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(Please see Reviews for further references.)
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Fig. 1.4. The nth homotopy group consists of maps from the n−dimensional
sphere, Sn, to the vacuum manifold, M , such that the image of any map contains
one common base point x0 ∈ M . If two maps can be continuously deformed into
each other, they are identified, and correspond to the same element of πn. If two
maps cannot be continuously deformed into each other, then they correspond to
distinct elements of πn. For example, this can happen if one of the maps encloses
a “hole” in M , while the other encloses the hole a different number of times.

restriction that the maps should have a fixed base point, it is not possible
to define a suitable composition of maps. Therefore π0 does not have the
right group structure and should merely be considered as a set of maps
from S0 to the vacuum manifold. The exception occurs if M = G/H is
itself a group, which occurs when H is a normal subgroup of G, because
then π0(M) can inherit the group structure of M . In this case, the product
of two maps from S0 to M can be defined to be the map from S0 to the
product of the two image points in M . Generally, however, π0(M) should
simply be thought of as a set of maps from S0 to the various disconnected
pieces of M .

To connect the elements of the homotopy groups to topological field
configurations assume that the field, Φ, is in the vacuum manifold on Sn

∞.
Therefore, Φ∞ ≡ Φ(x ∈ Sn

∞) defines a map from Sn to the vacuum mani-
fold and this map can be topologically non-trivial if πn(M) is non-trivial.
We want to show that if the map Φ∞ is topologically non-trivial, Φ cannot
be in the vacuum manifold at all points in the interior of Sn

∞. Consider
what happens as the radius of Sn

∞ is continuously decreased. If the field
remains on the vacuum manifold, continuity implies that the map ΦR

from a sphere of radius R to M must also be non-trivial. Then as R → 0,
the map would still be non-trivial, implying that the field is multivalued at
the origin since the field must continue to map Sn

R non-trivially as R → 0.
However, a field (by definition) cannot be multivalued. The only way out
is if the field does not lie on the vacuum manifold everywhere. Therefore
non-trivial topology at infinity implies that the energy density does not
vanish at some points in space. The distribution of energy density is the
topological defect which, depending on dimensionality, can manifest itself
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�

(boundary of spatial domain) (vacuum manifold)

Topological defects exist if, when the spatial boundary is contracted to a point, 

its image in the vacuum manifold cannot be contracted to a point.

Mathematically:
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⇡n(M) 6= 1
<latexit sha1_base64="1hGpr+9xry+omXwjldTelgkhJzI=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrUj0WPdhjBWsL7VKy6ds2NJtdkqxQlv4ILx4U8erv8ea/MW33oK0DgWHmPfJmgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjRx2nimGLxSJWnYBqFFxiy3AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZK7TvSMzFp9MsVt+rOQVaJl5MK5Gj2y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJV90pC5+nsjo5HWkyiwkxE1I73szcT/vG5qwms/4zJJDUq2+ChMBbERZ9nJgCtkRkwsoUxxeythI6ooM7ahki3BW468Sh4vql6tWru/rNRv8jqKcAKncA4eXEEdGtCEFjAYwzO8wpuTOC/Ou/OxGC04+c4x/IHz+QM06Y7Z</latexit>

G ! H
<latexit sha1_base64="UOO8PuQo/BRl710Fu3X4oR79WqM=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5qIVI9FD/ZYwX5AG8Jmu22XbjZhd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBTFnSjvOt7Wyura+sZnbym/v7O7t24WDpooSSWiDRDyS7QArypmgDc00p+1YUhwGnLaC0c3Ubz1QqVgk7vU4pl6IB4L1GcHaSL5d6MbMF6h0e1Y7RV1BkevbRafszICWiZuRImSo+/ZXtxeRJKRCE46V6rhOrL0US80Ip5N8N1E0xmSEB7RjqMAhVV46O32CTozSQ/1ImhIazdTfEykOlRqHgekMsR6qRW8q/ud1Et2/8lIm4kRTQeaL+glHOkLTHFCPSUo0HxuCiWTmVkSGWGKiTVp5E4K7+PIyaZ6X3Uq5cndRrF5nceTgCI6hBC5cQhVqUIcGEHiEZ3iFN+vJerHerY9564qVzRzCH1ifP3KKkjE=</latexit>

⇡n(G/H) 6= 1
<latexit sha1_base64="LLxnm9MjVOjNdvqrOoYgChBlX48=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU90VqR6LHuxFqGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B60+GHi8N8PMvDDhTBvX/XIKK6tr6xvFzdLW9s7uXnn/oK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueRKs2keDCThAYxHgoWMYKNlfw71CNSDNHtWaNfrrhVdw70l3g5qUCOZr/82RtIksZUGMKx1r7nJibIsDKMcDot9VJNE0zGeEh9SwWOqQ6y+clTdGKVAYqksiUMmqs/JzIcaz2JQ9sZYzPSy95M/M/zUxNdBRkTSWqoIItFUcqRkWj2PxowRYnhE0swUczeisgIK0yMTalkQ/CWX/5L2udVr1at3V9U6td5HEU4gmM4BQ8uoQ4NaEILCEh4ghd4dYzz7Lw574vWgpPPHMIvOB/fuO+QQQ==</latexit>

M ⇠= G/HSymmetry breaking:

Strings case: n=1.
(Mathematicians have calculated homotopy groups for lots of manifolds.)



Simple example in 2 spatial dimensions:

(boundary of spatial domain) (vacuum manifold)

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�
<latexit sha1_base64="5bCyd0gYv8CeZMXZW/avxKBuZUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbTbt2sxt2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVqyppUCaU7ITFMcMmayFGwTqIZiUPB2uH4dua3n5g2XMkHnCQsiMlQ8ohTglZq9XDEkPTLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCbXzt1z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5edwdcM4piYgmhmttbXToimlC0AZVsCP7yy6ukdVH1a9Xa/WWlfpPHUYQTOIVz8OEK6nAHDWgChUd4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/p4mPMw==</latexit>

✓ <latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>↵

<latexit sha1_base64="sdF6HkFZXDcjJZfCN5WVboIvmpM=">AAACAnicbZDJSgNBEIZ7XGPcop7ES2MQ4iXMiEQvQtCLxwhmgcwQajo9mSY9C901QgjBi6/ixYMiXn0Kb76NneWgiT80fPxVRXX9fiqFRtv+tpaWV1bX1nMb+c2t7Z3dwt5+QyeZYrzOEpmolg+aSxHzOgqUvJUqDpEvedPv34zrzQeutEjiexyk3IugF4tAMEBjdQqHLsg0BFpyMeQI9JRe0Sl2CkW7bE9EF8GZQZHMVOsUvtxuwrKIx8gkaN127BS9ISgUTPJR3s00T4H1ocfbBmOIuPaGkxNG9MQ4XRokyrwY6cT9PTGESOtB5JvOCDDU87Wx+V+tnWFw6Q1FnGbIYzZdFGSSYkLHedCuUJyhHBgApoT5K2UhKGBoUsubEJz5kxehcVZ2KuXK3Xmxej2LI0eOyDEpEYdckCq5JTVSJ4w8kmfySt6sJ+vFerc+pq1L1mzmgPyR9fkDKd2WBA==</latexit>

↵(✓) = ✓Example of topologically non-trivial mapping:



