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1 Introduction

The holographic principle stands out as a highly effective tool for understanding quantum gravity. It says
that all information about a dynamic system with gravity is stored in a lower-dimensional boundary of
the system. Initially proposed by ’t Hooft [1] and later expanded upon in the context of string theory by
Susskind [2], this principle is exemplified notably in the case of black hole entropy. In this instance, the
entropy of a black hole is linked to the area of its horizon, yet it counts the microscopic details [3,4].

Now, Physics at different energy scales, from particle accelerators to gravitational wave experiments,
can be effectively described by flat spacetime. Though we understand the holographic principle in asymp-
totically Anti-de Sitter (AdS) spacetime, flat-space holography is still largely unexplored. Celestial holog-
raphy is a bottom-up approach to flat-space holography. Celestial holography proposes that quantum
gravity, or quantum field theory (QFT) in asymptotically flat spacetime can be represented by a dual
theory that lives on the co-dimension 2 sphere at the boundary. The theory is referred to as celestial
conformal field theory (CCFT) [5, 6]. The fundamental observable in asymptotically flat-space is the S-
matrix, exhibiting inherent holographic features by being defined with on-shell momenta at the boundary
at infinity. Celestial holography redefines QFT scattering by transforming the S-matrix into a celestial
amplitude using boost eigenstates, which enables correlator with operators on points on the celestial
sphere. This approach involves considering conformal primary wavefunctions that transform as confor-
mal primaries under the Lorentz group, resulting in S-matrix that covariantly transforms as conformal
correlator, effectively trading the plane wave basis with a basis of conformal primary wave function.

Recent insights of celestial amplitude mainly come from a bottom-up approach, translating properties
of scattering amplitude into properties of celestial amplitude. The analyses so far involves taking per-
turbative scattering amplitude as input and producing celestial amplitude. The analyses leave the non-
perturbative defining properties of CCFT unknown, lacking an intrinsic definition. Recent works [7-9]
explores 4d models with explicit CCFT duals. In the end, our goal is to develop a top-down stringy con-
struction of CCFT. Alternatively, it can be seen as a CFT-inspired approach to analyzing amplitudes. With
an intrinsic description of consistent CCFT, we aim to utilize CFT-bootstrap techniques for computing and
constraining scattering.

Now, evaluating the celestial amplitude for a massive scalar in dimensions higher than 2d is technically
challenging. In 2d, we have the integrable S-matrices, and it would be interesting to compute the celestial



amplitudes. In the second section of the synopsis, we initiate the exploration of the celestial amplitude for
the 2d bulk S-matrix. As a first step towards bootstrapping celestial amplitude, we focus on 2d scattering.
We show that the celestial amplitude is essentially the Fourier transform of the 2d S-matrix in terms of
rapidity variables. Translating the crossing and unitarity conditions, we establish their counterparts for
the celestial amplitude. Perturbatively in the coupling constant for the 2d Sinh-Gordon model, we verify
that the celestial amplitude satisfies the crossing and unitarity conditions. For Sinh-Gordon model, due
to the presence of the pole in the origin of the complex rapidity-plane there are two types of celestial
amplitude, the retarded and the advanced corresponding to +ie prescriptions. We aim to apply the
bootstrap idea, utilizing the crossing and unitarity conditions, to derive higher-order celestial amplitudes
from lower-order ones.

Now, we will move to the other aspect of flat-space holography. A key insight here is that the flat-space
limit of AdS provides a holographic representation of the flat-space S-matrix through the correlator of
a boundary CFT [11-14]. When examining AdS geometry, deep into the center, an observer limited to
physics below the AdS length scale perceives it as flat. Essentially, this shows that flat-space is part of
AdS spacetime, and so flat-space physics must be encoded in AdS spacetime. Since physics within AdS
corresponds to CFT, it is reasonable to infer that CFTs encapsulate flat-space physics in an additional
dimension. This reasoning forms the fundamental logic behind the flat-space limit of AdS/CFT.

This parallels our everyday experience: although the Earth’s surface is spherical, we perceive it as flat.
This discrepancy arises because the scale of our activities and the distance of our horizon are minuscule
compared to the immense radius of the Earth. Just as the physicist perceives flatness within the depths of
AdS geometry, our perception of flatness amidst the spherical Earth mirrors this phenomenon, albeit on a
macroscopic scale.

