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According to GR, any form of energy contributes to space-time curvature 
Are GWs a source of space-time curvature?

• One needs to go beyond linearisation over Minkowski, otherwise one 
excludes from the beginning the presence of any background space-time 
curvature 

<latexit sha1_base64="N+AvFQRWHSUkxVL9ndOZy6i6Kpk="></latexit>

gµ⌫(x) = ḡµ⌫(x) + hµ⌫(x) , |hµ⌫(x)| ⌧ 1

• In this new setting, how to decide what is the background and what is 
the fluctuation? 

1. The background space-time has a clear symmetry (static, FLRW…) 
2. It is possible to resort to a clear separation of scales/frequencies 



<latexit sha1_base64="UOTtCAo2jl1fwed9XpOvHtiDP7s=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhAsJNyJomWIjYVFBPMByXHsbfaSJXu75+6eEI74I2wsFLH179j5b9wkV2jig4HHezPMzAsTzrRx3W9naXlldW29sFHc3Nre2S3t7Te1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UqWZFPdmlFA/xn3BIkawsVL7NqidPkVBLSiV3Yo7BVokXk7KkKMelL66PUnSmApDONa647mJ8TOsDCOcjovdVNMEkyHu046lAsdU+9n03jE6tkoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+53VSE135GRNJaqggs0VRypGRaPI86jFFieEjSzBRzN6KyAArTIyNqGhD8OZfXiTNs4p3UXHvzsvVWh5HAQ7hCE7Ag0uowg3UoQEEODzDK7w5D86L8+58zFqXnHzmAP7A+fwBNMGPbA==</latexit>

LB , fB

<latexit sha1_base64="IotQiIVIud1vja12NUHyYOvCoFE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae2Q7mTybShmcyQZIRS6le4caGIW//GnX9j2s5CWw8EDuecS+49QSq4Nq777Swtr6yurRc2iptb2zu7pb39hk4yRVmdJiJRrQA1E1yyuuFGsFaqGMaBYM1gcDPxm49MaZ7IezNMmR9jT/KIUzRWeugIGw3x9CnqlspuxZ2CLBIvJ2XIUeuWvjphQrOYSUMFat323NT4I1SGU8HGxU6mWYp0gD3WtlRizLQ/mm48JsdWCUmUKPukIVP198QIY62HcWCTMZq+nvcm4n9eOzPRlT/iMs0Mk3T2UZQJYhIyOZ+EXDFqxNASpIrbXQnto0JqbElFW4I3f/IiaZxVvIuKe3derl7ndRTgEI7gBDy4hCrcQg3qQEHCM7zCm6OdF+fd+ZhFl5x85gD+wPn8AVJYkK8=</latexit>

�, f

typical scale of spatial variations / 
frequency of time variations of the 

background 
(needn’t be related among themselves)

typical length-scale / 
frequency of the GWs 

<latexit sha1_base64="i0SzYxYkgGgwsQZgJYWSNHePE6w=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokouhGKblxWsA9oQplMJu3QySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnBClnSjvOt7Wyura+sVnZqm7v7O7t2weHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G49up332kUrFEPOg8pX6Mh4JFjGBtpIFd87gJh/jaiyQmBZkU0WRg152GMwNaJm5J6lCiNbC/vDAhWUyFJhwr1XedVPsFlpoRTidVL1M0xWSMh7RvqMAxVX4xO36CTowSoiiR5gmNZurviQLHSuVxYJIx1iO16E3F/7x+pqMrv2AizTQVZL4oyjjSCZo2gUImKdE8NwQTycytiIywaUGbvqqmBHfxy8ukc9ZwLxrO/Xm9eVPWUYEjOIZTcOESmnAHLWgDgRye4RXerCfrxXq3PubRFaucqcEfWJ8/JVKVGA==</latexit>

� =
c

f

• There are two expansions in the game: 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="XZlXoKr3pksqYCJcAFj136PD1Q4=">AAACGXicbVDLSsNAFJ34rPEVdelmsAgupCSi6LLUjQsXFewDmhAmk0k7dDIJMxOhhPQz3Pgrblwo4lJX/o3TNgttPTBwOOce7twTpIxKZdvfxtLyyuraemXD3Nza3tm19vbbMskEJi2csER0AyQJo5y0FFWMdFNBUBww0gmG1xO/80CEpAm/V6OUeDHqcxpRjJSWfMt2I4Fw7jIdCVGR3/qNArqMQed0PDZnZqS1PCpl36raNXsKuEicklRBiaZvfbphgrOYcIUZkrLn2KnyciQUxYwUpptJkiI8RH3S05SjmEgvn15WwGOthDBKhH5cwan6O5GjWMpRHOjJGKmBnPcm4n9eL1PRlZdTnmaKcDxbFGUMqgROaoIhFQQrNtIEYUH1XyEeIN2G0mWaugRn/uRF0j6rORc1++68Wm+UdVTAITgCJ8ABl6AObkATtAAGj+AZvII348l4Md6Nj9noklFmDsAfGF8/fief8g==</latexit>
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fB
f

⌧ 11. 2.