String solutions
Explicit example: Abelian-Higgs model

<latexit sha1_base64="Gs5eAlWi5q0QKbt8qzFiAhxOJ1g="></latexit>

SAH =

Z
d4x


|Dµ�|2 �

1

4
Aµ⌫A
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4
(|�|2 � ⌘2)2

�
<latexit sha1_base64="it+mmtZIYh/DMuUIGGJch3DGkrQ="></latexit>

Dµ = @µ + ieAµ

↓
-↓
-

<latexit sha1_base64="DuF3KNWrLmhNdGsIp5DAPIw+tS0=">AAAB+HicbZDLSgMxFIYzXmu9dNSlm2ARXZWZ0iu4KLhxJRXsBTpjyaSZNjSZGZKMUEufxI0LRdzqm7jzAdz2GUynFbz9EPj4zzmck9+LGJXKst6NpeWV1bX11EZ6c2t7J2Pu7jVlGAtMGjhkoWh7SBJGA9JQVDHSjgRB3GOk5Q3PZvXWDRGShsGVGkXE5agfUJ9ipLTVNTMOj6EjKYcOUeg63zWzVs5KBP+CvYBs7Xg6zZy+ftS75pvTC3HMSaAwQ1J2bCtS7hgJRTEjk7QTSxIhPER90tEYIE6kO04On8Aj7fSgHwr9AgUT9/vEGHEpR9zTnRypgfxdm5n/1Tqx8ivumAZRrEiA54v8mEEVwlkKsEcFwYqNNCAsqL4V4gESCCudVToJoVquFOy8/nu1UiwVEtDS8BVCM5+zS7nipU7jAsyVAgfgEJwAG5RBDZyDOmgADGJwBx7Ao3Fr3BtPxvO8dclYzOyDHzJePgGbsZcq</latexit>

µ ⇠ ⌘2
Energy per unit length (=tension):

<latexit sha1_base64="SjeO3aEFO/cTz5yR+BLkFKWZXKE=">AAACAnicbZDLSgMxFIYzXmu9VV2Jm2ARXJWZ4qVdCAU3rkTBaqGtJZOetqGZC8kZoUyLG19C925cKOLWp3Dn25iZKnj7IeTjP+eQnN8NpdBo2+/WxOTU9MxsZi47v7C4tJxbWT3XQaQ4VHkgA1VzmQYpfKiiQAm1UAHzXAkXbv8wqV9cgdIi8M9wEELTY11fdARnaKxWbr0R9gQ9oMPkHlK4jEUDe4Bs1Mrl7YKdiv4F5xPylcJtoruTVu6t0Q545IGPXDKt644dYjNmCgWXMMo2Ig0h433WhbpBn3mgm3G6wohuGadNO4Eyx0eaut8nYuZpPfBc0+kx7OnftcT8r1aPsFNqxsIPIwSfjx/qRJJiQJM8aFso4CgHBhhXwvyV8h5TjKNJLZuGUN4v7ThFs3u5tLu3k4KRga8QzosFZ6+we2rSOCZjZcgG2STbxCH7pEKOyAmpEk6uyT15JE/WjfVgPVsv49YJ63NmjfyQ9foBYnCbiQ==</latexit>

� = |�|ei✓
Vacuum manifold is a circle.

<latexit sha1_base64="J/QBdcqwUzj1xODwrPOwic0t0XY="></latexit>

Gµ ⇠ 10�6 � 10�10GUTs:



Cosmology
Symmetry breaking implies domain formation. Kibble; Zurek; …


Mukhopadhyay, TV & Zahariade

Basis for topological defect formation in cosmology and 
condensed matter systems. 
E.g. He-3.

If strings exist in the theory, they are bound to exist in cosmology unless

special arrangements are made to eliminate them (e.g. inflation).



Formation
Throw phases using a uniform distribution on the vacuum manifold on a lattice 

and construct string network. 

TV & Vilenkin, 1984.

Loops (closed strings) with spectrum:
<latexit sha1_base64="TU/qrCA67uHU0rU4u70ODLEt77A="></latexit>

dn ⇠ dR

R4

<latexit sha1_base64="CeMse0Db/3IKDerYE1Hj8ZzIB0I=">AAAB8XicbZDLSgMxFIYz9VbrrerSTbAIrspM7XVlwY0rqWIv2I4lk2ba0CQzJBmhDH0LNy4Ucevb6Mq3MZ1W8PZD4OM/55Bzfi9kVGnb/rBSS8srq2vp9czG5tb2TnZ3r6WCSGLSxAELZMdDijAqSFNTzUgnlARxj5G2Nz6b1dt3RCoaiGs9CYnL0VBQn2KkjXXDYE9RDq9uC/1szs7bieBfcBaQO30/SdToZ996gwBHnAiNGVKq69ihdmMkNcWMTDO9SJEQ4TEakq5BgThRbpxsPIVHxhlAP5DmCQ0T9/tEjLhSE+6ZTo70SP2uzcz/at1I+1U3piKMNBF4/pEfMagDODsfDqgkWLOJAYQlNbtCPEISYW1CyiQh1CrVolMwt9eqpXIxASMDXyG0CnmnnC9d2rn6BZgrDQ7AITgGDqiAOjgHDdAEGAhwDx7Bk6WsB+vZepm3pqzFzD74Iev1E6XNks8=</latexit>

l ⇠ R2

Scale invariant spectrum

Brownian walk

About 80% of the string is in infinite strings. 
(Recall similar result for domain walls.)



Formation simulation



Equation of motion
↓

~ 102 m-EL
-
X

m=1024 m (e .g .)

Suggests zero thickness limit.
<latexit sha1_base64="zLoydy5zE6taYwsEFpSa1tm6q4s="></latexit>

SFT ! SNG = �µ

Z
d2�

p
��

⇠ area of world� sheet

Reasonable approximation except 
when strings cross or in high 

curvature regions.



Intercommuting

P=P
Strategy 

Use Nambu-Goto dynamics while there is no intersection. Perform 
reconnection at intersection and then resume Nambu-Goto evolution.

Intercommuting probability =1 in field 
theory cosmic strings but not necessarily 

in string theory cosmic strings.



Upon evolution
Albrecht & Turok; 


Bennet & Bouchet;

Allen & Shellard;


Blanco-Pillado & Olum;

Ringeval, Sakellariadou & Bouchet;


…

Hindmarsh & collaborators



Nambu-Goto dynamics of a loop
Assume Minkowski background. Choose convenient world-sheet parametrization.

<latexit sha1_base64="BfKEYhroLjv1KW8fUh7C3EGJu2A=">AAACBHicbZDLSsNAFIYnXmu9RV12M1hEVyUpvS6EghtXUsFeoA1lMp20QycXZiZCSbtw4zvoC7hxoYhbH8Kdb+MkqeDthwMf/zmHmfPbAaNCGsaHtrS8srq2ntnIbm5t7+zqe/tt4Ycckxb2mc+7NhKEUY+0JJWMdANOkGsz0rEnZ3G/c024oL53JacBsVw08qhDMZLKGui5WdS3HYjmxzN4Ck1VqWErY6DnjYKRCP4FcwH5RuEu1n1zoL/3hz4OXeJJzJAQPdMIpBUhLilmZJ7th4IECE/QiPQUesglwoqSI+bwSDlD6PhclSdh4n7fiJArxNS11aSL5Fj87sXmf71eKJ2aFVEvCCXxcPqQEzIofRgnAoeUEyzZVAHCnKq/QjxGHGGpcssmIdSrtZJZVLfXa+VKKQElBV8htIsFs1IoX6o0LkCqDMiBQ3ACTFAFDXAOmqAFMLgBD+AJPGu32qP2or2mo0vaYucA/JD29gmPv5rc</latexit>

|a0| = 1 = |b0|with the constraint:

Then:
<latexit sha1_base64="zJwNi55j73fGco1DGT+5okoH7nk="></latexit>

x(t,�) =
1

2
[a(t� �) + b(t+ �)] “left- and right- movers”

Intersection of a’ and b’ curves implies:
<latexit sha1_base64="RUgy/IK6jMr0ykh6cNwEjTzw3Po="></latexit>

