QCD at non-zero temperature and heavy quarks:

Lecture 3
Peter Petreczky

(,\ Brookhaven

National Laboratory

Recap from lecture 2:

The chiral crossover in QCD is related to the chiral phase transition temperature
in the limit of small quark masses.

Equation of state and fluctuations of conserved charges can

be described by HRG below the crossover transition but for

T>300 MeV can be in terms of weak calculations ( EQCD, HTL pert. theory),
Charm quark appear as new degrees of freedom above T_ but charm hadrons
can still exist.

In_this lecture: quarkonia and potential models, spectral functions, charmonia
and bottomonia at T>0, complex static quark potential, heavy quark diffusion coefficient

Hard probes in non-equilibrium QCD matter, ICTS, Bangalore, March 16-27.2026




Quarkonia and potential models

my, me. > Agcp = non-relativistic bound states, analogs QED positronium

1-gluon exchange, ag ~ 0.4

4 o ,
V(r)= _aa_ + or + spin dep.
3r %
Confinement
Problems:

Running of ay 7
Linear potential valid only

for r > 1 fm,
T

Viry=or— —+...

A Luscher term

Soft gluon fields 77

Eichten et al, PRL 34 (75) 369, PRD 21 (80) 203

Very successful in describing charmonium
and bottomonium spectrum below the
the open charm and beauty threshold

Nevertheless nearly perfect agreement between
the pherbognenological and lattice potentials
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Conjecture, Matsui and Satz, PLB 178 (86) 416
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Quarkonia melting and suppression in heavy ion collision
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Sequential meting pattern:

Smaller, more tightly bound
quarkonia melt at higher
temperature




Quarkonia in effective theory approach

M > 1/r ~ Mv> Mv*, M =mc, ) Effective theory (EFT) approach
Non-relativistic QCD (NRQCD) : EFT at scale 1/r (scale M is integrated out):

. D? . Dy _
LNRQC’D = wa <?,D0 — ﬁ) w -+ X]L <ZDO -+ m) X + ...+ iFgl/ + C]’)/MDMQ

Heavy quark fields are Pauli spinors, heavy pair creation is only present implic-
ltly through hlgher dimension 4—fermi0n Operators Caswell, Lepage, PLB 167 (86) 437

potential NRQCD (pNRQCD): EFT at scale Ey;, ~ Mv? (scale 1/r ~ Mw is

integrated out):
—V?2

_\V2 ;
LpNRQCD—/dSrTr[ST[z'aO( A +Vi(r)+...)] S+ O'[iDg + ]\Z"” +Vo(r)+...)]0_

+Va(r)Tr [OTrgES + STrgEO} + Vi (r)Tr [OTrgEO + OTOrgE} +
1

1 _
O(rQa ﬂ) + ZF[3I/ + qquuq

S=S5rR,t), O=0(r,R,t), E=FER,t

Potentials are parameters of the EFT Largangian

Brambilla, Pineda, Soto, Vairo,
NPB 566 (00) 275

Tree level <> potential model (idy + Vﬁi — Vi(r))S(r,R,t) =( 4



PNRQCD at non-zero temperature

If E " d<T there are thermal contribution to the potentials Brambilla, Ghiglieri, P.P., Vairo,

b
T T < Ty PRD 78 (08) 014017
Vs(r) — Vs(r) +6Vs(r,T)

22
singlet-octet transition : m ReéVs(r) ~ agT=r

@ &) IM§Vs(r) ~ a3T

RedVs(r,T) ~ ImdVs(r,T)
Landau damping : ‘ -~ OzST3’I“2 v (%)n

r > 1/
I I 2702 < (%)3 B g X (%)2

&
&

2 o sin(rmpx)
/O dx

Qg .
— —Cpr—exp(— 1CrasT
B ..7) P ew(-mpr) +iCpasT 24 )2

Laine, Philipsen, Romatschke, Tassler, JHEP 073 (2007) 054

The imaginary part of the potential is larger than the real part => quarkonium melting is deter-
mined by imaginary part of the potential and not by screening



Meson correlators and spectral functions

Vacuum and in-medium properties as well as dissolution of mesons are encoded in the
spectral functions:

o(w.p,T) = 2i1m /_ O: dteie! / Bre ([0(z,1),0(0,0))r, O, 1) ~ Oz, O, 1)

T

Melting is seen as progressive broadening and disappearance of the bound state peaks

