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Spin transportTransport in interacting quantum systems
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• Different pictures/setups: open (reservoirs), linear response to local 
perturbation, Kubo formula, …

jNESS ⇠ 1/Lz�1
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x ⇠ t1/z

• Expected behavior:  

• Diffusive:                         , finite d.c. conductivity, j = �Drm
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z = 2
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• Ballistic:                                         , finite Drude weight,  z = 1
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• Anomalous diffusion                                        
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FIG. 1: An Interacting spin model with random disor-
der (a) Directly measured elements of the spin-spin coupling
matrix Jij (Eq. (1)). The long range interactions decay as
Jmax/r

1.13. (b) A specific instance of the random disordered
field with a schematic illustration of the long-range interac-
tions and (c) the random values of the disordered field for all
30 instances of disorder for several di↵erent disorder strengths
and for each ion. (d) The level statistics calculated from the
measured spin-spin coupling matrix (a) and applied disorders
(c) are Poisson-distributed (black line is the expected level
spacings for a Poisson distribution), as predicted for a MBL
system.

between 0.95 and 1.81, although for most of the data
↵ ⇡ 1.13. Moreover, we directly measure the complete
spin-spin coupling matrix (Fig. 1a), demonstrating the
long-range interactions required to exhibit MBL.

The site-specific programmable disorder term Di is
sampled from a uniform random distribution with Di 2

[�W,W ]. The disorder is generated by site-dependent
laser-induced Stark shifts (Methods), which also allow
for preparation of the system into any desired product
state. To ensure we observe the general behavior of the
disordered Hamiltonian, we average over 30 distinct ran-
dom instances of disorder (Fig. 1b-c), which leads to a
sampling error that is smaller than the features of interest
in the data.

An important signature of the MBL phase is mani-
fested in the spectral statistics of adjacent energy levels
of the Hamiltonian. In a thermalizing phase, these en-
ergy splittings follow random-matrix level statistics due
to level repulsion. However, in the MBL phase, this
level repulsion is greatly suppressed since eigenstates typ-
ically di↵er by multiple spins flips. As a result, the level
spacing between adjacent energy eigenvalues are Poisson-
distributed [8, 9]. Using our directly measured spin-spin
couplings and applied realizations for the strongest ex-

perimental disorder W = 8Jmax and B = 4Jmax, we cal-
culate the distribution of adjacent energy level splittings
and find them to be Poisson-distributed, as expected for
a MBL state (Fig. 1d).
Before searching for evidence of localization in the sys-

tem’s time evolution, we first find parameters that cause
the measured state to thermalize in the absence of disor-
der. We increase the transverse field B and look for con-
ditions that result in the single-site magnetization along
two orthogonal directions approaching and remaining at
their thermal equilibrium values (Methods).
Figure 2a shows the measured dynamics of h�

z

i
i for

B = 4Jmax and Di = 0 with the spins initialized in the
Néel ordered state, |"#"#"#"#"#i

z
along the z-direction.

This configuration has an energy equivalent to an infinite
temperature thermal state, since the expectation value of
the Hamiltonian is zero. At long times, each expectation
value �z

i
approaches zero, losing memory of the initial or-

dering. As the transverse field B is increased, the system
appears to thermalize more quickly and the level statis-
tics approach those of random matrices rather than Pois-
sonians, as expected for a generic thermodynamic system
(Methods).
When B � J , the Hamiltonian is e↵ectively an XY

model [18, 19] and conserves
P

i
�
z

i
, because Ising pro-

cesses that flip spins along the large field are energetically
forbidden. Thus, being in a spin configuration with half
of the spins up and half of the spins down maximizes the
accessible energy states. In addition, the Neél state is
never an eigenstate, even for B � J and W � J , since
the uniform B field at each site still allows spin exchange
in the z -basis.
If a system is thermal, the Eigenstate Thermalization

Hypothesis (ETH) provides a general framework where
observables reach the value predicted by the microcanon-
ical ensemble [20–22]. This allows us to calculate the
expected thermal value of the reduced density matrix
given the Hamiltonian and an initial state (Methods).
To further establish that the system is thermalizing,
we measure the reduced density matrix for each spin,
⇢i =Tr{j 6=i}⇢, without applied disorder and B = 4Jmax

as shown in Fig. 2a. In our experiment, the spins are
initially prepared in a product state with high fidelity.
However at long times, the measured reduced density
matrices show that each of the spins are very close to
the zero magnetization mixed state, implying the system
has locally thermalized.
We apply the random disordered potential, Di 6= 0,

and observe the emergence of MBL as we increase the
strength of disorder. Since the many-body eigenstates
in the MBL phase are not thermal, transport of energy
and spins is suppressed, and ETH fails. Thus, observ-
ables will not relax to their thermal values [9] and there
will be memory of the initial conditions evident in the
single-site magnetization. When starting in the Neél or-
dered state, Fig. 2b-f shows the time evolution of �z

i
for

Smith et al, Monroe group ‘15

Lukin et al, Greiner group ‘18

2

2 4 6 8 10
0.9

1.0

1.1

1.2

1.3

1.4

Disorder strength W (J)

S
in
gl
e-

si
te
en
tro

py
S
vN(1
)

thermal prediction

0.3

0.4

0.5

0.6

0.7

5 10
W (J)

P
n=

1

t = 100�

10-1 100 101 102
0.0

0.5

1.0

1.5

Evolution time t (�)

S
in
gl
e-

si
te
en
tro

py
S
vN(1
)

Thermal (W � 1.0J)

MBL (W � 8.9J)

J

W

U 1 0 2 1 1 1 0 2

Physical model Mott insulator 1xN initial state

atoms no atoms

Initial state Quench Time evolution Pinning Readout

45Er 8Er 8Er
45Er

0

0.2

0.4

0.6

0 1 2 3 4 5
Site occupation

P
n

A B C

D E

FIG. 2. Site-resolved measurement of thermalization breakdown. (A) One-dimensional Aubry-André model with
particle tunneling at rate J/~, on-site interaction energy U and quasi-periodic potential with amplitude W . (B) We prepare
the initial state of eight unentangled atoms by projecting tailored optical potentials on a two-dimensional Mott insulator at
45Er lattice depth, where Er/h = 1.24 kHz is the recoil energy. (C) We create a non-equilibrium system by abruptly enabling
tunneling dynamics. Following a variable evolution time, we project the many-body state back onto the number basis by
increasing the lattice depth, and obtain the site-resolved atom number from a fluorescence image (SI). (D) We compute the

single-site von Neumann entropy S(1)
vN from the site-resolved atom number statistics (inset) after di↵erent evolution times (scaled

with tunneling time ⌧ = ~/J) in the presence of weak and strong disorder. (E) Probability p1 to retrieve the initial state

(inset) and S(1)
vN for di↵erent W , measured after 100⌧ evolution. The deviation from the thermal ensemble prediction for strong

disorder signals the breakdown of thermalization in the system. All lines in (C-D) show the prediction of exact diagonalization
calculations without any free parameters. Each data point is sampled from 197 disorder realizations (SI). Error bars denote
the s.e.m.

entanglement changes in the presence or absence of in-
teractions and disorder in the system (Fig. 1B). In ther-
mal systems without disorder, interacting particles de-
localize and rapidly create both types of entanglement
throughout the entire system. Contrarily, for Anderson
localization, number entanglement builds up only locally
at the boundary between the two subsystems. Here the
lack of interactions prevents the substantial formation of
configurational entanglement. In MBL systems, number
entanglement builds up in a similarly local way as for
Anderson localization. However, notably, the presence
of interactions additionally enables the slow formation of
configurational entanglement throughout the entire sys-
tem.

In this work, we realize an MBL system and character-
ize these key properties: breakdown of quantum thermal-
ization, finite localization length of the particles, area-law
scaling of the number entanglement, and slow growth of
the configurational entanglement that ultimately results
in a volume-law scaling. Each property shows a contrast-
ing behavior when the system is prepared at weak disor-
der in a thermalizing state. While the former three prop-
erties are also present for an Anderson localized state,
the slowly growing configurational entanglement qualita-
tively distinguishes our system from a non-interacting,

localized state.

EXPERIMENTAL SYSTEM

In our experiments, we study MBL in the interacting
Aubry-André model for bosons in one dimension [31, 32],
which is described by the Hamiltonian

Ĥ =� J
X

i

⇣
â†i âi+1 + h.c.

⌘

+
U

2

X

i

n̂i (n̂i � 1) +W
X

i

hin̂i,
(1)

where â†i (âi) is the creation (annihilation) operator for

a boson on site i, and n̂i = â†i âi is the particle number op-
erator on that site. The first term describes the tunneling
between neighboring lattice sites with the rate J/~, where
~ is the reduced Planck constant. The second term rep-
resents the energy shift U when multiple particles occupy
the same site. The last term introduces a site-resolved
potential o↵set, which is created with an incommensurate
lattice hi = cos (2⇡�i+ �) of period � ⇡ 1.618 lattice
sites, phase �, and amplitude W . In our experiment, we
achieve independent control over J , W , and � (Fig. 2A).

Many-body  
  Localization

Conventional Hydrodynamics breaks down (Long time tails in 
Galilean-invariant gases)



Superdiffusion

x ⇠ t1/z

function via Green–Kubo linear response theory. In case of
diffusive transport, the spin density satisfies the diffusion
equation. This notion of diffusion does not necessarily
correspond to De Gennes phenomenological theory of spin
diffusion which, under much stronger assumptions, in 1D
implies 1/

!!
t
p

dependence of local spin density autocorrelation
function23,24.

We evolved the initial state r(0) (3) up to long times
(of order tE160) and set large enough n so that there was no
significant finite size effects. From the data we then infer the
exponent a using equation (4), see Fig. 2a,b for representative
plots. Dependence of the exponent a on D is summarized in
Fig. 2c. While the transport is found to be ballistic for Do1,
expectedly so for the integrable system, also known rigorously16,
at DZ1 we find rather clear non-ballistic relaxation. In particular,
at D! 1 it is super-diffusive while for D41 the transport is
diffusive, observed in driven steady-state setting25,26 as well as in
the Hamiltonian one24,27–30. At D! 1 we also observe small
dependence of a on m. While for small m, that is, small deviations

from an infinite temperature state rB1, the exponent is close to
2/3, closer to pure state m! 1 it appears to be closer to E3/5
(we note that a different numerical procedure is used in the two
regimes, see Methods).

Scaling functions. The scaling of the transferred magnetization
unequivocally shows a surprising non-ballistic transport in an
integrable system which, however, has been observed and
discussed before in related contexts, namely within local quench
and linear response theory24,27–30 and boundary driven Lindblad
approach25,26. But here we can do still more. In Fig. 3 we
demonstrate that the spin profiles can be described by a function
of a single-scaling variable x/ta—profiles at large times collapse
to a single curve. In addition, the profiles of current and
magnetization are proportional to each other at different times
(Fig. 3c,d), therefore validating Fick’s law j! "Drs where the
behaviour of the diffusion constant D with respect to the
anisotropy D is shown in the inset of Fig. 2c. This comes as no
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Figure 1 | Dynamics of spin and current densities. Time evolution of spin density s#x; t$! tr#r#t$s#3$x $ (a,b) and current (c,d) profile j(x, t)! tr(r(t)jx) for
the isotropic point D! 1 (a,c), and D! 2 (b,d), following an inhomogeneous quench. One can see that the spreading is much faster for D! 1, in both cases
though it is slower than ballistic. Dashed green curves guide the eye towards scaling xBt2/3 in a, and xBt1/2 in (b). Data are shown for n! 320 and small
initial polarization m! p/1,800.
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symmetry of spin interaction can have a profound con-
sequence on the nature of spin transport on sub-ballistic
time scales irrespectively of integrability.

Spin di↵usion constant from integrability. Let
Ĥ be a spin-chain Hamiltonian with the conserved to-
tal magnetization Ŝz =

P
i ŝz

i . The linear-response spin
di↵usion constant D is computed as the spatio-temporal
integrated spin current autocorrelation function [44, 45],

D(T, h) =
1

T�h(T, h)

Z 1

0
dt

⇣⌦
Ĵ(t)ĵ0(0)

↵
T,h

�D

⌘
, (1)

where Ĵ =
P

i ĵi is the total spin current with density
ĵi at site i, h•iT,h corresponds to the equilibrium aver-
age with respect to the grand-canonical Gibbs ensem-
ble %̂GC(T, h) ' exp (�(Ĥ � hŜz)/T ), while �h(T, h) =
�@2f(T, h)/@h2 is the static spin susceptibility, where
f(T, h) = �T log Tr(%̂GC(T, h)), and D(T, h) is the spin
Drude weight which has been subtracted in order to
ensure that D(T, h) is well-defined. The spin Drude
weight is defined as the large-time limit of the spatially-
integrated current-current correlator in Eq. (1), and is
generically finite in integrable systems. However, in
a non-magnetized sector (i.e. at half-filling h = 0)
which is of our interest here, D(T, 0) = 0 essentially
due to particle-hole symmetry of local conservation laws
[27, 46, 47]. This is in agreement with the prediction of
the semi-classical theory [8].

The task of computing the exact di↵usion constants
in integrable models remains, on the other hand, a chal-
lenging open question. Just very recently, exact explicit
expression for the di↵usion matrix in a general equilib-
rium state has been derived in [33] using the thermal form
factor expansion and in [34] within the kinetic theory ap-
proach. In this work, we employ the general formula for
the exact spin di↵usion constant obtained in [33, 34].
Here we specifically examine the vicinity of the half-filled

equilibrium states where, remarkably, we found that the
formula further simplifies and in fact exactly coincides
with the curvature of the zero-frequency noise (or Drude
self-weight) [28, 48],

D
self(T, h) = 2

Z 1

0
dt
⌦
ĵ0(t)ĵ0(0)

↵
T,h

, (2)

with respect to the magnetization ⌫(T, h) ⌘ 4T hŜz
iT,h,

D ⌘ D(T, 0) =
@2

D
self(T, ⌫)

@⌫2

���
⌫=0

. (3)

The obtained expression can alternatively by viewed as
the optimized di↵usion-lower derived in [49]. We note
that Eq. (3) remains valid also for small h, up to correc-
tions of the order O(h2). The spin di↵usion constant can
accordingly be expressed in terms of equilibrium state
functions via the hydrodynamic mode resolution

D =
X

s

Ds, (4)

t1/3
<latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit><latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit><latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit><latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit>

t1/3
<latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit><latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit><latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit><latexit sha1_base64="HU8rlNYjpmHyTQYhoKIX6yw6UDE=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQTFfRY9OKxgv2ANpbNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrfTeuuJayNi9YDjhPsRHSgRCkbRWi18zLyzi0mvXHGr7kxkGbwcKpCr3it/dfsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342W3dCTqzTJ2Gs7VNIZu7viYxGxoyjwHZGFIdmsTY1/6t1Ugyv/UyoJEWu2PyjMJUEYzK9nfSF5gzl2AJlWthdCRtSTRnahEo2BG/x5GVonlc9y/eXldpNHkcRjuAYTsGDK6jBHdShAQxG8Ayv8OYkzovz7nzMWwtOPnMIf+R8/gCqn48d</latexit>

