
Simons Foundation

 Lecture 1:  Emergent symmetries, Luttinger's theorem and 't Hooft anomalies 
in metals 

Yesterday: illustrate  for 2d Fermi. Liquids (and in 1d Luttinger liquids) 

Lecture 2:   Electrical transport in clean metals: general constraints and 
some routes to non-fermi liquid transport

                                         T. Senthil (MIT) 



Plan

First explore the generalization of Luttinger’s theorem to more general 
compressible quantum phases of matter which are not necessarily Fermi liquids. 

Then explore how the result affects physical properties, in particular electrical 
transport. 



General constraints on clean compressible metals 

Low energy theory must(*)  have 

(i) an emergent continuous internal symmetry group   => emergent conserved 
quantities O

(ii) these symmetries have a specific `t Hooft anomaly

 

(With some further restrictions, we can prove that, for d > 1,  is in fact a large 
continuous symmetry - bigger than any compact Lie group). 

 

(*) Rigorous proof in 1d, and with some further assumptions for d > 1; `physicist’ proof in general.  

GIR

GIR
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Constraints as a Generalized Luttinger Theorem

Low energy theory must  have 

(i) an emergent continuous internal symmetry group   => emergent conserved 
quantities O

(ii) these symmetries have a specific ’t Hooft  anomaly

 

Fermi liquids satisfy this by way of 

(1)  infinite dimensional emergent symmetry 

(2)  anomaly of this emergent symmetry <=> Luttinger’s theorem 

GIR

Else, Thorngren, TS, 2020, Else,  TS 2021



Beyond Fermi liquids: a simple possibility

Emergent internal symmetry of a class of non-fermi liquid metals  (with GUV = U(1) x lattice 
translations): 

 -  Infinite dimensional emergent continuous symmetry (same as Fermi liquid or some variant 
thereof)

``Ersatz Fermi Liquids” 

Almost all examples of non-fermi liquid models in literature fall in this class. 

 Other more exotic structure of emergent symmetries may be possible but the class above is 
already very rich and poorly understood. 



Ersatz Fermi liquids 

Even if  GIR and the anomaly are the same as in the fermi liquid, detailed (universal) 
dynamical properties can be very different. 

Only `kinematic’ properties will be the same. 

Infinite dimensional continuous symmetry => infinite number of emergent 
conserved quantities. 

Very strong implications for transport and other dynamical properties in such non-
fermi liquid metals. 



Electrical transport in clean metals: general constraints and 
some routes to non-fermi liquid transport



Transport and conservation laws

Electrical resistivity requires mechanism for electric current to decay. 

If an electric current can mix with a conserved quantity, then the dc conductivity 
will generally be infinite. 

 

 

Familiar in Fermi liquids with conserved momentum

 

If ,  then 

(homework: prove this!)

j∞ ≠ 0 Re σ(ω) ∝ δ(ω)



Theories with conserved momentum density 
``Momentum bottleneck” 

⃗P

Consider equilibrium ``Hamiltonian” density 

Interpret  as ``velocity”. 

The electrical current density   

(Q = charge density) 

The average momentum 

Uniform electric field:  

Conductivity 

ℋ(v) = ℋ − ⃗v ⋅ ⃗P

⃗v

⟨ ⃗J ⟩ = χJP ⃗v ≡ Q ⃗v

⟨P⟩ = χPP ⃗v ≡ M ⃗v

d⟨ ⃗P ⟩
dt

= Q ⃗E = >
d⟨ ⃗J ⟩

dt
=

Q2

M
⃗E =

χ2
JP

χPP

⃗E

Re σ(ω) =
πχ2

JP

χPP
δ(ω) (+ Re σinc(ω))



Electrical resistivity in metals 

Can a clean metal on a lattice have an electrical resistivity? 

Can also consider the opposite question. 

Can a clean metal support a dissipationless current (i.e zero resistivity)? 

Bloch’s (other) theorem (Bohm 1949): In equilibrium, the electrical current is zero. 

How then to support a dissipationless current? 