Modifications of quarkonium yields in heavy ion collisions Matsui and Satz, PLB 178 (1986) 416
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G(r,T) =) (O(z,7)0(0,0))7 G(r.T) = /O"" diop(w, T)cos};g}(lzw_/é/gqﬂ))

xr

Consider large 7 behavior of C(7,T = 0).
C(r,T) ~ > [(0|0[n)Pe™7 o~ fre™™7 4 fre= o7 4

T>0: 7<1/T = reconstruct p(w,T) 6



Temperature dependence of temporal charmonium correlators

temperature G(t,T)
depen&ine o) . %1/ e If there is no T-dependence in the spectral
G(r.T) = doc(o.T) cosh(a(z>1/(27)) |
sinh(w /(27)) function,  G(7,7)/Grec(7,T) =1

cosh(w - (1 — 57))
sinh(w/(27)

oo
GraalT, T) = /O dwo(w, T = 0)

Pseudo-scalar < 15 Scalar & 1P
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Datta, Karsch, P.P., Wetzorke, PRD 69 (2004) 094507



Temporal vs spatial meson correlators

Spatial correlation f}Jnctions can be calculated for arbitrarily large
- 1/T
separglion$.¢ = f ar / dxdy(O(x, —iT)0(0,0))1, Gz — 00,T) = Ae~meer(1):
0

>C eipz/OO dwo-(vaaT)

0 W

but related to the same spectral G(z,T) = /
functions 0

Low T limit : High T limit

0, T) ~ AmesS(w? — p% — M? '
e )= et 1 Wines) (1) = g, + TR+, + (T
Ames ~ W(O)! — mscr(T) = Mmes

G(=,T) = [(0)[2e Mmes(1)?

Temporal meson correlator only avalaible for 7 < %2 and thus may not be very sensitive to
In-medium modifications of the spectral functions; also require large N_(difficult in full QCD)

Spatial correlators can be studied for arbitrarily large separations and thus are more sensitive
to the changes in the meson spectral functions; do not require large N_(easy in full QCD).

Lattice calculations: spatial meson correlators in 2+1 flavor QCD for ssbar, scbar and ccbar
sectors using 48°x12 lattices and highly improved staggered quark (HISQ) action (also suitable

for charm quarks) , physical m_and m_=160 MeV. g



Temperature dependence of spatial meson correlators
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Medium modifications of meson correlators increase with 7, but decrease with heavy quagk
content; larger for /P charmonium state than for /.S charmonium state



Temperature dependence of meson screening masses
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Qualitatively similar behavior of the screening
masses for ssbar, scbar and ccbar sectors

Screening Masses of opposite parity
mesons become degenerate at high T
(restoration of chiral and axial symmetry)

Screening masses are close to the free limit

2 (m 2+(7r T)?) 7 at T>200 MeV, T>250 MeV,
T>300 MeV for ssbar, scbar and ccbar sectoxs,
respectively.



Spatial meson correlators and bottomonium melting

1/T
G(z,T) :/ dT/dQUdy<O(X, —i7)0(0,0)) 7, G(z — 00, T) = Ae mser(1)?
0

a(w,p, T) ~ Ames5(w2 - p2 - M%es)
Ames ~ |¢(O)‘2 — mscr(T> = Mmes
PP, Sharma, Weber, PRD 104 (2021) 054511
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T, ot (Y(1S)) > 500 MeV, Thoor(xs(1P)) > 350 MeV

Consistent with the previous estimates
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NRQCD on the Lattice

Advantages: No large cutoff effects ~ aM,, large T range for T > (

Inverse lattice spacing provides a natural UV cutoftf for NRQCD.

provided a=t < 2Mp (lattices cannot be too fine)
Quark propagators are obtained as initial Go(r,T) = /Oo dwpe(w, T)e T
value problem: —00

G¢(X7 t) — <¢<X7t) ¢T(070)>
Gy(t) = K()Gy(t —1),  Gy(x,t) = —G (x,1)

Q5H|t GH0|LL " T CLHO|t_1 " CL5H|t_1
~—(1- 1 - et Ut Y IOt Lo 3 I
K (t) (1 5 ) ( . ) Uj(t) x ( 5, 5 ‘

2
$ — T/Cl HO _ _A( ) SH ~ U4 2)6( Spin o dep.) Meinel, PRD 82 (2010) 114502

2My @ Tree level

masses are only defined up to a-dependent shift: MT(ls) = ET(ls) -+ Cshift(a/:

p2

-
2My(is)

