
Minimal surfaces: what are they good for?

Randall D. Kamien 
Physics & Astronomy

Joseph Antoine Ferdinand Plateau (1801-1883)



Minimal surfaces: what are they good for?

Randall D. Kamien 
Physics & Astronomy

Joseph Antoine Ferdinand Plateau (1801-1883)



Minimal surfaces: what are they good for?

Randall D. Kamien 
Physics & Astronomy

Joseph Antoine Ferdinand Plateau (1801-1883)

https://heat-exchanger-world.com/revolutionizing-heat-exchangers-with-additively-manufactured-gyroids/



The Dramatis Personæ



The Dramatis Personæ

Dido Hero Fermat Ja. Bernoulli Jo. Bernoulli 

Euler Lagrange



Minimal Surfaces and Foams

Plateau’s Rules:
 each edge must border three faces which meet at 120°
 each vertex must join four edges which meet at 109.5°

Plateau (1873)
Taylor (1976)

M

Σ

h(x,y)

E = gA�PV = g
Z

S
dxdy

q
1+h2

x +h2
y�P

Z

S
dxdyh(x,y)



Minimal Surfaces and Foams

Plateau’s Rules:
 each edge must border three faces which meet at 120°
 each vertex must join four edges which meet at 109.5°

Plateau (1873)
Taylor (1976)

M

Σ

h(x,y)

E = gA�PV = g
Z

S
dxdy

q
1+h2

x +h2
y�P

Z

S
dxdyh(x,y)

The Laplace-Young Law:

P = 2gH
surface tension

pressure (Lagrange multiplier)

mean curvature



�1/κ2

Two Kinds of Curvature

Gaussian or Intrinsic 
Curvature

K = κ1κ2

Mean or Extrinsic 
Curvature

H =
1
2
(κ1+κ2)

K > 0
H > 0 H = 0

K < 0

K = 0
H > 0

1/κ1



Four-End 
Handled

Catenoid
Costa-
Hoffman-
Meeks

Scherk’s 
First 
Surface

Minimal Surfaces

Graphics from MSRI - http://www.msri.org/publications/sgp/ 
© 1998, James T. Hoffman and MSRI  



Neovius

Schwartz P Diamond

Gyroid

Minimal Surfaces

Graphics from MSRI - http://www.msri.org/publications/sgp/ 
© 1998, James T. Hoffman and MSRI  



I-Wp

Schwarz P Diamond

Gyroid

Minimal Surfaces

Graphics from MSRI - http://www.msri.org/about/sgp/SGP
© 1998-2004, James T. Hoffman, et al. 

http://www.msri.org/about/sgp/SGP


I-Wp

Schwarz P Diamond

Gyroid

Minimal Surfaces

Graphics from MSRI - http://www.msri.org/about/sgp/SGP
© 1998-2004, James T. Hoffman, et al. 

http://www.msri.org/about/sgp/SGP


Revenge of the Stitch



Revenge of the Stitch



KNIT                                  PURL



\

Knitogami



\

Knitogami



Knitogami



\

Knitogami



Knitogami



Stolen from Jim McCann (https://www.cs.cmu.edu/~jmccann/)

Knitogami

https://www.cs.cmu.edu/~jmccann/


https://www.youtube.com/watch?v=27XyAvFXbhg

Knitogami



https://www.youtube.com/watch?v=27XyAvFXbhg

Knitogami



Stolen from Jim McCann (https://www.cs.cmu.edu/~jmccann/)

Knitogami

https://www.cs.cmu.edu/~jmccann/


Additive Manufacturing!



Additive Manufacturing!



KNIT                                  PURL



The Knit Fits

Knittel, Tanis, Stoltzfus, Castle, RDK, and Dion (2018)



The Knit Fits

Knittel, Tanis, Stoltzfus, Castle, RDK, and Dion (2018)



Φ = z� b
2π
tan�1

✓
y

x� `d

◆

Φ = z� b
2π
tan�1

✓
y

x�2`d

◆

A Twist Grain Boundary

RDK and T. Lubensky, PRL 82 (1999) 2892
RDK, Appl. Math. Lett. 14 (2001) 797

Φ = z� b
2π
tan�1

⇣y
x

⌘



Φ = z� b
2π
tan�1

✓
y

x� `d

◆

Φ = z� b
2π
tan�1

✓
y

x�2`d

◆

A Twist Grain Boundary

RDK and T. Lubensky, PRL 82 (1999) 2892
RDK, Appl. Math. Lett. 14 (2001) 797

Φ = z� b
2π
tan�1

⇣y
x

⌘



Φ = z� b
2π
tan�1

✓
y

x� `d

◆

Φ = z� b
2π
tan�1

✓
y

x�2`d

◆

A Twist Grain Boundary

RDK and T. Lubensky, PRL 82 (1999) 2892
RDK, Appl. Math. Lett. 14 (2001) 797

Φ = z� b
2π
tan�1

⇣y
x

⌘



Φ = γz� b
2π

∞

∑
n=�∞

tan�1
✓

y
x�n`d

◆

A Twist Grain Boundary

RDK, Appl. Math. Lett. 14 (2001) 797
Santangelo and RDK, PRL 96 (2006) 137801



Φ = γz� b
2π

∞

∑
n=�∞

Imln(x+ iy�n`d)