S = 1/2
<latexit sha1_base64="vRvKOBbuSEcgtS5/UZpqOZUfajo=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInupuEfQiFL14rOi2hXYp2XS2Dc1mlyQrlNLf4MWDIl79Qd78N6btHrT1hcDDOzNk5g1TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHDZ0kimGPktEoloh1Si4RN9wI7CVKqRxKLAZDm+n9eYTKs0T+WhGKQYx7UsecUaNtfyHa++82i2V3Yo7E1kGL4cy5Kp3S1+dXsKyGKVhgmrd9tzUBGOqDGcCJ8VOpjGlbEj72LYoaYw6GM+WnZBT6/RIlCj7pCEz9/fEmMZaj+LQdsbUDPRibWr+V2tnJroKxlymmUHJ5h9FmSAmIdPLSY8rZEaMLFCmuN2VsAFVlBmbT9GG4C2evAyNasWzfH9Rrt3kcRTgGE7gDDy4hBrcQR18YMDhGV7hzZHOi/PufMxbV5x85gj+yPn8AX4xjc4=</latexit><latexit sha1_base64="vRvKOBbuSEcgtS5/UZpqOZUfajo=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInupuEfQiFL14rOi2hXYp2XS2Dc1mlyQrlNLf4MWDIl79Qd78N6btHrT1hcDDOzNk5g1TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHDZ0kimGPktEoloh1Si4RN9wI7CVKqRxKLAZDm+n9eYTKs0T+WhGKQYx7UsecUaNtfyHa++82i2V3Yo7E1kGL4cy5Kp3S1+dXsKyGKVhgmrd9tzUBGOqDGcCJ8VOpjGlbEj72LYoaYw6GM+WnZBT6/RIlCj7pCEz9/fEmMZaj+LQdsbUDPRibWr+V2tnJroKxlymmUHJ5h9FmSAmIdPLSY8rZEaMLFCmuN2VsAFVlBmbT9GG4C2evAyNasWzfH9Rrt3kcRTgGE7gDDy4hBrcQR18YMDhGV7hzZHOi/PufMxbV5x85gj+yPn8AX4xjc4=</latexit><latexit sha1_base64="vRvKOBbuSEcgtS5/UZpqOZUfajo=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInupuEfQiFL14rOi2hXYp2XS2Dc1mlyQrlNLf4MWDIl79Qd78N6btHrT1hcDDOzNk5g1TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHDZ0kimGPktEoloh1Si4RN9wI7CVKqRxKLAZDm+n9eYTKs0T+WhGKQYx7UsecUaNtfyHa++82i2V3Yo7E1kGL4cy5Kp3S1+dXsKyGKVhgmrd9tzUBGOqDGcCJ8VOpjGlbEj72LYoaYw6GM+WnZBT6/RIlCj7pCEz9/fEmMZaj+LQdsbUDPRibWr+V2tnJroKxlymmUHJ5h9FmSAmIdPLSY8rZEaMLFCmuN2VsAFVlBmbT9GG4C2evAyNasWzfH9Rrt3kcRTgGE7gDDy4hBrcQR18YMDhGV7hzZHOi/PufMxbV5x85gj+yPn8AX4xjc4=</latexit><latexit sha1_base64="vRvKOBbuSEcgtS5/UZpqOZUfajo=">AAAB7HicbZBNSwMxEIZn/az1q+rRS7AInupuEfQiFL14rOi2hXYp2XS2Dc1mlyQrlNLf4MWDIl79Qd78N6btHrT1hcDDOzNk5g1TwbVx3W9nZXVtfWOzsFXc3tnd2y8dHDZ0kimGPktEoloh1Si4RN9wI7CVKqRxKLAZDm+n9eYTKs0T+WhGKQYx7UsecUaNtfyHa++82i2V3Yo7E1kGL4cy5Kp3S1+dXsKyGKVhgmrd9tzUBGOqDGcCJ8VOpjGlbEj72LYoaYw6GM+WnZBT6/RIlCj7pCEz9/fEmMZaj+LQdsbUDPRibWr+V2tnJroKxlymmUHJ5h9FmSAmIdPLSY8rZEaMLFCmuN2VsAFVlBmbT9GG4C2evAyNasWzfH9Rrt3kcRTgGE7gDDy4hBrcQR18YMDhGV7hzZHOi/PufMxbV5x85gj+yPn8AX4xjc4=</latexit>

S = 1
<latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit><latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit><latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit><latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit>

�(t)
<latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit>

�(t)
<latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit>
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FIG. 1. Time-dependent spin conductivity (in units of ex-
change coupling J) for the isotropic gapless Heisenberg spin
S = 1/2 (left) and the spin S = 1 (right) (non-integrable)

gapped chain at half-filling h = 0, displayed for several di↵er-
ent temperatures (increasing from top to bottom) computed
using tDMRG simulations. Both cases exhibit an algebraic
law �(t) ⇠ t1/3, indicating that the spin super-di↵usion is
unrelated to the spectral gap and integrability of the model.

with Ds =
R dps(✓)

2⇡ ns(✓)[1�ns(✓)]⇥|ve↵
s (✓)|@2

⌫(mdr
s )2|⌫=0.

Here the integer label s runs over all distinct quasi-
particle species [19, 33], ns(✓) correspond to their (ther-
mal) Fermi occupation functions, ps(✓) are their e↵ective
(i.e. dressed) momenta parametrized by rapidity variable
✓, ve↵

s (✓) = @"s(✓)/@ps(✓) are the e↵ective (group) ve-
locities and finally mdr

s the dressed magnetization (spin)
with respect to a thermal background, see [47]. We will
now apply this formula to models with di↵erent particle
contents and in the low temperature regime.
Non-integrable isotropic antiferromagnetic

chains. We now consider the low-temperature spin
dynamics in generic antiferromagnetic spin chains with
isotropic spin interactions. For definiteness, we focus
on the SU(2)-symmetric Heisenberg spin-S chains
ĤS = J

P
i ŝi · ŝi+1, with ŝ · ŝ = S(S + 1). In the large-S

limit, the e↵ective low-energy action which describes the
evolution of the staggered and ferromagnetic fluctuations
ŝi ⇡ S(�1)in̂ + m̂ yields a non-abelian quantum field
theory known as the O(3) non-linear sigma model
(NLSM) [1, 2, 50]. In dimensionless units v = 2JS ! 1
and coupling parameter g = 2/S, the Hamiltonian reads,

Ĥ(⇥)
⌃ =

v

2

Z
dx


g
⇣
m̂ +

⇥

4⇡
@xn̂

⌘2
+

1

g
(@xn̂)2

�
, (5)

where ferromagnetic magnetization m̂ = n̂ ⇥ p̂ gen-
erates spatial rotations of the unit vector field n̂ =
(n̂x, n̂y, n̂z), with the canonically-conjugate momentum
p̂ = (1/g)@tn̂+(⇥/4⇡)n̂⇥@xn̂ and ⇥ = 2⇡S is the topo-
logical angle. For ⇥ 2 {0, ⇡} the O(3) NLSM model is
an integrable QFT with a completely factorizable scat-
tering matrix [51, 52]. Specifically, at ⇥ = 0 the model
yields the e↵ective low-energy theory for the staggered
(k ⇡ ⇡) and the ferromagnetic (k ⇡ 0) fluctuations in
the Haldane–gapped integer spin chains. The k ! 0

De Nardis, Medenjak, Karrasch & Ilievski, PRL ‘19
Integrable Non-Integrable! 
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C. KARRASCH, J. E. MOORE, AND F. HEIDRICH-MEISNER PHYSICAL REVIEW B 89, 075139 (2014)

FIG. 2. (Color online) Sz quench in the integrable model. Expansion of the spin and energy densities after preparing a local spin-wave
packet of size N0 = 4 at time t = 0 in the center of a (a), (b) gapless and (c), (d) gapped XXZ spin chain of total size N = 204 at infinite
background temperature. (a)–(c) and (d) exhibit ballistic and diffusive behavior, respectively.

in the spin density. These can be related to single excitations
split off the central block with full polarization in the initial
state (compare Refs. [47,93]).

Results for the spatial variances !" 2
# (t) are shown in

Fig. 4(a) for an Sz quench for three temperatures T = 0.2,1,!
at $ = 1.5. The inset shows the time dependence of the
logarithmic derivative

%# = d ln !" 2
# (t)

d(ln t)
. (10)

Energy always spreads ballistically with !" 2
e " t2, both for Sz

and T quenches [see the data shown in Figs. 4(a) and 4(b),
respectively]. For the spin density, we observe !" 2

s " t2 for
$ = 0.5 (not shown in the figures), while clear deviations
from this ballistic behavior emerge for $ = 1.5. In that case,
the logarithmic derivative decreases as a function of time,
indicating a crossover to diffusive dynamics. The cleanest
example is infinite temperature T = !. In that case, the
logarithmic derivative %s saturates close to %s ! 1 at the
longest times reached, suggestive of diffusive spin dynamics at

FIG. 3. (Color online) The same as in Fig. 2 but for T = 0.2. Note the structure in the density plots for the spin.

075139-4

DMRG data for the XXZ spin chain,  from Karrasch, Moore & Heidrich-Meisner ‘14

Spin diffusion coexisting with ballistic energy transport?
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@t
~S = ~S ⇥ @2

x
~S
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H =
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FIG. 1. Upper panel: given an external small magnetic field
h ⌧ 1, the quantum-classical mapping identifies quantum
eigenstates with large quantum numbers s / 1/h of magnons
with soliton waves in a classical Landau-Lifshitz magnet.
Lower panel: temperature (T )-dependent coe�cient of the
KPZ nonlinearity predicted by the self-consistent theoretical
approach, compared with numerical results from tDMRG (see
also caption of Fig. 2). At finite times, the spin profile is
not precisely of the KPZ functional form as in eq. (2); thus
the value of the inferred coe�cient largely depends on which
quantity one uses to extract to the KPZ prediction, either the
spin auto-correlation or its variance.

nian for a chain of size L + 1

Ĥ = J

L/2X

n=�L/2

~̂Sn ·
~̂Sn+1, (1)

with ~̂Sn = (Sx
n, Sy

n, Sz
n), and Ŝ↵

n denoting spin- 1
2 opera-

tors at site n. In what follows, we set J = 1. We focus on
the spin dynamical structure factor hŜz

n(t)Ŝz
0 (0)i in the

thermodynamic limit L ! 1, at thermal equilibrium
with finite temperature T > 0 and zero magnetic field.
There is now ample numerical evidence that the struc-
ture factor at late times t � 1 follows the KPZ scaling
form

hŜz
n(t)Ŝz

0 (0)i '
�

(�KPZ t)2/3
fKPZ

✓
n

(�KPZ t)2/3

◆
, (2)

where � =
PL/2

n=�L/2hŜ
z
n(0)Ŝz

0 (0)i is the static spin sus-

ceptibility, fKPZ is the KPZ scaling function [74, 75],
and �KPZ is the KPZ constant : a temperature and
model-dependent coupling parameter of the emergent
KPZ equation describing the hydrodynamics of the spin
field. The exponent 2/3 can be extracted from GHD via a
self-consistent argument [31–33], but the scaling function

and �KPZ cannot. Moreover, the framework of nonlinear
fluctuating hydrodynamics [76, 77], which has been used
to derive KPZ equations in other contexts, does not ap-
ply straightforwardly in this situation.

Recent numerical results [62], supplemented by the-
oretical arguments of refs. [34, 35], have presented evi-
dence that the same universal KPZ scaling also occurs
at finite temperatures in classical integrable spin chains
invariant under SO(3) rotations, whose continuum long-
wavelength theory is governed by the Landau-Lifshitz
(LL) equation

@t
~S = Jcl

~S ⇥ @2
x
~S, (3)

where ~S ⌘ ~S(x, t) is a classical spin field of unit length
|~S| = 1 on the continuum line x 2 R. In this light,
it is reasonable to expect that such emergent behavior
is a manifestation of a quantum-classical correspondence
where certain degrees of freedom in the quantum chain
are intrinsically classical in nature and behave according
to (3), as proposed, e.g., in Ref. [34].

Here, we isolate the excitations relevant for KPZ dy-
namics. Since these turn out to be bound states of ele-
mentary magnonic excitations whose size and quantum
numbers diverge as the local magnetization vanishes, we
dub them “giant quasiparticles”. Our picture, combined
with simple kinetic arguments, yields quantitative pre-
dictions for the �KPZ, and elucidates how a finite ther-
mal density of giant quasiparticles in the spectrum of the
quantum chain leads to a thermal gas of classical solitons
of the Landau-Lifshitz field theory (3).
Computing the KPZ constant . The KPZ cou-

pling constant of the quantum Heisenberg model can be
computed from the following procedure. First, we con-
sider a thermal Gibbs state with the addition of a small
magnetic field 2h, which introduces the additional term
�2hT

P
i Ŝz

i to Ĥ. Given that the model (1) is inte-
grable, spin dynamics splits into two channels; a ballis-
tic piece with spectral (Drude) weight vanishing at zero
field, and a di↵usive part with spin di↵usion constant
diverging as D(h) = D0/h in the h ! 0 limit [32, 33].
Both transport coe�cients admit closed-form expressions
as sums over quasiparticles, labelled by a discrete la-
bel s � 1 (pertaining to the quantized magnetization
of magnon excitations) and a continuous rapidity label
✓ 2 (�1, 1) which parametrizes their quasimomenta
ps(✓). The spin di↵usion constant assumes a spectral
decomposition [32, 52, 78, 79]

D =
X

s�1

Z 1

�1
d✓ Ds(✓), (4)

which we will use below to determine D0.
The second step of our procedure consists of regu-

larizing the divergence of D(h) by accounting that the
net magnetization observed by a quasiparticle that has

3

FIG. 2. Scaling functions and numerical data: the left column corresponds to the continuous-time model while the right

corresponds to the discrete-time model. We show data for the spin current density h j iµ and the discrete spin derivative

�z, defined as �z = �(hszriµ � hszr�1iµ) in the continuous-time model and �z = � 1
4 (hszr+1iµ + hszriµ � hszr�1iµ � hszr�2iµ) in

the discrete-time model. All numerical data (yellow and red points) are appropriately scaled to the KPZ scaling functions,

see Eq. (10) and Eq. (11). The blue curves represent the KPZ scaling functions while the green ones are the best fitting

Gaussian profiles. We note that relatively long times are needed in order to observe the KPZ scaling, namely t ' 50 for the

continuous-time model and t ' 600 for the discrete-time model.

where ⇣(r, t) is a space-time uncorrelated noise.
Of particular interest to us will be the correlation

function C(r, t) = h[h(r, t)� h(0, 0)� th@thi]
2
i – repre-

senting the fluctuations of the height around the ex-
pected value – and its second derivative 1

2@
2
r
C(r, t) =

h@rh(0, 0)@rh(r, t)i – describing the slope correlations
(here brackets denote noise averaging). In terms of scal-
ing functions g(') and f(') one has

g(') = lim
t!1

C
�
(2�2

t
2�⌫�1)�1/3

', t
�

�
1
2�t�

2⌫�2
�2/3 ,

f(') =
1

4
g
00(') ⇠ @

2
r
C(r, t) .

(9)

These can be obtained from the exact solution of the
polynuclear growth model [9] (a model in the KPZ uni-
versality class), and have been tabulated with high pre-
cision in Ref. [26]. Nonlinear fluctuating hydrodynam-
ics predicts that the correlation function of a conserved
quantity, in our case hs

z
0(0)s

z
r
(t)i, should be given by the

so-called KPZ scaling function f(').
Using Eq.(7) this correlation function is equal to the

magnetization di↵erence on consecutive sites in the state
⇢(t) / U

t
⇢µU

�t (see Fig. 1). However, taking the dis-
crete derivative increases numerical errors, so alterna-
tively, one can also look at the scaling form of the current
j(r, t) = hjr(t)iµ. In a di↵usive process, the scaling forms
of both the current as well as of the magnetization di↵er-
ence are Gaussian. Relation between the two in a general
non-di↵usive situation can be derived from the continuity
equation.
Defining a shorthand notation z(r, t) = hs

z
r
(t)iµ, and

' = b⇠, we write an ansatz

@rz(r, t) =
aµ

t2/3
f

✓
br

t2/3

◆
, (10)

where we introduced two system-dependent parameters a
and b, and use continuum notation for the magnetization
di↵erence. Taking into account the continuity equation
@tz = �@rj, one may obtain the shape of the spin current
profile. Expressing everything in terms of g(') (using

@tm+ @x(�m
2 + . . . ) = Dreg@

2
xm+ noise

Conclusions

Hydrodynamic description 
of integrable models

Exact computation of Diffusion constants on any 
stationary state

Asymptotic of dynamical correlations

Quasiparticle 
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a b

c

KCuF3

a b c

Figure 1: a Crystal structure of KCuF3, showing the orbital order of the Cu x2 � y2 orbitals.
This order leads to strong magnetic exchange interactions along the c (vertical) axis and weak
exchange interactions along a and b, such that the Cu2+ ions effectively make 1D chains. b
Schematic illustration of spinon excitations in a 1D Heisenberg antiferromagnet (based on
Ref.7). c Schematic illustration of three possible length-time scaling behaviors |x| ⇠ t1/z

observed at high temperature in 1D quantum magnets, classified by the dynamical exponent z:
z = 2 corresponds to diffusion (green curve), z = 3/2 to superdiffusive (blue curve) and z = 1
to ballistic dynamics.

peratures in the range T = 75 K to T = 300 K. Combining experimental measurements with

extensive numerical simulations based on a microscopic description of the system, we identify

a characteristic power-law / Q�3/2 behavior in the neutron scattering spectrum, in agreement

with the KPZ universality class predictions19.