Tune M, such that M{?"(ﬁ"s) = Mfgg 12

Use kinetic mass instead: Ev(15)(P) = Evas) + Cshitt (@) +



NRQCD meson correlators

Point correlators: State Irrep AT¢ T
Aarts et al (FASTUM) , Kim, PP, Rothkopf - A1—+ 1
Go(t) = 37(04(t,%)0,(0,0)), S
x t=r/a Xb0 AT o-V
Op(t,x) = X' (t,x)T(t, X)) o TP (e x V)
Extended correlators: Xb2 T 93 Vk + OkV;

O,(t,x) = O(t,x) = Z\I! T(t,x)[yY(t,x +r) U(r) ~ e /e

or realistic wave-function

Optimized correlators: use several different extended meson operators
with realistic wave functions and form orthogonal combinations

O; — O~a = QajOj, <Oa(t)0~g(0)> X (Sa,g, 1=1,2,3,..

Mixed correlators (Bethe-Salpeter amplitudes ):
y'd

Gr(t) = (05, (t,x)0a(0,0)) ~ ¢o(r)ePot, t — oo

X

Bethe-Salpeter amplitude

O (t,x) = XT(t, x)[)(t,x + 1)) 13



Point operators vs. extended operators

Larsen, Meinel, Mukherjee, PP, PRD100 (2019) 074506
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The effective masses of point correlators
do not show a plateau for 7 < 1.2 fm and
have very small temperature dependence

The small 7 behavior of the effective masses
is well described by perturbation theory for

P-wave bottomonia

The correlators of extended operators

approach a plateau for 7 < 1 fm.
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Correlators of Optimized Meson Operators at T=0

HISQ, a = 0.109, 0.095, 0.083, 0.066, 0.060, 0.049 fm, 483 x 12

Mesr (GeV)

15 + Y(1S) = Y(2S) = Y(3S) © 4
1.0 " e e v g} .} 131.0
05 B R T
0.0 . 00
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Go(1,T) =/ dwpe (w, T)e™“" Po (W,
P2 w, T =0) = Ayd(w — My, = Ga(r, T =0)

Determine A,,,M, from single exponential fit for 7 > 0.6fm and then Ghigb(7)

Larsen, Meinel, Mukherjee, PP, PLB 800 (2020) 135119

Ma(r) = - 10[Ga(r)/Ga(r + a)

=« Xbo(1P) = Xno(2P)

wwwwwwwwwwwwwwwwwwwwwwww

med

T) = p2Y(w,T) + phe®
= Ay e Mem 4 Ghish ()

(w)
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Correlators of Extended Meson Operators at T>0

: : Ding, Huang, Larsen, Meinel, Mukherjee
L Meinel, Mukh PP, PLB 800 (2020) 135119 ’ ’ ’ ’ ’
Arsell, Meinel, VIURenes, &5 (2020) PP, Tang JHEP 05 (2025) 149

CP(1.T) = Co(r,T) = CYE (1) = aM" (1, T) = In (C3™ (. T) /C3™ (T + a, T))

(]
T T ST
- 10! + Xoo(1P) = Xuo(2P)
_:,_\ 0.8
=)
$ o8 ¢
g% 0,4%—“1—1—1—f a2 _
_; 0.2 \\
0.0/ \
""""" 050 02 04 06 08 10
r (fm)

Low enerey tail |

= M, (T), T (T, 16



Thermal mass shift of bottomonium

No shift in the bottomonium masses

=>_ very small screening,

Ding, Huang, Larsen, Meinel, Mukherjee,
PP, Tang JHEP 05 (2025) 149
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Thermal width of bottomonium

Ding, Huang, Larsen, Meinel, Mukherjee, PP, Tang JHEP 05 (2025) 149

Significant thermal width for all
bottomonium states that increases

with T’

Some sensitivity of the width to the form
of the spectral peak




Quark anti-quark potential at T>0

4 o 4 o o—mpr

Conjecture, Matsui and Satz, PLB 178 (86) 416 TR +or — —§7

1> T,

Extending pNRQCD to T>0: the potential is complex, the real part can have thermal correction
but is not necessarily screened, except when r ~ 7/mD

_ Laine, Philipsen, Romatschke, Tassler, JHEP 03 (06) 054
Based on weak coupling Brambilla, Ghiglieri, PP, Vairo, PRD 78 (08) 014017