In the third section of the synopsis, we explore infrared flat-space physics from the flat-space limit
of AdS/CFT. The appearance of infrared (IR) divergence in the S-matrix is linked to the assumption of
asymptotic decoupling. This assumption treats the asymptotic Hamiltonian as free, implying that the
asymptotic states are Fock space states and the fields behave as free fields in the asymptotic region of flat
spacetime. However, by relaxing this assumption, Faddeev-Kulish state can be introduced, leading to an
S-matrix that is IR finite. Faddeev-Kulish state incorporates soft photon modes to dress the asymptotic
scattering state in the Fock space. In the third chapter of the synopsis, we develop a framework for con-
structing the Faddeev-Kulish state in the context of AdS/CFT. AdS spacetime serves as a built-in infrared
regulator, and when we take the flat-space limit, infrared divergences will show up unless the asymp-
totic dynamics of fields is examined appropriately. We construct the AdS correction to the Faddeev-Kulish
dressed state, and the guiding principle in studying this is the equivalence established between Wilson
line dressing and Faddeev-Kulish dressing. We construct modes for the massive scalar field dressed by
the Wilson line using the bulk operator reconstruction. We establish a mapping between AdS corrected
soft photon modes and CFT current operators. This mapping allows us to express the AdS corrected
Faddeev-Kulish dressed state and utilizing it in the Wilson line dressing.

We elaborate on these in the subsequent sections.



2 Celestial amplitude for 2d theory

We define a massive scalar conformal primary wavefunction ¢% (X*; ) as a solution to the massive Klein-
Gordon equation of mass m in R?~! that transforms covariantly as a scalar conformal primary operator
under a Lorentz group SO(1,d — 1) transformation. The massive scalar conformal primary wavefunction
0] A(X #:45) in RH4~1 admits the Fourier expansion on the plane waves

o (X ) = /H [df] Ga(p; @) expl im p.X] | &)

where the on-shell momenta per mass, a unit timelike vector p(y, 7) satisfying > = —1 can be parametrized
using the H, ; coordinates y (y > 0) and z € R%2, and, [dp] is the SO(1,d — 1) invariant measure on
H,_{ written in terms of the hyperbolic coordinates.

Here, the Fourier coefficient Gz (p; @) is the scalar bulk-to-boundary propagator in H;_; and @ € R%—2
lies on the boundary of Hy_;.

Employing the mapping from the plane wave to the conformal primary wavefunction given by eq.(1).
The S-matrix elements in the conformal prinary basis is given in terms of an integral transform, and we
define A(A;, ;) by the massive celestial amplitude
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Massive Celestial amplitude for 2 — 2 scattering: The Celestial point

In 2d, the celestial 4-point amplitude of the massive conformal primary wavefunction is

(it

where, pl' = p*(6;) = 2 = (cosh 6;,sinh §;) and G, (p;) is the bulk-to-boundary propagator in Hj.
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The 2d celestial amplitude is the Fourier transform of the S-matrix with respect to rapidity given by

= /_ ~ d6eS(0) @

The variable 6 is the rapidity, the conjugate to boosts, and the boost eigenstates are Fourier transforms
with respect to rapidity. In this context, with no celestial coordinates, the dual theory at the “celestial
point” is zero-dimensional, represented by a zero-dimensional CFT correlation function or an operator
algebra without coordinates.



Celestial amplitude in 2d Sinh-Gordon model

Now, we evaluate the celestial amplitude in 2d Sinh-Gordon model by perturbatively expanding the S-
matrix of the Sinh-Gordon model. The Largangian of the Sinh-Gordon model is given by
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The S-matrix for Sinh-Gordon model with the parameter « related to the coupling b is
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The perturbative expansion of the S-matrix with respect to b? is given by
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Here, in eq.(7), we note only few terms, for details of the perturbative expansion we refer to the
paper [33].

Now, the perturbative expansion of the S-matrix S(#) contains poles at # = 0, we define the celestial
amplitude using +ie prescription as
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where
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In the perturbative expansion of the S-matrix S(6), there are poles at 6 = 0. We use the +ie pre-
scription, and we define two celestial amplitudes based on these two prescriptions: A™(w) is called the
retarded celestial amplitude and A~ (w) is called the advanced celestial amplitude. Eq. (8) represents the
perturbative expansion of both the retarded and advanced celestial amplitudes. We call f,f (w) and f,, (w)
as the perturbative retarded and advanced celestial amplitude.