Searching for Kardar-Parisi-Zhang hydrodynamics

KCuF3 has long been studied as a model of 1D Heisenberg antiferromagnetism with S = 1/2

spins borne by Cu2+ ions29,30,31. Due to the Cu2+ dx2�y2 orbital order (Fig. 1a), the mag-

netic exchange interaction is limited to nearest-neighbor spins and is spatially anisotropic. It

is dominant along the c axis (Jc = 33.5 meV) while the interchain coupling is much weaker

(Ja,b = �1.6 meV), leading to effective one-dimensional c axis spin-half chains. Although the

system magnetically orders at TN = 39 K due to the inherent presence of a finite exchange

5

Neutron scattering 

interaction Ja,b, its behavior for T & TN is a good approximation to an ideal 1D Heisenberg

antiferromagnet which can be modeled by the following Hamiltonian,

Ĥ = Jc

X
n

Ŝn · Ŝn+1, (1)

with Ŝn the spin-1/2 operator on the site index n. At equilibrium, the spin dynamics can be

characterized through the correlation function between two spatially separated spins at differ-

ent moments in time, and whose Fourier transform to momentum and frequency spaces is the

dynamical spin structure factor S
�
Q, !

�
. This quantity is directly proportional to the measured

inelastic neutron scattering intensity, and can be computed numerically for the model (1) using

matrix product state (MPS) techniques (See Methods), allowing for a direct comparison be-

tween theory and experiments. Especially, the universal dynamical exponent z is expected to

manifest itself in the form19,

S
�
Q, !! 0

�
⇠ Q�z, (2)

in the limit of small momentum Q and vanishing energy ~!, with KPZ behavior identified by

z = 3/2.

To search for effects of KPZ behavior, we measured the inelastic KCuF3 neutron spectrum

using the SEQUOIA spectrometer at the Spallation Neutron Source at Oak Ridge National Lab-

oratory. Our sample was a 6.86 g KCuF3 single crystal mounted with the c axis perpendicular

to the incident beam. To probe hydrodynamic signatures, we focused on the low-energy part of

the spectrum. We measured with an incident energy Ei = 8 meV, which gives access to the very

bottom of the spectrum (the total KCuF3 bandwidth is 105 meV31), as shown in Fig. 2, with a

resolution full width at half maximum 0.25 meV. Elastic incoherent scattering prevents us from

isolating the magnetic scattering at ~! ! 0, so we take the 0.7 < ~! < 2 meV scattering to be

an approximation to the ~! ! 0 spectrum. To evaluate the robustness of this approximation,

we consider three different energy ranges with ~! > 0.7 meV (this is empirically where elastic

6
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Classical hydrodynamics is a remarkably versatile descrip-
tion of the coarse-grained behaviour of many-particle sys-
tems once local equilibrium has been established1. The form 
of the hydrodynamical equations is determined primarily by 
the conserved quantities present in a system. Some quan-
tum spin chains are known to possess, even in the simplest 
cases, a greatly expanded set of conservation laws, and recent 
work suggests that these laws strongly modify collective spin 
dynamics, even at high temperature2,3. Here, by probing the 
dynamical exponent of the one-dimensional Heisenberg anti-
ferromagnet KCuF3 with neutron scattering, we find evidence 
that the spin dynamics are well described by the dynamical 
exponent z!=!3/2, which is consistent with the recent theoreti-
cal conjecture that the dynamics of this quantum system are 
described by the Kardar–Parisi–Zhang universality class4,5. 
This observation shows that low-energy inelastic neutron 
scattering at moderate temperatures can reveal the details 
of emergent quantum fluid properties like those arising in 
non-Fermi liquids in higher dimensions.

Interacting magnetic moments (‘spins’) governed by the laws of 
quantum mechanics can exhibit a vast set of complex phenomena 
such as Bose–Einstein condensation and superfluidity6, topologi-
cal states of matter7 and exotic phase transitions8,9. Understanding 
quantum magnets is therefore a challenging task, connecting exper-
iments with intensive theoretical modelling and state-of-the-art 
numerical simulations. In that respect, linear arrangements of spins 
(‘spin chains’) at temperatures close to absolute zero have been influ-
ential because the one-dimensional (1D) setting produces especially 
prominent quantum fluctuations10.

The most celebrated model magnetic system realized in nature is 
the Heisenberg spin-1/2 chain, where isotropic magnetic moments 
are coupled by a nearest-neighbour antiferromagnetic exchange 
interaction of strength J. It is characterized by fractional quasi-
particle excitations called spinons (Fig. 1b) with a dispersion rela-
tion given by _!!Q" # J !2 j sin!Qa"j

I
, where a is the lattice spacing 

unit (following the convention for 1D chains, we set a = 1 in this 
study). They control many physical properties of the system at low 
temperature and can be identified by the dynamical spin response 
function, as measured in inelastic neutron spectroscopy. Spinons 
are created in pairs, leading to a continuum in the neutron scatter-
ing spectrum, and interact with one another. In fact, in the ground 
state, two-spinon states accounting for 71% of the total spectral 
weight have an upper bound of _!!Q" # J!j sin!Q=2"j;

I
 which gives 

its distinctive shape to the spectrum (Fig. 2a), and including the 

four-spinon contribution on top of the two-spinon exhausts 98% of 
the weight11, and so on.

As temperature increases and many spins are excited, the 
spin dynamics at frequencies !! ! kBT is usually thought of in 
terms of collective thermal rather than quantum effects. This 
high-temperature regime has not been the focus of experimen-
tal study, but recent theoretical progress in 1D quantum systems 
suggests that it nevertheless holds precious information on the 
underlying quantum features2,3,12. One can make an analogy with 
the phenomenological derivation of the equations of fluid dynam-
ics, based on the continuity equations of conserved quantities (such 
as mass, energy or momentum): depending on the intrinsic quan-
tum conservation laws of the system, one expects the emergence of 
different kinds of coarse-grained hydrodynamic behaviour for the 
spins at high temperature. Remarkably, some 1D quantum systems, 
known as integrable—including the Heisenberg spin-1/2 chain—
possess an infinite number of nontrivial conserved quantities. They 
strongly constrain the overall dynamics of integrable systems and 
can endow them with peculiar hydrodynamic properties, some of 
which have been observed experimentally in a 1D cloud of trapped 
87Rb atoms13. In the case of magnets, three universal regimes have 
been identified14,15 and are classified by the dynamical exponent z 
governing the length–time scaling, that is, length " time1/z, where 
z = 2 corresponds to diffusion, z = 1 to ballistic and z = 3/2 to super-
diffusive dynamics (Fig. 1c).

The presence of ballistic spin dynamics in integrable systems is 
theoretically established by showing that at least part of the spin 
current ̂js in an initial state persists to infinite time, resulting in an 
infinite spin d.c. conductivity. Quantitatively, this can be achieved 
by looking at the long-time asymptote of the spin current–current 
correlation dx2!y2

I
 where saturation to a non-zero value signals 

ballistic spin transport and a non-zero Drude weight. Although 
challenging for many-body quantum systems, the Drude weight 
can be accessed numerically16 and a lower bound can often be 
obtained analytically17,18. Diffusive behaviour, one of the other 
universal regimes, is typically recovered for systems with zero 
Drude weight, which implies eventual relaxation of spin currents 
and finite transport coefficients. Unexpectedly, an intermediate 
scenario was recently unveiled5,19–21: a zero Drude weight but a 
slowly decaying (typically algebraically with time) spin current–
current correlation, giving rise to superdiffusive dynamics with 
z = 3/2. The intermediate scenario was found numerically5 by 
calculation of the full scaling function to belong to the Kardar–
Parisi–Zhang (KPZ) universality class in the 1 + 1 dimension 
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The Kardar-Parisi-Zhang (KPZ) universality class describes the coarse-grained behavior of a
wealth of classical stochastic models. Surprisingly, it was recently conjectured to also describe
spin transport in the one-dimensional quantum Heisenberg model. We test this conjecture by
experimentally probing transport in a cold-atom quantum simulator via the relaxation of domain
walls in spin chains of up to 50 spins. We find that domain-wall relaxation is indeed governed by the
KPZ dynamical exponent z = 3/2, and that the occurrence of KPZ scaling requires both integrability
and a non-abelian SU(2) symmetry. Finally, we leverage the single-spin-sensitive detection enabled
by the quantum-gas microscope to measure a novel observable based on spin-transport statistics,
which yields a clear signature of the non-linearity that is a hallmark of KPZ universality.

Hydrodynamics captures the evolution of a system
from local to global equilibrium [1, 2]. In many-particle
systems, the conventional lore is that—upon coarse-
graining—such hydrodynamics naturally emerges from
the microscopic equations of motion of both classical
and quantum systems [3–7]. A celebrated example of
the emergence of hydrodynamics is the so-called Kardar-
Parisi-Zhang (KPZ) equation, which governs a wealth
of disparate phenomena ranging from interface growth
to the shapes of polymers and the propagation of shock
waves [8–10]. A single equation can describe so many
distinct physical systems because of the notion of uni-
versality [11]. The canonical examples of KPZ hydro-
dynamics are classical systems subject to disorder and
noise, or alternatively, interacting Galilean fluids [12].

A tremendous amount of recent excitement has cen-
tered upon the prediction that KPZ hydrodynamics
should emerge in an entirely distinct setting—a one-
dimensional spin-1/2 quantum Heisenberg chain [13–19].
The appearance of KPZ hydrodynamics in this context
is particularly surprising, since quantum magnets are
neither subject to extrinsic noise nor Galilean invari-
ant. Indeed, conventional hydrodynamics would predict
that spin transport in such a system is di↵usive; how-
ever, the Heisenberg model is integrable, and has sta-
ble, ballistically propagating quasiparticles [6, 20–22].
The subtle interplay between this integrability and the

⇤ Present address: ICFO – Institut de Ciencies Fotoniques, The
Barcelona Institute of Science and Technology, 08860 Castellde-
fels (Barcelona), Spain

† Present address: Hefei National Laboratory for Physical Sciences
at the Microscale, University of Science and Technology of China,
Hefei, Anhui 230026, China

model’s SU(2) symmetry leads to anomalous superdif-
fusive spin transport [19, 23–27]. To date, a full the-
ory of KPZ hydrodynamics in the Heisenberg model re-
mains elusive [28, 29] and experimentally characterizing
the nature of the anomalous spin transport is a subject
of widespread e↵ort [30–33].
In this work, we explore the superdi↵usive dynamics

of the ferromagnetic Heisenberg model using a quantum-
gas microscope with single-site resolution and single-spin-
sensitive detection in spin chains of up to 50 spins. Our
main results are threefold. First, we observe superdi↵u-
sive spin transport with the dynamical exponent z = 3/2,
consistent with KPZ hydrodynamics. Second, we demon-
strate that both integrability and a non-abelian sym-
metry are essential for observing superdi↵usion: Break-
ing integrability by tuning dimensionality restores di↵u-
sion, while breaking the symmetry by preparing an initial
state with net magnetization leads to ballistic transport
(Fig. 1A). Finally, leveraging the ability of our exper-
imental setup to detect spin-resolved snapshots of the
entire sample, we map the shot-to-shot dynamical fluc-
tuations (i.e., the “full counting statistics”) of the mag-
netization. These fluctuations carry clear signatures of
the intrinsic non-linearity associated with KPZ hydro-
dynamics [34], and distinguish it from other potential
mechanisms for superdi↵usion such as Lévy flights [29].

Experimental system

In our experiment, we probed the transport dynamics
of bosonic 87Rb atoms trapped in an optical lattice; the
atoms occupy the two hyperfine ground states |"i = |F =
1,mF = �1i and |#i = |F = 2,mF = �2i and their
dynamics are captured by a two-species Bose-Hubbard
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FIG. 2. Superdi↵usive spin transport in a high-temperature Heisenberg chain. (A) The polarization transfer for a
domain-wall initial state with a contrast of ⌘ = 0.22 grows as a power law (P (t) / t1/z) with a fitted exponent z = 1.54(7)
(solid line), indicating superdi↵usive transport. The experimental data agrees well with numerical Heisenberg-model simulations
(dashed line). The insets show the averaged spin profiles 2Sz

j (t) at times t/⌧ = 0, 10, 26, which are compared to simulations
(dashed lines). (B) Polarization transfer in a double-logarithmic plot. The solid lines are power-law fits with fixed exponents,
where a distinction between z = 3/2 (green) and both z = 2 (brown) and z = 1 (blue) is visible. (C) When rescaling time by
the inverse dynamical exponent, the spatial spin profiles at times t/⌧ = 5 to 35 (light to dark green) collapse to a characteristic
shape consistent with the integrated KPZ function. Error bars denote the standard error of the mean (s.e.m).

polarization transfer, P (t), defined as the total number of
spins which have crossed the domain wall by time t [37].
The emergence of hydrodynamics is characterized by the
power-law scaling of P (t) ⇠ t1/z, and immediately en-
ables us to extract the underlying dynamical exponent
z. As depicted in Fig. 2A, the data exhibit a superdi↵u-
sive exponent, z = 1.54(7), consistent with KPZ scaling.
By comparison, neither a di↵usive (z = 2) nor ballistic
(z = 1) exponent accurately capture the observed dy-
namics (Fig. 2B).

To further explore the superdi↵usive dynamics, we in-
vestigate the spatially resolved spin profiles. Our exper-
imental observations are in quantitative agreement with
simulations based upon novel tensor-network numerical
techniques [37, 41, 42] and conform to KPZ dynamics
(Fig. 2A). Crucially, when appropriately rescaled by the
dynamical exponent, all of the observed spatio-temporal
profiles collapse onto a scaling form consistent with the
KPZ scaling function (Fig. 2C).

Somewhat surprisingly, we also observe a superdi↵u-
sive exponent of z = 1.45(4) [37] upon changing the
initial state to a near-pure domain wall with ⌘ = 0.95.
While this contrasts with the analytical expectations for
a pure initial state (⌘ = 1), which has been shown to
exhibit logarithmically corrected di↵usion at asymptoti-
cally late timescales [29, 40, 42, 43], it is consistent with
finite-time numerics, which find a robust superdi↵usive
exponent for a large range of ⌘ values [37].

Breaking integrability and SU(2) symmetry

To probe the microscopic origin of the emergent su-
perdi↵usive transport, it is instructive to consider the

transport dynamics on top of a small net magnetization
background [16–18, 44]. In our experiments, this corre-
sponds to preparing domain walls with a finite overall
magnetization �, i.e. one half of the system has a magne-
tization ⌘+� and the other half �⌘+�. Stable quasiparti-
cles then render spin transport ballistic (Fig. 1A), leading
to a characteristic polarization-transfer rate which scales
linearly with net magnetization � [18]. Even when � = 0
on average, random local fluctuations of the magnetiza-
tion will be present; thus, the net magnetization in a
typical region of size ` will scale as 1/

p
`. Therefore, the

average spin transport rate across a region of size ` also
scales as 1/

p
`, implying that the transport time across

the region scales as `/(1/
p
`) ⇠ `3/2, precisely yielding

the KPZ exponent z = 3/2 (see details in [37]).

This intuitive analysis suggests two key requirements
for superdi↵usive transport: (i) integrability ensures the
presence of stable quasiparticles that move ballistically,
and (ii) the presence of a non-abelian SU(2) symmetry
makes the characteristic velocity of the ballistic contri-
bution to spin transport vanish. By tuning the dimen-
sionality or the net magnetization of the initial state, we
remove each of these ingredients individually and study
the resulting spin dynamics.

To break integrability, we turn on a finite inter-chain
coupling J? by lowering the lattice depth orthogonal to
the 1D spin chains, which e↵ectively causes the system
to become 2D [45, 46]. We measure the dependence
of the polarization transfer on the inter-chain coupling,
starting from an unmagnetized domain wall (⌘ ⇡ 0.9,
� = 0). As shown in Fig. 3, the extracted dynamical
exponents exhibit a clear flow from superdi↵usive trans-
port when J? = 0 to di↵usive transport, z = 2.08(4),

Cold atoms 

See Joel’s talk
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couplings that must flow to zero before the two Burgers
equations decouple).