A modern proof of Bloch’s theorem 

Grand canonical ensemble  satisfies 

                   where 

(V = unitary) 

Apply to  a `slow’ U(1) rotation       (  = charge density) 

Then   

(j(x) = current) 

Can show that the inequality then implies  which is Bloch’s theorem 

ρ = (1/Z )e−β(H−μQ)

⟨V†KV⟩ ≥ ⟨K⟩ K = H − μQ

V = e−i ∫ dxλ(x)n(x) n(x)

⟨V†KV⟩ = ⟨K⟩ + ∫ dx⟨ j(x)⟩
dλ
dx

+ . . . .

⟨ j(x)⟩ = 0

Watanabe 2019



A loophole to Bloch’s theorem
 

 Suppose that in addition to the charge Q, there is another commuting conserved 
quantity O (i.e [Q, O] = 0 = [H,  O]). 

Then equilibrium is described by a generalized Gibbs ensemble 

                 

Re-running the Bloch theorem proof we need [n(x), O]. 

As [Q,O] = 0, this vanishes when integrated over all space. 

Suppose   ,  then can show that   

This gives an equillibrium current so long as  is non-zero. 

ρ = (1/Z )e−β(H−μQ−hO)

[n(x), O] = − i
dΣ
dx

⟨ j⟩ = h∫
dx
L

⟨Σ⟩

⟨Σ⟩

Else, TS 2021



A loophole to Bloch’s theorem (cont’d) 

With   ,  when can   be non-zero? 

If the symmetry generator O = ,   then we must have  = 0 (to satisfy [Q, O] = 0) 

=> O must be a ``non-onsite symmetry” 

Examples: 

(i) Continuous  translation symmetry with O = P (the momentum),   (and j = nv)

(ii) if the symmetry generated by O has a mixed anomaly with the global U(1) 

(eg, as in the chiral anomaly of the massless Dirac fermion in 1+1-D)

Then  where m is a quantized anomaly coefficient. 

[n(x), O] = − i
dΣ
dx

⟨Σ⟩

∑
i

Oi Σ

Σ = n

Σ =
m
2π

Else, TS 2021



Anomaly and the cross-susceptibility
 

  

For the  equilibrium state described by a generalized Gibbs ensemble 

                 

 the electric current    = 

 where m characterizes the mixed anomaly. 

We could also write  with  a thermodynamic cross-susceptibility. 

Thus this cross-susceptibility is determined entirely by the mixed anomaly. 

ρ = (1/Z )e−β(H−μQ−hO)

⟨ j⟩ = h∫
dx
L

⟨Σ⟩ h ( m
2π )

⟨ j⟩ = χJOh χJO

Else, TS 2021



Recall the generalized Luttinger  constraint on clean 
compressible   metals 

Low energy theory must(*)  have 

(i) an emergent continuous symmetry group   => emergent conserved 
quantities O

(ii) these symmetries have an anomaly

 Emergent conservation laws violated by external EM fields 

with m an integer (a many body topological invariant). 

Anomaly guarantees that current overlaps with O. 

(*) Rigorous proof in 1d, and with some further assumptions for d > 1; `physicist’ proof in general.  

GIR

dO/dt = (m /2π)E = χJOE
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Dissipationless current 

Perturb the system with an electric field  pulse at t = 0:   

The anomaly equation  implies that at late times O changes 
by , 

and correspondingly the conjugate thermodynamic variable h by 

(  = thermodynamic self-susceptibility of O). 

The late time electrical current then is 

=> Generically seem to get dissipationless current, and hence infinite dc 
conductivity. 

E(t) = ℰ0δ(t)

dO/dt = χJOE
δO = χJOℰ

δh = δO/χOO = χJO /χOOℰ

χOO

j∞ = χJOδh = (χ2
JO /χOO) ℰ

 



Transport in conventional metals

In clean Fermi liquids, the low-T conductivity  arises due to  relaxation of 
conserved  momentum by 

(a) irrelevant (umklapp) operators that transfer momentum to the lattice, or 

(b) scattering off random impurities

More general examples :

  will overlap with all IR conserved operators with the same symmetry under 
GUV. 

These will generally lead to a  contribution to Re . 

⃗J

δ(ω) σ(ω)



 Strange metal transport: hints from experiments 

Experiments suggest that (in eg, cuprate strange metal)  conductivity satisfies 

 at low , T with  finite. 