Evaluating the Fourier transform using +ie prescription by enclosing the contour in the upper half-



plane, we get the perturbative retarded celestial amplitude
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Evaluating the Fourier transform using —ie prescription by enclosing the contour in the lower half-plane,
we get the perturbative advanced celestial amplitude
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We note only few terms, for details of the perturbative celestial amplitude we refer to the paper [33].
Crossing and unitarity conditions in celestial space
In terms of rapidity, § we express the crossing and the unitarity conditions as
S0)=S(imr—0
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The crossing condition in celestial space is obtained by taking the Fourier transform of both sides of
the crossing condition in the rapidity variable. Since, the perturbative expansion of the S-matrix S(0)
contains poles at § = 0, therefore, perturbatively if we expand upto a given order we should take the
fourier transform of S(6 =+ i¢).

The crossing condition in celestial space is obtained by taking the fourier transform of both sides

A (W) = T AT (—w) . (13)

The crossing condition relates the retarded (advanced) celestial amplitude of positive w to the retarded
(advanced) celestial amplitude of negative w and vice-versa.

Perturbatively expanding f:-(w) satisfy the crossing condition

fa (W) = €75 (~w) 14
The unitarity condition becomes
2i - dw' AT (w + W) A~ (W) = 210 (w) . (15)
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We have the unitarity condition order by order in perturbation theory
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We check the crossing and unitarity conditions for the 2d Sinh-model using celestial amplitudes. Now,
we see that using the crossing and unitarity conditions, how much we can get for the higher order celestial
amplitude from the lower order celestial amplitude.

Crossing condition translated in celestial space gives
fow) = fr(-w) . 17)

Unitarity condition translated in celestial space gives
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Now, the relation between f," (w) and f, (w) is

— 1 . W n
FHw) — fr(w) + Sm) 27 Res [0 >(9)}9:0 =0 . (19)

Using crossing and unitarity conditions in eq.(17) and eq.(18) along with eq.(19) we get
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fixed by crossing and unitarity conditions

Conclusions and future directions

In summary, we explore celestial amplitude for the 2d bulk S-matrix, showing that for massive scalar
particles, it is the Fourier transform of the S-matrix in the rapidity variable. In the case of the Sinh-Gordon
S-matrix, perturbative analysis identifies two celestial amplitude types-retarded and advanced-attributed
to a pole at the origin of the complex rapidity-plane. This pole plays a crucial role in perturbation theory,
and we elaborate extensively on how to address it within perturbation theory by defining two celestial
amplitudes corresponding to two different ie prescriptions. In the celestial space, we translate the crossing
and unitarity conditions and check these conditions for the Sinh-Gordon model. From the celestial CFT
perspective, we ask about determining the higher order celestial amplitude from the lower order i.e.,
bootstrapping celestial amplitude by imposing the crossing and unitarity conditions. There are several
promising future directions.



Flat-space limit of massive scalar AdS amplitude and it’s connection with massive scalar celestial
amplitude. For the massive scalar celestial amplitude, it is nice to connect the celestial amplitude to the
flat-space imit of AdS amplitude. For this, we can use the dictionary between the positions of operators at
the boundary of AdS and the momenta of particles in the flat-space limit of AdS [22]. The celestial ampli-
tude written in conformal basis which is an integral transform of the flat-space amplitude in momentum
space [6] can be translated to an integral transform of positions of operators at the boundary of AdS. We
can then try to see the interpretation of the integral transform in terms of CFT living on the boundary.

Conformal block expansion for the celestial amplitude. In this line of thinking, it would be useful to
understand the analog of conformal block expansion for the celestial amplitude. In AdS, we can convolute
the conformal block expansion of the boundary four-point function with the integral transform and see
how the block gets modified. It would be nice to make connection with the conformal block expansion in
the Celestial CFT [10].

3 AdS correction to the Faddeev-Kulish state: migrating from the flat
peninsula

Scattering amplitudes in QED vanish in four spacetime dimensions in flat-space because of IR divergences.
The soft photon interchange between the external legs due to long-range interactions is what causes
these IR divergences. The soft contribution of each of the diagrams exponentiates after resumming the
series [15]. The typical textbook solution to this IR divergence problem is to consider inclusive cross
sections, involving a trace over soft photon modes in scattering states to eliminate the divergence and
obtain a finite result. An upshot of the resolution of the IR divergence alternative to employing inclusive
cross sections is to use dressed states as physical scattering states. The intuition is that because electro-
magnetic interactions are long-range interactions, soft modes of photons in the “in” and “out” scattering
states are always present. These dressed states by soft modes of the photons is referred as Faddeev-Kulish
dressed state [16]. The Faddeev-Kulish state is such that it precisely cancels the IR divergences in the
S-matrix, resulting in an IR finite S-matrix [17-21].