The terms in the continuum that admit an obvious
regularization on the lattice are polynomials of S, ⌘, @n

x
S

and @n

x
⌘. Rotational scalars can then be constructed

either by taking the scalar product of two derivatives of
the vector field (e.g. @n

x
S · @m

x
S), or as triple products

(e.g. @n

x
S ·

�
@m

x
S ⇥ @l

x
S
�
).

In order to show that such terms cannot produce a ⌧S⌧⌘
coupling, we recapitulate the Frenet-Serret formalism.
Focusing for specificity on the spin dynamics, the key idea
is fix a space and time dependent frame (Frenet-Serret
frame) characterized by the 3 unit vectors eS,1 = S,
eS,2 = (@xS)/S and eS,3. Since the frame is space-
dependent, its spatial variation can be described via the
pseudo-vector ⌦S(x, t), i.e. @xeS,j = ⌦S ⇥eS,j . Similarly
the time-variation of the frame can be described in terms
of its angular velocity !S(x, t). From these two pseudo-
vectors we can describe any derivative of a vector v as

@xv = @(FS)
x

v + ⌦S ⇥ v (37)

@tv = @(FS)
t

v + !S ⇥ v, (38)

with @(FS) denoting the partial derivative in the Frenet-
Serret frame. To determine the dynamics of ⌧S , we ex-
ploit that130 in the Frenet-Serret frame ⌦S = (⌧S , 0, S)
and that85,130 @x⌧S = @!S,1 � S!S,2. Finally !S is de-
termined by the classical Hamiltonian dynamics of the
system as

!S,i = �
✓

�H[S,⌘]

�S(x)

◆

i

i = 2, 3 (39)

!S,1 =
@(FS)
x !S,2 + ⌧S!S,3

S

. (40)

Therefore, even if the Hamiltonian H includes terms of the
form F (S, @xS, · · · ) G (⌘, @x⌘, · · · ), the final equation of
motion for spin torsion will be of the form

@t⌧S = @x (J1[S , ⌧S ]G (⌘, @x⌘, · · · )) (41)

+ @x (J2[S , ⌧S ]G (⌘, @x⌘, · · · ))

for some functionals J1 and J2 which can be computed
from F . Crucially, the function G is left unaltered in
computing the equation of motion for ⌧S . To obtain
@t⌧S = · · · + @x(⌧S⌧⌘) then we would need G = ⌧⌘, which
is not possible to achieve using only polynomials of the
derivatives of ⌘, but would require a continuum Hamilto-
nian which would not admit a trivial lattice regularization.

Thus, we conclude that no lattice-regularizable classical
Hamiltonian can produce a coupling between the Burg-
ers equations for ⌧S and ⌧⌘ that is relevant under KPZ
scaling. As a consequence, the scaling of spin-spin and
charge-charge correlators is of the “(KPZ)2” form given
in Eqs. (15) and (16).

Figure 5. TEBD data for the Hubbard model at h = µ = 0
and U/t = 1, 2, 4 and for various maximum-bond-dimensions
�max = 256, 512, 1024. From the return probability (top), and
from the profile width (bottom), we have fit the dynamical
exponent z (insets) as described in the main text.

C. Numerical Simulations

We confirm the double-KPZ scaling scenario presented
above by means of state-of-the-art time-evolving block-
decimation (TEBD) numerical simulations using the ma-
trix product operator (MPO) formalism. We focus on
spin dynamics at h = µ = 0 and T = 1, and compute
the dynamic correlator hSz(xj , t)Sz(0, 0)i, where j in-
dexes the sites. To do this, we represent Sz(0, 0) as a
bond-dimension-1 MPO, which we subsequently evolve
in the Heisenberg picture using TEBD techniques. All
evolutions are done with a fourth-order Trotter step of
size �t = 0.2. Truncations are done initially with a fixed
discarded weight " = 10�8 and a growing bond dimension
— however, once the bond dimension surpasses a thresh-
old, subsequent truncations keep at most �max states,
with �max ranging from 256 to 1024. Our conclusions are
quantitatively consistent across bond dimensions.

Once we have Sz(0, t), we exploit translational invari-
ance to access Sz(xj , t), at which point the correlator can
be easily computed. To reduce the error coming from
the trotterization and the SVD truncation, we exploit the
sum rule

X

j

hSz(xj , t)S
z(0, 0)i = �h, (42)

2

FIG. 1. Creating spin textures in a homogeneous Fermi-Hubbard system. (A) A diagram of the optical potentials
used to confine the atoms, and the tilted lattice potential experienced by the two spin states |"i (red) and |#i (blue) in the
presence of a magnetic field gradient. (B-D) Raw fluorescence images of the parity-projected total density n̂s

tot for total
densities hn̂i < 1, hn̂i = 1, and hn̂i > 1, respectively, which have been prepared adiabatically in the presence of the magnetic
gradient; t/U = 0.114(7), 0.067(4), and 0.114(7) for (B), (C), and (D), respectively. (E) The average singles densities,

⌦
n̂s

tot,j

↵

(gold),
⌦
n̂s
",j

↵
(red), and

⌦
n̂s
#,j

↵
(blue) over four independent realizations at t/U = 0.026(2), averaged along the y-direction

from the reconstructed detected site occupations. Error bars represent 1� statistical uncertainty. The average singles densities
shown have not been corrected for finite detection fidelity. (F) A single raw image of n̂s

" at t/U = 0.067(4). (G) Fluorescence
of |"i minus fluorescence of |#i averaged over six images for the same configuration as (F). (H) A single image of n̂s

# for the
same configuration as (F).

band Hubbard Hamiltonian

Ĥ = �t

X

hi,ji,�

⇣
ĉ
†
�,iĉ�,j + h.c.

⌘
+ U

X

i

n̂",in̂#,i

�µ"
X

i

n̂",i � µ#
X

i

n̂#,i

+�"
X

i

ixn̂",i + �#
X

i

ixn̂#,i. (1)

Here, t and U denote the nearest-neighbor tunneling am-
plitude and on-site interaction energy, respectively; hi, ji
represents nearest-neighbor sites i and j; µ" (µ#) is the
chemical potential of atoms in state |"i (|#i); ix repre-
sents the x-coordinate of lattice site i; and �" (�#) repre-
sents a possible spin-dependent tilt of the potential along
the x-direction for state |"i (|#i). The operators ĉ

†
�,i (ĉ�,i)

are the fermion creation (annihilation) operators for spin
� = ", # on lattice site i, and n̂�,i = ĉ

†
�,iĉ�,i is the num-

ber operator on site i. To measure the spin transport
coe�cients �S and DS at half-filling, we apply a spin-
dependent force derived from a magnetic gradient along
�x̂ (Fig. 1A). The magnetic gradient gives rise to a lin-
ear tilt in the potential energy of �"/h = 41.1(8) Hz/site
and �#/h = 15.4(3) Hz/site. This tilt has the same sign

for atoms of both spins but di↵ers in magnitude. The
Hubbard parameters t and U have typical values given
by t/h ⇠ 100 Hz and U/h ⇠ 1 kHz, and their ratio is
varied using the depth of the optical lattice.

We first measure the spin di↵usion coe�cient by
preparing the sample adiabatically in the presence of the
magnetic gradient. The equilibrium density profile can
be understood through the local density approximation
(LDA). Under LDA, the local chemical potential µ�,j de-
creases linearly along the x-direction with slope ��, for
� = ", #. For a weakly interacting system, one expects the
densities of both spins to decrease monotonically along
x̂. This is observed in fluorescence images of samples
below and above half-filling, shown in Fig. 1, B and D,
respectively. In Fig. 1D, doubly occupied sites appear as
holes because of light-assisted collisions during the imag-
ing process [45], so that the left side of the box region,
where the density is highest, appears empty. At half-
filling, however, the large charge gap of order U present
in the Mott-insulating regime suppresses the formation of
double occupancies as long as �",# ⌧ U , so that the av-
erage density remains homogeneous throughout the sam-
ple (Fig. 1, C and E). This directly demonstrates the

Fava, Ware, Gopalakrishnan, Vasseur, Parameswaran PRB ‘20
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III. NUMERICAL ANALYSIS

We verify our predictions for the superdi↵usive charge
transport on a number of representative instances of in-
tegrable quantum spin chains invariant under simple Lie
groups from the classical series. Specifically, we consider
homogeneous spin-chain Hamiltonians in terms of fun-
damental degrees of freedom given by Eqs. (45). Ex-
ceptional algebras are not included in our analysis. We
moreover leave out the B-series as the fundamental inte-
grable B2 ⌘ SO(5) chain has been already been studied
numerically in a recent paper [35].

We employ numerical tensor-network based compu-
tations of the dynamical correlation function C

ii(x, t)
(as defined in Eq. (1)) in the canonical Gibbs equilib-
rium at infinite temperature. Owing to the non-abelian
symmetry G of both the Hamiltonian H and infinite-
temperature Gibbs density matrix, all the components
i = 1, 2, . . . , r are identical and we thus suppress the re-
dundant index i. We performed the time-evolving block-
decimation (TEBD) algorithm in the Heisenberg pic-
ture [77–79], evolving the local charge density operator
q(0, t) in a matrix product operator (MPO) representa-
tion.

Details. A fourth-order Trotter decomposition is used
to propagate the operator forward in time-steps of size
�t, followed by truncations at each bond keeping the
largest � Schmidt states. The simulations are accel-
erated by taking advantage of time-reversal symmetry
and translation symmetry to compute the full correlator
C(x, t) = hq(x, t/2)q(0,�t/2)i using a single MPO evo-
lution; additionally, the TEBD implements the maximal
abelian subgroup of the on-site symmetry group for e�-
ciency. The computations are checked for convergence in
�t and bond dimension � (up to � = 1024).

Our TEBD scheme uses a Trotter step size of �t = 0.4.
The operators are truncated initially with a constant dis-
carded weight " = 10�8, allowing the bond dimension �

to grow until it reaches a threshold �max = 512. Sub-
sequent truncations keep only �max states. The simu-
lations are checked for convergence in the step size �t,
the truncation error ", and the threshold bond dimen-
sion �max. Additionally, the results shown here include
rescaling of the correlations at each time to explicitly en-
force the charge sum rule

R
dxC(x, t) = C(0, 0), which

improves the convergence significantly.
Results. Our main results are succinctly summarized

in Fig. 1 where we display the dynamical width of the
charge profiles

[�x(t)]2 =

R
dxx2

C(x, t)R
dxC(x, t)

. (31)

We find clear signature of an asymptotic power-law
growth �x(t) / t

1/z, and the return probability shows
power-law decay C(0, t) / t

�1/z, with numerically esti-
mated dynamical exponent z = 3/2 with great accuracy.
The scaling collapse in Fig. 2 shows the correlators obey

the asymptotic scaling form C(x, t) ' t
�1/z

fsc(x t�1/z).
Comparing fsc to the KPZ scaling function fKPZ given
by Eq. (1) we find some discernible deviations in the
tails (including the basic SU(2) case studied previously
in [28]). On accessible timescales, we are unable to infer
whether this discrepancy persists at late times or is it
merely due to transient e↵ects.

FIG. 1. The dynamical charge correlation functions com-
puted with TEBD, showing asymptotic scaling with dynami-
cal exponent z = 3/2 for each of the integrable chains, mea-
sured by (top) the width �x(t) of the expanding charge pro-
files and (bottom) the return probability C(0, t). Background
dashed lines show �x / t

2/3 and C(0, t) / t
�2/3.

IV. THEORETICAL BACKGROUND

In the rest of the paper we provide the necessary tech-
nical details using the language and framework of the
Algebraic Bethe Ansatz. Our aim is mostly to give a
concise description the quasiparticle content and a group-
theoretical formulation of the TBA equations. This will
require us to briefly revisit the key notions from the the-
ory quantum integrability. Despite a vast body of work
on the subject, we are not aware of a self-contained ex-
position of the Nested Bethe Ansatz (NBA) techniques
and its various mathematical underpinnings; even some
of the fundamental results appear to be dispersed across
several specialized articles. We would thus like to use this
opportunity to partly fill this gap and o↵er a comprehen-
sive exposition aiming at physicists with interest in the
field of many-body statistical physics out of equilibrium.
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Also survives integrability breaking up to long times, more on this later… 

• Superdiffusive transport observed in a large class of 
quantum chains 

• Key ingredients: 

• Spin rotation SU(2) symmetry (non-Abelian) 

• Integrability seems to play a key role (though 
superdiffusion has been observed in non-integrable 
models!) 

• Question: How do we understand this? Start with integrable 
limit (Heisenberg chain), then add perturbations 



Theory: Generalized hydrodynamics

• New hydrodynamics framework: 

Castro-Alvaredo, Doyon & Yoshimura PRX ‘16
Bertini, Collura, De Nardis & Fagotti PRL ‘16

Picture credit: J. Dubail, Physics 9, 153 (2016)

   Hydrodynamic approach that takes  
  all conserved quantities into account

• Two complementary pictures

VS

Why Boltzmann equation gets modified in (classical or 
quantum) integrable systems

Solitons/particles pass through each other even in dense system;
no randomization of momentum and no collision term.

However, there is an interaction:

Classical Quantum

Phase shift from Bethe equations

but semiclassically an energy-dependent phase
shift is also just a time delay (Wigner)

Solitons delay each other

so velocity depends on other
solitons at spacetime point

⌧ = 2~ d�

dE

V. Bulchandani, RV, C. Karrasch & J.E. Moore, PRB ‘17

   Kinetic theory approach for the stable  
quasiparticles (=solitons) of such models 

Doyon, Yoshimura & Caux, PRL’17

…



Quasiparticles: magnons and strings

Start from reference (“vacuum”) state: 

Magnons and bound states of magnons (“string”), stable quasiparticles at finite T

s = 1
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Density:                  Velocity:                Charge:

Behave like semi-classical particles: 
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�
FIG. 1. Spin di↵usion constant D in the easy-axis phase
� > 1 as a function of �. The di↵usion constant di-
verges in the anisotropic limit, leading to superdi↵usion with
D(t) ⇠ t1/3. Inset: Propagation of a magnon in the large
|�|, low temperature, ferromagnetic limit. The magnon is
initially a minority # spin in an "-spin domain; it is then
transmitted into a #-spin domain as a minority " spin. On
average, therefore, the magnon is neutral at half-filling, giving
rise to a vanishing spin Drude weight. However, its e↵ective
magnetization fluctuates, leading to di↵usive spin transport
coexisting with ballistic spreading of energy and, presumably,
quantum information.

regime. Thus, they can be used to derive analytic expres-
sions for the infinite-temperature di↵usion constant for
� > 1. Extracting an analytic expression for the spin dif-
fusion constant has remained a long-standing open prob-
lem in the field, which the kinetic approach allows us to
address.

The integral in Eq. (7) can be computed analytically
for any � = cosh ⌘ > 1. This allows us to find a closed-
form expression for the di↵usion constant

D =
2 sinh ⌘

9⇡

1X

s=1

(1 + s)


s + 2

sinh ⌘s
�

s

sinh ⌘(s + 2)

�
. (11)

The di↵usion constant as a function of � is plotted in
Fig. 1. At large anisotropy � � 1 one can evaluate the
sum explicitly, as only the s = 1 string contributes in
that limit. We find

lim
�!1

D =
4

3⇡
' 0.4244, (12)

consistent with numerical results [58, 59] and with the
bound found in Ref. [26].

Discussion.—Our results were derived specifically for
spin di↵usion in an infinite-temperature state, but our
prediction of superdi↵usion with D(t) ⇠ t

1/3 for the
isotropic Heinsenberg chain can be readily extended to
any non-zero temperature T > 0 using the results of

Ref. [26]. Our kinetic approach to compute the di↵usion
constant in the easy-axis regime can also be generalized
to any temperature; in particular, it would be interest-
ing to recover the predictions of Refs. [44, 45, 48] at low
temperature.

