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Introduction

@ Let F be a number field.

@ Consider the ring of adeéles
Ar={(x )y € vaoo Fy|x, € O, for almost all finite v}. Here O, is
the ring of integers of F,. Let p, be the maximal ideal, g, = |0, /p,|.

o Let x be a character of Af/F*. Then x = ®,xy.

o Let ¢, € F, be non-trivial. Tate [1950] associated the local e-factor
with the local L-function by:

v(s, xv, dv)L(s, xv)

8(53 Xvy ¢V) = L(]. —s, X;l) )

where (s, xv, ¢v,) € C(q,°).
o &(s,xv,dv) e(1—s,x, 1 dv) = xu(—1).
° €(S7XV7 ¢V) = q(Vl/zis)n(X‘/’wV)E(l/z)XV) (bv)v n(XV71/]V) E Z
° L(S7X) = 6(57X)L(1 - 57X_1)'
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o Let a(x,) be the smallest positive integer such that Xv| L pin) = 1.
o Let n(¢y) € Z such that (;Sv] (o) = 1 but q5v| —n(6v)- 1 # L.

o We have,

) =a Pl Y e

NS
1+P3(XV)

where ¢ € F* has valuation a(x,) + n(¢v).
Property of e-factors:

O =(x.0,,6,) = 0(m, )2 XI)tn(@)e(y,, 6,), where 8, is an unramified
character of F . The element 7, is a uniformizer of F,.

Q s(Ind *p,¢) =e(p, ¢ o Trg)qg,) where p denotes a multiplicative
character of a finite extension K/Qp.
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For an odd prime p, set p* := (_71) - p.

Q(+/p*)/Q is ramified only at p.

o Let x denote the quadratic character attached to Q(/p*).

@  can be identified with a character of the idéle group, i.e., characters
{Xq}tq With x4 : QF — C* satisfying the following conditions:

@ For g # p, the character x4 is unramified and x4(q) = (%).

@ Forg=p, a(xp) =1and X\pr factors through the unique quadratic
character of T with x,(p) = 1.
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o Let f € Sk(N,¢€) be a cusp form of weight k, level N and nebentypus
€. Write N = pNe " with pt N/

@ Let 7 be the automorphic representation of the adéle group GLy(Ag)
attached to f € Sk(N, €). We have

rr = Qrp
P

@ Tf p can be principal series, special or supercuspidal representation.

@ Consider the variance number:

R (mep ® Xp)
- e(mf,p)
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Theorem (A. Pacetti, [ ], 2013)
Let f € Sk(N) and p|N be an odd prime with ¢ , be the ramified

W,
supercuspidal representation i.e. ¢, = Indwg” (5) with [K/Qp] = 2.
Then,

QO K =Qplvp*] ife(mr ® xp) = Xp(N')e(r).

Q@ K =Qp0vp*] ife(mr ® xp) = —xp(N')e(nr) where § is any
non-square.

o Banerjee & Mandal [2020] generalized the results of [1] for arbitrary
nebentypus .
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sym? transfer

Let 7 = @ 7p be a cuspidal automorphic representation of GLy(Ag).
P

For each prime p, let ¢, be the two dimensional representation of the
Weil-Deligne group attached to 7p,.

consider the third symmetric power sym3 : GLy — GLj4 of the
standard representation.

Then sym® o ¢, is a four dimensional representation of the
Weil-Deligne group. Using Local Langlands correspondence, this gives
an irreducible representation of GL4(Q,), denoted by sym3(m,).

Define

sym3( ® sym?3 (7p)-

Due to Kim & Shahidi (2002), sym3(r) is an automorphic
representation of GL4(Ag).
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Supercuspidal types

Let 7, be a supercuspidal representation of Glz(Q,) with p odd. Then
Tp = Indw%’(%) with [K : Qp] =2 and » € K which is not trivial on
ker(Nk q,(K>)). Then,

sym3(mp) = Indyy? (>%) @ Indy, * (25°), o € Wo,\ Wk

We have the following types:
W,
o (Type I): IndW%P(%3) is irreducible and it is isomorphic to
W,
IndW%”(%2%").
W,
o (Type Il): IndWE" (53) is irreducible and it is not isomorphic to
W,
Indwgp(%Z%").

o (Type IlI): Indw%’(%f‘) is reducible.
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o Let f € Sk(N,€) be a newform with N = pNe N pt N/, e = ¢, - €.

@ Let mr = @7, be the attached automorphic representation.

e We aim to study:

) o)
P e(symi(mrp))

o f is called p-minimal if the p-part of its level is the smallest among all
its twists by Dirichlet character.
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Proposition (Banerjee, Mandal, —, 2023)

Let f be a p-minimal newform with a, being the p-th Fourier coefficient.
Let ¢ , be a ramified principal series representation.

o Let p>5. If N, > 1, then the number

{xp(c)p%“az, ifp=1 (mod 4),
Ep =14 . 3-3k 4 o
ixp(c)p 2 ap, ifp=3 (mod 4),

where c has valuation —3(N, — 1) satisfying a “certain” property.

If w¢ p is a special representation with p > 3, then ¢, is given by

8—3k 3
Ep=—P 2 a,.
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Proposition (Banerjee, Mandal, —, 2023)

Let p be an odd prime such that 7¢ , = Indm%)(%), where [K : Qp] = 2.

Then, €, is given as follows:
o Assume that K /Qp, is ramified. For Type | and Il representations, we
have e, = 1 when p > 5 or p = 3 with a(») = a(>®) (mod 2). If
p = 3 with a(5) # a(»®) (mod 2), then we have

1, i (3.K/Qs) =1,
=T -1 i#(3,K/Q3) = 1.

o Let sym3(r, ) be of Type lll. This is possible only when p = 3. If
a(3c3) > 1 then we have e3 = x3(d) or —x3(d) depending upon
(3,K/Q3) =1 or (3, K/Q3) = —1 respectively. Here, d has valuation
—a(»3) + 1 satisfying a “certain” property. Otherwise, e3 = 1.
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Theorem (Banerjee, Mandal, —, 2023)

Let 7 p = Indw%”% with K/Qp quadratic. If N, is even, then
K = Qp({p2—_1) Is the unique unramified quadratic extension of Q. For
a(ep) # % if p > 5 then we have the following:
© sym>(ms ) is of Type I or Il if
e(sym*(mr) ® Xp) = xp(M')xp(s1)e(sym> (7).
@ sym>(ns ) is of Type Il if
e(sym®(7f) ® Xp) = Xp(M's2)xp(s3)e (sym> (7).
where M’ denote the prime-to-p part of a(sym3(7f)) and sy, 5,53 € KX
have valuations —a(s) + 1, —a(3) — a(53) + 2 and —2a(5<3) + 2
respectively satisfying “certain” properties.
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Theorem (Banerjee, Mandal, —, 2023)

Let ¢ , be as above. If N, odd, then K/Qp ramified. Suppose 3|N with
a(5c*) > 3 odd, and sym3(ns3) is of Type I or Il, then the corresponding
ramified extensions are determined as follows:

Q@ K =Qs[v-3] ife(sym’(mr) ® x3) = x3(M')e(sym*(rr)).
@ K = Qs[0v/=3] ife(sym®(mr) ® x3) = —x3(M')e(sym?(r)).

where § is a non-square and M’ denotes the prime-to-p part of the
conductor of sym3 (7).

o We have similar classification of the ramified extensions when
sym3(7r3) is of Type Ill.
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