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Objective

We look at a fully non-perturbative, finite-temperature solution to a non-supersymmetric,

non-abelian gauge theory with vector fermions in curved space — fermionic Chern—Simons
theory on §2 x S
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Background

% Light-cone gauge calculations demonstrate Bose—Fermi duality [AGAY12] at the level of the
thermal free energy;

% Reproduced the free energy calculations for the fermionic theory on R? x St using the
‘temporal” gauge [MNTV23];

% Set up the calculation amenable to general genus-g Riemann manifolds.
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Motivation

To establish Bose—Fermi duality on genus-g Riemann manifolds (possibly at finite N)!
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Path integral of our theory

The finite temperature partition function of U(N) Chern—Simons theory coupled to
fundamental fermionic matter is defined by the Euclidean path integral,

Z—- [DIAID[D [ e, 1)
where the Euclidean action Sg is given by,
ik 2i -
SE:/ TrqdAANdA— —ANANA ~|—/ V(D + M. (2)
4t Jy st 3 ¥ xSt

We study the path integral of this theory on ¥ x S, where ¥ is an arbitrary Riemann surface,

and set up the problem at finite N and temperature T = 3=, where §3 is the circumference of
the St.

Vatsal (TIFR, Mumbai) Fermionic Chern-Simons theory on 5° X S arXiv:2307.11020, arXiv:25XX. XXXXX 5/18


https://sites.google.com/view/vatsal1005/
https://arxiv.org/abs/2307.11020

Gauge conditions adopted

% The ‘temporal’ gauge is defined by d3A3(x) = 0, which imposes on the holonomy field U(x),
93U(x) = d3e"PB() = 0 (3)

% The remaining two-dimensional U(N) is reduced to a two-dimensional U(1)N by
simultaneously diagonalizing the holonomy field U(X) for every point X on ¥
[BT93, JIMS*13];

% Complete gauge is fixed by imposing the Coulomb gauge on the time-independent (zero

mode) diagonal elements of Ay, Ay, or equivalently,

N(g)=2g

(Ap)y = Z afaﬂJ + €100 X7, v =12 (4)
j=1

where {a;} is a basis for the nontrivial flat one-forms on the genus g Riemann surface ¥
(the number of such one-forms is N(g)).
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Exact path integral on a general manifold X at finite NV and volume

In summary, the exact (in N and volume) partition function down to an unfixed
two-dimensional U(1)N is given by,

(H Z) (N 1)2""/H ]D[ H D 1/)m D[d]am( )] e_SU(l)N’ (5)
a=1n,=1

mezZ+1 3

where 1 = 1,2, and the complicated yet completely local (in two dimensions) action Su(l)N is:

Su@n ——Z/A" Fi2) 2 f—/ Rln V(x)+ﬂ/ > (%) { + M+ iy (%—mng‘(x))} Yo, m(X)

eZ+ 2
2 1
K;S/ Z 27l '(/)am(x)’y wom I( )1/10 (X)'Y '(/)ozn+l( ) (6)
T AR+ A(R)
m,neZ-&-% B
a;éaa:;:— 1=0

Effectively, (5) describes two-dimensional U(1)V gauge fields interacting with N neutral scalar

fields A and an infinite number of fermionic fields 1, ,(X) via the action (6).
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Specialization to the case ¥ = S? and simplifications at large N

Specializing to a sphere, fixing the residual two-dimensional U(1)V gauge freedom, integrating
out the Abelian Aj, A; fields from (5), and taking the large-N limit, the Vandermonde becomes
global and the As fields become space-independent (expressed in terms of eigenvalues {\,}):

oo N
<H Z)( IR / <H d/\a> V exp (—mZnu o= Ser ({Aa), {na})> (7)
a=1nq a=1

where,

e~ SunDahinah) — ] / I P [%(%)] D am(®)] e, (8)

a=1 mEZ+%

Set ({Aa}s {na}) is the renormalized effective action after integrating out the fermionic fields

2mrm A\ 1 _ _
(%) {125 M (— - —)} Vom(%) 3 B ot (R)T (R ().
~ B / ezzi BB ~63 /5 ,Z 27 o Ao "

mocziy B BB

a#o ;t 1=0

(9)
The spatial covariant derivative D in (9) is taken in the background of the gauge fields

corresponding to the constant fluxes in the U(1)V.
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Spin-weighted spherical harmonics and Dirac operator on 52

Spin-weighted spherical harmonics s Yjm(6, ) are defined on S by,

5+1556(5ij) (s(s+1)—j(+1))sY] jm > (—i8¢—5)stm: m sYim, (10)

where (8 and ¢d are the spin-weighted ladder operators.