Our predictions for (super)di↵usion are directly
testable in ultracold atomic experiments [66]. However,
many numerical studies of the XXZ model work with a
di↵erent setup, in which the left and right halves of a sys-
tem are initialized at di↵erent values of magnetization,
and the spin current through the middle of the system is
measured [25]. For thermal systems these procedures are
equivalent; however, showing that this remains the case
in the present setting requires further justification. When
the bias �µ is su�ciently small [25], this is straightfor-
ward. A quasiparticle traveling for a time t picks up an
average magnetization ⇠ t�µ, with a sign that depends
on which half of the system it is in, in addition to its
fluctuations. Thus the magnetization picks up a drift in
addition to its (normal or anomalous) di↵usion, just as a
conventional di↵usive particle would. The case of larger
�µ can also be addressed using the present framework,
but requires a detailed analysis of the µ-dependence of
the dressed magnetization; this will be addressed else-
where. Our argument requires non-vanishing thermal
fluctuations, and does not apply to zero-entropy initial
states [38, 67–69].

Note that the mechanism for superdi↵usion described
above in integrable systems is quite di↵erent from that
in random classical systems. The fact that the spin front
observed numerically is a rescaled error function [25] and
not, e.g., a Levy flight, might suggest that the dynam-
ics of the dipole moment on timescale t is dominated by
the random walk associated with the strings that have
the largest dipole moments on that timescale. The ki-
netic approach here can be extended to compute higher
moments hp

n
i, and thus the full shape of the magneti-

zation front; however, unlike hp
2
i, higher moments will

also involve fluctuations of the quasiparticle velocities.
We defer a detailed treatment of this question to future
work.

While we focused on the overall spread of the ini-
tial spin packet, an interesting question for future work
is the nature of the spin structure factor C(x, t) ⌘

h�
z(x, t)�z(0, 0)i more generally. Even though contribu-

tions from large, heavy strings do not a↵ect the overall
size of the wavepacket, they might a↵ect the shape of
C(x, t) near the origin, and can potentially dominate the
local autocorrelation function, leading to anomalous be-
havior [70]. The form of this structure factor, and thus
of the frequency and wavevector dependent conductivity
in the hydrodynamic limit, can in principle be under-
stood using the kinetic approach outlined here, and is a
promising subject for future study.

Finally, we remark that an implication of our theory is
that operator spreading should presumably remain bal-
listic, with di↵usive broadening [40], in the XXX model:
the quasiparticle trajectories do not change their char-

• Magnon: spin down moving in a majority 
of spins up, becomes a spin up in a 
majority of spins down when scattering 
with a bigger “string” (cartoon in FM 
limit) 

• Spends half its time being up or down

• Quasiparticle “s” gets screened when it collides with a QP s’ bigger than itself:

X

s0>s

⇢s0 ⇠ 1/s2
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Anomalous diffusion

• Kubo formula:
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At time t, only magnon bound states with                     contribute to transport! s ⇠ t1/3
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FIG. 1. Upper panel: given an external small magnetic field
h ⌧ 1, the quantum-classical mapping identifies quantum
eigenstates with large quantum numbers s / 1/h of magnons
with soliton waves in a classical Landau-Lifshitz magnet.
Lower panel: temperature (T )-dependent coe�cient of the
KPZ nonlinearity predicted by the self-consistent theoretical
approach, compared with numerical results from tDMRG (see
also caption of Fig. 2). At finite times, the spin profile is
not precisely of the KPZ functional form as in eq. (2); thus
the value of the inferred coe�cient largely depends on which
quantity one uses to extract to the KPZ prediction, either the
spin auto-correlation or its variance.

nian for a chain of size L + 1

Ĥ = J

L/2X

n=�L/2

~̂Sn ·
~̂Sn+1, (1)

with ~̂Sn = (Sx
n, Sy

n, Sz
n), and Ŝ↵

n denoting spin- 1
2 opera-

tors at site n. In what follows, we set J = 1. We focus on
the spin dynamical structure factor hŜz

n(t)Ŝz
0 (0)i in the

thermodynamic limit L ! 1, at thermal equilibrium
with finite temperature T > 0 and zero magnetic field.
There is now ample numerical evidence that the struc-
ture factor at late times t � 1 follows the KPZ scaling
form

hŜz
n(t)Ŝz

0 (0)i '
�

(�KPZ t)2/3
fKPZ

✓
n

(�KPZ t)2/3

◆
, (2)

where � =
PL/2

n=�L/2hŜ
z
n(0)Ŝz

0 (0)i is the static spin sus-

ceptibility, fKPZ is the KPZ scaling function [74, 75],
and �KPZ is the KPZ constant : a temperature and
model-dependent coupling parameter of the emergent
KPZ equation describing the hydrodynamics of the spin
field. The exponent 2/3 can be extracted from GHD via a
self-consistent argument [31–33], but the scaling function

and �KPZ cannot. Moreover, the framework of nonlinear
fluctuating hydrodynamics [76, 77], which has been used
to derive KPZ equations in other contexts, does not ap-
ply straightforwardly in this situation.

Recent numerical results [62], supplemented by the-
oretical arguments of refs. [34, 35], have presented evi-
dence that the same universal KPZ scaling also occurs
at finite temperatures in classical integrable spin chains
invariant under SO(3) rotations, whose continuum long-
wavelength theory is governed by the Landau-Lifshitz
(LL) equation

@t
~S = Jcl

~S ⇥ @2
x
~S, (3)

where ~S ⌘ ~S(x, t) is a classical spin field of unit length
|~S| = 1 on the continuum line x 2 R. In this light,
it is reasonable to expect that such emergent behavior
is a manifestation of a quantum-classical correspondence
where certain degrees of freedom in the quantum chain
are intrinsically classical in nature and behave according
to (3), as proposed, e.g., in Ref. [34].

Here, we isolate the excitations relevant for KPZ dy-
namics. Since these turn out to be bound states of ele-
mentary magnonic excitations whose size and quantum
numbers diverge as the local magnetization vanishes, we
dub them “giant quasiparticles”. Our picture, combined
with simple kinetic arguments, yields quantitative pre-
dictions for the �KPZ, and elucidates how a finite ther-
mal density of giant quasiparticles in the spectrum of the
quantum chain leads to a thermal gas of classical solitons
of the Landau-Lifshitz field theory (3).
Computing the KPZ constant . The KPZ cou-

pling constant of the quantum Heisenberg model can be
computed from the following procedure. First, we con-
sider a thermal Gibbs state with the addition of a small
magnetic field 2h, which introduces the additional term
�2hT

P
i Ŝz

i to Ĥ. Given that the model (1) is inte-
grable, spin dynamics splits into two channels; a ballis-
tic piece with spectral (Drude) weight vanishing at zero
field, and a di↵usive part with spin di↵usion constant
diverging as D(h) = D0/h in the h ! 0 limit [32, 33].
Both transport coe�cients admit closed-form expressions
as sums over quasiparticles, labelled by a discrete la-
bel s � 1 (pertaining to the quantized magnetization
of magnon excitations) and a continuous rapidity label
✓ 2 (�1, 1) which parametrizes their quasimomenta
ps(✓). The spin di↵usion constant assumes a spectral
decomposition [32, 52, 78, 79]

D =
X

s�1

Z 1

�1
d✓ Ds(✓), (4)

which we will use below to determine D0.
The second step of our procedure consists of regu-

larizing the divergence of D(h) by accounting that the
net magnetization observed by a quasiparticle that has

Quasiparticles constructed  
above reference vacuum 

state. SU(2) “gauge”  
Degree of freedom. 

3

traveled a distance ` is not precisely zero, but instead
has a residual value h(`) set by thermal magnetization
fluctuations over the scale `. As noted previously in
Ref. [31], the motion of the giant quasiparticles that dom-
inate spin transport is primarily di↵usive, so ` is itself
self-consistently set by h(`). These equations relating `
and h(`) now permit for a quantitative analysis of su-
perdi↵usion in terms of D0 = limh!0+ hD. For h ⌧ 1,
this can be though of as the e↵ective field originating
from thermal fluctuations, namely h2 = m2/(4�)2, with
m2 the local spin susceptibility in a interval of size `,
m2 = 4�/`. We then infer h = 1/

p
4�`, and the length-

scale ` can be fixed self-consistently at small, finite h by
`2 = 2D t = 2D0

p
4�` t. This yields ` = (2D0

p
4�t)2/3,

and combining gives finally

D(t) = 25/3D4/3
0 �2/3t1/3 + . . . (5)

This simple argument already su�ces to predict anoma-
lous di↵usion with dynamical exponent z = 3/2. Re-
markably, it also predicts the value of the prefactor. Even
though such an approach is arguably heuristic, we wish
to emphasize that a similar argument correctly predicts
the exact form [31] of the di↵usion constant (4) for the
easy-axis XXZ spin chain, which has been computed by
other means [32, 52, 78, 79], so it should be taken seri-
ously. To extract �KPZ defined in eq. (2), we compare the
variance of the spin profile �2 to the variance computed
from the KPZ prediction (2). At any finite t there is a fi-
nite (diverging) di↵usion constant D(t) ⇠ t1/3, which we
can define in terms of the spin variance as �2 = �2D(t)t.
This readily implies that the full temperature-dependent
KPZ constant �KPZ ⌘ �KPZ(T ) is given by

�KPZ(T ) = 4D0(T )
p

�(T )/�3/2
KPZ. (6)

Here �2
KPZ is the variance of the KPZ function �2

KPZ =R
du u2fKPZ(u) ⇡ 0.510523. Let us stress again that the

above argument does not predict the KPZ scaling func-
tion, but it does fix �KPZ as a function of temperature.

Giant quasiparticles as classical soft solitons.
Our central result is the explicit form (6) for �KPZ in
terms of parameter D0(T ). Now we explain how to ex-
plicitly compute it. The following calculation also demys-
tifies the nature of the “giant quasiparticles” responsible
for superdi↵usion: following previous work [31–33] we
anticipate that these are semiclassical quasiparticles car-
rying large amount of spin s ⇠ 1/h, i.e., macroscopically
large bound states of magnons which belong to the low-
energy spectrum of the Heisenberg chain. Such states,
first described in Refs. [80, 81], have received a great deal
of attention in the study of gauge-string dualities [82–86].
As explicitly shown in [87, 88], semiclassical eigenstates
manifest themselves (at the classical level) as solutions
to the continuum Landau-Lifshitz model [89].

Our objective here is however not to describe individ-
ual classical spin-field configurations but rather find a
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FIG. 2. Left : Log-Log plot of the �KPZ computed from
tDMRG numerical simulations in a Heisenberg chain at infi-
nite temperature T = 1, minus our theoretically predicted
value �KPZ(T = 1) = 1.9265 . . ., as function of the numerical
simulation times t (in unit of spin coupling J). Dashed gray
line represents t

�1/3. Right : Spin auto-correlation as func-
tion of time multiplied by t

2/3. Convergence to KPZ scaling
is reached at t ⇠ O(10) for all considered temperatures T .

classical interpretation for the giant quasiparticles im-
mersed in a thermal background. To this end, we identify
an appropriate semi-classical limit directly at the level of
the thermodynamic Bethe ansatz (TBA) equations. We
shall see that this will lead us directly to the classical
counterpart of the GHD equations where, remarkably,
the small magnetic field h will play the role of an e↵ec-
tive Planck constant. With this in mind, we introduce a
rescaled rapidity u = ✓h and rescaled quasiparticle mag-
netization ⇠ = s h. In the limit h ! 0+, we can convert
the sum over s in eq. (4) into an integral, in this way
obtaining a fully classical expression for D0 ⌘ Dcl

0 , with

Dcl
0 =

Z +1

0
d⇠

Z +1

�1
duD(⇠, u), (7)

and where D(⇠, u) = limh!0+
1
hD⇠/h(u/h) is a finite

quantity: D0 is thus fully determined by quasiparticles
with s ! 1 in the limit h ! 0+, with ⇠ = s h kept fixed.

Next, we consider the scattering phase shifts between
two quasiparticles with spin indices s and s0 with relative
rapidity ✓. Here we quote the result of [90, 91], Ts,s0(✓) =
(1 � �ss0)a|s�s0|(✓) + 2a|s�s0|+2(✓) + · · · + 2as+s0�2(✓) +
as+s0(✓), with as(✓) ⌘

1
2⇡ @✓ps(✓) = 1

2⇡
4s

s2+4✓2 . Upon
rescaling of parameters ✓ ! u/h and s ! ⇠/h, the net
phase shift of all the constituent magnons can be re-

summed into an integral Ts,s0 =
R h(s+s0)

h|s�s0|
d⇣
2⇡

4⇣
⇣2+4u2 , up

to O(h) corrections. This readily provides an e↵ective
scattering kernel for the giant quasiparticles T giant

⇠,⇠0 (u) =
limh!0+ T⇠/h,⇠0/h (u/h), reading explicitly

T giant
⇠,⇠0 (u) =

1

⇡
log

4u2 + (⇠ + ⇠0)2

4u2 + (⇠ � ⇠0)2
. (8)

In this expression one can recognize the scattering ker-
nel – the di↵erential scattering phase of the two-body
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Kardar-Parisi-Zhang universality from soft gauge modes
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The emergence of superdiffusive spin dynamics in integrable classical and quantum magnets is well
established by now, but there is no generally valid theoretical explanation for this phenomenon. A fundamental
difficulty is that the hydrodynamic fluctuations of conserved quasiparticle modes are purely diffusive. We argue
that in isotropic integrable magnets, a complete hydrodynamic description must include soft “gauge” degrees
of freedom, that arise from spontaneous breaking of the Bethe pseudovacuum symmetry. We show that the
coarse-grained time evolution of these modes lies in the Kardar-Parisi-Zhang universality class of dynamics.

DOI: 10.1103/PhysRevB.101.041411

Introduction. The evolution of chaotic, many-particle sys-
tems on long length and time scales is described by hydro-
dynamics, which gives rise to universal behaviors that are
largely independent of microscopic details and determined by
a small number of local conservation laws. In low dimensions,
the classification of such universal behaviors is complicated
by the possibility of anomalous transport, characterized by
divergent linear-response coefficients [1]. These difficulties
are most pronounced in one dimension, where perturbative
techniques break down entirely. Despite such obstacles, the
past decade has seen substantial progress in the hydrodynam-
ics of classical, chaotic, one-dimensional systems, through the
application of techniques from stochastic field theory within
the framework of nonlinear fluctuating hydrodynamics [2–5].

Another unusual feature of hydrodynamics in one dimen-
sion is the existence of integrable many-body systems, such
as the classical Toda anharmonic chain and the quantum
spin-1/2 Heisenberg magnet. Such systems possess exten-
sive families of local conservation laws that prevent them
from thermalizing in the conventional sense [6,7] and place
them beyond standard hydrodynamic techniques. Although
the kinetic theory of certain classically integrable many-body
systems, such as soliton gases, has been known for some time
[8–11], a unified theory of the hydrodynamics of integrable
systems, both quantum and classical, was only achieved
recently [12–14]. The resulting generalized hydrodynamics
of integrable systems has been thoroughly verified through
numerical simulation of a wide range of quantum and classical
systems, and in a cold-atom realization of the Lieb-Liniger gas
(see, e.g., [15], and references therein).

One numerically observed phenomenon whose explanation
has remained beyond both of these theoretical advances is the
emergence of Kardar-Parisi-Zhang (KPZ) universality in the
dynamics of classical and quantum integrable systems with
isotropic rotational symmetry [16–23]. The essential theoreti-
cal difficulty is that when the methods of nonlinear fluctuating
hydrodynamics are applied to the evolution of quasiparticle
modes, as described by generalized hydrodynamics, they pre-
dict purely diffusive fluctuations [20,24]. While for the spin-
1/2 Heisenberg model, it is possible to explain the emergence
of a z = 3/2 dynamical exponent self-consistently within

generalized hydrodynamics [25], and semiclassical arguments
have been put forward for KPZ scaling in low-temperature
quantum antiferromagnets [20], neither of these explanations
has sufficient scope to address the apparently universal origin
of KPZ scaling in isotropic integrable magnets [22,23].