• In order to effectively implement the distinction among background and 
GWs, one needs to average physical quantities 

<latexit sha1_base64="98nicORJJtAhVdkA0TYmRqcYpx0=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQUXZa6ceGign1AE8JkctMOnTyYmQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOdcZu7xU86ksqxvY2l5ZXVtvbJR3dza3tk19/Y7MskEhTZNeCJ6PpHAWQxtxRSHXiqARD6Hrj+6LvzuAwjJkvhejVNwIzKIWcgoUVryzCOH63BAHM6x4xOBHSiYnluviT2zZtWtKfAisUtSQyVanvnlBAnNIogV5UTKvm2lys2JUIxymFSdTEJK6IgMoK9pTCKQbj49Y4JPtBLgMBF6YoWn6u+NnERSjiNfJyOihnLeK8T/vH6mwis3Z3GaKYjp7KEw41gluOgEB0wAVXysCaGC6b9iOiSCUKWbq+oS7PmTF0nnrG5f1K2781qjWdZRQYfoGJ0iG12iBrpBLdRGFD2iZ/SK3own48V4Nz5m0SWj3DlAf2B8/gA9RZet</latexit>

� ⌧ ¯̀⌧ LB

<latexit sha1_base64="Op/44LUKUDO0CBObH0yPHFcMJbo=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwVVJRNFlqRuXFewFmhAm00k7dJIJMxOhhuKruHGhiFvfw51v47TNQlvP6uP/z+Gc84cpZ0o7zrdVWlldW98ob1a2tnd29+z9g7YSmSS0RQQXshtiRTlLaEszzWk3lRTHIaedcHQz9TsPVComkns9Tqkf40HCIkawNlJgH0VBw+MceSGWKEJTjFBgV52aMyu0DG4BVSiqGdhfXl+QLKaJJhwr1XOdVPs5lpoRTicVL1M0xWSEB7RnMMExVX4+u36CTo3SR5Ew+0Wi0Uz9PZHjWKlxHJrOGOuhWvSm4n9eL9PRtZ+zJM00Tch8UZRxpAWaRoH6TFKi+dgAJpKZWxEZYomJNoFVTAju4svL0D6vuZc15+6iWm8UcZThGE7gDFy4gjrcQhNaQOARnuEV3qwn68V6tz7mrSWrmDmEP2V9/gBlMJPj</latexit>

fB ⌧ f̄ ⌧ f

GW energy-momentum tensor and GW propagation

<latexit sha1_base64="J3h0MO3M68cqUVpuBbD3YWmd7as=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiB4CjMi0WPQi8cIZoHMMPR0KkmTnp6xl0AY8hte/BUvHhTxqCf/xs5yiIkPCh7vVVFVL0o5U9p1f5zc2vrG5lZ+u7Czu7d/UDw8aqjESAp1mvBEtiKigDMBdc00h1YqgcQRh2Y0uJ34zSFIxRLxoEcpBDHpCdZllGgrhUXXj4jEvTDzY+MLM8Y+PBo2xD4nosdhwfHlVAmLJbfsToFXiTcnJTRHLSx++Z2EmhiEppwo1fbcVAcZkZpRDuOCbxSkhA5ID9qWChKDCrLpZ2N8ZpUO7ibSltB4qi5OZCRWahRHtjMmuq+WvYn4n9c2unsdZEykRoOgs0Vdw7FO8CQm3GESqOYjSwiVzN6KaZ9IQrUNs2BD8JZfXiWNi7JXKVfuL0vVm3kceXSCTtE58tAVqqI7VEN1RNETekFv6N15dl6dD+dz1ppz5jPH6A+c71+DK6FH</latexit>

ḡµ⌫ ⌘ hgµ⌫i
<latexit sha1_base64="teKMHaGyTN9+WCqd+aBWx89yA/A=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KolIdSMU3bisYB/QhDCZTtqhM5MwD6GEbtz4K25cKOLWf3Dn3zhts9DWAxcO59zLvffEGaNKe963s7S8srq2Xtoob25t7+y6e/stlRqJSROnLJWdGCnCqCBNTTUjnUwSxGNG2vHwZuK3H4hUNBX3epSRkKO+oAnFSFspco9gwJDoMwIHUR5wEwgzDuRUufIit+JVvSngIvELUgEFGpH7FfRSbDgRGjOkVNf3Mh3mSGqKGRmXA6NIhvAQ9UnXUoE4UWE+/WIMT6zSg0kqbQkNp+rviRxxpUY8tp0c6YGa9ybif17X6OQyzKnIjCYCzxYlhkGdwkkksEclwZqNLEFYUnsrxAMkEdY2uLINwZ9/eZG0zqp+rVq7O6/Ur4s4SuAQHINT4IMLUAe3oAGaAINH8AxewZvz5Lw4787HrHXJKWYOwB84nz8gEJhb</latexit>