We aim to construct the AdS correction to the Faddeev-Kulish state by using the equivalence of the
Faddeev-Kulish dressing and the Wilson line dressing involving the soft modes of photons in flat-space
[24-27]. We calculate modes for the massive scalar field dressed by the Wilson line utilizing bulk oper-
ator reconstruction. We use bulk operator reconstruction to create soft photon modes from CFT current
operators. Incorporating AdS corrections, we map the CFT current operators to AdS corrected photon
modes. This mapping facilitates the construction of the AdS corrected creation mode of the Wilson line
dressed scalar field, resulting in the AdS corrected Faddeev-Kulish state.



Flat Peninsula inside AdS Lake: The flat-space limit

At the level of geometry, we take the large AdS radius limit such that the global AdS, metric becomes that
of flat spacetime. The AdS, lorentzian metric in global coordinates is given by

2

ds® = (—d7? 4 dp® +sin® p dQ3) . (21)
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The coordinate replacement
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develops the AdS, metric into that of flat spacetime metric upon taking the limit L — oo

ds® —— —dt® +dr? + r2dQ3 . (22)
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Essentially, the flat peninsula can be thought of as being inside the AdS lake, and this operation can be
thought of as flat-space limit.

Massive scalar field modes in the flat-space limit of AdS/CFT

The creation and annihilation modes for a free massive scalar field in flat spacetime can be constructed
in terms of the CFT operator in the flat-space limit of AdS/CFT. For normalizable modes of the bulk AdS
scalar field, the bulk AdS scalar field ¢(p, z) is related to the dual boundary CFT operator O(z) through
the fall-off condition

b(p,x) —= (c0s )2 Ola) . 23)
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To extract the creation and annihilation modes in flat spacetime in terms of CFT operators, first we
reconstruct bulk operators as operators in the CFT using the bulk operator reconstruction. Next, we
extract the creation/annhilation modes using fourier transform and then we take a large AdS radius limit
which is the flat-space limit. The flat-space creation mode for the free massive scalar field ¢ is given
by [28]
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In the formula of eq.(24), the exponential part in the integrand is highly oscillatory as we take the

where
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zoomed in limit, L — oo, therefore the insertion points of the operators are in windows of size O(1/L) at
the complex points

Re(7) = T , and Im(7)= 110t(g<wﬁ+m> . (26)
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In fig.1, we illustrate the correspondence between asymptotic regions in flat-space and the boundary of
AdS. The outgoing massive scattering state is depicted by the green arrow, piercing the boundary at a
complex point in global time. Similarly, the outgoing massless scattering state is represented by the blue
arrow, piercing the boundary when Re(7) = 7. Consequently, two regions in the CFT play pivotal roles:
the regions surrounding +7, termed null infinity, and the euclidean domes, denoting future/past timelike
infinity. The fig. 1 on the boundary of AdS provides a holographic perspective of flat-space, particularly
relevant in terms of particle propagation. Massless particles propagate along light-like geodesics, piercing
the boundary of AdS at global time 7 (outgoing). In contrast, massive particles follow time-like geodesics,
therefore never pierce the boundary, or, to put it another way, they pierce the boundary at a complex point.

Im 7 direction

Ret= %

: Massive scattering state

: Massless scattering state

(NE]

Figure 1: A schematic picture linking the boundary of AdS and the asymptotic regions of flat spacetime. The
euclidean domes M., which play the roles of future/past timelike infinity i*, are analytic continuations of the
boundary CFT in the imaginary global time direction. Regions around, real part of global time at 3, Re 7 = £7

in an O(1/L) window, play the role of null infinity Z*.

CFT and Mixed representations of the Faddeev-Kulish dressed state

The bulk massive scalar field dressed by the bulk-to-boundary Wilson line Ug(y, x) is given by

o(y) = Uso(y,2)0(y) (27)



where the bulk-to-boundary Wilson line is

Usa(y, ) = P{eiq Iy d:’““MAM} . (28)

We dress the scalar field with soft modes of the photon in the Wilson line and in AdS, the minimum
frequency of photon is of O (%) This dressed scalar field we refer as soft Wilson line dressed scalar field.