ẋ =
1

2
[a0 + b0] = a0

<latexit sha1_base64="DIBDdohj8T/nlgIEnPm5bvttcIo=">AAAB/nicbZDLSgMxFIYz9VbrbVRcuQkWwVWZKb0uhIIbV1LBXqAdSibNtKGZC0lGLNOCr6E7Ny4UcetzuPNtzMxU8PZD4OM/5yQnvx0wKqRhfGiZpeWV1bXsem5jc2t7R9/daws/5Ji0sM983rWRIIx6pCWpZKQbcIJcm5GOPTmL651rwgX1vSs5DYjlopFHHYqRVNZAP5hF/aEvYdS3HXgzn8/gKTRzAz1vFIxE8C+YC8g3Cnex7psD/V3dgkOXeBIzJETPNAJpRYhLihmZ5/qhIAHCEzQiPYUecomwomT9OTxWzhA6PlfHkzBxv09EyBVi6tqq00VyLH7XYvO/Wi+UTs2KqBeEkng4fcgJGZQ+jLOAQ8oJlmyqAGFO1a4QjxFHWKrE0hDq1VrJLKq/12vlSikBJQVfIbSLBbNSKF+qNC5Aqiw4BEfgBJigChrgHDRBC2AQgQfwBJ61W+1Re9Fe09aMtpjZBz+kvX0CQhuZGw==</latexit>

|ẋ| = 1

and so, at this intersection point:
“cusp”

a’

b’



Cusp

<latexit sha1_base64="KDzOAgcT+4uLxYuO61DKRB9SLQM=">AAAB63icbZDLSgMxFIYzXmu9VV26CRbBVZmpvS7EghtXUsFeoB1KJs20oUlmSDKFMvQV3LhQxK0vpCvfxsy0grcfAh//OYec83sho0rb9oe1srq2vrGZ2cpu7+zu7ecODtsqiCQmLRywQHY9pAijgrQ01Yx0Q0kQ9xjpeJOrpN6ZEqloIO70LCQuRyNBfYqRTqzphZMd5PJ2wU4F/4KzhPzl+3mq5iD31h8GOOJEaMyQUj3HDrUbI6kpZmSe7UeKhAhP0Ij0DArEiXLjdNc5PDXOEPqBNE9omLrfJ2LElZpxz3RypMfqdy0x/6v1Iu3X3JiKMNJE4MVHfsSgDmByOBxSSbBmMwMIS2p2hXiMJMLaxLMIoV6tlZyiub1eK1dKKRgZ+AqhXSw4lUL51s43bsBCGXAMTsAZcEAVNMA1aIIWwGAM7sEjeLK49WA9Wy+L1hVrOXMEfsh6/QRKS5BO</latexit>

v = 1



Field theory simulation of a cusp
Olum & Blanco-Pillado



Intercommutings and the dynamics of a loop
Intercommutings imply discontinuities in the a’ and b’ curves.

a’

b’

Left-moving kink

Right-moving kink



Fragmentation

Copi & TV, 2011

Scherrer & Press, 1989

Casper & Allen, 1995



Shape of loops

Non-self-intersecting loops are planar, ~rectangular with ~4 kinks,


have center of mass velocities ~c/sqrt{2}, 


and angular momentum (that prevents collapse).

Copi & TV, 2011



Gravitational radiation
Power emitted in gravitational waves is independent of the loop length L.

Quadrupole approximation:
<latexit sha1_base64="2Pc0ZsUj7rrgC1jxxr0XsutuUKU="></latexit>

P ⇠ G|
...
I |2 ⇠ GM2L4!6 ⇠ Gµ2

Numerically:
<latexit sha1_base64="5W/Pk+FwMfVaNgKSmDmdTOJZxuI="></latexit>

P ⇡ 50Gµ2

with only weak numerical dependence on the shape of the  loop.

TV & Vilenkin, 1985;…



Gravitational radiation spectrum
Quadrupole approximation breaks down due to cusps.

On average, total energy emitted from loop is consistent with:

<latexit sha1_base64="NU/kqFE973GOMm1eudOESZbqGRQ="></latexit>

Pn / n�4/3 (cusp), n�5/3 (kink), n�2 (kink� kink)

<latexit sha1_base64="yMAPfCk4YbdlA+fgxRjv5mmJmbU="></latexit>

Tµ⌫(x, t) = µ

Z
d�[ẊµẊ⌫ �X 0µX 0⌫ ]�(3)(x�X(�, t))Energy-momentum tensor:

Solve gravitational wave equation. Calculate energy emitted in each harmonic.
<latexit sha1_base64="EPZMJMa08KZtO1RtPkuk5nYqACc=">AAAB/HicbZDLSgMxFIYzXtt6G+1GcBMsgqs6U3pdCEU3LlxUsBfoDCWTpm1oJjMkGaGWim/ixoUiblz4IO4EH8Z0WsHbD4GP/5zDOfm9kFGpLOvdWFhcWl5ZTSRTa+sbm1vm9k5DBpHApI4DFoiWhyRhlJO6ooqRVigI8j1Gmt7wdFpvXhEhacAv1Sgkro/6nPYoRkpbHTPtBD7pow6HxzDvhBTyo/OOmbGyViz4F+w5ZKq71x/J25eTWsd8c7oBjnzCFWZIyrZthcodI6EoZmSSciJJQoSHqE/aGjnyiXTH8fETeKCdLuwFQj+uYOx+nxgjX8qR7+lOH6mB/F2bmv/V2pHqld0x5WGkCMezRb2IQRXAaRKwSwXBio00ICyovhXiARIIK51XKg6hUirn7Zz+e6VcKOZj0NLwFUIjl7WL2cKFTqMMZkqAPbAPDoENSqAKzkAN1AEGI3AHHsCjcWPcG0/G86x1wZjPpMEPGa+fNdqXGQ==</latexit>

!n = 4⇡n/L

<latexit sha1_base64="5W/Pk+FwMfVaNgKSmDmdTOJZxuI="></latexit>

P ⇡ 50Gµ2



Evolution
Gravitational waves or massive radiation?

<latexit sha1_base64="SrJgd58WlZAi+8Kp4OjgvmE7q3M=">AAACD3icbVBNS8NAEN34WetX1KOXxVLw0pKUgl6EghdPUtHaQhPDZrNJl+4mcXcjlNBf4MW/4sWDgnj16s1/47bNQVsfDDzem2Fmnp8yKpVlfRtLyyura+uljfLm1vbOrrm3fyuTTGDSwQlLRM9HkjAak46iipFeKgjiPiNdf3g+8bsPREiaxDdqlBKXoyimIcVIackzq9fwDNagwzPo0FjB4K7hSBpxBB15L1Rei7zGGHpmxapbU8BFYhekAgq0PfPLCRKccRIrzJCUfdtKlZsjoShmZFx2MklShIcoIn1NY8SJdPPpO2NY1UoAw0To0idN1d8TOeJSjrivOzlSAznvTcT/vH6mwlM3p3GaKRLj2aIwY1AlcJINDKggWLGRJggLqm+FeIAEwkonWNYh2PMvL5Juo24367Z91ay0Los8SuAQHIFjYIMT0AIXoA06AINH8AxewZvxZLwY78bHrHXJKGYOwB8Ynz+9ZpqI</latexit>

S = �µ

Z
d2�

p
�g2Nambu-Goto action:

Loops decay by gravitational radiation. TV & A. Vilenkin, 1985; …

Loops decay by particle radiation. M. Hindmarsh et al, 2009; …

Full field theory simulations:

Crucial to resolve for experiments (LIGO, NanoGrav,…) that are looking for 
 gravitational wave signatures. 