hhµ⌫i = 0
“Gravitational Waves”, M. Maggiore, Oxford University Press 2008



<latexit sha1_base64="UOTtCAo2jl1fwed9XpOvHtiDP7s=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhAsJNyJomWIjYVFBPMByXHsbfaSJXu75+6eEI74I2wsFLH179j5b9wkV2jig4HHezPMzAsTzrRx3W9naXlldW29sFHc3Nre2S3t7Te1TBWhDSK5VO0Qa8qZoA3DDKftRFEch5y2wuH1xG89UqWZFPdmlFA/xn3BIkawsVL7NqidPkVBLSiV3Yo7BVokXk7KkKMelL66PUnSmApDONa647mJ8TOsDCOcjovdVNMEkyHu046lAsdU+9n03jE6tkoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+53VSE135GRNJaqggs0VRypGRaPI86jFFieEjSzBRzN6KyAArTIyNqGhD8OZfXiTNs4p3UXHvzsvVWh5HAQ7hCE7Ag0uowg3UoQEEODzDK7w5D86L8+58zFqXnHzmAP7A+fwBNMGPbA==</latexit>

LB , fB

<latexit sha1_base64="IotQiIVIud1vja12NUHyYOvCoFE=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae2Q7mTybShmcyQZIRS6le4caGIW//GnX9j2s5CWw8EDuecS+49QSq4Nq777Swtr6yurRc2iptb2zu7pb39hk4yRVmdJiJRrQA1E1yyuuFGsFaqGMaBYM1gcDPxm49MaZ7IezNMmR9jT/KIUzRWeugIGw3x9CnqlspuxZ2CLBIvJ2XIUeuWvjphQrOYSUMFat323NT4I1SGU8HGxU6mWYp0gD3WtlRizLQ/mm48JsdWCUmUKPukIVP198QIY62HcWCTMZq+nvcm4n9eOzPRlT/iMs0Mk3T2UZQJYhIyOZ+EXDFqxNASpIrbXQnto0JqbElFW4I3f/IiaZxVvIuKe3derl7ndRTgEI7gBDy4hCrcQg3qQEHCM7zCm6OdF+fd+ZhFl5x85gD+wPn8AVJYkK8=</latexit>

�, f

typical scale of spatial variations / 
frequency of time variations of the 

background 
(needn’t be related among themselves)

typical length-scale / 
frequency of the GWs 

<latexit sha1_base64="i0SzYxYkgGgwsQZgJYWSNHePE6w=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokouhGKblxWsA9oQplMJu3QySTMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnBClnSjvOt7Wyura+sVnZqm7v7O7t2weHHZVkktA2SXgiewFWlDNB25ppTnuppDgOOO0G49up332kUrFEPOg8pX6Mh4JFjGBtpIFd87gJh/jaiyQmBZkU0WRg152GMwNaJm5J6lCiNbC/vDAhWUyFJhwr1XedVPsFlpoRTidVL1M0xWSMh7RvqMAxVX4xO36CTowSoiiR5gmNZurviQLHSuVxYJIx1iO16E3F/7x+pqMrv2AizTQVZL4oyjjSCZo2gUImKdE8NwQTycytiIywaUGbvqqmBHfxy8ukc9ZwLxrO/Xm9eVPWUYEjOIZTcOESmnAHLWgDgRye4RXerCfrxXq3PubRFaucqcEfWJ8/JVKVGA==</latexit>

� =
c

f

GW energy-momentum tensor and GW propagation

By expanding the Einstein equations to second order in                       
and separating the background and first order 
components by averaging, one finds 

<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

• The expression for the GW energy momentum tensor (how GWs 
influence the background) 

• The equation representing GW propagation on a curved background



Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫

The quadratic term can influence 
the background, as it contains 

both high and low modes

<latexit sha1_base64="Z5a+ck6wHedQiGpKEngyiBPw2do="></latexit>

R̄µ⌫ = [�R(2)
µ⌫ ]