As a consequence of this dressing, the field ¢ is free field.

The CFT operator of the dressed scalar field O (r, ) is related to the CFT operator O (1, ) as
O (r,p) = e ™ 0 (1. 5) 29)

Using eq.(29), we get the creation mode of the dressed massive scalar field in terms of O (7, p)
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We choose the path to be global time coordinate varies from 0 to 7 maintaining fixed coordinates in
the angular direction, and then compute the integral over global time. We denote w,, = kL and take the
flat-space imit, L. — oo, and then to take soft limit with £ — 0. The mode is given by

wm = Lk %’":k—w . (31)

The Wilson line dressed creation mode of the massive scalar field at O(g) is given by
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Here, Y is the angular dependent part of the the global time component of the CFT current operator. This
expression eq.(32) for the dressed creation mode acting on vacuum state gives the “CFT representation”
of the Faddeev-Kulish dressed state.

We rewrite the creation mode for the Wilson line dressed massive scalar field with photon soft modes
in terms of undressed modes by inserting a delta function §(7 — 7’) and expressing it as an integral over
frequency, Ay, corresponding to the undressed mode frequency of the massive scalar field

/dT'é(T’ —7T)= /dT//dAﬁ 2£67MFL(TLT) ) (33)
T

Now, using the expression for the creation mode aTAﬂ corresponing to frequency of the undressed mode,
P
Ay in terms of the boundary CFT operator O (77, p)
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the creation mode of the soft Wilson line dressed massive scalar field is expressed as
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In eq.(35), we express the creation mode of the soft Wilson line dressed massive scalar field in terms of
the undressed creation mode. We choose a particular path for the Wilson line I'(7, p). We write eq.(35)
by substituting w,, = kL and replacing sum over modes by integration over k at O(q) and, then we can
perform the A integral to simplify the expression and finally the dreesed creation mode is given by

\/ﬂp“alﬁ Gy /Ooo dk% (ei(w5+k)L[§+§ log (fﬁ%)} eiwﬁL[%+% log (j:;f:)}
T
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The dressed creation mode acting on the vacuum is the Faddeev-Kulish dressed state. In this way of

(36)

writing the expression, the frequency of the creation mode of the scalar field will get shifted from wj to
wy + k. The expression eq.(36) is written using the creation mode of the scalar field, whereas the Wilson
line is defined in relation to the CFT current operator. Thus, this representation is considered “mixed
representation”, combining aspects of both the “CFT representation” and the “flat-space representation”.

AdS correction to the Faddeev-Kulish dressed state

In the previous section (ref.eq.(35)), we found the expression for the dressed scalar field creation mode

Joapit, =1 [ange e lirave GER)] oalrm(555)
(37)
/ dr e~ Lr(wy—Ap) 4 Jrr gy dada 205 aéﬁ

This expression involves the CFT current operator within the Wilson line, resulting in a mixed repre-
sentation formula. To fully represent this dressed creation mode in flat-space representation, we map the
CFT current operators within the Wilson line into AdS corrected modes of photons. Acting on the vacuum,
the dressed creation operator yields the AdS corrected Faddeev-Kulish dressed state.

For details of the AdS correction to the Faddeev-Kulish state we refer to the paper [34].
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Conclusions and future directions

In summary, we have constructed AdS correction to the Faddeev-Kulish dressed state. We follow the
Wilson line dressing in the context of AdS/CFT to arrive at the Faddeev-Kulish dressed state. The issues
of IR divergences and AdS as an IR cutoff are as follows. If we want to talk about bulk observables in a
small enough region where flat spacetime physics applies, then of course there is no effect from being in
AdS; the physics of the IR divergence is no different from being in flat spacetime. However, if we want
to talk about CFT quantities like a correlator, the IR divergence will change the precise nature of the flat
spacetime limit, but the correlator will still be finite.

Future directions.

Asymptotic charges and states from AdS/CFT. The asymptotic symmetries inevitably lead to the
Faddeev-Kulish dressed state since the amplitudes that preserve the asymtotic charge are IR finite, the
explicit construction was done in [29]. The study of generalizations of asymptotic symmetries in AdS
was done in [30-32] using different boundary conditions. An excellent open problem is to apply them to
create the physical asymptotic states. It would be fascinating to have the states from AdS/CFT and AdS
corrections to it.