Evolution
Simulation equations

Technical note: Use Numerical Relativity technique for numerical stability.
<latexit sha1_base64="6fC537Kl16bTS3XrrlFcfdO0xPk=">AAACAXicbVBNS8NAEN3Ur1q/oh48eFksgqeSSEEvQsWDnqSCtYUmhMl22y7dTcLuRiihF/+KFw8K4tV/4c1/46bNQVsfDDzem9mdeWHCmdKO822VlpZXVtfK65WNza3tHXt370HFqSS0RWIey04IinIW0ZZmmtNOIimIkNN2OLrK/fYjlYrF0b0eJ9QXMIhYnxHQRgrsA+8ahAB8gb0EpGbAA4YvAxbYVafmTIEXiVuQKirQDOwvrxeTVNBIEw5KdV0n0X6Wv0k4nVS8VNEEyAgGtGtoBIIqP5seMMHHRunhfixNRRpP1d8TGQilxiI0nQL0UM17ufif1011/9zPWJSkmkZk9lE/5VjHOE8D95ikRPOxIUAkM7tiMgQJRJvMKiYEd/7kRdI+rbn1muve1auN2yKPMjpER+gEuegMNdANaqIWImiCntErerOerBfr3fqYtZasYmYf/YH1+QPgPpXM</latexit>

� = @iAi

(Code is available on request.)

Gauss constraint

<latexit sha1_base64="AfFoqBwzJEBqEQCj9xLVd8RRzIk="> g1CowzLsB6qW6qxXO+7Rpqucf3UyEcap5yKpG81SCjqAYWZiJhDMtV8ZAlgjDCmyJCTJtBrt4hOHdK28ak9FgeDg4PH/fPf5WP8cWeUN2SI8MyQdyTE7JGRkTZu1Yp9a59d1+a3+1L+xJFWq16pzXZG3Z3j+28B2i</latexit>
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Initial conditions 2
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FIG. 1: Schematic representation of the initial configuration.
Four straight strings are set up with velocities as shown. The
strings intersect and reconnect to produce a central loop and
also a second “outer” loop because of periodic boundary con-
ditions. These loops then oscillate and shrink without inter-
acting with each other. By choosing the spacing of the initial
strings, we can produce loops of di↵erent sizes.

such that F (1) = 1. We will only consider � = 1 corre-
sponding to the Bogomol’nyi-Prasad-Sommerfield (BPS)
limit [21, 22]) where µ = ⇡⌘2 and the scalar mass,
mS =

p
2�⌘, equals the vector mass, mV = e⌘.

Our aim is to produce a loop as might be produced
in a cosmological setting and then to evolve it. For this
purpose, we set up initial conditions with four straight
strings that are moving with velocities ±v1 and ±v2 as
shown schematically in Fig. 1. The four strings then
collide to form a loop with a stationary center of mass and
a non-zero angular momentum. The latter is essential to
prevent the loop from simply collapsing to a double line.
Preparing this initial configuration starts with taking the
string solution of Eq. (4) oriented along a given direction,
boosting it to a suitable velocity, and gauge transforming
the boosted solution back in to the temporal gauge. Then
the four string solutions have to be patched together in a
simulation box with periodic boundaries. Further details
are provided in the Supplemental Material section.

Cosmological strings are expected to be mildly rela-
tivistic and we choose |v1| = 0.6 and |v2| = 0.33. The di-
rections are taken to be (v̂1)x = 0.4, (v̂1)y =

p
1� 0.42 ⇡

0.92 for the two strings oriented along the z-axis and
(v̂2)z = 0.4, (v̂2)y ⇡ 0.92 for those along the x-axis. The
string velocities are approximately aligned along the y-
axis, but not exactly, to avoid overly symmetrical loops
that tend to pass through a double line configuration and
collapse prematurely. We have experimented with a wide
range of initial velocities and our main conclusions are in-
dependent of the particular choices of these parameters.

Given the initial conditions for fields �, Aµ, we evolved
them using the discretized version of Eqs. (1)-(3) with
e = 1, � = 1/2, ⌘ = 1 and g2p = 0.75. We used the
explicit Crank-Nicholson algorithm with two iterations
for the evolution [23] and periodic boundary conditions.
We tried di↵erent lattice spacings to study the e↵ects of

FIG. 2: Energy of a loop with the initial size of 390 lattice
spacings plotted vs time. Overlaid on the plot are snapshots of
the loop as it goes through phases of rapid radiation discharge
due to smoothening of kinks. The animation showing the
evolution of this loop can be found at [24].

numerical resolution. The initial string spacing was set to
a fixed fraction of the simulation box size so that smaller
loops ran in a smaller box, with less computational cost.
Because of periodic boundary conditions, the recon-

nection of four strings produces two loops – the central
loop in the middle of the box shown in Fig. 1, and an
“outer” loop formed from the “fragments” in the corners
of the box. The two loops then oscillate and decay with-
out intersecting each other. We track the loop energy by
summing the energy density in the “core” of the string.
The energy density is given by

E =
1

2
|D0�|2+

1

2
|Di�|2+

1

2
(E2+B2)+

�

4
(|�|2�⌘2)2 (5)

where E andB are the electric and magnetic field vectors,
with their components defined as Ei = F0i and Bi =
� 1

2✏ijkFjk. We define the string core to be the cells where
the magnitude of the scalar field, |�|, is less than 0.9⌘.
In Fig. 2 we plot the loop energy vs time for a simula-

tion on a 6003 lattice with �x = 0.25, where the initial
size of the loop is 390 lattice spacings. (The animation
of the loop evolution can be found at [24].) The plot
suggests episodic radiation, with the overlaid snapshots
showing the representative “events” leading to drops in
the loop energy. Straight strings do not radiate as they
correspond to a boosted string solution. The kinks on
the loop, formed at the intercommutation of the straight
strings, also propagate with minimal energy loss. We
find that noticeable radiation is produced when kinks
collide. Also, as the kinks smooth out, there are episodes
of large radiation which may be due to the formation of
weak cusps. Particle radiation from cusps was studied
in Ref. [15] where it was found that the energy emis-
sion from a cusp leads to the formation of kinks and to
weak cusps in subsequent loop oscillations. This pattern
of episodic radiation from kink collisions and weak cusps,

Technical notes  

Boost takes the gauge field out of temporal gauge.  
Then one needs to perform a gauge transformation  
to go back to temporal gauge. 

Periodic boundary conditions require some 
smoothing functions.
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FIG. 1: Schematic representation of the initial configuration.
Four straight strings are set up with velocities as shown. The
strings intersect and reconnect to produce a central loop and
also a second “outer” loop because of periodic boundary con-
ditions. These loops then oscillate and shrink without inter-
acting with each other. By choosing the spacing of the initial
strings, we can produce loops of di↵erent sizes.

such that F (1) = 1. We will only consider � = 1 corre-
sponding to the Bogomol’nyi-Prasad-Sommerfield (BPS)
limit [21, 22]) where µ = ⇡⌘2 and the scalar mass,
mS =

p
2�⌘, equals the vector mass, mV = e⌘.

Our aim is to produce a loop as might be produced
in a cosmological setting and then to evolve it. For this
purpose, we set up initial conditions with four straight
strings that are moving with velocities ±v1 and ±v2 as
shown schematically in Fig. 1. The four strings then
collide to form a loop with a stationary center of mass and
a non-zero angular momentum. The latter is essential to
prevent the loop from simply collapsing to a double line.
Preparing this initial configuration starts with taking the
string solution of Eq. (4) oriented along a given direction,
boosting it to a suitable velocity, and gauge transforming
the boosted solution back in to the temporal gauge. Then
the four string solutions have to be patched together in a
simulation box with periodic boundaries. Further details
are provided in the Supplemental Material section.