For an appropriate choice of coordinate chart, the eigenvectors of [J,, are given by,

1 [£ie?? 1Y, 3
7t = L a2 , = + +3 11
9a“j,m /2 (e_l¢/2qa+§ Yim J =19l » 19l (11)

such that,

. 1 1 3
waqaZJm—iR\/JoH)—(qﬁz)<qa—2)qazfm, = 4al 5 [0l

We expand the fermions in this basis to evaluate the kinetic and the interaction terms
Vatsal (TIFR, Mumbai)
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Finite temperature gap equation

Following the Schwinger—Dyson procedure, the finite temperature gap equation is obtained as,

e}

2j+1
Y 7(Pma H , 13
T( 73) 2 /8R2ZU ma3_QnU3 |¢72| ’@ngJ+M+ZT(QnU3) ( )
J o™ 5
2 - )\a @
where H(C) = 71Ch% — 42CAY, Pa = (,3, ”mﬂ> o = ”7 and,
1/
@ Qmoz,3 E\/J(J + 1) - (qa + %) (qO‘ - %) (14)
maj — 1 e
E\/./(J + 1) - (qa + %) (qa - %) _Qma,3
In close analogy, for the flat space case, we obtain,
27 1
Y7 (Pno3) = —— H - . (15
T( ’3) 5/8 E%i— / 27T)2 Pna3 - Qma 3 (’@ma + M + ZT(Qma,?»)) ( )
2

a#o at m=n
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Solution of the finite temperature gap equation
(13) is solved component-wise,

. (4rm 4w
Y 7.1(Pma3) = Pmas 5|n<?QT(MT7 'Dma,3)> + Mt C05<?QT(MT7 Pma,3)>a
47 . [ 4r
Y 73(Pma,3) = Pmay | cos ?QT(MTaPma,Zi) —1)— My sin ?QT(MTaPma,Zi) .
where,
1 = 2j+1 1
Qr(Mr, Pma3) = > > —
4 R2 1 - o 35 ma no,
TR et (Quea ¢ D00 22 (@0 ¥) g P = Qe
oFa :t n=m
2j+1
Sr(M7) = —55 ZE: 2{: — i )
47rﬁR JU+1) = (9o =3) (@ +3) ,
nez+“ lgol=3 (Qno3)? + o2 + Mz
and the thermal mass Mt obeys the mass gap equation,
v
Mr=M— ?CDT(MT).
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Some relevant identities

These ‘symmetrization’ identities help solve the gap equation and evaluate the thermal free
energy in the large-N limit [MZJ15, MNTV23]:

1 1 1 1
B2 Q1 (M7, Qiu3) "™V = ZQr (M7, Pma3)™; (21

] (27r2 2 QW P~ Qo 7T Q) p M Pres) - (21)
IEZ+2

1 d%q Qio3 1 n—1) _ Pma3

— ki Qr(Mt, Qs ) = —22Q (M s Pma,3)™ 22

B (27T)2 ; Q/ +M Pma3 Qlo,?: T( T QI 73) ( T 3) ( )
lez+1

1 d?q 1

| 5 5 Q7(M71, Qma,3)" =0, for n>0; (23)

B (2m)? Za: Q2 + M7 m
meZ+;

1 {¢T(MT)"+1, i=n

ma3 i
§: M7, Qmas) =
/(271' @2, + M2 27(M7, Qma.s) n+1]o0,

m€Z+2
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Evaluation of thermal free energy

Subtracting the zero point energy to remove the UV-divergences, we get the flux and
holonomy-dependent thermal free energy functional S.¢ as,

47Tﬁ\/2
R

51— S0 =2 (07 (Mr ) (§ror(Mr) + r ) + T (o)) (T 00(Mo) + 1)