low + 8⇡G
h
Tµ⌫ � 1

2
gµ⌫T

ilowBackground 
Einstein equation

Matter sourcing the 
bckg curvature

GWs sourcing the 
bckg curvature

Necessary condition for GW to make sense

The linear term 
averages to zero

<latexit sha1_base64="a6e8HUIwZjG6Wcy3GWC3bMN8GrY=">AAACDXicbZC7TsMwFIadcivlFmBksShITFGCQLAgVbAwFolepCRUjuu0Vm0nsh1QFfUFWHgVFgYQYmVn421w2wzQ8kuWPv/nHNnnj1JGlXbdb6u0sLi0vFJeraytb2xu2ds7TZVkEpMGTlgi2xFShFFBGppqRtqpJIhHjLSiwdW43ronUtFE3OphSkKOeoLGFCNtrI59EDAkeoxAx3ECOcUL6JtbeJcHkkOWPIw6dtV13IngPHgFVEGhesf+CroJzjgRGjOklO+5qQ5zJDXFjIwqQaZIivAA9YhvUCBOVJhPthnBQ+N0YZxIc4SGE/f3RI64UkMemU6OdF/N1sbmfzU/0/F5mFORZpoIPH0ozhjUCRxHA7tUEqzZ0ADCkpq/QtxHEmFtAqyYELzZleeheex4p457c1KtXRZxlMEe2AdHwANnoAauQR00AAaP4Bm8gjfryXqx3q2PaWvJKmZ2wR9Znz/UgJon</latexit>

h...i = [...]low

<latexit sha1_base64="T4Gx7o1PLD5miDgJRDnN4U9pEcc=">AAACEXicbVDLSsNAFJ34rPVVdelmsAh1U5Ki6LLUjQvBCvYBTQyT6aQdOnkwcyOUkF9w46+4caGIW3fu/BsnbRfaeuDC4Zx7ufceLxZcgWl+G0vLK6tr64WN4ubW9s5uaW+/raJEUtaikYhk1yOKCR6yFnAQrBtLRgJPsI43usz9zgOTikfhHYxj5gRkEHKfUwJacksVOyAwpESkNxm2BfOhYvuS0NTK0mu3kdmSD4Zwcl9zS2Wzak6AF4k1I2U0Q9Mtfdn9iCYBC4EKolTPMmNwUiKBU8Gyop0oFhM6IgPW0zQkAVNOOvkow8da6WM/krpCwBP190RKAqXGgac78/vVvJeL/3m9BPwLJ+VhnAAL6XSRnwgMEc7jwX0uGQUx1oRQyfWtmA6JDgR0iEUdgjX/8iJp16rWWdW8PS3XG7M4CugQHaEKstA5qqMr1EQtRNEjekav6M14Ml6Md+Nj2rpkzGYO0B8Ynz9Bsp1E</latexit>
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◆2
<latexit sha1_base64="WXW9l0llvCJLQURbf0mwUqSK31M=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39EnmSD4YwvF9rWeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/ADDvn3M=</latexit>
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<latexit sha1_base64="jUP8i6pqMQVJz2A+3PF8GmHaUTU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQUXZa6ceGign1AE8JkMmmHzkzCzEQoISs3/oobF4q49Rvc+TdO2yy09cDA4Zx7uHNPmDKqtON8W0vLK6tr65WN6ubW9s6uvbffUUkmMWnjhCWyFyJFGBWkralmpJdKgnjISDccXU/87gORiibiXo9T4nM0EDSmGGkjBfbR0GNEKUU59GKJcO4xE45Qkd8GzSKwa07dmQIuErckNVCiFdhfXpTgjBOhMUNK9V0n1X6OpKaYkaLqZYqkCI/QgPQNFYgT5efTMwp4YpQIxok0T2g4VX8ncsSVGvPQTHKkh2rem4j/ef1Mx1d+TkWaaSLwbFGcMagTOOkERlQSrNnYEIQlNX+FeIhMG9o0VzUluPMnL5LOWd29qDt357VGs6yjAg7BMTgFLrgEDXADWqANMHgEz+AVvFlP1ov1bn3MRpesMnMA/sD6/AG4HZlH</latexit>

h . �

LB

GW energy-momentum tensor and GW propagation
<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆



Rearranging the Einstein equations and performing the average leads to:

GW energy-momentum tensor

<latexit sha1_base64="J1E36irPfeulLKDPR8dntRNFjRc="></latexit>

Ḡµ⌫ = hRµ⌫i �
1

2
ḡµ⌫hRi = 8⇡G(hTµ⌫i+ TGW

µ⌫ )

Dynamics of the 
bckg space-time

Low-mode part 
of the matter 
component

GWs

{ { {

not separately 
conserved!

<latexit sha1_base64="qUgiphh9G9IAVcGGyWZZCreQEdc="></latexit>

⇢GW =
hḣij ḣiji
32⇡G

C.W. Misner, K.S. Thorne, J.A. Wheeler, “Gravitation”, Freeman 1997 (chapter 35.15)

GW energy-momentum tensor and GW propagation

GW energy density:

<latexit sha1_base64="1rEMJU1FtFF7X3f5C/vrEtFttzo="></latexit>

TGW
µ⌫ = � 1

8⇡G
hR(2)

µ⌫ � 1

2
ḡµ⌫R

(2)i

calculating R(2)µν  
and reducing to the TT gauge

<latexit sha1_base64="YXUkM4zYpdtsXmPIj+MimDFQFJo="></latexit>

TGW
µ⌫ =

1

32⇡G
hrµh↵�r⌫h

↵�i



<latexit sha1_base64="n5redv3s0PYnngEwPHcgc198ick="></latexit>

R(1)
µ⌫ = [�R(2)