Cosmological strings are expected to be mildly rela-
tivistic and we choose |v1| = 0.6 and |v2| = 0.33. The di-
rections are taken to be (v̂1)x = 0.4, (v̂1)y =

p
1� 0.42 ⇡

0.92 for the two strings oriented along the z-axis and
(v̂2)z = 0.4, (v̂2)y ⇡ 0.92 for those along the x-axis. The
string velocities are approximately aligned along the y-
axis, but not exactly, to avoid overly symmetrical loops
that tend to pass through a double line configuration and
collapse prematurely. We have experimented with a wide
range of initial velocities and our main conclusions are in-
dependent of the particular choices of these parameters.

Given the initial conditions for fields �, Aµ, we evolved
them using the discretized version of Eqs. (1)-(3) with
e = 1, � = 1/2, ⌘ = 1 and g2p = 0.75. We used the
explicit Crank-Nicholson algorithm with two iterations
for the evolution [23] and periodic boundary conditions.
We tried di↵erent lattice spacings to study the e↵ects of
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FIG. 2: Energy of a loop with the initial size of 390 lattice
spacings plotted vs time. Overlaid on the plot are snapshots of
the loop as it goes through phases of rapid radiation discharge
due to smoothening of kinks. The animation showing the
evolution of this loop can be found at [24].

numerical resolution. The initial string spacing was set to
a fixed fraction of the simulation box size so that smaller
loops ran in a smaller box, with less computational cost.
Because of periodic boundary conditions, the recon-

nection of four strings produces two loops – the central
loop in the middle of the box shown in Fig. 1, and an
“outer” loop formed from the “fragments” in the corners
of the box. The two loops then oscillate and decay with-
out intersecting each other. We track the loop energy by
summing the energy density in the “core” of the string.
The energy density is given by

E =
1

2
|D0�|2+

1

2
|Di�|2+

1

2
(E2+B2)+

�

4
(|�|2�⌘2)2 (5)

where E andB are the electric and magnetic field vectors,
with their components defined as Ei = F0i and Bi =
� 1

2✏ijkFjk. We define the string core to be the cells where
the magnitude of the scalar field, |�|, is less than 0.9⌘.
In Fig. 2 we plot the loop energy vs time for a simula-

tion on a 6003 lattice with �x = 0.25, where the initial
size of the loop is 390 lattice spacings. (The animation
of the loop evolution can be found at [24].) The plot
suggests episodic radiation, with the overlaid snapshots
showing the representative “events” leading to drops in
the loop energy. Straight strings do not radiate as they
correspond to a boosted string solution. The kinks on
the loop, formed at the intercommutation of the straight
strings, also propagate with minimal energy loss. We
find that noticeable radiation is produced when kinks
collide. Also, as the kinks smooth out, there are episodes
of large radiation which may be due to the formation of
weak cusps. Particle radiation from cusps was studied
in Ref. [15] where it was found that the energy emis-
sion from a cusp leads to the formation of kinks and to
weak cusps in subsequent loop oscillations. This pattern
of episodic radiation from kink collisions and weak cusps,

“Steps” are kink collisions/cusps.

3

Lattice size Inner loop Outer loop

4003 140 260

6003 210 390

8003 280 520

12003 420 780

TABLE I: Loop sizes in lattice units for each of the runs.
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FIG. 3: Loop energy vs. time for 8 di↵erent loops in 4 sepa-
rate runs at �x = 0.25 resolution.

with relatively minor energy loss in between these events,
is common to all loop simulations we have performed.

To obtain a quantitative measure of the scaling of the
loop half-life with its size, we have runs simulations for 4
di↵erent box sizes yielding 8 loops given in Table I. (Two
loops from di↵erent runs are almost the same length and
provide a check on our simulation.) Fig. 3 shows the loop
energy versus time for the 8 loops. As the loops evolve,
they also shed their angular momentum, defined as

Li ⌘ ✏ijk

Z

string core
d3xxj [�

1

2
((D0�)(Dk�)

⇤ + (D0�)
⇤(Dk�))

+ ✏klmElBm]. (6)
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FIG. 4: Loop angular momentum vs. time for 8 di↵erent
loops in 4 separate runs at �x = 0.25 resolution.

In Fig. 4 we plot |L| vs time and also see episodic decay.
We have run our simulations for a few di↵erent values

of the lattice spacing, �x, and found that the results
are sensitive to the resolution. For example, as shown
in Fig. 5, the total energy in the simulation box over
the entire run is conserved only at ⇠ 33% level when
�x = 0.50. For ⌘ = 1, e = 1, � = 1/2, the string width
is ⇠ 1. Therefore, with �x = 0.5 we only have a few
lattice points within the width of the string. Using �x =
0.25 improves the conservation to ⇠ 5% level and agrees
well with the much more computationally expensive run
with �x = 0.125. The choice of �x makes an important
di↵erence in the lifetime of the loop, as is clear from the
right panel of Fig. 5. Loops live longer in simulations with
better resolution. From the animations, we see that the
shorter loops live for about one oscillation period while
the larger loops survive for several oscillation periods.
(There is ambiguity in defining an oscillation period since
the length of the loop and hence its oscillation period is
changing relatively rapidly during the simulation.)
The longest loop we are able to simulate has energy

⇠ 3⇥ 103, which corresponds to length L ⇠ 103w where
w is the width of the string. In cosmology we are inter-
ested in loops of length comparable to the cosmic horizon,
which is orders of magnitude larger than the thickness of
the string, perhaps by a factor ⇠ 1060. So we need to ex-
trapolate our results to larger lengths. For this purpose
we calculate the half-life, ⌧ , i.e. the time it takes the
loop to lose half its initial energy. In Fig. 6 we plot ⌧/⌧0,
where ⌧0 = 41.5/⌘ is the half-life of the smallest loop in
our simulations, versus the initial energy normalized by
that of the smallest loop (denoted E0 = 506⌘). We find
a power law fit,

⌧ = ⌧0

Å
E

E0

ãp
=

1.6⇥ 10�3

⌘
(⌘L)p, p ⇡ 2 (7)

where we have reinserted dimensional factors of ⌘.
The L2 scaling in (7) can be understood as following

from radiation being due to episodes involving a fixed
number of features (kinks and weak cusps) on the loop,
with the power emitted in a given episode (a kink collision
or a weak cusp) being independent of L. (Note that the
size of the steps seen in Fig. 3 is similar for di↵erent
loops). If ⌫ denotes the number of episodes per period
and each episode radiates energy ✏ on average, the energy
lost per unit time is

Ė ⇠ �⌫✏

L
⇠ �µ⌫✏

E
. (8)

Integration of this equation gives a lifetime

⌧ ⇠ E2

µ⌫✏
⇠ µL2

⌫✏
(9)

in agreement with the L2 scaling in (7).
The particle radiation rate (8) is to be contrasted with

Ė ⇠ ⌫Gµ2 expected due to gravitational wave radiation
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FIG. 5: Comparison of runs with di↵erent lattice resolution �x = 0.125, 0.25, 0.5 on lattices of size 1600, 800 and 400,
respectively, corresponding to a fixed physical lattice length of 100. The left panel shows the total energy in our simulation
box and the right panel shows the evolution of the energy in the two loops in the box. The plots show convergence at higher
resolution and that �x = 0.25 o↵ers a good compromise between accuracy and speed.
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FIG. 6: Plot of the loop half-life versus initial energy (propor-
tional to the initial length) in the loop. They are normalized
by the initial half-life of the smallest loop, ⌧0, and and its
energy, E0. The straight line fit shows that ⌧ / L2 where L
is the initial length of the loop.

from ⌫ radiation episodes involving kinks and cusps [25–
27]. Note that the rate of energy loss to gravitational
radiation is not suppressed by a factor of L as is the
case for particle radiation in (8). This is because, for
example, a cusp on a loop that is twice as large is also
twice as large, and the gravitational energy emitted by a
single cusp is proportional to L. Then the lifetime of the
loop due to gravitational radiation is

⌧g ⇠ L

⌫Gµ
. (10)

Comparing this to (9) allows us to derive a criterion for
when the gravitational radiation is more important than
particle radiation, namely, when

⌧g < ⌧ ) L & ✏

Gµ2
⇠ w

Gµ
(11)

where w is the string thickness and we estimate ✏ ⇠ p
µ,

i.e. the particle energy emitted in an episode is compara-
ble to the energy scale of the string, and lP ⇠ 10�33 cm is
the Planck length. Note that ⌫ has canceled out in (11).
Therefore, even if there are more episodes on larger loops,
gravitational radiation still dominates over particle radi-
ation if (11) is satisfied.