Calculate the potential non-perturbatively on the lattice by considering Wislon loops
of size rx rat T>0

oo

W(r,7,T) = / pr(w, T)e "

If potential at T" > 0 exists the p,(w,T) should have a well defined peak at
w =~ ReV(r,T), and the width of the peak is ImV (r,T)

Rothkopf, Hatsuda, Sasaki, PRL 108 (2012) 162001

Challenge: reconstruct p,(w,T" Hybrid potentials,
4 pairs of static-light mesons ..

pr(w, T=0)=08(w—=V(r)+ > 6w—En(r)
" 19



Calculations on fine lattices

2+ 11 QCD, m, =300 MeV T =126, 196, 220, 252, 294, 354 MeV

a = 0.028 fm, 96° x N,, N, = 56, 36, 32, 28, 24, 20
V8TrT = 0.04 — 0.05

Gradient flow for noise reduction:

1
Mefp(r,7,T) = —0; log(W(r,r,T)) ~ —In

0.4

@
03 % ° *

5 02 . o
9
E
= \k‘\\
= 0.1
@ T=0r/a=14
0.0 | © T=251MeV
T=0 fit
© Subtracted i
——— Simple Fit
0.1 0.2 0.3 0.4 0.5 0.6 0.7

T[fm]

e No plateau at 7' > 0 In mess at T' > C

e Only tiny 7T-dependence for small 7

Meff[GeV]
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o
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|
©
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0.2
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HotQCD, PRD 109 (2024) 074504
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Spectral function and the subtracted correlators

s ReV(r,T) . o0
3 . . J f ‘ ) . thgh(r, 7_) _ / dwphzgh( )e—wT
25 | — T
On the lattice:
— 2 L i )
> Wl (r 1) =
£ 15} 1 W(r,7, T =0)— Agexp(=V(r)T
|_
N \
a 1 ImV(r,T) Wsub(,r,’ T, T) — W(’r', T, T) thgh( rT
0.5 |
0 A ‘ | . .T 0.1—‘ R : . .
3R 2 0 1 2 3 4 - e . . o=
o [GeV] e} telle
prlew, T) = ™M, T) 4 g H(w )+ plioh(w)§ e
s 0lr S ¢
See, Bala et al (HotQCD), PRD 105 (2022) 054513 \\\
@ T=0 rfa= 10
Cumulants of W*“8(r 7, T') carry information o %Ef'ffthiz "\,
about 7T-dependent part of the spectral function

1 1 1 1
0.1 0.2 0.3 0.4 0.5
T[fm]

mey¢ for the subtracted correlator has milder
HotQCD, PRD 109 (2024) 074504

T-dependence, which is approximately linear



Model spectral function and the complex potential

A C(w,r,T)
peak (y, T) = = 2 To(r,T) —2Iy <w < 2T
prw, T) 7 (w—ReV(r,T))2 +12%w,r, T) DNw,rT)= {OO( ) tlol . ‘
) ) ) . OTIIETWISE
piazl (w, T) _ Atazl(s(w . Etazl}
ReV(r, T ImV(T, T) /T
_ ==
1000 | T=308May =% = L &
T=251Mev *:ﬁi ¥=3ggm:¥
E e o o ; H& E
> T=182MeV '...#' B T=224Mev % §§
el %
0 > 1.5

&° 1 %
, R

—1000 | Jf?
Lol
> 05 b 'J
a &
~2000 | ! G | | |
0.0 0.2 0.4 0.6 0.8 1.0 1.2 B %2 Lo L
r[fm] Fl

ReV (r,T) shows tiny temperature dependence and no hint of screening

ImV (r,T) increases with 1" and is proportional to T

HotQCD, PRD 109 (2024) 074504 22



Heavy quarks (M ~ 1.5 Gel") flow in the strongly coupled

Flow of heavy quarks in quark gluon plasma

Analogy from Jamie Nagle

heavy N % light

Langevin dynamics:

0.15

rel T rel =
dx* pz' dpi . .
dt — M, dt zgz(t)_npz7
(€M) = weI5(t —t')
— — T
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Current-current correlators and heavy quark diffusion coefficient

Opi = —npi + fi(t).
(fi@) i () = Kdg;o(t —t')