µ⌫ ]
high + 8⇡G

h
Tµ⌫ � 1

2
gµ⌫T

ihighPerturbed 
Einstein equation

Negligible 
(non-linear interaction of 

the wave with itself)

Matter possibly 
sourcing GWs<latexit sha1_base64="WXW9l0llvCJLQURbf0mwUqSK31M=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39EnmSD4YwvF9rWeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/ADDvn3M=</latexit>

O

✓
h

�

◆2

<latexit sha1_base64="bufL5EMZ8mxzEEcz8Iw65I1U+Co=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoIGWmKLosunFnBfuAzlgyaaYNzTxI7ghlmJ9w46+4caGIW8Gdf2PazkJbDwQO59yb5BwvFlyBZX0bhaXlldW14nppY3Nre8fc3WupKJGUNWkkItnxiGKCh6wJHATrxJKRwBOs7Y2uJn77gUnFo/AOxjFzAzIIuc8pAS31zBMnIDCkRKQ3GXYE86Hi+JLQdJiljtD39Ml9LXMkHwzhuGeWrao1BV4kdk7KKEejZ345/YgmAQuBCqJU17ZicFMigVPBspKTKBYTOiID1tU0JAFTbjpNleEjrfSxH0l9QsBT9fdGSgKlxoGnJycZ1Lw3Ef/zugn4F27KwzgBFtLZQ34iMER4UhHuc8koiLEmhEqu/4rpkOhSQBdZ0iXY85EXSatWtc+q1u1puX6Z11FEB+gQVZCNzlEdXaMGaiKKHtEzekVvxpPxYrwbH7PRgpHv7KM/MD5/AC8vn3M=</latexit>

O

✓
h

�2

◆

GW energy-momentum tensor and GW propagation

Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫
Focus on the linear term:

<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆



Perturbed 
Einstein equation

GW energy-momentum tensor and GW propagation

Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫
Focus on the linear term:

<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆

<latexit sha1_base64="9iAybMRdq2KsWfS+lhQ0Bi6qsI4="></latexit>

R(1)
µ⌫ � 1

2
(ḡµ⌫R

(1) + hµ⌫R̄) ' 8⇡G [Tµ⌫ ]
high

{ {

Evolution of GWs on a curved but 
smooth / slowly evolving 

background such as gravitational 
redshift and lensing

Possible source of GWs

<latexit sha1_base64="3BXMvgc9m6TVc9JRKoCqysE7jxs="></latexit>

�1

2
⇤h̄µ⌫+R�

µ⌫
�h̄�� +r(⌫r�h̄µ)� � 1

2
ḡµ⌫r↵r� h̄↵�+

+R↵�


1

2
ḡµ⌫ h̄↵� � 1

2
h̄µ⌫ ḡ↵� + ḡ�(µh̄⌫)↵

�
= 8⇡G �Tµ⌫

calculating R(1)µν:



Perturbed 
Einstein equation

GW energy-momentum tensor and GW propagation

Expand up to second order in 
<latexit sha1_base64="iz1Diacxz+7a0BdST9alBhZ5ZVQ=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiSi6LLoxmUF+4AmhMl00g6dmYR5KCXtp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmltfWNzq7xd2dnd2z9wq4dtlRqJSQunLJXdGCnCqCAtTTUj3UwSxGNGOvHoduZ3HolUNBUPepyRkKOBoAnFSFspcquTYZQH3ATCTCcBY9CP3JpX9+aAq8QvSA0UaEbuV9BPseFEaMyQUj3fy3SYI6kpZmRaCYwiGcIjNCA9SwXiRIX5/PQpPLVKHyaptCU0nKu/J3LElRrz2HZypIdq2ZuJ/3k9o5PrMKciM5oIvFiUGAZ1Cmc5wD6VBGs2tgRhSe2tEA+RRFjbtCo2BH/55VXSPq/7l3Xv/qLWuCniKINjcALOgA+uQAPcgSZoAQyewDN4BW/OxHlx3p2PRWvJKWaOwB84nz9jtJQS</latexit>

|hµ⌫ | ⌧ 1

<latexit sha1_base64="ntVDpLLTpiT925d6DNpFamcwsmU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAgtQkmKohux6MZlFfuAJobJdNoOnUzCzEQoIZ/jxl9xI6JIt36J0zZgbT0wcO4593LnHj9iVCrLGhlLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP7gZ+80nIiQN+YMaRsQNUI/TLsVIackzr+69xAlih8fppeMjAX9reDJTPCZFu5TOKZVS6pkFq2xNABeJnZECyFDzzHenE+I4IFxhhqRs21ak3AQJRTEjad6JJYkQHqAeaWvKUUCkm0wOTeGxVjqwGwr9uIITdXYiQYGUw8DXnQFSfTnvjcX/vHasuhduQnkUK8LxdFE3ZlCFcJwa7FBBsGJDTRAWVP8V4j4SCCudbV6HYM+fvEgalbJ9VrbuTgvV6yyOHDgER6AIbHAOquAW1EAdYPAMXsEH+DRejDfjyxhNW5eMbOYA/IHx/QNFvKYS</latexit>