With L ⇠ 1027 cm we find that gravitational radiation
is less important than particle radiation if Gµ . 10�40,
corresponding to ⌘ ⇠ 100 MeV or the QCD scale. Hence
particle radiation could be the main decay mechanism for
strings formed below the QCD scale but the dynamics
of strings formed at such low energies is expected to be
dominated by friction with the ambient medium [1].

Alternately, for strings close to the current bound on
the string tension, Gµ ⇡ 10�11, Eq. (11) implies that
particle radiation will only be important for loops that
are very small, L < 10�17 cm. Most of the radiation from
such a network of strings will be in gravitational waves.

We would like to point out some caveats to the above
discussion. The first caveat is that the long strings in
our initial conditions are straight and smooth. If these
strings started out with structure (perhaps as shallow
kinks) on them, as has been suggested in Ref. [18], the
number of radiative episodes would be larger, and both
the particle and gravitational radiation would be larger.
This would not change the relative importance of particle
and gravitational radiation but it would mean that the
loop decays faster. A second caveat is that our loops only
contain kinks and no cusps. It is known from Ref. [15]
that the particle radiation loss from a cusp is proportional
to

p
L and this does not agree with our model where

each episode emits radiation that is independent of L.
However, once the cusp radiates, it forms two kinks that
then propagate, radiate and smooth out to some extent.
In the next oscillation, the cusp is weaker and the energy
radiated will not be proportional to

p
L, instead it will
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⌧particle / L2 <latexit sha1_base64="m0Dxncy5S1WZlI/Zx06bbgY5KxQ=">AAACA3icbVDNSgMxGMzWv1r/Vj2Jl2ARPJVdKeix4MWDSAVrC91lyabZNjTZhCRbKEvx4qt48aAgXn0Jb76NabsHbR0IDDPfx5eZWDKqjed9O6WV1bX1jfJmZWt7Z3fP3T940CJTmLSwYEJ1YqQJoylpGWoY6UhFEI8ZacfDq6nfHhGlqUjvzViSkKN+ShOKkbFS5B4FBmVRHigO+wqNJjCQSkgj4E3kVr2aNwNcJn5BqqBAM3K/gp7AGSepwQxp3fU9acIcKUMxI5NKkGkiER6iPulamiJOdJjPIkzgqVV6MBHKvtTAmfp7I0dc6zGP7SRHZqAXvan4n9fNTHIZ5jSVmSEpnh9KMgZtxGkfsEcVwYaNLUFYUftXiAdIIWxsaxVbgr8YeZm0z2t+veb7d/Vq47boowyOwQk4Az64AA1wDZqgBTB4BM/gFbw5T86L8+58zEdLTrFzCP7A+fwBv2iXfg==</latexit>

⌧grav / L
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⌧grav < ⌧particle for large L

where w=width of the string, 𝝁=tension.

<latexit sha1_base64="VipJ+kYhTw/uZj1nu1pZLymuess=">AAACCnicbZBPS8MwGMbT+W/Of1WPXoJD8DRaGehx4EEPIhOcG6ylpFm6hSVpSVJllF69+FW8eFAQr34Cb34b060H3Xwg8PA870t4f2HCqNKO821VlpZXVteq67WNza3tHXt3707FqcSkg2MWy16IFGFUkI6mmpFeIgniISPdcHxe9N17IhWNxa2eJMTnaChoRDHSJgpseBVknuQQS6pz6CnKoRdJhLOHPLvweJoHdt1pOFPBReOWpg5KtQP7yxvEOOVEaMyQUn3XSbSfIakpZiSveakiCcJjNCR9YwXiRPnZ9JIcHplkAKNYmic0nKa/NzLElZrw0ExypEdqvivC/7p+qqMzP6MiSTURePZRlDKoY1hggQMqCdZsYgwqWFAM8QgZENrAqxkI7vzJi6Z70nCbDde9adZb1yWPKjgAh+AYuOAUtMAlaIMOwOARPINX8GY9WS/Wu/UxG61Y5c4++CPr8wdvPZqp</latexit>

Lcrit ⇠
w

Gµ

Strings with tension above the QCD scale 
primarily decay by gravitational radiation.

High frequency cutoff on gravitational wave spectrum due to particle radiation.
P. Auclair, D. Steer & TV, 2020



Stochastic gravitational background

TV & Vilenkin, 1985;…

Now sum over contribution of all loops at various 
cosmological epochs to get the stochastic 

background. (Long strings are sub-dominant.)

Result depends on the loop spectrum.

High frequency emission is from small loops,

in the radiation era.

<latexit sha1_base64="kWq494brqg5FHB5Et9iEZBmR7Ho="></latexit>

⌦g(f) =
128⇡

9
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Independent of frequency!



A more complete estimate
Several additional factors:

• Loops in matter era.

• Particle radiation.

• Loop spectrum.

• …

Matter era loops. Radiation era loops.

Effect of

particle radiation.

Allen & Caldwell;

 ….; 


Auclair, Steer & TV; 

(among many other groups)
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FIG. 3: SBGW including the backreaction of particle emission on the loop distribution. LH panel: kinks on loops, RH panel:
cusps on loop. The spectra are cuto↵ at high frequency, as indicated by the black vertical lines. Gµ ranges from 10�17 (lower
curve), through 10�15, 10�13,10�11, 10�9 and 10�7 (upper curve). Also plotted are the power-law integrated sensitivity curves
from SKA (pink dashed) [44], LISA (yellow dashed) [45], adv-LIGO (grey dashed) [46] and Einstein Telescope (blue dashed)
[47, 48].

We can estimate the frequency above which the spectrum decays as follows. In the radiation era

H(z) = (1 + z)2
p

⌦RH0 (45)

t(z) =
1

2(1 + z)2
1p

⌦RH0
(46)

At high frequency, the lowest harmonic j = 1 is expected to dominate [1], so we set Pj = ��j,1. Then using (45) and
(46), Eq. (42) simplifies to

⌦gw(ln f) = 24 16⇡(�Gµ)2
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Here, in going from the second to the third equality, we have used the fact that (i) for Gµ >⇠ 10�18, which is relevant
range for current and future GW detectors, zeq < (zc, zk) ⌧ zfriction (see Eqs. (38), (41) and (44)), and (ii) that the
loop distribution above z(c,k) is subdominant, see e.g. discussion above equation (37) in section III B. Using Eq.(46)
as well as the approximation for the loop distribution for z < zk given in Eq. (36), it follows that for kinks

[⌦gw(ln f)]k /
Z xk

xeq

"
1 +

✓
`kxf
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8H0
p
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◆2
#�1/2
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where we have changed variable from z to

x =
4

f
(1 + z)H0

p
⌦R

so that

xeq =
4

f
(1 + zeq)H0

p
⌦R , xk =

4

f
(1 + zk)H0

p
⌦R .

NANOGrav

& EPTA
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Gµ = 10�17, 10�15, 10�13, 10�11, 10�9, 10�7

String theory cosmic strings provide a better fit: smaller reconnection probability means more string, larger loops.