Py (w) = /OO dte™? '/d?’a: <[j“’(t,:7:’), j“(O,ﬁ)]>

J — XD

Momentum diffusion coefficient k= 2MTn = 2T?/D,
ii T T 1
A P(@)/© T Prw) g g 77 < -
K/ (T )= ~ W hrE e S T D,

p

PP, Teancy, PRD 72 (2006) 014503~ Orag constant

Spatial diffusion constant 1
~ mean free path (weak coupling) Ds ~ AT
wWiv g
——} ﬁ' =
N~g*T%/M 2M ®
area under the peak ~ x%% heavy quark coefficient ~ width of the peak

For large quark mass the transport peak is very narrow even for strong coupling and its
difficult to reconstruct it accurately from Euclidean correlator calculated on the lattice 24




Heavy quark diffusion and lattice QCD

Obtain the momentum heavy quark transport coefficient through the force correlator

(L5 = (BOEE) + 3 V) 6,BUOBE) - BEBO, (v =L

t—ar
Can be rigorously derived in Heavy Quark Effective Theory

Casalderrey-Solana, Teaney, PRD 74 (2006) 085012; Caron-Huot, Laine, Moore, JHEP 0904 (°09) 053
Bouttefeux, Laine, JHEP 12 (2020) 150

iy ] 3 <ReTr[U(B,T)gEi(T,6)U(T,O)gEi(O,ﬁ)]> 2
)= = kg = lim —pg(w
TS (R (5,0))) S
e )__li<RGTT[U(5>T)QBi(776) U(T,O)gBi(O,(j)D o 2T (
PTG (ReTa{U(5,0))) e w

o0 h T—L

Cralr) = /0 d?wp p.p()— sgnh iT) -

KJ:IiE—l—g<V2>KJB o5

3



Extracting momentum diffusion coefficient from the lattice

Challenge 1: obtain precise results for chromo-electric and chromo-magnetic (very noisy)
= Noise reduction by gradient flow method

A, (x) = B,(1p, )

B,(0,)

- Au(x)

Orp B, (TR, x) =

B dSym|B]
90 OB, (Tp,x)

Challenge 2: reconstruct the spectral function from the Euclidean time lattice correlator

P PNLO
Py — = 9
10°4 naive high 9 (M)w
_____ pNLO Step p (w)
o
/
““““““““““““““ /I
1074 Tl s/
~~~~~~~~ 7
P
NLO. 7
{ /
................. Lo.... i/
./,/ ”r
./'/'/ ,"J
10_2 Truncated LO T /"
_I;ZEJ(ZO_) ..... T s f
2T
1073 . .
1073 1072 1071 10°

— use known large
and small energy behavior of
the spectral

Parameterize p(w,T’) as smooth
interpolation between p!°%(w, T

and p"9"(w), and treat x as well

as the additional nuisance parameters
of interpolation as fit parameters

26



Chromo electric and magnetic correlators on the lattice

2+1 flavor QCD m/5, m_=320 MeV
HISQ action f :
163 MeV 195 MeV 305 MeV 500 MeV

Y T [MeV]
ms/20, m_ =160 MeV

HotQCD, JHEP 09 (2025) 180

Improved gradient (Zeuthen) flow
Gauge fields are smeared in the radius /87 a < V87 < 7/3
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Analysis and modeling the chromo-electric correlator

Analysis of the chromo-electric correlator:

« Extrapolate the lattice results on the chromo-electric correlator to the continuum limit
» Perform the zero flow time extrapolation

Fits to model spectral function:

plow(w, T) _

KW
2T

phz’gh(w) _ pLO,NLO (w}

P (w, T) = max(p'*(w, T), p"*" (w).

psma:B(w,T) — \/(plow)Q + (phigh)2

P (w, T)

_ low

=P

(CU,T), W S WIR

ppow(w,T) = Awo‘, Wi < w < wpy

PP (w) = "M w), w > wyy

HotQCD, PRL 130 (2023) 231902
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Analysis and modeling the chromo-electric correlator

_ _ KW :
Fits to model spectral function: Pl (w,T) = o Pl () = pFONLO ()
10725 model ]
P e e |
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NPEY I - P v " akip
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P
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PP (w, T) = p'"(w,T), w < wrp
PP w, T) = Aw®, wir < w < wWyy
PP (w) = p"" (W), w > wyy

Model averaging



Temperature dependence of the chromo-electric
momentum diffusion coefficient
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The temperature dependence chromo-electric diffusion coefficient follows the weak coupling
expectation
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Temperature dependence of the chromo-magnetic

momentum diffusion coefficient

Model averaging
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Back-up:

HotQCD, PRL 130 (2023) 231902
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