4 Conclusions

In this synopsis, we explore two key aspects of flat-space holography. First, we study the celestial ampli-
tude, which takes a bottom-up approach. We consider conformal primary wavefunctions that transform
as conformal primaries the Lorentz group. Consequently, the resulting S-matrix transforms covariantly
as conformal correlators, trading the plane wave basis with a basis of conformal primary wavefunction.
We study celestial holography ideas in 2d. This setting serves as an excellent testing ground, as we have
have exact S-matrices to play with in 2d and try to learn lessons from. Second, we study the flat-space
limit of the AdS/CFT. We consider a scenario where we have a AdS geometry, and within this geometry,
there is an observer who can only examine physical phenomena occurring at length scales smaller than
the characteristic AdS length scale. From the perspective of this observer, confined to probing only these
smaller length scales, the geometry they perceive and experience would appear to be flat, rather than the
true underlying AdS geometry. In other words, if an observer is limited to studying physics within a cer-
tain distance scale in a AdS geometry, their observations and measurements would be indistinguishable
from those made in a flat-space, as the curvature effects of the AdS geometry would be negligible at those
small distance scales. The key idea is that flat spacetime is essentially a part of AdS spacetime. Conse-
quently, the physics of flat spacetime must be encoded within the framework of AdS spacetime. Since the
physics in AdS spacetime is known to be dual to CFTs via the AdS/CFT correspondence, it follows that
CFTs must also encode the physics of flat spacetime. This reasoning forms the general logic behind the
concept of flat-space limit of AdS/CFT, which establishes a connection between flat spacetime physics and
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CFTs through the intermediate step of flat-space limit of AdS spacetime.

In the first part of the synopsis, we initiate the study of the celestial amplitude for the 2d bulk S-
matrix. We show that, in the case of massive scalar particles, the celestial amplitude is essentially the
Fourier transform of the S-matrix expressed in terms of rapidity. Considering the Sinh-Gordon S-matrix,
we compute the perturbative celestial amplitude, identifying the existence of two distinct types: the
retarded and the advanced, attributed to a pole at the origin of the complex rapidity-plane. This pole
holds significant importance within perturbation theory, and we elaborate extensively on how to address
it within the framework of perturbation theory by introducing two celestial amplitudes that correspond
to two different ie prescriptions. By translating the crossing and unitarity conditions, we establish their
equivalents for the celestial amplitude. Through perturbative analysis of the coupling constant in the 2d
Sinh-Gordon model, we verify that the celestial amplitude satisfies the crossing and unitarity conditions.
We employ the bootstrap idea to derive higher-order celestial amplitudes based on lower-order ones.

In the second part of the synopsis, we construct the AdS radius correction to the Faddeev-Kulish dressed
state. The IR divergence in the S-matrix arises due to the assumption of asymptotic decoupling. This as-
sumption considers the asymptotic Hamiltonian as free, implying that the asymptotic states are described
by Fock space states, and the fields behave like free fields in the asymptotic region of flat spacetime.
However, by relaxing this assumption, the Faddeev-Kulish state can be introduced, leading to an IR-finite
S-matrix. The Faddeev-Kulish state incorporates soft photon modes that dress the scattering state within
the Fock space, thereby accounting for the long-range effects of the electromagnetic interaction. Using the
bulk operator reconstruction, we establish modes for the massive scalar field dressed by the Wilson line
and examine both the CFT representation and the mixed representation of the Faddeev-Kulish dressed
state. We construct soft photon modes in terms of CFT current operators. Then, after incorporating the
AdS correction into the soft photon modes, we apply AdS radius correction to the Wilson line dressing.
We invert the mapping of the AdS radius-corrected soft photon modes in terms of CFT current operators,
essentially evaluating the CFT current operators in relation to the AdS radius-corrected photon modes.
In the Wilson line dressing, we utilize this inverse mapping between the CFT current operators and soft
photon modes to construct the AdS radius-corrected creation mode of the Wilson line dressed scalar field.
The resulting dressed mode, acting on the vacuum, represents the desired Faddeev-Kulish dressed state,
incorporating the AdS radius correction.

The ultimate aim is to understand quantum gravity in flat-space, either through the flat-space limit of
the AdS/CFT framework or via celestial holography. There is still a long way to go ahead in this regard,
and I really hope that my works will make a meaningful contribution.
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