No intrinsic energy scale in the low energy theory (and hence set by T)

Low energy physics: 

Scale invariant theory + (irrelevant) perturbations 

The strange metal transport is a property of the scale invariant theory itself and is 
not determined by  the  irrelevant perturbations. 

σ(ω, T ) ∼
1
T

Σ(
ω
T

) ω Σ(0)



Strange metal transport

In particular the scale invariant theory has no  conductivity. 

Linear resistivity, etc not determined by slow relaxation of nearly conserved 
quantities but is an intrinsic property of scale invariant low energy theory. 

(Recall we are also assuming we can ignore random impurities)

δ(ω)

σ(ω, T ) = D(T )δ(ω) + σinc(ω, T )



A seeming paradox and its resolution

Two seemingly contradictory claims: 

1. Strange metal transport is intrinsic (no delta function conductivity in fixed point 
theory)

2.  Strange metal  has emergent conserved quantities whose overlap with current  
is  guaranteed by the anomaly. 

 

Resolution:  Susceptibilities of all conserved quantities (that overlap with current) 
diverge! 

``Critical drag” 

 In  , if  diverges, the delta function is 

killed. 

Re σ(ω) =
m2

4πχOO
δ(ω) (+ Re σinc(ω)) χOO

Else,  TS, 2020; 2021



Observables with diverging susceptibility

 will overlap with all IR conserved operators with the same 
symmetry under GUV. 

Their susceptibility must diverge at the strange metal fixed point. 

Such operators must be 

- odd under time reversal, and inversion

- have zero crystal momentum 

- transform as a vector under lattice rotations 

⃗J

region of the quantum fluctuations proposed phenomenologi-
cally (Varma et al., 1989) abuts T!ðpÞ suggests that it was a
line of phase transitions to a broken symmetry, which
terminates at the quantum-critical point when p → pc. The
order parameter, though it is required to have a condensation
energy typically larger than the maximum superconducting
condensation energy, has to be unusual so that it was
hidden in the experiments carried out. An order parameter
was suggested based on mean-field calculations on the
three-orbital model for the cuprates (Emery, 1987; Varma,
Schmitt-Rink, and Abrahams, 1987) that appeared to
satisfy these requirements. The order parameter is
depicted on the left in Fig. 9. It preserves translation symmetry
and is time reversal and inversion odd but preserves their
product. In addition, it is odd in three of the four reflection
symmetries of the square lattice. It can be algebraically
represented by the magnetoelectric or anapole vector shown
in Fig. 9:

Ω ¼
Z

cell
d2r½MðrÞ × r̂&: ð12Þ

The magnetization MðrÞ is due to a pair of current loops in
each unit cell as shown in the figure. The symmetries broken
along the line T!ðpÞ ending at the quantum-critical point are
best observed by polarized neutron scattering (Bourges and
Sidis, 2011), although at least five different techniques have
led to the observation of at least some of the broken
symmetries predicted at the transition (Kaminski et al.,
2002; Xia et al., 2008; Leridon et al., 2009; Shekhter
et al., 2013; Lubashevsky et al., 2014; Sato et al., 2017;

Zhao et al., 2017; Murayama et al., 2018; Zhang et al., 2018;
Mukherjee et al., 2019). Neutron scattering experiments
(Bourges and Sidis, 2011) have observed changes consistent
with the symmetries in Fig. 9 for four different families of
cuprates at various p. Figure 9 (right panel) shows the onset
temperature of the symmetry changes observed in various
experiments in the cuprate most extensively investigated
YBa2Cu3O6þ x. The magnitude of the order parameter is
typically 0.1μB per unit cell. The free-energy reduction due
to such an order parameter setting in at 100 K (Varma and
Zhu, 2015) is about 3 times that of the maximum super-
conducting condensation energy near pc, fulfilling one of the
requirements that it be a transition competing with super-
conductivity and overcoming it at smaller doping.