Rµ⌫ = R̄µ⌫ +R(1)
µ⌫ +R(2)

µ⌫
Focus on the linear term:

<latexit sha1_base64="bWhnbG9Lgos/Gm019mllI80N1CQ="></latexit>

Rµ⌫ = 8⇡G

✓
Tµ⌫ � 1

2
gµ⌫T

◆

<latexit sha1_base64="9iAybMRdq2KsWfS+lhQ0Bi6qsI4="></latexit>

R(1)
µ⌫ � 1

2
(ḡµ⌫R

(1) + hµ⌫R̄) ' 8⇡G [Tµ⌫ ]
high

In a FLRW universe, equation of sourcing and propagation of GWs 

<latexit sha1_base64="VOxoqHK4GNTJKiThvn+IPEXHqHU="></latexit>

ds2 = �dt2 + a2(t) (�ij + hij) dx
idxj

<latexit sha1_base64="mAFbcNQBMQOqMFFCj9UtYS7aBGU=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFcFUSUXQjFN24rGAv0IYwmU7asZNJmJkIJXTnxldx40IRt76CO9/GSdqFVn8Y+PjPOZw5f5BwprTjfFmlhcWl5ZXyamVtfWNzy97eaak4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GF3l9fY9lYrF4laPE+pFeCBYyAjWxvLt/V6CpWaY+wwN/YzdTdBFASwHx7erTs0phP6CO4MqzNTw7c9ePyZpRIUmHCvVdZ1Ee1m+g3A6qfRSRRNMRnhAuwYFjqjysuKOCTo0Th+FsTRPaFS4PycyHCk1jgLTGWE9VPO13Pyv1k11eO5lTCSppoJMF4UpRzpGeSiozyQlmo8NYCKZ+SsiQywx0Sa6ignBnT/5L7SOa+5pzbk5qdYvZ3GUYQ8O4AhcOIM6XEMDmkDgAZ7gBV6tR+vZerPep60lazazC79kfXwDaNGYWQ==</latexit>

@ihij = hii = 0

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

Neglecting scalar 
and vector 

perturbations



GW propagation equation in FLRW

• In the rest of the course, we will be dealing with solutions of the above 
equation  

• It can be derived also from cosmological perturbation theory, here I 
presented the connection with a more general approach 

• In cosmology, the FLRW space-time is homogeneous and isotropic, so 
tensor modes can be defined also when λ ～ LB  (exemple: horizon re-
entry after inflation), but one cannot say these are GWs, unless modes 
are well within the horizon (λ ≪ LB)

COMMENTS



Perfect fluid

Source: tensor 
anisotropic stress

<latexit sha1_base64="nRikM9xAm77uKNgrgVrtbf9ZRAo="></latexit>

�Tij = p̄ �gij + a2[�p �ij + (@i@j �
1

3
�ijr2)� + 2@(ivj) +⇧ij ]

(@ivi = 0, @i⇧ij = 0, ⇧ii = 0)

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

NO GWs FROM THE HOMOGENEOUS MATTER COMPONENT

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

<latexit sha1_base64="PlLdgnYXv74aAcer5NkIbjCuZmw=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhJRdCMU3Lis0Bc0IUwmk3boZBLmIZTQn3Djr7hxoYhbwZ1/47QNWFsPXDhzzr3MvSfMGJXKcb6tpeWV1bX10kZ5c2t7Z9fe22/JVAtMmjhlqeiESBJGOWkqqhjpZIKgJGSkHQ5ux377gQhJU95Qw4z4CepxGlOMlJEC+6wR5F6iPa5HN16IBPx9n3oRYQrNKIFdcarOBHCRuAWpgAL1wP7yohTrhHCFGZKy6zqZ8nMkFMWMjMqeliRDeIB6pGsoRwmRfj65agSPjRLBOBWmuIITdXYiR4mUwyQ0nQlSfTnvjcX/vK5W8bWfU55pRTiefhRrBlUKxxHBiAqCFRsagrCgZleI+0ggrEyQZROCO3/yImmdV93LqnN/UanVijhK4BAcgRPggitQA3egDpoAg0fwDF7Bm/VkvVjv1se0dckqZg7AH1ifPztVn3w=</latexit>