This Rapid Communication points out a generic mecha-
nism for the emergence of such physics; the key observa-
tion is that for isotropic, integrable systems, the generalized
hydrodynamics of infinitely many conservation laws is not
equivalent to the Bethe-Boltzmann equation describing the
propagation of quasiparticle modes. The long-wavelength dy-
namics of the two spin degrees of freedom transverse to the
local magnetization can decouple from the short-wavelength
quasiparticle modes, and it is the fluctuating hydrodynamics
of these soft, transverse degrees of freedom that gives rise to
the observed Kardar-Parisi-Zhang scaling.

The Rapid Communication is laid out as follows. We
first derive the result that fluctuations of quasiparticle mode
occupancies scale diffusively. This fact appears to be known
[20,24], although its derivation has not been published, and
since it is essential for our argument we derive it below. We
next discuss the treatment of magnetization in thermodynamic
Bethe ansatz, and show that at the level of hydrodynamics,
it allows for long-wavelength gauge modes that evolve ac-
cording to the Landau-Lifshitz equation. We then demonstrate
that the coarse-grained Landau-Lifshitz dynamics yields a
conserved torsional degree of freedom, that evolves in time
as the derivative of a Kardar-Parisi-Zhang height function,
providing the first generic mechanism that explains the nu-
merical findings in previous works. We also propose some
signatures of this torsional degree of freedom that could
be tested in quantum or classical numerical simulations. In
the final discussion, we explain why the emergence of KPZ
scaling requires both integrability and isotropic symmetry to
be robust at long times, as indicated by recent numerical
results [22,23].

Nonlinear fluctuating hydrodynamics of quasiparticle
modes. We first show that within the generalized hydrodynam-
ics of integrable systems, fluctuations of quasiparticle modes
with pseudomomentum k all have a diffusive dynamical ex-
ponent, zk = 2, following the method of nonlinear fluctuating

2469-9950/2020/101(4)/041411(6) 041411-1 ©2020 American Physical Society
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FIG. S1. XXX Hamiltonian Heisenberg chain dynamics simulated with a variety of bond dimensions �max. (left) Time-
dependent di↵usion constant scales asymptotically like t

1/3. (right) Operator entanglement entropy in the MPO evolution. It
converges only for relatively short times with accessible bond dimensions.

as the operator entanglement entropy for an MPO of bond dimension � satisfies the bound S(t)  log2 �. As we are
evolving with fixed �, the convergence of S(t) can only be achieved for relatively short times t . 15 with the bond
dimensions of our computations. Our data is consistent with S(t) ⇠ t1/3, as shown in Fig. S1, but due to the short
time scale of the converged data we cannot rule out other forms for the asymptotic scaling of S(t). Particularly, the
scaling S(t) ⇠ log t was established for operator evolutions in free fermions and certain interacting integrable chains
and has been conjectured to be a general result in integrable systems; our data is consistent with this conjecture as
well [S7–S9].

B. Correlated noise evolutions

We consider the isotropic Heisenberg spin chain H0 with the addition of Markovian (uncorrelated in time) noise.
The system is described by a stochastic Schrodinger equation d | i /dt = �iH⌘ | i, with

H⌘ = H0 +
X

j

⌘j(t)Oj .

The noise is generated by the correlated stochastic processes ⌘j coupled to Hermitian operators Oj = �z
j . The noise

is described by its correlations

h⌘j(t)⌘j0(t
0)i = �f(j � j0)�(t� t0),

where � parameterizes the strength of the noise and f(j) parameterizes the spatial correlations. This setup leads to
the evolution equation

d⇢

dt
= L(⇢) = �i[H0, ⇢]�

�

2

X

jj0

f(j � j0)(OjOj0⇢�Oj⇢Oj0 �Oj0⇢Oj + ⇢Oj0Oj),

for the noise averaged density matrix [S10]. As the Oj commute for the �z noise considered in this paper, the
Liouvillian L can be written as

L = �i
�!
H0 + i

 �
H0 �

�

2

X

jj0

f(j � j0)(
�!
Oj �

 �
Oj)(
�!
Oj0 �

 �
Oj0),

where
�!
O = O⌦1 and

 �
O = 1⌦O are the superoperators corresponding to O acting from the left or right, respectively.

We work in the Heisenberg picture where the density matrix is static and operators evolve as [S3]

dA

dt
= L

⇤(A), L
⇤ = i

�!
H0 � i

 �
H0 �

�

2

X

jj0

f(j � j0)(
�!
Oj �

 �
Oj)(
�!
Oj0 �

 �
Oj0). (S1)

Supplemental Material: Stability of superdi↵usion in nearly integrable spin chains

Jacopo De Nardis1, Sarang Gopalakrishnan2, Romain Vasseur3, and Brayden Ware3
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I. DETAILS OF THE MATRIX PRODUCT OPERATOR (MPO) CALCULATIONS

We numerically simulate real time dynamics of quantum systems with Markovian noise by evolving operators with
the Lindblad master equation

⇢̇ = L[⇢] = �i[H, ⇢] +
X

µ

✓
Lµ⇢L†

µ �
1

2
LµL†

µ⇢ �
1

2
⇢LµL†

µ

◆
.

We employ a matrix product representation of operators, which can be time evolved with straightforward general-
izations of time-dependent DMRG employed for dynamics of unitary systems [S1, S2]. Rather than evolving the
density matrix ⇢ directly, we evolve time-dependent local operators A(t) with the Heisenberg equations of motion
Ȧ = L

⇤[A] [S3]. We employ a Trotterization schemes for the superoperator L when it can be decomposed into sums of
nearest neighbor terms or in terms acting on three consecutive sites [S4]. The evolutions are done by representing the
operator A(t) as an MPO and evolving with TDMRG. At each update of the MPO tensors, a truncated SVD is done,
with the number of kept states being chosen to give a truncation error smaller than " = 10�12, up to a maximum of
�max = 512. When the number of states needed to limit the error to " rises above �max, the evolution continues using
only �max states. We compare the data to evolutions with smaller �max and larger " to ensure that it is converged.

A. Unperturbed Heisenberg chain

First, we simulated real time dynamics of the isotropic Heisenberg chain

H0 =
X

j

~Sj ·
~Sj+1.

The correlation functions

C(j � j0, t) = h�z
j (t)�

z
j0(0)i = h�z

j (t/2)�z
j0(�t/2)i

are computed by MPO time evolution, taking advantage of time translation and time reversal symmetry. The evolution
is done with a fourth order Trotterization with a time step �t = 0.1. We plot the time dependent di↵usion constant,
defined as

D(t) =
1

2

d

dt
V (t), with V (t) =

X

j

j2C(j, t) �

0

@
X

j

jC(j, t)

1

A
2

.

The results, shown in Fig. S1, provide an match to the predicted asymptotic scaling from Ref. S5:

D(t) ⇠
2

3

✓
10⇡

27

◆4/3

t1/3 ⇡ 0.816t1/3.

Linearly fitting the TDMRG computation of D(t) versus t1/3 matches the predicted slope to within one percent.
As a measure of the computational di�culty of the evolution, we use the operator entanglement entropy S(t) [S6].

S(t) is the entanglement of the MPO �z(t) reinterpreted as a MPS for the bipartition between the left and right of the
system. The growth of S(t) necessitates a growing bond dimension to accurately capture the entire operator �z(t),
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FIG. 2: Structure factor profile for ⌘ = 0.5 and µ = 0. Left: spatio-temporal plot of the structure factor for ⌘ = 0.5,
obtained from the quench setup with fixed bond dimension � = 400. Right: C(x, t) for di↵erent times, and Gaussian fits. The
tails of the structure factor are not exactly Gaussian for this value of ⌘, probably due to the proximity to the isotropic point
⌘ = 0. Inset: the variance �2(t) = 4

�
x C(x, t)x2 shows the expected di↵usive behavior at long times.

FIG. 3: Spatial profiles for ⌘ = 0.5 away from half filling. Spatial profiles at fixed time t = 20 for ⌘ = 0.5, obtained
from the quench setup with fixed bond dimension � = 400. As µ is increased, the profiles show very clear ballistic features
corresponding to light strings moving away from the origin ballistically.

on accessible time scales (Fig. 2), most likely due to the proximity to the isotropic point ⌘ = 0. For small ⌘, we
expect a crossover from superdi↵usive to di↵usive behavior on a time scale [2] t⇤ ⇠ ⌘

�3. This is consistent with our
data, as the variance �

2(t) = 4
P

x C(x, t)x2 first grows superlinearly in time, and appears to then scale linearly at
longer time scales, as expected from di↵usion. This proximity to � = 1 also explains why the return probability
scales with an apparent exponent ⇠ t

�0.6 at half filling for t < 20, in between ⇠ t
�2/3 (expected for t < t⇤) and

⇠ t
�1/2. As explained in the main text, working with larger ⌘ further away from the isotropic point would make

di↵usion clearer, but our main prediction of continuously exponent is more easily testable at short times for small ⌘.
Away from half-filling, the spatial profiles develop clear ballistic features corresponding to light strings flying away
ballistically (Fig. 3).

IV. ISOTROPIC POINT � = 1

The isotropic point exhibits spin superdi↵usion [1, 5], with a time-dependent di↵usion constant scaling as [2, 5, 6]
D(t) ⇠ t

1/3. A very recent numerical work seems to suggest that this point is in the KPZ universality class [6].
This is consistent with the variance of the structure factor measured numerically, as it scales with time as �

2 ⇠ t
4/3
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with h an e↵ective small magnetic field felt by the quasi-
particle over its finite trajectory |vs(u)t|. A key step here
is that we choose to measure magnetization fluctuations
over a distance |vs(u)t|; once this is chosen, the quanti-
tative value of the variance follows from being at infinite
temperature.

The justification for averaging over a distance |vs(u)t|
is ultimately physical: the particle moves ballistically
whereas (per previous rigorous results) spin is trans-
ported sub-ballistically; therefore, the motion of the
background spin configuration is parametrically slower
than the motion of the quasiparticle, and can thus be
treated as frozen. Consequently the quasiparticle only
experiences background fluctuations out to the distance
to which it has moved. This feature is an important dis-
tinction between the present problem and that of quasi-
particle front di↵usion: there both the quasiparticle and
its environment were moving ballistically, so one instead
had to work with velocity di↵erences rather than just ve-
locities [39, 40]. It is also a crucial distinction between
our approach and that of Ref. [26], where the aim was
to find a lower bound and therefore the averaging was
always done over the largest meaningful distance scale in
the problem, namely the Lieb-Robinson velocity [65].

From this step onwards, the argument is straightfor-
ward. We use that ⇢s(u) = ✓s⇢

tot
s (u), where ⇢

tot
s (u) is a

density of states factor, to rewrite Eq. (4) as

hp
2
i = t

X

s

Z
du ⇢

tot
s (u)|vs(u)|✓s(1 � ✓s)

(s + 1)4

9
. (6)

This yields a di↵usion constant given by

D =
2

9

X

s

✓s(1 � ✓s)(s + 1)4
Z

du ⇢
tot
s (u)|vs(u)|, (7)

where we have used the fact that ✓s = 1
(1+s)2 is indepen-

dent of the rapidity u at infinite temperature [61].
Superdi↵usion for � = 1.—The nature of the solu-

tion depends crucially on the s-dependence of vs(u). For
� > 1, large-s strings have exponentially suppressed ve-
locities and thus do not contribute to the dipole moment;
the integral and the sum over s converge and give a well-
defined di↵usion constant. For � = 1, however, the max-
imum velocities fall o↵ slowly with s as 1/s, leading to
an algebraic decay of the integral

Z
du⇢

tot
s (u)|vs(u)| ⇠

1

s2
. (8)

Meanwhile, for large s, ✓s ' 1/s
2. Plugging in the ex-

pressions for these quantities we end up with a sum-
mand that has no s-dependence to leading order, and
thus to an apparently divergent di↵usion constant that
scales as D ⇠ s

⇤, with s
⇤ a cuto↵ on the number of

strings (s < s
⇤). Anomalous di↵usion is a consequence

of the way this divergence gets cut o↵. Our argument
that led to Eq. (6) assumed that the ballistic motion of

a string was faster than the rearrangement of its sur-
roundings. However, this assumption must clearly fail
at a given time t for su�ciently heavy strings. We pro-
ceed as follows. First, we will assume that spin di↵uses
anomalously, with an anomalous exponent ↵, i.e., that
D(t) ⇠ t

↵. We will then compute ↵ self-consistently.
Assuming an exponent ↵, we find that our assump-

tion of primarily ballistic motion breaks down for strings
such that for which vst ' t/s 

p
Dt = t

(1+↵)/2, the
anomalous di↵usion distance. We must therefore sepa-
rate our sum at s

⇤
' t

(1�↵)/2 into two parts. The first
part consists of light strings up to s

⇤; the second consists
of yet heavier strings. The first set of terms, plugged into
D ⇠ t

↵
⇠ s

⇤, immediately gives

↵ = (1 � ↵)/2 ) ↵ = 1/3. (9)

This exponent can also be recovered by recognizing that
the expression (5) is only valid for s < h

�1
⇠

p
vst.

Using the characteristic scaling vs ⇠ 1/s, this yields s <

s
⇤
⇠ t

1/3 in agreement with the previous argument.
To complete this treatment we need to account for the

heavy strings, s > s
⇤. In that regime, the dressed mag-

netization takes its bare value ms ' s. The integral over
the rapidity now scales as

R
du⇢

tot
s (u)vs(u)2 ⇠

1
s3 [26], so

the sum over strings larger than s
⇤ goes as

P 1
s3 and is

therefore convergent at large s. This gives a contribution
t
2
P

s>s⇤
1
s3 ⇠ t

4/3 to hp
2
i. The two contributions are

of the same magnitude. We therefore conclude that the
di↵usion constant scales as

D(t) ⇠ t
1/3

. (10)

This expression is our main result. It predicts that spin is
transported over a distance t

2/3 in a time t. This power-
law behavior has been observed in numerical studies [25],
and has remained a mystery until now.
Easy-axis phase � > 1.—We now briefly remark on the

implications of our argument for transport in the easy-
axis phase of the XXZ chain away from the isotropic
point. Understanding the physical mechanism under-
lying purely di↵usive transport and extracting an ana-
lytic expression for the spin di↵usion constant have re-
mained a long-standing open problem in the field. In
this phase, the sum over strings is cut o↵ exponentially
at the scale s

⇤
⇠ 1/⌘, where ⌘ = cosh�1(�). Since

the di↵usion constant goes as s
⇤, it follows that it di-

verges as D ⇠ 1/
p

� � 1 near the isotropic limit. For
� > 1, our analysis would predict a crossover from
anomalous to normal di↵usion on a timescale that scales
as t

⇤
⇠ (� � 1)�3/2. We can also use our formula (7) to

evaluate the spin di↵usion constant at large anisotropy
� � 1 using the infinite temperature expressions in
Ref. [26]. We find that only the s = 1 string (single
magnon) contributes in that limit, leading to a non-zero
value lim�!1 D = 4

3⇡ ' 0.4244, consistent with numeri-
cal results [58, 59] and with the bound found in Ref. [26].
In fact, the integral

R
du⇢

tot
s (u)|vs(u)| can be computed

analytically for any � = cosh ⌘ > 1. This allows us to

4

D

�
FIG. 1. Spin di↵usion constant D in the easy-axis phase
� > 1 as a function of �. The di↵usion constant di-
verges in the anisotropic limit, leading to superdi↵usion with
D(t) ⇠ t1/3. Inset: Propagation of a magnon in the large
|�|, low temperature, ferromagnetic limit. The magnon is
initially a minority # spin in an "-spin domain; it is then
transmitted into a #-spin domain as a minority " spin. On
average, therefore, the magnon is neutral at half-filling, giving
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Discussion.—Our results were derived specifically for
spin di↵usion in an infinite-temperature state. These
predictions are directly testable in ultracold atomic ex-
periments [66]. However, many numerical studies of the
XXZ model work with a di↵erent setup, in which the left
and right halves of a system are initialized at di↵erent
values of magnetization, and the spin current through
the middle of the system is measured [25]. For ther-
mal systems these procedures are equivalent; however,
showing that this remains the case in the present setting
requires further justification. When the bias �µ is su�-
ciently small [25], this is straightforward. A quasiparticle
traveling for a time t picks up an average magnetization
⇠ t�µ, with a sign that depends on which half of the

system it is in, in addition to its fluctuations. Thus the
magnetization picks up a drift in addition to its (nor-
mal or anomalous) di↵usion, just as a conventional dif-
fusive particle would. The case of larger �µ can also
be addressed using the present framework, but requires
a detailed analysis of the µ-dependence of the dressed
magnetization; this will be addressed elsewhere. Our ar-
gument requires non-vanishing thermal fluctuations, and
we expect subdi↵usive dynamics for zero-entropy initial
states [38, 67].