B. Model and correlation function for quantum fluctuations

The order parameter Ω shown in Fig. 9 has four possible
orientations in a unit cell. The interactions between cells is
among these four possible orientations. The model for the
order parameter is therefore the two-dimensional XY model
with fourfold anisotropy if one ignores the amplitude
fluctuations that are irrelevant in two dimensions. In the
classical XY model, the four-fold anisotropy is marginally
relevant. But it has been shown to be irrelevant for a
quantum phase transition (Aji and Varma, 2007). The
classical model has no divergence of the specific heat,
consistent with the lack of any sharp signature in the
experimental specific heat at T!ðpÞ. The model to be solved
then is the quantum XY model in two dimensions, whose
fluctuations are coupled to the fermions in the model. An
essential aspect of a quantum phase transition in a metal is
the dissipation due to decay of the order parameter to

+

-

OCu

FIG. 9. (Left panel) The order parameter depicted by the vector Ω representing the magnetoelectric order parameter of Eq. (12). Ω is
odd in both time-reversal and inversion and preserves their product. These symmetries come from a pair of spontaneously generated
current loops in a Cu-O2 unit cell. (Right panel) Various experiments showing the onset temperature of symmetries consistent with that
mentioned in the compound YBaCu3O6þ x. The neutron scattering experiments are from Fauqué et al. (2006), the polarimetry
experiments from Lubashevsky et al. (2014), the second harmonic generation from Zhao et al. (2017), the μSR from Zhang et al. (2018),
and the ultrasound measurements from Shekhter et al. (2013).

Chandra M. Varma: Colloquium: Linear in temperature resistivity and …

Rev. Mod. Phys., Vol. 92, No. 3, July–September 2020 031001-9

These are the same symmetries as what is known as the Varma 
loop current order !!

Else,  TS, 2020



Loop currents and cuprates

Advocated by Chandra Varma (1990s- present) for other reasons. 

Many reports of static loop current order in pseudo gap regime, and many 
controversies. 

 Other theories for loop currents: 

Agterberg, Melchert, Kashyap 2015 (``vestigial” from PDW)  

Chaterjee, Sachdev, Scheurer 2017 (emergent from fluctuating spin magnetism) 

 

We give a completely different rationale for critically fluctuating order with the 
same symmetries in the strange metal! 
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order parameter is therefore the two-dimensional XY model
with fourfold anisotropy if one ignores the amplitude
fluctuations that are irrelevant in two dimensions. In the
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relevant. But it has been shown to be irrelevant for a
quantum phase transition (Aji and Varma, 2007). The
classical model has no divergence of the specific heat,
consistent with the lack of any sharp signature in the
experimental specific heat at T!ðpÞ. The model to be solved
then is the quantum XY model in two dimensions, whose
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Chandra M. Varma: Colloquium: Linear in temperature resistivity and …

Rev. Mod. Phys., Vol. 92, No. 3, July–September 2020 031001-9



Other experimental tests

1. Unlike in a fermi liquid, strange metal transport not associated with slow 
relaxation of conserved quantities

Strange metal  quantum critical point:  
the   fermi liquid  resistivity will not be part of a scaling function with 
the strange metal resistivity. 

2.  Quantum oscillations: signature of emergent continuous translation 
symmetry in strange metal 

T2

SM QCP Fermi liquid??



Summary 

Charge conservation, lattice translation symmetries, and a tunable filling lead to 
strong constraints on the IR theory that must be satisfied by any putative non-
Fermi liquid.  

Anomalies and other topological structures play a crucial role, enabling model-
independent statements. 

  Observed strange metal transport 

- not related to slow relaxation of nearly conserved quantities (unlike in a Fermi 
liquid)

- consistent with general constraints only if susceptibility of certain observables 
with same symmetry as loop current order parameter diverges.

 How far can we go without committing to detailed dynamical models? 



Other experimental tests

1. Unlike in a fermi liquid, strange metal transport not associated with slow 
relaxation of conserved quantities

Strange metal  quantum critical point:  
the   fermi liquid  resistivity will not be part of a scaling function with 
the strange metal resistivity. 

2.  Quantum oscillations: signature of emergent continuous translation 
symmetry in strange metal 

T2

SM QCP Fermi liquid??



Transport in clean metals 

Separate the  electrical  conductivity into two contributions 

 = contribution from mixing of current with nearly conserved quantities. 

 
A nearly conserved quantity: related to emergent symmetry of the low energy 
scale invariant theory. 

(Irrelevant perturbations: Slow relaxation of the conserved quantity at a rate 

, with )

σ(ω, T ) = σcoh(ω, T ) + σincoh(ω, T )

σcoh

Γ ∼ Tϕ ϕ > 1


