈ Sk(Γ0(N), η) be a p-ordinary newform with p ∤ N . Let h be a p-ordinary
eigenform and (Th/π)

ss ∼= ξ̄1 ⊕ ξ̄2. Assume that

(i) ρ̄f is irreducible i.e. Tf/π is an irreducible GQ-module.

(ii) f is p-distinguished ρ̄f |Gp
∼=

(
ϵp ∗
0 δp

)
with ϵp ̸= δp.

(iii) T (n) 7→ a(n, f̃0) induces the decomposition hk(Γ0(Nf̃0
), ηιm;K) ∼= K ⊕X.

Then for l − 1 ≤ j ≤ k − 1, we have the following congruence in Zp[[T ]]

(LΣ0

p,f⊗h,j) ≡ (LΣ0

p,f,ξ1,j
)(LΣ0

p,f,ξ2,j
) mod πZp[[T ]].
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Some notations

p ≥ 5 be a prime.

For a field K, GK = Gal(K̄/K).

Gp = Gal(Q̄p|Qp) = decomposition group and Ip = inertia group at p.

χp : GQ → Z×
p be the p-adic cyclotomic character.

ωp := GQ
χp−−→ Z×

p → µp−1 be the Techimüller character.

Qcyc be the cyclotomic Zp-extension of Q, i.e., Qcyc ⊂ ∪∞
n=1Q(ζpn) and

Γ := Gal(Qcyc/Q) ∼= Zp. We have Zp[[Γ]] ∼= Zp[[T ]].

For a discrete module Zp[[Γ]]-module M , let M∨ := Homcont(M,Qp/Zp).

Let (ρf , Vf ) be the p-adic Galois representation attached to f . Let Tf ⊂ Vf
be a GQ-stable lattice.
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Selmer groups

Vf (φ) = Vf ⊗ φ (∼= L⊕2
p ), Af (φ) =

Vf (φ)
Tf (φ) and A−

f (φ) =
V −
f (φ)

T−
f (φ)

(∼= Lp

O ).

Vj = Vf ⊗ Vh ⊗ χ−j
p , Aj =

Vj

Tj
= Th(χ

−j
p )⊗Af and A−

j = Th(χ
−j
p )⊗A−

f .

For Bj ∈ {Af (φχ
−j
p ), Aj} and r ≥ 0. Define

SGr(Bj [π
r]/K) := Ker

(
H1(GΣ(K), Bj [π

r]) →
∏
v∈Σ

H1(Kv, Bj [π
r])

H1
Gr(Kv, Bj [πr])

)
,

where Σ = {primes of K : q | pNI0, q | ∞}, GΣ(K) = Gal(KΣ/K).

SΣ0

Gr (Bj [π
r]/K) := Ker

(
H1(GΣ(K), Bj [π

r]) →
∏

v∈Σ\Σ0

H1(Kv,Bj [π
r])

H1
Gr(Kv,Bj [πr])

)
.

SGr(Bj [π
r]/Qcyc) := lim−→

n

SGr(Bj [π
r]/Qn), where Qn = QΓpn

cyc .

Lemma

If H0(GQn , Bj) = 0, then the natural map SΣ0

Gr (Bj [π]/Qn) → SΣ0

Gr (Bj/Qn)[π] is

an isomorphism. Hence SΣ0

Gr (Bj [π]/Qcyc) ∼= SΣ0

Gr (Bj/Qcyc)[π].
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Exact sequence of Selmer groups

Theorem

Let (N,M0) = 1 and ψ|Icyc,v has order co-prime to p for all v | pI0. Assume that

ρ̄f is an irreducible GQ-module, (Th/π)
ss ∼= ξ̄1 ⊕ ξ̄2, S

Σ0

Gr (Aj/Qcyc)
∨ is a f.g.

torsion O[[Γ]]-module and H2(QΣ/Qcyc, Af (ξ1χ
−j
p )[π]) = 0. If (p− 1) | j, then

assume that ρ̄h|Icyc,v ∼= ξ̄1 ⊕ ξ̄2 whenever H0(GQcyc,v
, A−

f (ξ2)[π]) ̸= 0 for all v | p.
Then we have the following exact sequence

0 → SΣ0
Gr (Af (ξ1χ

−j
p )[π]/Qcyc) → SΣ0

Gr (Aj [π]/Qcyc) → SΣ0
Gr (Af (ξ2χ

−j
p )[π]/Qcyc) → 0.

As a consequence, we have

0 →
SΣ0
Gr (Af (ξ2χ

−j
p )/Qcyc)

∨

π
→ SΣ0

Gr (Aj/Qcyc)
∨

π
→

SΣ0
Gr (Af (ξ1χ

−j
p )/Qcyc)

∨

π
→ 0.

Furthermore, SΣ0
Gr (Af (ξ1χ

−j
p )/Qcyc)

∨, SΣ0
Gr (Aj/Qcyc)

∨ and SΣ0
Gr (Af (ξ2χ

−j
p )/Qcyc)

∨

have no non-zero pseudo-null submodules.
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Congruence of the characteristic ideals

For a f.g. torsion O[[Γ]]-module M , let CO[[Γ]](M) denote the characteristic
ideal.

Theorem B
We keep the hypotheses and setting as in the previous theorem. For
l − 1 ≤ j ≤ k − 2, we have

CO[[Γ]]

(
SΣ0

Gr (Aj/Qcyc)
∨
)
= CO[[Γ]]

(
SΣ0

Gr (Af (ξ1χ
−j
p )/Qcyc)

∨
)
CO[[Γ]]

(
SΣ0

Gr (Af (ξ2χ
−j
p )/Qcyc)

∨
)
mod π.
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Iwasawa main conjecture modulo π

Theorem (Jha, Shekhar, V)

Under the hypotheses of Theorems A,B and the Iwasawa main conjecture holds for

f ⊗ ξi we have CO[[Γ]]

(
SGr(Aj/Qcyc)

∨
)
≡ (Lp,f⊗h,j) mod π.

Sketch of the proof

Theorem A =⇒ (LΣ0

p,f⊗h,j) ≡ (LΣ0

p,f,ξ1,j
)(LΣ0

p,f,ξ2,j
) mod π.

Theorem B =⇒ CO[[Γ]]

(
SΣ0

Gr (Aj/Qcyc)
∨
)
=

CO[[Γ]]

(
SΣ0

Gr (Af (ξ1χ
−j
p )/Qcyc)

∨
)
CO[[Γ]]

(
SΣ0

Gr (Af (ξ2χ
−j
p )/Qcyc)

∨
)
mod π.

If Iwasawa main conjecture holds for a modular form, i.e.

(LΣ0

p,f,ξi,j
) ≡ CO[[Γ]]

(
SΣ0

Gr (Af (ξiχ
−j
p )/Qcyc)

∨
)
then

CO[[Γ]]

(
SΣ0

Gr (Aj/Qcyc)
∨
)
≡ (LΣ0

p,f⊗h,j) mod π.
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Example

p = 11 and f = ∆12 ⊗ χK where K = Q(
√
−23).

h ∈ S2(Γ0(23)) (LMFDB label 23.2.a).

a(n, h) ≡ a(n, g′) mod p where g′(z) = E(1p, 1)(z) = E2(z)− 23E2(23z)
and p = (11, 4−

√
5).

m = 1 and ρ̄h ≡ 1⊕ ωp.

Vanishing of µ-invariant and Iwasawa main conjecture can be checked for the
twist of f .

Hence Iwasawa main conjecture modulo π holds for f ⊗ h.
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Thank You!
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