Φ = γz� b
2π

∞

∑
n=�∞

tan�1
✓

y
x�n`d

◆

A Twist Grain Boundary

RDK, Appl. Math. Lett. 14 (2001) 797
Santangelo and RDK, PRL 96 (2006) 137801



Φ = γz� b
2π

∞

∑
n=�∞,n 6=0

Imln
✓
1� π(x+ iy)/`d

nπ

◆
� b
2π
ln(x+ iy)+ constant

Φ = γz� b
2π

∞

∑
n=�∞

Imln(x+ iy�n`d)

Φ = γz� b
2π

∞

∑
n=�∞

tan�1
✓

y
x�n`d

◆

A Twist Grain Boundary

sinw= w
∞

∏
n=1


1� w2

n2π2

�

RDK, Appl. Math. Lett. 14 (2001) 797
Santangelo and RDK, PRL 96 (2006) 137801



Φ = γz� b
2π
Imlnsin


π(x+ iy)

`d

�

Φ = γz� b
2π

∞

∑
n=�∞,n 6=0

Imln
✓
1� π(x+ iy)/`d

nπ

◆
� b
2π
ln(x+ iy)+ constant

Φ = γz� b
2π

∞

∑
n=�∞

Imln(x+ iy�n`d)

Φ = γz� b
2π

∞

∑
n=�∞

tan�1
✓

y
x�n`d

◆

A Twist Grain Boundary

sinw= w
∞

∏
n=1


1� w2

n2π2

�

RDK, Appl. Math. Lett. 14 (2001) 797
Santangelo and RDK, PRL 96 (2006) 137801



Φ = γz� b
2π
Imlnsin


π(x+ iy)

`d

�

Φ = γz� b
2π

∞

∑
n=�∞,n 6=0

Imln
✓
1� π(x+ iy)/`d

nπ

◆
� b
2π
ln(x+ iy)+ constant

Φ = γz� b
2π

∞

∑
n=�∞

Imln(x+ iy�n`d)

Φ = γz� b
2π

∞

∑
n=�∞

tan�1
✓

y
x�n`d

◆

A Twist Grain Boundary

sinw= w
∞

∏
n=1


1� w2

n2π2

�

RDK, Appl. Math. Lett. 14 (2001) 797
Santangelo and RDK, PRL 96 (2006) 137801

γ2 = 1�
✓
b
2`d

◆2
lim
y±∞

(∇Φ)2 = 1

boundary conditions: no strain at infinity



Φ = γz� b
2π
Imlnsin


π(x+ iy)

`d

�

Φ = γz� b
2π

∞

∑
n=�∞,n 6=0

Imln
✓
1� π(x+ iy)/`d

nπ

◆
� b
2π
ln(x+ iy)+ constant

Φ = γz� b
2π

∞

∑
n=�∞

Imln(x+ iy�n`d)

Φ = γz� b
2π

∞

∑
n=�∞

tan�1
✓

y
x�n`d

◆

A Twist Grain Boundary

sinw= w
∞

∏
n=1


1� w2

n2π2

�

RDK, Appl. Math. Lett. 14 (2001) 797
Santangelo and RDK, PRL 96 (2006) 137801

γ2 = 1�
✓
b
2`d

◆2
lim
y±∞

(∇Φ)2 = 1

boundary conditions: no strain at infinity

level sets of Φ
z(x,±∞) =⌥ b

2`d
p
1� (b/2`d)2

x� map
1� (b/2`d)2

+ constantΦ = ma



Φ = γz� b
2π
Imlnsin


π(x+ iy)

`d

�

Φ = γz� b
2π

∞

∑
n=�∞,n 6=0

Imln
✓
1� π(x+ iy)/`d

nπ

◆
� b
2π
ln(x+ iy)+ constant

Φ = γz� b
2π

∞

∑
n=�∞

Imln(x+ iy�n`d)

Φ = γz� b
2π

∞

∑
n=�∞

tan�1
✓

y
x�n`d

◆

A Twist Grain Boundary

sinw= w
∞

∏
n=1


1� w2

n2π2

�

RDK, Appl. Math. Lett. 14 (2001) 797
Santangelo and RDK, PRL 96 (2006) 137801

γ2 = 1�
✓
b
2`d

◆2
lim
y±∞

(∇Φ)2 = 1

boundary conditions: no strain at infinity

level sets of Φ
z(x,±∞) =⌥ b

2`d
p
1� (b/2`d)2

x� map
1� (b/2`d)2

+ constantΦ = ma

z(x,±∞) =⌥x tanα�masecα+ constant parallel planes a apart rotatated by 2α

sina =
b

2`d



Scherk’s First Surface - A Twist Grain Boundary
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use duality to get parallel 
screw dislocations with alternating

Burgers vectors
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Decomposition: Two Screw Dislocations

Phase field: tan−1

[

y − ζ(z)

x + η(z)

]

− tan−1

[
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]

= tan−1

[
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σ
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]

Matsumoto (2006)

ζ(z) = z γ − σ E (am(z, k), k) , η(z) =
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Linear Comb

Dendrimer

I II

Distinct chains of  incompatible monomers linked together via a covalent bond.  

Linear Comb

Dendrimer

I II

G. M. Grason, Physics Reports (2006)

Recap: Diblock copolymers
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Diblock copolymers: Double Gyroid phase

It is made of the same stuff!
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Defects in Bicontinuous Phases

Pawel Pieranski

A Möbius defect
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In the aperiodic region, about 90% of nodes have degree 3

Coördination number 
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Loops in a double gyroid

1 2 3

4 5 6

7 8 9 10

Each loop (within the bulk) is 
linked with 10 other loops



Length 6 Length 5Length 7

Length 8Length 9Length 10

Loop Distribution



0 10

For loops of  length 10

Linking Distribution
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