The fact that the spin front is Gaussian also follows
naturally from the present discussion. The dipole mo-
ment due to each string undergoes a random walk, and
and the dynamics of the dipole moment on timescale t

is dominated by the random walk associated with the
strings that have the largest dipole moments on that
timescale. Thus, we expect the front to be a rescaled
error function [25] and not, e.g., a Levy flight, consistent
with numerics. In this sense the mechanism for superdif-
fusion in integrable systems is quite di↵erent from that
in random classical systems.

While we focused on the overall spread of the ini-
tial spin packet, an interesting question for future work
is the nature of the spin structure factor C(x, t) ⌘

h�
z(x, t)�z(0, 0)i more generally. Even though contribu-

tions from large, heavy strings do not a↵ect the overall
size of the wavepacket, they might a↵ect the shape of
C(x, t) near the origin, and can potentially dominate the
local autocorrelation function, leading to anomalous be-
havior [68].

Finally, we remark that an implication of our theory is
that operator spreading should presumably remain bal-
listic, with di↵usive broadening [40], in the XXX model:
the quasiparticle trajectories do not change their char-
acter at the isotropic point; instead, the unconventional
physics is due to anomalous fluctuations of the magneti-
zation along these trajectories.
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Integrability breaking2

symmetry of spin interaction can have a profound con-
sequence on the nature of spin transport on sub-ballistic
time scales irrespectively of integrability.

Spin di↵usion constant from integrability. Let
Ĥ be a spin-chain Hamiltonian with the conserved to-
tal magnetization Ŝz =

P
i ŝz

i . The linear-response spin
di↵usion constant D is computed as the spatio-temporal
integrated spin current autocorrelation function [44, 45],

D(T, h) =
1

T�h(T, h)

Z 1

0
dt

⇣⌦
Ĵ(t)ĵ0(0)

↵
T,h

�D

⌘
, (1)

where Ĵ =
P

i ĵi is the total spin current with density
ĵi at site i, h•iT,h corresponds to the equilibrium aver-
age with respect to the grand-canonical Gibbs ensem-
ble %̂GC(T, h) ' exp (�(Ĥ � hŜz)/T ), while �h(T, h) =
�@2f(T, h)/@h2 is the static spin susceptibility, where
f(T, h) = �T log Tr(%̂GC(T, h)), and D(T, h) is the spin
Drude weight which has been subtracted in order to
ensure that D(T, h) is well-defined. The spin Drude
weight is defined as the large-time limit of the spatially-
integrated current-current correlator in Eq. (1), and is
generically finite in integrable systems. However, in
a non-magnetized sector (i.e. at half-filling h = 0)
which is of our interest here, D(T, 0) = 0 essentially
due to particle-hole symmetry of local conservation laws
[27, 46, 47]. This is in agreement with the prediction of
the semi-classical theory [8].

The task of computing the exact di↵usion constants
in integrable models remains, on the other hand, a chal-
lenging open question. Just very recently, exact explicit
expression for the di↵usion matrix in a general equilib-
rium state has been derived in [33] using the thermal form
factor expansion and in [34] within the kinetic theory ap-
proach. In this work, we employ the general formula for
the exact spin di↵usion constant obtained in [33, 34].
Here we specifically examine the vicinity of the half-filled

equilibrium states where, remarkably, we found that the
formula further simplifies and in fact exactly coincides
with the curvature of the zero-frequency noise (or Drude
self-weight) [28, 48],

D
self(T, h) = 2

Z 1

0
dt
⌦
ĵ0(t)ĵ0(0)

↵
T,h

, (2)

with respect to the magnetization ⌫(T, h) ⌘ 4T hŜz
iT,h,

D ⌘ D(T, 0) =
@2

D
self(T, ⌫)

@⌫2

���
⌫=0

. (3)

The obtained expression can alternatively by viewed as
the optimized di↵usion-lower derived in [49]. We note
that Eq. (3) remains valid also for small h, up to correc-
tions of the order O(h2). The spin di↵usion constant can
accordingly be expressed in terms of equilibrium state
functions via the hydrodynamic mode resolution

D =
X

s

Ds, (4)

t1/3
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S = 1
<latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit><latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit><latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit><latexit sha1_base64="tjwkzDiORioh4ZmZvgnN8nEk/nw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQiFL14rNR+QBvKZjtpl242YXcjlNCf4MWDIl79Rd78N27bHLT1hYWHd2bYmTdIBNfGdb+dwtr6xuZWcbu0s7u3f1A+PGrpOFUMmywWseoEVKPgEpuGG4GdRCGNAoHtYHw3q7efUGkey0czSdCP6FDykDNqrNVo3Hj9csWtunORVfByqECuer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSuRUkj1H42X3VKzqwzIGGs7JOGzN3fExmNtJ5Ege2MqBnp5drM/K/WTU147WdcJqlByRYfhakgJiazu8mAK2RGTCxQprjdlbARVZQZm07JhuAtn7wKrYuqZ/nhslK7zeMowgmcwjl4cAU1uIc6NIHBEJ7hFd4c4bw4787HorXg5DPH8EfO5w+fm41Z</latexit>

�(t)
<latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit>

�(t)
<latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit><latexit sha1_base64="b1Gb4x3iRV6dVIpyaGoMK6cBvU8=">AAAB8HicbZBNS8NAEIYn9avWr6pHL4tFqJeSiKDHohePFeyHtKFstpt26W4SdidCCf0VXjwo4tWf481/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZci4k0UKHkn0ZyqQPJ2ML6d1dtPXBsRRw84Sbiv6DASoWAUrfXYM2KoaBXP++WKW3PnIqvg5VCBXI1++as3iFmqeIRMUmO6npugn1GNgkk+LfVSwxPKxnTIuxYjqrjxs/nCU3JmnQEJY21fhGTu/p7IqDJmogLbqSiOzHJtZv5X66YYXvuZiJIUecQWH4WpJBiT2fVkIDRnKCcWKNPC7krYiGrK0GZUsiF4yyevQuui5lm+v6zUb/I4inACp1AFD66gDnfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9yPn8APe6QBg==</latexit>
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t
<latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit><latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit><latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit><latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit>

t
<latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit><latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit><latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit><latexit sha1_base64="q/23RjEfsJaZXEDdSc7eZ9qiFOA=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgEV2FGBF0G3bhMwDwgGUJPp5K06XnQXSOEIV/gxoUibv0kd/6NnWQWmnih4XCriq66QaKkIdf9dtbWNza3tgs7xd29/YPD0tFx08SpFtgQsYp1O+AGlYywQZIUthONPAwUtoLx3azeekJtZBw90CRBP+TDSA6k4GStOvVKZbfizsVWwcuhDLlqvdJXtx+LNMSIhOLGdDw3IT/jmqRQOC12U4MJF2M+xI7FiIdo/Gy+6JSdW6fPBrG2LyI2d39PZDw0ZhIGtjPkNDLLtZn5X62T0uDGz2SUpISRWHw0SBWjmM2uZn2pUZCaWOBCS7srEyOuuSCbTdGG4C2fvArNy4pnuX5Vrt7mcRTgFM7gAjy4hircQw0aIADhGV7hzXl0Xpx352PRuubkMyfwR87nD+ArjPg=</latexit>

FIG. 1. Time-dependent spin conductivity (in units of ex-
change coupling J) for the isotropic gapless Heisenberg spin
S = 1/2 (left) and the spin S = 1 (right) (non-integrable)

gapped chain at half-filling h = 0, displayed for several di↵er-
ent temperatures (increasing from top to bottom) computed
using tDMRG simulations. Both cases exhibit an algebraic
law �(t) ⇠ t1/3, indicating that the spin super-di↵usion is
unrelated to the spectral gap and integrability of the model.

with Ds =
R dps(✓)

2⇡ ns(✓)[1�ns(✓)]⇥|ve↵
s (✓)|@2

⌫(mdr
s )2|⌫=0.

Here the integer label s runs over all distinct quasi-
particle species [19, 33], ns(✓) correspond to their (ther-
mal) Fermi occupation functions, ps(✓) are their e↵ective
(i.e. dressed) momenta parametrized by rapidity variable
✓, ve↵

s (✓) = @"s(✓)/@ps(✓) are the e↵ective (group) ve-
locities and finally mdr

s the dressed magnetization (spin)
with respect to a thermal background, see [47]. We will
now apply this formula to models with di↵erent particle
contents and in the low temperature regime.
Non-integrable isotropic antiferromagnetic

chains. We now consider the low-temperature spin
dynamics in generic antiferromagnetic spin chains with
isotropic spin interactions. For definiteness, we focus
on the SU(2)-symmetric Heisenberg spin-S chains
ĤS = J

P
i ŝi · ŝi+1, with ŝ · ŝ = S(S + 1). In the large-S

limit, the e↵ective low-energy action which describes the
evolution of the staggered and ferromagnetic fluctuations
ŝi ⇡ S(�1)in̂ + m̂ yields a non-abelian quantum field
theory known as the O(3) non-linear sigma model
(NLSM) [1, 2, 50]. In dimensionless units v = 2JS ! 1
and coupling parameter g = 2/S, the Hamiltonian reads,

Ĥ(⇥)
⌃ =

v

2

Z
dx


g
⇣
m̂ +

⇥

4⇡
@xn̂

⌘2
+

1

g
(@xn̂)2

�
, (5)

where ferromagnetic magnetization m̂ = n̂ ⇥ p̂ gen-
erates spatial rotations of the unit vector field n̂ =
(n̂x, n̂y, n̂z), with the canonically-conjugate momentum
p̂ = (1/g)@tn̂+(⇥/4⇡)n̂⇥@xn̂ and ⇥ = 2⇡S is the topo-
logical angle. For ⇥ 2 {0, ⇡} the O(3) NLSM model is
an integrable QFT with a completely factorizable scat-
tering matrix [51, 52]. Specifically, at ⇥ = 0 the model
yields the e↵ective low-energy theory for the staggered
(k ⇡ ⇡) and the ferromagnetic (k ⇡ 0) fluctuations in
the Haldane–gapped integer spin chains. The k ! 0
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Figure 1: a Crystal structure of KCuF3, showing the orbital order of the Cu x2 � y2 orbitals.
This order leads to strong magnetic exchange interactions along the c (vertical) axis and weak
exchange interactions along a and b, such that the Cu2+ ions effectively make 1D chains. b
Schematic illustration of spinon excitations in a 1D Heisenberg antiferromagnet (based on
Ref.7). c Schematic illustration of three possible length-time scaling behaviors |x| ⇠ t1/z

observed at high temperature in 1D quantum magnets, classified by the dynamical exponent z:
z = 2 corresponds to diffusion (green curve), z = 3/2 to superdiffusive (blue curve) and z = 1
to ballistic dynamics.

peratures in the range T = 75 K to T = 300 K. Combining experimental measurements with

extensive numerical simulations based on a microscopic description of the system, we identify

a characteristic power-law / Q�3/2 behavior in the neutron scattering spectrum, in agreement

with the KPZ universality class predictions19.

Searching for Kardar-Parisi-Zhang hydrodynamics

KCuF3 has long been studied as a model of 1D Heisenberg antiferromagnetism with S = 1/2

spins borne by Cu2+ ions29,30,31. Due to the Cu2+ dx2�y2 orbital order (Fig. 1a), the mag-

netic exchange interaction is limited to nearest-neighbor spins and is spatially anisotropic. It

is dominant along the c axis (Jc = 33.5 meV) while the interchain coupling is much weaker

(Ja,b = �1.6 meV), leading to effective one-dimensional c axis spin-half chains. Although the

system magnetically orders at TN = 39 K due to the inherent presence of a finite exchange

5
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Classical hydrodynamics is a remarkably versatile descrip-
tion of the coarse-grained behaviour of many-particle sys-
tems once local equilibrium has been established1. The form 
of the hydrodynamical equations is determined primarily by 
the conserved quantities present in a system. Some quan-
tum spin chains are known to possess, even in the simplest 
cases, a greatly expanded set of conservation laws, and recent 
work suggests that these laws strongly modify collective spin 
dynamics, even at high temperature2,3. Here, by probing the 
dynamical exponent of the one-dimensional Heisenberg anti-
ferromagnet KCuF3 with neutron scattering, we find evidence 
that the spin dynamics are well described by the dynamical 
exponent z!=!3/2, which is consistent with the recent theoreti-
cal conjecture that the dynamics of this quantum system are 
described by the Kardar–Parisi–Zhang universality class4,5. 
This observation shows that low-energy inelastic neutron 
scattering at moderate temperatures can reveal the details 
of emergent quantum fluid properties like those arising in 
non-Fermi liquids in higher dimensions.

Interacting magnetic moments (‘spins’) governed by the laws of 
quantum mechanics can exhibit a vast set of complex phenomena 
such as Bose–Einstein condensation and superfluidity6, topologi-
cal states of matter7 and exotic phase transitions8,9. Understanding 
quantum magnets is therefore a challenging task, connecting exper-
iments with intensive theoretical modelling and state-of-the-art 
numerical simulations. In that respect, linear arrangements of spins 
(‘spin chains’) at temperatures close to absolute zero have been influ-
ential because the one-dimensional (1D) setting produces especially 
prominent quantum fluctuations10.

The most celebrated model magnetic system realized in nature is 
the Heisenberg spin-1/2 chain, where isotropic magnetic moments 
are coupled by a nearest-neighbour antiferromagnetic exchange 
interaction of strength J. It is characterized by fractional quasi-
particle excitations called spinons (Fig. 1b) with a dispersion rela-
tion given by _!!Q" # J !2 j sin!Qa"j

I
, where a is the lattice spacing 

unit (following the convention for 1D chains, we set a = 1 in this 
study). They control many physical properties of the system at low 
temperature and can be identified by the dynamical spin response 
function, as measured in inelastic neutron spectroscopy. Spinons 
are created in pairs, leading to a continuum in the neutron scatter-
ing spectrum, and interact with one another. In fact, in the ground 
state, two-spinon states accounting for 71% of the total spectral 
weight have an upper bound of _!!Q" # J!j sin!Q=2"j;

I
 which gives 

its distinctive shape to the spectrum (Fig. 2a), and including the 

four-spinon contribution on top of the two-spinon exhausts 98% of 
the weight11, and so on.

As temperature increases and many spins are excited, the 
spin dynamics at frequencies !! ! kBT is usually thought of in 
terms of collective thermal rather than quantum effects. This 
high-temperature regime has not been the focus of experimen-
tal study, but recent theoretical progress in 1D quantum systems 
suggests that it nevertheless holds precious information on the 
underlying quantum features2,3,12. One can make an analogy with 
the phenomenological derivation of the equations of fluid dynam-
ics, based on the continuity equations of conserved quantities (such 
as mass, energy or momentum): depending on the intrinsic quan-
tum conservation laws of the system, one expects the emergence of 
different kinds of coarse-grained hydrodynamic behaviour for the 
spins at high temperature. Remarkably, some 1D quantum systems, 
known as integrable—including the Heisenberg spin-1/2 chain—
possess an infinite number of nontrivial conserved quantities. They 
strongly constrain the overall dynamics of integrable systems and 
can endow them with peculiar hydrodynamic properties, some of 
which have been observed experimentally in a 1D cloud of trapped 
87Rb atoms13. In the case of magnets, three universal regimes have 
been identified14,15 and are classified by the dynamical exponent z 
governing the length–time scaling, that is, length " time1/z, where 
z = 2 corresponds to diffusion, z = 1 to ballistic and z = 3/2 to super-
diffusive dynamics (Fig. 1c).