Tµ⌫ = T̄µ⌫ + �Tµ⌫

GW propagation equation in FLRW



Perfect fluid

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

<latexit sha1_base64="PlLdgnYXv74aAcer5NkIbjCuZmw=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhJRdCMU3Lis0Bc0IUwmk3boZBLmIZTQn3Djr7hxoYhbwZ1/47QNWFsPXDhzzr3MvSfMGJXKcb6tpeWV1bX10kZ5c2t7Z9fe22/JVAtMmjhlqeiESBJGOWkqqhjpZIKgJGSkHQ5ux377gQhJU95Qw4z4CepxGlOMlJEC+6wR5F6iPa5HN16IBPx9n3oRYQrNKIFdcarOBHCRuAWpgAL1wP7yohTrhHCFGZKy6zqZ8nMkFMWMjMqeliRDeIB6pGsoRwmRfj65agSPjRLBOBWmuIITdXYiR4mUwyQ0nQlSfTnvjcX/vK5W8bWfU55pRTiefhRrBlUKxxHBiAqCFRsagrCgZleI+0ggrEyQZROCO3/yImmdV93LqnN/UanVijhK4BAcgRPggitQA3egDpoAg0fwDF7Bm/VkvVjv1se0dckqZg7AH1ifPztVn3w=</latexit>

Tµ⌫ = T̄µ⌫ + �Tµ⌫

One exploits the translational invariance and performs a F.T. in space

<latexit sha1_base64="/XOoIhDzxQxi1OLgIsQCoetEIOY="></latexit>

hij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
hr(k, t) e

�ik·x erij(k̂)

Source: tensor 
anisotropic stress

<latexit sha1_base64="JvOlDsXoRXPGrsGWG1bzcbfPNCM="></latexit>

⇧ij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
⇧r(k, t) e

�ik·x erij(k̂)

GW propagation equation in FLRW



Perfect fluid

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>

ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)

<latexit sha1_base64="PlLdgnYXv74aAcer5NkIbjCuZmw=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUhJRdCMU3Lis0Bc0IUwmk3boZBLmIZTQn3Djr7hxoYhbwZ1/47QNWFsPXDhzzr3MvSfMGJXKcb6tpeWV1bX10kZ5c2t7Z9fe22/JVAtMmjhlqeiESBJGOWkqqhjpZIKgJGSkHQ5ux377gQhJU95Qw4z4CepxGlOMlJEC+6wR5F6iPa5HN16IBPx9n3oRYQrNKIFdcarOBHCRuAWpgAL1wP7yohTrhHCFGZKy6zqZ8nMkFMWMjMqeliRDeIB6pGsoRwmRfj65agSPjRLBOBWmuIITdXYiR4mUwyQ0nQlSfTnvjcX/vK5W8bWfU55pRTiefhRrBlUKxxHBiAqCFRsagrCgZleI+0ggrEyQZROCO3/yImmdV93LqnN/UanVijhK4BAcgRPggitQA3egDpoAg0fwDF7Bm/VkvVjv1se0dckqZg7AH1ifPztVn3w=</latexit>

Tµ⌫ = T̄µ⌫ + �Tµ⌫

One exploits the translational invariance and performs a F.T. in space

The evolution equation 
decouples for each 
polarisation mode

<latexit sha1_base64="/XOoIhDzxQxi1OLgIsQCoetEIOY="></latexit>

hij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
hr(k, t) e

�ik·x erij(k̂)

<latexit sha1_base64="ItmFq+ZLkMPeuLOVs9uW7v14DvM="></latexit>

h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

Source: tensor 
anisotropic stress

not just plane waves as before

conformal time, Hubble factor and comoving wavenumber

GW propagation equation in FLRW



<latexit sha1_base64="//vPp9xEiW1EHMr4+Yc15fto6do=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoUEoiFd0IRTddVrAPaEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbRba9sCFwzn3cu89XsSoVJb1YxTW1jc2t4rbpZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcpf53UciJA35g5pGxA3QiFOfYqS0NDDrzUEi0ooTIDX2/GSSVqFDFDq/gcipwvFqc2CWrZo1A1wmdk7KIEdrYH45wxDHAeEKMyRl37Yi5SZIKIoZSUtOLEmE8ASNSF9TjgIi3WT2XQrPtDKEfih0cQVn6t+JBAVSTgNPd2aHykUvE1d5/Vj5125CeRQrwvF8kR8zqEKYRQWHVBCs2FQThAXVt0I8RgJhpQMt6RDsxZeXSeeiZl/WrPt6uXGbx1EEJ+AUVIANrkADNEELtAEGT+AFvIF349l4NT6Mz3lrwchnjsE/GN+/4iOhJw==</latexit>
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Solution of the homogeneous equation
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Power-law scale factor
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Ar(k)

an⌘n�1
jn�1(k⌘) +

Br(k)

an⌘n�1
yn�1(k⌘)

Covering matter (n=2) and radiation domination (n=1), and De Sitter inflation n=-1)
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a(⌘) = an⌘
n

Two notable limiting cases: sub-Hubble and super-Hubble modes

GW propagation equation in FLRW
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CASE 1: Sub-Hubble modes, relevant for propagation after the source stops
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hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘

In this limit, GWs 
are plane waves 
with redshifting 

amplitude

Suppose the source operates in a time interval ηfin - ηin in the radiation 
dominated era

Matching at ηfin with the homogeneous solution to find the GW signal today
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k
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GW propagation equation in FLRW
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What are the coefficients Ar(k) and Br(k) from the initial condition?