With gravitational backreaction (but no particle radiation)
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FIG. 2. Cosmic string gravitational wave backgrounds (solid grey lines) at various tensions Gµ

(indicated by adjacent grey numbers). Several current and future gravitational-wave detector
power-law integrated sensitivity curves are overlaid: the NANOGrav 15yr sensitivity (green, dot-
dashed); the SKA 20yr sensitivity (cyan, dotted); the LISA 4yr sensitivity (purple, dotted; upper
envelope: with astrophysical foregrounds; lower envelope: without foregrounds); DECIGO (light
blue, dashed); BBO (dark blue, dotted); the advanced LIGO (aLIGO) design sensitivity (brown,
dot-dot-dashed); the Einstein Telescope D (ET-D) configuration (orange, dashed); and the Cos-
mic Explorer (CE) 40 km (red, dotted). Many cosmic string GWBs would be visible in multiple
detectors simultaneously.

sensitivity curves. String GWBs are shown as grey lines in two-decade steps in tension;
current GW detectors’ sensitivities are shown in dash-dotted lines, while planned detector
sensitivities are shown in dashed or dotted lines. All detector sensitivities are given as power-
law integrated sensitivity curves [27] assuming an SNR threshold of 1; unless otherwise
specified, the curve is constructed for one year of observing time. We acknowledge [28] as a
major resource for formulae, constants, an references to guide the construction of several of
these curves, especially DECIGO and BBO.

The detectors we chose to include are:

• For pulsar timing arrays (PTAs):

– NANOGrav, at its 15-year sensitivity [29, 30] to represent the current generation;

– the Square Kilometer Array (SKA) [31] at its 20-year sensitivity to represent the
next generation.

12

Wachter, Olum, Blanco-Pillado, 2024



Gravitational wave bursts from cusps
Damour & Vilenkin, 2000<latexit sha1_base64="GtE+/5L1oTGr8xVvp1b7UvWpAR4="></latexit>
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A ⇠ GµL2/3

(1 + z)1/3r(z)

is estimated by multiplying the square of Eq.(10) by the
number of overlapping bursts within a frequency octave
nz(f) ≡ f−1Ṅ(f, z) , and then integrating over all ln z
such that nz(f) > 1 , and θm(f, z) < 1:

h2
rms(f) =

∫
h2(f, z)nz(f)d ln zH(nz − 1)H(1− θm),

(14)

where H denotes Heaviside’s step function. Eq.(14) dif-
fers from previous estimates of the stochastic background
[2–7] (beyond the fact that we use the simplified loop
density model Eq.(1)) in that the latter did not incor-
porate the restriction to nz(f) > 1, i.e. they included
non-overlapping bursts in the average of the squared GW
amplitude.
It is easily checked from Eq.(13) that hburst is a mono-

tonically decreasing function of both Ṅ and f . These de-
cays can be described by (approximate) power laws , with
an index which depends on the relevant range of domi-
nant redshifts; e.g., as Ṅ increases, hburst decreases first
like Ṅ−1/3 ( in the range zm < 1), then like Ṅ−8/11 (when
1 < zm < zeq), and finally like Ṅ−5/11 (when zm > zeq).
For the frequency dependence of hburst , the correspond-
ing power-law indices are successively: −5/9,−9/11 and
−7/11. [These slopes come from combining the basic
f−1/3 dependence of the spectrum of each burst with
the indirect dependence on f of the dominant redshift
zm(α, Ṅ , f).] By contrast, when using our assumed link
Gµ ∼ α/50 between the string tension µ and the pa-
rameter α, one finds that the index of the power-law de-
pendence of hburst upon α takes successively the values
+7/9,−3/11 and +5/11. Therefore, in a certain range
of values of α (corresponding to 1 < zm(α, Ṅ , f) < zeq)
the GWB amplitude (paradoxically) increases as one de-
creases α , i.e. Gµ.
In Fig. 1 we plot (as a solid line) the logarithm of

the GW burst amplitude, log10(h
burst), as a function of

log10(α), for Ṅ = 1 yr−1, and for f = fc = 150 Hz.
This central frequency is the optimal one for the detec-
tion of a f−1/3-spectrum burst by LIGO. We indicate
on the same plot (as horizontal dashed lines) the (one
sigma) noise levels hnoise of LIGO 1 (the initial detec-
tor), and LIGO 2 (its planned advanced configuration).
The VIRGO detector has essentially the same noise level
as LIGO 1 for the GW bursts considered here. These
noise levels are defined so that the integrated optimal
( with a matched filter ∝ |f |−1/3) signal to noise ra-
tio (SNR) for each detector is SNR = hburst(fc)/hnoise.
The short-dashed line in the lower right corner is the
rms GW amplitude, Eq.(14). One sees that the burst
amplitude stands well above the stochastic background
[14]. Clearly the search by LIGO/VIRGO of the type of
GW bursts discussed here is a sensitive probe of the ex-
istence of cosmic strings in a larger range of values of α
than the usually considered search for a stochastic GW
background.
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FIG. 1. Gravitational wave amplitude of bursts emitted by
cosmic string cusps in the LIGO/VIRGO frequency band, as
a function of the parameter α = 50Gµ. [In a base-10 log-log
plot.] The horizontal dashed lines indicate the one sigma noise
levels (after optimal filtering) of LIGO 1 (initial detector) and
LIGO 2 (advanced configuration).The short-dashed line indi-
cates the rms amplitude of the stochastic GW background.

From Fig. 1 we see that the discovery potential of
ground-based GW interferometric detectors is richer than
hitherto envisaged, as it could detect cosmic strings in
the range α >

∼ 10−10, i.e. Gµ >
∼ 10−12. Let us also note

that the value of α suggested by the (superconducting-)
cosmic-string Gamma Ray Burst (GRB) model of Ref.
[13], namely α ∼ 10−8, nearly corresponds, in Fig. 1,
to a local maximum of the GW burst amplitude. [This
local maximum corresponds to zm ∼ 1. The local min-
imum on its right corresponds to zm ∼ zeq.] In view
of the crudeness of our estimates, it is quite possible
that LIGO 1/VIRGOmight be sensitive enough to detect
these GW bursts. Indeed, if one searches for GW bursts
which are (nearly) coincident with (some [15]) GRB the
needed threshold for a convincing coincident detection is
much closer to unity than in a blind search. [ In a blind
search, by two detectors, one probably needs SNRs ∼ 4.4
to allow for the many possible arrival times. Note that
the optimal filter, htemplate(f) = |f |−1/3, for our GWBs
is parameter-free.]
In Fig. 2 we plot log10(h

burst) as a function of log10(α)
for Ṅ = 1 yr−1, and for f = fc = 3.9 × 10−3 Hz.
This frequency is the optimal one for the detection of
a f−1/3 GWB by the planned spaceborne GW detec-
tor LISA. [In determining the optimal SNR in LISA we
combined the latest estimate of the instrumental noise
[16] with estimates of the galactic confusion noise [17].]
Fig. 2 compares hburst(fc) to both LISA’s (filtered) noise
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Gravitational wave bursts from kinks
Damour & Vilenkin, 2001
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FIG. 1. Gravitational wave amplitude of bursts emitted by cosmic string cusps (upper curves) and kinks (lower curve) in the
LIGO/VIRGO frequency band, as a function of the parameter α = 50Gµ (in a base-10 log-log plot). The upper curve assumes
that the average number of cusps per loop oscillation is c = 1. The middle curve assumes c = 0.1. The lower curve gives the
kink signal (assuming only one kink per loop). The horizontal dashed lines indicate the one sigma noise levels (after optimal
filtering) of LIGO 1 (initial detector) and LIGO 2 (advanced configuration). The short-dashed line indicates the “confusion”
amplitude noise of the stochastic GW background.

with (some4) GRB the needed threshold for a convincing coincident detection is much closer to unity than in a blind
search. Let us finally note that Fig. 1 indicates that (except if k happens to be parametrically large) the kink bursts
are too weak to provide an interesting source for LIGO/VIRGO.
In Fig. 2, we do the same plot as Fig. 1 (still with Ṅ = 1yr−1), but with a central frequency f = fc = 3.9×10−3Hz

optimized for a detection by the planned space borne GW detector LISA. The meaning of the various curves is
the same as in Fig. 1. The main differences with the previous plot are: (i) the signal strength, and the SNR, are
typically much higher for LISA than for LIGO, so that LISA could be sensitive to even smaller values of α (down to
α ≃ 10−11.6), (ii) LISA is very sensitive even to rare cusp events (c = 0.1 or even smaller), (iii) LISA is, contrary to
LIGO, sensitive to the kink bursts (which are believed to be ubiquitous), and (iv) though the GW burst signals still
stand out well above the cusp-confusion background (discussed in the next Section), the latter is now higher than the
(broad-band) detector noise in a wide range of values of α. LISA is clearly a very sensitive probe of cosmic strings.
We note again that a search in coincidence with GRB’s would ease detection.