The presence of ballistic spin dynamics in integrable systems is 
theoretically established by showing that at least part of the spin 
current ̂js in an initial state persists to infinite time, resulting in an 
infinite spin d.c. conductivity. Quantitatively, this can be achieved 
by looking at the long-time asymptote of the spin current–current 
correlation dx2!y2

I
 where saturation to a non-zero value signals 

ballistic spin transport and a non-zero Drude weight. Although 
challenging for many-body quantum systems, the Drude weight 
can be accessed numerically16 and a lower bound can often be 
obtained analytically17,18. Diffusive behaviour, one of the other 
universal regimes, is typically recovered for systems with zero 
Drude weight, which implies eventual relaxation of spin currents 
and finite transport coefficients. Unexpectedly, an intermediate 
scenario was recently unveiled5,19–21: a zero Drude weight but a 
slowly decaying (typically algebraically with time) spin current–
current correlation, giving rise to superdiffusive dynamics with 
z = 3/2. The intermediate scenario was found numerically5 by 
calculation of the full scaling function to belong to the Kardar–
Parisi–Zhang (KPZ) universality class in the 1 + 1 dimension 
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Integrability breaking: lifetimes

• Quasiparticles can decay, have a finite lifetime 

• Fermi Golden Rule estimate:  �s ⇠ d.o.s.⇥ |V |2
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For a generic perturbation 
breaking SU(2) (say noise 
coupling to Sz), rate        
increases with s. Giant 
quasiparticles decay quickly… 

�s
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Vanilla diffusive transport
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Non-analytic diffusion constant
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FIG. S1. XXX Hamiltonian Heisenberg chain dynamics simulated with a variety of bond dimensions �max. (left) Time-
dependent di↵usion constant scales asymptotically like t

1/3. (right) Operator entanglement entropy in the MPO evolution. It
converges only for relatively short times with accessible bond dimensions.

as the operator entanglement entropy for an MPO of bond dimension � satisfies the bound S(t)  log2 �. As we are
evolving with fixed �, the convergence of S(t) can only be achieved for relatively short times t . 15 with the bond
dimensions of our computations. Our data is consistent with S(t) ⇠ t1/3, as shown in Fig. S1, but due to the short
time scale of the converged data we cannot rule out other forms for the asymptotic scaling of S(t). Particularly, the
scaling S(t) ⇠ log t was established for operator evolutions in free fermions and certain interacting integrable chains
and has been conjectured to be a general result in integrable systems; our data is consistent with this conjecture as
well [S7–S9].

B. Correlated noise evolutions

We consider the isotropic Heisenberg spin chain H0 with the addition of Markovian (uncorrelated in time) noise.
The system is described by a stochastic Schrodinger equation d | i /dt = �iH⌘ | i, with

H⌘ = H0 +
X

j

⌘j(t)Oj .

The noise is generated by the correlated stochastic processes ⌘j coupled to Hermitian operators Oj = �z
j . The noise

is described by its correlations

h⌘j(t)⌘j0(t
0)i = �f(j � j0)�(t� t0),

where � parameterizes the strength of the noise and f(j) parameterizes the spatial correlations. This setup leads to
the evolution equation

d⇢

dt
= L(⇢) = �i[H0, ⇢]�

�

2

X

jj0

f(j � j0)(OjOj0⇢�Oj⇢Oj0 �Oj0⇢Oj + ⇢Oj0Oj),

for the noise averaged density matrix [S10]. As the Oj commute for the �z noise considered in this paper, the
Liouvillian L can be written as

L = �i
�!
H0 + i

 �
H0 �

�

2

X

jj0

f(j � j0)(
�!
Oj �

 �
Oj)(
�!
Oj0 �

 �
Oj0),

where
�!
O = O⌦1 and

 �
O = 1⌦O are the superoperators corresponding to O acting from the left or right, respectively.

We work in the Heisenberg picture where the density matrix is static and operators evolve as [S3]

dA

dt
= L

⇤(A), L
⇤ = i

�!
H0 � i

 �
H0 �

�

2

X

jj0

f(j � j0)(
�!
Oj �

 �
Oj)(
�!
Oj0 �

 �
Oj0). (S1)
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FIG. 1. Noisy perturbations. (a) Apparent di↵usion constant D(t) vs. time t, for noise coupling to S
z
i with spatially

uncorrelated fluctuations. The di↵usion constant rapidly saturates to a value plotted in the inset vs. noise strength � ⇠ g
2.

(b) Same as (a), but for noise with a spatial correlation length ⇠. Inset: Scaling of the di↵usion constant compared to the
prediction D ⇠ (�/⇠)�1/3. (c) Apparent logarithmic divergence of D(t) vs. t for noise that preserves SU(2) symmetry: both
for noise coupling to the energy density (main panel) and for noise coupling to the energy current density (inset).

discuss the roles of higher-order terms in perturbation
theory below. At the level of our analysis, the main ef-
fect of the perturbation V is to give a new, finite lifetime
⌧s, with decay rates �s = ⌧�1

s of order O(g2). Starting
from a representative thermal state |⇢i , containing all
strings with thermal densities ⇢s, those decay rates are
obtained by summing over all possible accessible states
|ni compatible with the residual conservation laws (en-
ergy and/or quasi-momentum conservation), with a rate
given by the square of the matrix element |hn|V |⇢i|2 with
the appropriate density of state factors. The a.c. spin
conductivity is then given by:

�(!) ⇠

Z 1

0
dt ei!t

X

s�1

s�3e�t/⌧0
s e�t�s . (4)

As we will see below, di↵erent classes of perturbations
lead to very di↵erent scalings of the rates �s with s, with
some perturbations allowing for long-lived giant strings.

Symmetry-breaking noisy perturbations. We first
consider a generic perturbation that breaks the spin-
rotation symmetry. In this case, we expect the matrix
element of the perturbation to be either O(1), or possi-
bly to increase with s (since for example, the charge of
an s-string is ms = s). If we further assume that the
integrability breaking is due to temporally fluctuating
noise, then the density of available states is clearly non-
vanishing, since an s-string can scatter by changing its
momentum. (This might not be the dominant process, of
course.) In this case, �s ⇠ s↵ with ↵ > 0 in eq. (4) lead-
ing to a finite d.c. value �d.c. = lim!!0 �(!). This is the
expected behavior of integrability breaking, which gener-
ically should lead to di↵usive transport for residual con-
served charges. Note that eq. (4) predicts that the finite

time di↵usion constant D(t) = �
�

R t
0

P
nhjn(t)j0(0)i� ,

with � the spin susceptibility, approaches its asymp-

totic value very quickly, with exponential convergence
in time. While anomalous transport is washed out by
the integrability-breaking perturbation in this case, rem-
nants of the anomalous exponent z = 3/2 can be ob-
served in the dependence of the di↵usion constant on the
integrability-breaking parameter g. If we convolve the
anomalous integrable scaling !�1/3 by a Lorentzian of
width � ⇠ g2, we immediately find

�d.c. = �D ⇠ g�2/3. (5)

To leading-order, the small g-dependence of the suscep-
tibility can be ignored, and we see that the di↵usion con-
stant scales in a non-analytic way with g. Similar non-
analytic dependences of di↵usion constants were reported
in Refs. [67, 77].

To check these predictions, we consider a noisy pertur-
bation V (t) =

P
n ⌘n(t)Sz

n, with ⌘n some classical corre-
lated noise h⌘n(t)⌘n0(t0)i = ��(t�t0)f(n�n0), and � ⇠ g2

the strength of the noise. Such correlated noise can be
expected to model generic external perturbations at large
scales. We implemented time evolution using a Lindblad
approach and matrix product operators (MPO) [78]. We
considered both uncorrelated (f(n) = �n,0) and corre-
lated (f(n) ⇠ e�|n|/⇠) noisy perturbations. Our results
are consistent with di↵usive transport and a di↵usion
constant scaling as D ⇠ (�/⇠)�1/3, as expected from (5)
(Fig. 1), and with a relaxation time ⇠ 1/� [78].
Symmetric noisy perturbations. We now turn to

a much more interesting class of perturbations that pre-
serve the spin-rotation SU(2) symmetry of H0. Intu-
itively, the action of such perturbations on large strings
should be suppressed since those are smooth vacuum ro-
tations. In fact, Goldstone physics implies that the ma-
trix elements of any SU(2)-invariant must be suppressed
with s at least as energy is, as "s ⇠ 1/s. The matrix

Non-analytic dependence of D on  
the perturbation strength!

D ⇠ ��1/3
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FIG. S1. XXX Hamiltonian Heisenberg chain dynamics simulated with a variety of bond dimensions �max. (left) Time-
dependent di↵usion constant scales asymptotically like t

1/3. (right) Operator entanglement entropy in the MPO evolution. It
converges only for relatively short times with accessible bond dimensions.

as the operator entanglement entropy for an MPO of bond dimension � satisfies the bound S(t)  log2 �. As we are
evolving with fixed �, the convergence of S(t) can only be achieved for relatively short times t . 15 with the bond
dimensions of our computations. Our data is consistent with S(t) ⇠ t1/3, as shown in Fig. S1, but due to the short
time scale of the converged data we cannot rule out other forms for the asymptotic scaling of S(t). Particularly, the
scaling S(t) ⇠ log t was established for operator evolutions in free fermions and certain interacting integrable chains
and has been conjectured to be a general result in integrable systems; our data is consistent with this conjecture as
well [S7–S9].

B. Correlated noise evolutions

We consider the isotropic Heisenberg spin chain H0 with the addition of Markovian (uncorrelated in time) noise.
The system is described by a stochastic Schrodinger equation d | i /dt = �iH⌘ | i, with

H⌘ = H0 +
X

j

⌘j(t)Oj .

The noise is generated by the correlated stochastic processes ⌘j coupled to Hermitian operators Oj = �z
j . The noise

is described by its correlations

h⌘j(t)⌘j0(t
0)i = �f(j � j0)�(t� t0),

where � parameterizes the strength of the noise and f(j) parameterizes the spatial correlations. This setup leads to
the evolution equation

d⇢

dt
= L(⇢) = �i[H0, ⇢]�

�

2

X

jj0

f(j � j0)(OjOj0⇢�Oj⇢Oj0 �Oj0⇢Oj + ⇢Oj0Oj),

for the noise averaged density matrix [S10]. As the Oj commute for the �z noise considered in this paper, the
Liouvillian L can be written as

L = �i
�!
H0 + i

 �
H0 �

�

2

X

jj0

f(j � j0)(
�!
Oj �

 �
Oj)(
�!
Oj0 �

 �
Oj0),

where
�!
O = O⌦1 and

 �
O = 1⌦O are the superoperators corresponding to O acting from the left or right, respectively.

We work in the Heisenberg picture where the density matrix is static and operators evolve as [S3]

dA

dt
= L

⇤(A), L
⇤ = i

�!
H0 � i

 �
H0 �

�

2

X

jj0

f(j � j0)(
�!
Oj �

 �
Oj)(
�!
Oj0 �

 �
Oj0). (S1)See also Znidaric PRL ‘20



Integrability breaking: anomalous diffusion

BUT if perturbation preserves SU(2), matrix element suppressed as 1/s (Goldstone 
physics), and density of states factors can only suppress this further
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FIG. 1. Upper panel: given an external small magnetic field
h ⌧ 1, the quantum-classical mapping identifies quantum
eigenstates with large quantum numbers s / 1/h of magnons
with soliton waves in a classical Landau-Lifshitz magnet.
Lower panel: temperature (T )-dependent coe�cient of the
KPZ nonlinearity predicted by the self-consistent theoretical
approach, compared with numerical results from tDMRG (see
also caption of Fig. 2). At finite times, the spin profile is
not precisely of the KPZ functional form as in eq. (2); thus
the value of the inferred coe�cient largely depends on which
quantity one uses to extract to the KPZ prediction, either the
spin auto-correlation or its variance.

nian for a chain of size L + 1

Ĥ = J

L/2X

n=�L/2

~̂Sn ·
~̂Sn+1, (1)

with ~̂Sn = (Sx
n, Sy

n, Sz
n), and Ŝ↵

n denoting spin- 1
2 opera-

tors at site n. In what follows, we set J = 1. We focus on
the spin dynamical structure factor hŜz

n(t)Ŝz
0 (0)i in the

thermodynamic limit L ! 1, at thermal equilibrium
with finite temperature T > 0 and zero magnetic field.
There is now ample numerical evidence that the struc-
ture factor at late times t � 1 follows the KPZ scaling
form

hŜz
n(t)Ŝz

0 (0)i '
�

(�KPZ t)2/3
fKPZ

✓
n

(�KPZ t)2/3

◆
, (2)

where � =
PL/2

n=�L/2hŜ
z
n(0)Ŝz

0 (0)i is the static spin sus-

ceptibility, fKPZ is the KPZ scaling function [74, 75],
and �KPZ is the KPZ constant : a temperature and
model-dependent coupling parameter of the emergent
KPZ equation describing the hydrodynamics of the spin
field. The exponent 2/3 can be extracted from GHD via a
self-consistent argument [31–33], but the scaling function

and �KPZ cannot. Moreover, the framework of nonlinear
fluctuating hydrodynamics [76, 77], which has been used
to derive KPZ equations in other contexts, does not ap-
ply straightforwardly in this situation.

Recent numerical results [62], supplemented by the-
oretical arguments of refs. [34, 35], have presented evi-
dence that the same universal KPZ scaling also occurs
at finite temperatures in classical integrable spin chains
invariant under SO(3) rotations, whose continuum long-
wavelength theory is governed by the Landau-Lifshitz
(LL) equation

@t
~S = Jcl

~S ⇥ @2
x
~S, (3)

where ~S ⌘ ~S(x, t) is a classical spin field of unit length
|~S| = 1 on the continuum line x 2 R. In this light,
it is reasonable to expect that such emergent behavior
is a manifestation of a quantum-classical correspondence
where certain degrees of freedom in the quantum chain
are intrinsically classical in nature and behave according
to (3), as proposed, e.g., in Ref. [34].

Here, we isolate the excitations relevant for KPZ dy-
namics. Since these turn out to be bound states of ele-
mentary magnonic excitations whose size and quantum
numbers diverge as the local magnetization vanishes, we
dub them “giant quasiparticles”. Our picture, combined
with simple kinetic arguments, yields quantitative pre-
dictions for the �KPZ, and elucidates how a finite ther-
mal density of giant quasiparticles in the spectrum of the
quantum chain leads to a thermal gas of classical solitons
of the Landau-Lifshitz field theory (3).
Computing the KPZ constant . The KPZ cou-

pling constant of the quantum Heisenberg model can be
computed from the following procedure. First, we con-
sider a thermal Gibbs state with the addition of a small
magnetic field 2h, which introduces the additional term
�2hT

P
i Ŝz

i to Ĥ. Given that the model (1) is inte-
grable, spin dynamics splits into two channels; a ballis-
tic piece with spectral (Drude) weight vanishing at zero
field, and a di↵usive part with spin di↵usion constant
diverging as D(h) = D0/h in the h ! 0 limit [32, 33].
Both transport coe�cients admit closed-form expressions
as sums over quasiparticles, labelled by a discrete la-
bel s � 1 (pertaining to the quantized magnetization
of magnon excitations) and a continuous rapidity label
✓ 2 (�1, 1) which parametrizes their quasimomenta
ps(✓). The spin di↵usion constant assumes a spectral
decomposition [32, 52, 78, 79]

D =
X

s�1

Z 1

�1
d✓ Ds(✓), (4)

which we will use below to determine D0.
The second step of our procedure consists of regu-

larizing the divergence of D(h) by accounting that the
net magnetization observed by a quasiparticle that has

H = J

X

i

~Si.
~Si+1 + �J

X

i

~Si.
~Si+2
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z=3/2 for all accessible time scales!!

De Nardis, Gopalakrishnan, RV, Ware PRL ‘21



Integrability breaking: anomalous diffusion

Giant quasiparticles 
are still long lived!

�s . 1/s2
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Log (super)diffusion!
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Noisy SU(2)-symmetric perturbation: energy is not conserved

De Nardis, Gopalakrishnan, RV, Ware PRL ‘21

See also: De Nardis, Medenjak, Karrasch & Ilievski PRL ’20 for logs in a 
different regime



Conclusion

• Anomalous (superdiffusive) transport in integrable isotropic spin 
chains 

• Relatively simple mechanism, integrability needed only to stabilize 
quasiparticle excitations at high temperature 

• Remarkably stable to integrability-breaking perturbations  

• KPZ? Non-perturbative effects? Higher-order processes? 