CASE 2: Super-Hubble modes, relevant for inflationary tensor perturbations
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Initial condition 
from inflation, 
Ar(k) constant 

After Hubble re-entry, 
GWs oscillating as plane 

waves and redshifting 
with the expansion

Full solution with inflationary initial conditions 
Hubble re-entry at the radiation-matter transition

GW propagation equation in FLRW

Decaying mode, 
negligible



Summary up to here:

• We have defined GWs and GW energy density without ambiguity in the 
FLRW spacetime, making the connection with linearised gravity 

• After their generation by some sourcing process, GWs in the FLRW 
space-time oscillate and decay with the expansion of the universe  

• The sourcing process can be connected to the presence of anisotropic 
stresses at first order in cosmological perturbation theory, and/or to 
an inflationary phase 

• We have gone as far as we could in all generality; to continue solving 
the equation one needs to specify more the characteristics of the 
sourcing process  

• However, before analysing examples of GW sourcing processes in the 
early universe, we proceed with presenting some general features of 
signals from the early universe, and with describing present and future 
GW detectors with a particular focus on PTAs



Why sources in the early universe produce SGWBs?

LIGO website

A stochastic GW background is a signal for which only the statistical properties can 
be accessed because it is given by the incoherent superposition of sources that 

cannot be individually resolved

• For example, the superposition of deterministic GW signals from astrophysical 
binary sources with too low signal-to-noise ratio, or too much overlap in time 
and frequency -> confusion noise (Examples: LVK, LISA, PTAs…) 

• Early universe GW sources produce SGWBs because they are homogeneously  

and isotropically distributed over the entire universe, and/or correlated on 
scales much  smaller than the detector resolution



Why sources in the early universe produce SGWBs?
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`⇤
characteristic length-scale of the source 
(typical size of variation of the tensor anisotropic stresses)

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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Angular size on the sky 
today of a region in which 

the SGWB signal is 
correlated `2(T⇤)
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dA(z⇤)
Angular diameter distance

Number of uncorrelated regions accessible today
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Suppose a GW detector angular resolution of 10 deg 
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⇥(z⇤ = 1090) ' 0.9 deg

Only the statistical properties of the signal can be accessed



• We access today the GW signal from many independent horizon volumes:  
hij(x,t) must be treated as a random variable, only its statistical properties can 
be accessed, e.g. its correlator 

where <…> is an ensemble average 

• The universe is homogeneous and isotropic, so the GW source is operating 
everywhere at the same time with the same average properties (“a-causal” initial 
conditions from Inflation)  

• Under the ergodic hypothesis, the ensemble average can be substituted with 
volume / time averages: we identify this average with the volume / time one 
necessary to define the GW energy momentum tensor 

• Notable exception: SGWB from Inflation (intrinsic quantum fluctuations that 
become classical (stochastic) outside the horizon)

Why sources in the early universe produce SGWBs?
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The SGWB is in general homogenous and isotropic, unpolarised and Gaussian
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hhij(x, ⌘1)hlm(y, ⌘2)i = Fijlm(|x� y|, ⌘1, ⌘2)
As the FLRW space-time

If the sourcing process preserves parity

Central limit theorem: the signal comes from the 
superposition of many independent regions 

Helicity basis
There are 

exceptions!
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hh+2(k, ⌘)h+2(k, ⌘)� h�2(k, ⌘)h�2(k, ⌘)i = hh+(k, ⌘)h⇥(k, ⌘)i = 0

Certainly some induced anisotropy, e.g. the dipole with 
respect to the cosmological frame

More challenging to detect than the “monopole” 

Characterisation of a primordial SGWB



{
Statistical 

homogeneity and 
isotropy

Gaussianity: the two-point 
correlation function is 

enough to fully describe 
the SGWB

Unpolarised

Power spectrum of the GW amplitude

Related to the variance of the 
GW amplitude in real space

For freely propagating sub-Hubble modes, and taking the time-average:
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hc(k, ⌘) /
1

a2(⌘)
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hc(k, t)
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hhr(k, ⌘)h
⇤
p(q, ⌘)i =

8⇡5

k3
�(3)(k� q) �rp h

2
c(k, ⌘)
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hhij(x, ⌘)hij(x, ⌘)i = 2

Z +1

0

dk

k
h2
c(k, ⌘)
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hhr(k, ⌘)h
⇤
p(q, ⌘)i =

1

a2(⌘)
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]

<latexit sha1_base64="ITXxUePfhDwCG0mmpySO9qGUW44="></latexit>

hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘
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