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Introduction

Motivation:
@ System S interacting with a reservoir R that we cannot control
@ Dynamics of S alone is usually very complicated

= Rigorous derivation of effective dynamics for S in suitable
regimes

@ Previous works in different limits:

- Singular coupling Hepp, Lieb, Helv. Phys. Acta (1973)

- Low-density limit ~ Dimke, Comm. Math. Phys (1985)

- Weak-coupling Davies, Comm. Math. Phys. (1974)
... refined by Merkli Ann. of Phys. (2020)

We study yet another limit — ultrastrong (infinite) coupling!
SM, M. Merkli, arXiv:i2411.06817
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Introduction

The model:

Finite-level quantum systems interacting with an infinite bosonic
reservoir

@ Total Hamiltonian:
H=Hs + HR-F)\G@(,D(Q).
@ Reservoir Hamiltonian:

HR:/ w(k)a'(K)a(k)dBk,  eg. w(k)= k|,

@ Interaction Hamiltonian:

G= S P (9) = (k) + h.c.)d®k,
/Z:w/ ¢ \F/ )

where g(k) € L2(R3, d®k) is a complex valued function, called
the form factor
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Introduction

Description of states

@ Infinite reservoir: Hg has a continuous spectrum, therefore e—#Hr
is bounded but not trace-class

@ In the thermodynamic limit, states are described in terms of
expectation values of the observables (algebraic approach')

wR,g(W(f)) = e‘%(vaOth(ﬁw/ZW’ W(f) = gle(f)

@ Initial system-reservoir state factorized wsg = ws ® wr
@ System density matrix in the ultrastrong coupling limit

trs (ps(t)A) = | iinm ws @ wg (eM(A® llR)e_itH)7

I
Al

for any A € B(CY)

1Bratteli & Robinson Operator algebras and quantum statistical mechanics
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Results

W Condition on g: g(k) # 0 for k € R3 satisfying a < |k| < b for some
0<a<h.

Theorem 1

Assume B. Then, for all t > 0, the system density matrix in the
ultrastrong coupling limit is given by

ps(t) = e~ (Z P/psP/> e,
=1
where H; is the Zeno Hamiltonian

H, = PiHsP,.

=1
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Results

Comments on the result

@ If all the projectors P, are rank-one the dynamics is trivial (there
is only the nonselective measurement and no real time evolution)

@ If at least one projector P, is multidimensional, there is unitary
evolution inside the respective subspace, unless Hs is completely
degenerate in that subspace

@ This is the same dynamics obtained in the usual quantum Zeno
setting (unitary evolution interspersed with repeated
measurements)?

—itHs itHs

ps — U(ps) = e " Sps e

ps(t;N) = (PUyn)"ps.
Nli_inoo ps(t,N) = e_itHZ(; PnpSPn) eitHZ7

2see e.g. Misra, Sudarshan JMP 1977 or Facchi et al. PLA 2000
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Results

Theorem 2
Assume M. Let A € B(Hs) and h € L?(R3, d®k). We have for all t > 0,

lim ws ® wg (eitH(ezz\GRe(QL ol py AezAGRew,—w h) ) ® W(h)e—itH)

[A|—=o00
= ws(e" P AP )wp (W(e“'h)),
I=1
where Hy is the Zeno Hamiltonian

Hz = PHsP;.
1=1
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Results

Generalization to two reservoirs

@ Total Hamiltonian

H=Hs+ Hr1 + MG1 @ 1(g1) + Hra + 22Go ® 2(92)

@ Assumption (x) (valid for Gaussian states):

max  sup (wm(@1(6’“’“91)-~-so1(e"“tfg1))‘SB”’
1</Sn o<ty by,... i<t

for some numbers B, > 0 satisfying

an
ZFB”<OO for any o > 0.

n>0
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Theorem 3

Assume (x) and let P, | = 1,...,v be the spectral projections of Go.
Then, for any observable A of the system and any t > 0 we have

lim ws ® wr1 ® wr2 (e”H(A ® g1 ® ﬂRz)eiitH)

‘)\2‘4)00
= ws @ wri (€1 ( Y PIAP ® Ty) &™),
I=1

where H; is the Zeno Hamiltonian

H, = Z Pi(Hs + Hr1 4+ X1 Gt @ ©1(g1)) P
1=1

Stefano Marcantoni Open quantum systems in the ultrastrong coupling limit



Example

@ Model: Two qubits interacting with two reservoirs
@ Choose Go =0, ®@ I+ 11 ® 0,