) : o U - -3)(+3) 0
T arR2 Z Z (2J+1)|“ (Qna,3+ 22 + M7
n€Z+1J ‘fcrl
Va3 dq3 JiG+1)—(f— )(fg+l)
+o 2 Z %1(2J+1)In <q3+ o 2. 4 Mm%
J= 3
D= (=D (D)
Vof3 dCI3 a5 + =2 + M%
- (2j+1)In — (25)
4mR? Z Z / - (h-1) (%
vy = |fa‘—% q§+J(J+ ) (0/'?2 2)(o+ )+M2
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Evaluation of ®y(Mp)

&1 (M) is a simple explicit function for the flat space case,
1
o (M) = ~und ; In [2(cosh(BM7) 4 cos(\s))| - (26)

For the finite-volume case with fluxes, it becomes tedious to evaluate. At zero temperature,
for fluxes {f,} = {f, f,...,fy}, where {-} is ordered such that ff < f, <--- < f; < -+ < fy,

o <M N ) Z Z fg 1 Z / 2y N (tanhmy —1), f,€Z+1
o\ 47“1 47FR2 / _f2 87FR2 2+ f2 (cothmy —1), fLE€Z
:7 or1 M2 o= M2 — a
R2 0 R2
N ’3,M2 f(y
v

+ Y 41”/  dytan <7n/f37MgR27y2R2> Z 47rR2

= 0 o=n+1 \/,27 M2 +

S _ M2

MQR2 f2

(27)
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& (M7) for the finite volume case

¢T(MT):47T/8;F\)2 > Y cha - (28)

. jG+1) (9 —3) (9 +3
n€£+%J:|q"|_% (Qn0,3)2+ (J ) ( 7?2 2)( z 2) +M%’

~um
k ?¢T(M1)
i M—l%nd’Tm'r)
— Pl e 3@,,1:0
== — Finity sedie S*

M

T

Vatsal (TIFR, Mumbai)

Fermionic Chern—Simons theory on 5 X S


https://sites.google.com/view/vatsal1005/
https://arxiv.org/abs/2307.11020

Evaluation of ®+(Mr7)

Now, at finite temperature, for fluxes {f,} = (0,0,...,0),

N
o7 (M7) :_# Z In|2(cosh(BM7) + cos(\s))|
o=1

: B i
e [ e ) sy (07 5) )
87R? | Jo \/M'zr _ %i cosh ( \/m) + cos(\s) MrR \/— - M2 cos( \/W) +eos(ho)
For {f,} ={0,0,0,...,fy}, where fy = %
Uk yleothry —1) onh (%W) +/x oy ety 1) " (%m)
\/M%szyz oo (%\/m) Foos(h,) MR \/yz “MER? s (%m) + cos(As)

5
LN vers—— NN vy
1 /\/M%f?zf’édy 2y(tanhy — 1) 5‘"“( Re-y ) / 2y(tanh 7y — 1) " (R v - MR
: 7
&R VMER2 =y = G cosh (7‘//\42 Ry f2> +eos(h) VIR 7 TR MR (E\/y2 . M;m) +cos(\n)

N-1 N-1 sinh ( 51/ M2R2 — ) o sm( V¥ — M2 RZ)
— LS In2(cosh(8Mr) + cos(h)) = 3 =y /MTRdy lcothry —1) ( ’ +/‘ ay2lethny - 1) RV T
B i &R | J 5 > 5
o= o= Y L 2 R2 MrR Yy 2 M2 pR2
1 1 \/M%,’T cosh( \/ MR y)+cos(/\,,) ! \/ﬁ,MzT cos(R\/y MTR>+cos(/\,,)

(2 v _mer /o
W C 5D
ot

|
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Discussion and future directions

% The thermal effective action is not independent of fluxes at finite volume - holonomy
eigenvalues are not quantized - Bose—Fermi duality has to work in a mathematically
different way (compared to flat space);

% At finite volume, the fermion determinant receives flux contributions from different sectors,
and the free energy will be presented in terms of a sum over these fluxes (in addition to the
summation over Kaluza—Klein momenta and the spin-weighted spherical harmonic labels),
which is seemingly similar to the calculations of the superconformal index [MMPS22];

% First-principles computation of S-matrices [MMP*22] may be possible with our choice of
gauge that could shed new light on their unusual crossing symmetry properties;

% Computation of the free energy for bosons has some subtleties related to the ¢?A? coupling.
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