@ The spectral projections of G, are P = |00)(00|, P— = [11)(11]
(both rank one) and Py = |01)(01| + [10)(10] (rank two - effective
qubit)

@ Initial density matrix (-1 < z<1and0<|c]?2 <1 - 2%

1+z

01)¢

Cc c*
ps = )(10] + 2101)(10] + Z-[10)(01]

@ Choose Hs = Gi = ¢10; ® lo + 1§ ® g0, so that z(t) = z while
defining A = ¢4 — 2 the coherence is

c(t) = 212 D(t)c, D(t):wR1(W()\1Ae g1))
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Example

@ This is the well-known pure dephasing model

@ If wgry is in thermal equilibrium at inverse temperature g, the
decoherence function D(t) has the explicit expression,

Djs(t) = exp [— \2A2 /R3 |g1(k)|2coth(ﬁw/2)Wd3k :

@ depending on g(k) and g the dynamics can display
non-Markovianity, i.e. a lack of CP-divisibility (when Dg(t) is not
monotonic in t)

(see e.g. Haikka et al. PRA 2013)
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Sketch of the proof

Sketch of the proof (Theorem 1)

@ Define K = K\, = Hr + AG ® (g) and use Dyson series

gitHg=itK _ =1+0D, D:Zin/ Hs(tn)-._Hs(t1)a
0<tp <<t <t

n>1
where Hs(t) = e Hse
@ Study separately four terms
ws ® wR(eitH (A ® ﬂR) e—itH)

= ws® wR(e’tK (A ® 11R) e_itK)
tws ®WR(DeitK(A® 1 ) —itK)
T ®WR( 1tK(A® 1 ) —:tKD*)
g ® wR( gitk (A ® HR) e—itKD*)

= Ti+Ta+ T3+ T4
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Sketch of the proof

@ Start with Ty
@ Use that for any operator A € B(C?),

A (A I)e ™ =3 PAP, 2 1= (hh)

lr=1

x W((e™" = 1)(fi— 1))

where f; = %’g’ I=1,...,v
@ Therefore
T =ws ® wr (eitK(A ® HR)e—itK)
- i ws (PAPr) e’ékz(wfﬂ?)lmm,efj#

I,r=1

g>wR(W((e’“" —1)(f - f,))).
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Sketch of the proof

@ Explicitely, the expectation of the Weyl reads

wr(W((& 11— £)) =& Il =t e

@ In the limit A — oo the expression tends to 0 unless the term
multiplying A is vanishing
@ This selects the case | = r and therefore

|A|— o0

lim Ty =) ws(PAP), t>0.
1=1

@ Now we look at T ... then T3 and T, are treated similarly
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Sketch of the proof

@ The term T, reads

To = ws ® wr (De”K(A ® HR)eiﬂK)

v

i N2 2 .2 —iwty it
= eféA (i 7’Yr)Im<ga%g> § In/
I,r=1 n>1  JOSh<--<h<t

x ws @ wr (Hs(tn) - Hs(6) PAP, W((e"! ~1)(fi— £))).
@ Use A to rewrite each term Hs(t)
@ Combine together the Weyl ops. appearing after the substitution

To = ws @ wr (De’tK(A (034 llR)e_itK)

v

S N[ e (e, R AR
0<th<---<t; <t

Ips--es In,rp=1 n>1

< wR(W(j;(e"fw =)~ DW((E"™ 1) — 1)),
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Sketch of the proof

_22 e 22, . .
@ wr(W(\p)) = e~ ¢ ll2 with a complicated function 7

@ the Dyson series converges uniformly in A and we can exchange
the limit A — oo with the series

@ by means of the dominated converge theorem, we can exchange
A — oo and the multiple integrations

@ the limit selects the case when all the projections are equal
rh=1Il=»h=---=Iyand in this case also the phase vanishes

@ after computing analogously T3 and T4 the series is resummed
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Conclusions

@meas )

@ We computed the reduced dynamics of an open quantum system
in the ultrastrong coupling limit A — oo

@ It consists of a nonselective measurement onto the eigenbasis of
the coupling G and a unitary evolution with an effective Zeno
Hamiltonian (related to the quantum Zeno effect)

@ The proof can be generalized to the case of two reservoirs, when
A1 is finite and Ao — oo

@ In this case the redueced dynamics of the system is richer and it
can be non-Markovian

scaling time to slow down the nonselective measurement
@ corrections for finite but large A
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Conclusions

Thank you for your attention!
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