VI. DETECTION ISSUES, CONFUSION NOISE, PULSAR TIMING EXPERIMENTS

A. Signal to noise considerations

Let us first complete the explanation of Figs. 1 and 2 by discussing the choice of the central frequencies and the
detector noise levels indicated there.
We recall that the optimal squared signal to noise ratio (SNR) for the detection of an incoming GW by correlation

with a suitable bank of matched filters is given by

ρ2 =

(
S

N

)2

=

∫ +∞

−∞
df

|h̃(f)|2

Sn(f)
= 2

∫ +∞

0

df

f

|h(f)|2

(hn(f))2
. (6.1)

Here h̃(f) is the Fourier transform of the (best) template (assumed to match the signal), Sn(f) is the (two-sided)

noise spectral density, and, as above, we introduce the logarithmic Fourier quantities h(f) ≡ |f | h̃(f), and hn(f) ≡

4The local maximum of the 1/yrhcusp in Fig. 1 corresponds to a redshift zm ∼ 1. By contrast, in the model of [9] the (300
times more numerous) GRB’s come from a larger volume, up to redshifts ∼ 4.
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Repeated gravitational wave bursts

Loop dynamics is periodic with period L/2.

Cusp bursts will repeat unless gravitational backreaction changes the direction 
of the cusp velocity.

Estimate change in direction as:
<latexit sha1_base64="8kxLWDw50olWZCHJg4Uly8l15tU="></latexit>

I ✓̇ ⇡ �J ⇡ Gµ2L
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I ⇡ µL3

LISA will be sensitive to repeated bursts within its lifetime if 
<latexit sha1_base64="u75C+3obxJWngRpH3qWzdp7Y63E="></latexit>

Gµ & 10�10

<latexit sha1_base64="pE2WN+9T57gX2157ZlDDm/n1v0U="></latexit>

�✓ ⇡ Gµ ⌧ ✓beam(f) ⇠ [f(1 + z)L]�1/3

Auclair, Steer & TV, 2023



Repeated gravitational wave bursts

First ensure that single burst is observable,

LISA will be sensitive to repeated bursts within its lifetime if 
<latexit sha1_base64="u75C+3obxJWngRpH3qWzdp7Y63E="></latexit>

Gµ & 10�10

Then, fold in observable loops with loop 
distribution to estimate the number of 
repeated bursts.

2

where g2 =
p

3/4 [6]. Note that ✓m is larger at low
frequencies and that the beam covers a larger portion of
the sky which enhances the probability that it is directed
towards the Earth.

Loops smaller than the Hubble horizon can e↵ectively
be described with Nambu-Goto equations of motion in
Minkowski space-time, in which case they oscillate with
period T = `/2. Therefore, one can expect to see multiple
repetitions of GWs bursts from the same cosmic string
loop.

As a rule of thumb, suppose that we are interested in
a loop of length ` = 2 ly so that its period is of one year.
Assuming the redshift z < 1 so that r(z) ⇡ z/H0 with
H0 the Hubble constant, then it follows from Eq. (2) that
a GW detector may detect cosmic string cusp bursts up
to

z⇤(`) =
g1Gµ`

2/3
H0

A⇤
⇡ 0.35

✓
`

2yr

◆2/3
Gµ

10�9

10�21

A⇤
. (4)

For the most remote detectable loops, with z = z⇤ < 1,
the beaming angle is of the order of

✓m ⇡ 3 ⇥ 10�3

✓
1Hz

f⇤
⇥

2yr

`

◆�1/3

(5)

where f⇤ is the characteristic detector frequency, namely
f⇤ ⇠ 20 Hz for LVK, and f⇤ ⇠ 1 mHz for LISA.

Repeated bursts: As we mentioned earlier, a Nambu-
Goto loop of invariant length ` oscillates with period
T = `/2 and cusps reappear every oscillation. However,
physical loops are not exactly periodic as they lose energy
in the form of GWs and particles, particularly around the
cusp. As a result, after one oscillation the beaming di-
rection will be slightly displaced due to the backreaction
of the beam on the dynamics of the loop. We now es-
timate the change in the beaming direction, �✓ after a
GW burst from a cusp.

Field theory simulations of cosmic strings [20, 21] show
that the string at the very tip of the cusp annihilates dur-
ing the burst, leading to the emission of particles, which
subsequently decay into cosmic rays and photons. How-
ever, the portion of the string responsible for gravita-
tional emission is further away from the tip of the cusp,
which follows the Nambu-Goto trajectory very closely,
and as a consequence the GW burst repeats with sim-
ilar amplitude. Our aim in this section is to determine
whether the angular momentum carried away by the GW
burst will change the orientation of the cusp: if it did, a
repeating GW burst might not be visible.

The angular momentum of the loop can be estimated
as a product of its moment of inertia, I` ⇠ µ`

3, and the
angular frequency ! ⇠ 1/`,

J ⇠ I`! ⇠ µ`
2
. (6)

The cusp GW burst carries with it some of this angular
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FIG. 1: Number of repeaters per logarithmic bin of the
period, T = `/2, as seen in GW detectors for di↵erent values
for Gµ = 10�10. The solid line shows Eq. (15), ignoring
repetitions. The dashed line shows Eq. (18), namely including
the sensitivity gain due to repetition. If not all repeaters are
observed, one would expect a rate somewhere in the shaded
regions. (Assuming TO = 4 years for each detector.)

momentum1. The energy of the burst in GWs is ⇠ Gµ
2
`

and so the angular momentum emitted in a burst is

�J ⇠ Gµ
2
`
2 (7)

and the rotation of the cusp beam direction in one time
period follows from

I`✓̇ ⇠ �J (8)

or

�✓ ⇠ (Gµ
2
`
2)

`

(µ`3)
⇠ Gµ. (9)

Since we are interested in Gµ . 10�9, we see from Eq. (5)
that

�✓ ⌧ ✓m(f⇤, z) (10)

for all f⇤, z and T of interest, and the change in the
beaming direction is negligible. This is the reason why
gravitational wave bursts from cosmic string cusps will
appear as repeaters.
Number of repeaters: To compute the number of re-

peaters, let us assume that the distribution of cosmic
string loops in the matter era is given by the one-scale
model [1],

@
2
N

@`@V
(`, t) =

Cmat

t2(` + �Gµt)2
+

Crad

t
3/2
eq (` + �Gµt)5/2

✓
teq

t

◆2

,

(11)

1 Some angular momentum would be lost due to cusp annihilation,
but this is suppressed by a factor `�1/2µ�1/4 [20].
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Gµ = 10�10

(Result most sensitive to detector threshold.)
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Summary of gravitational wave signatures of cosmic strings

1. Stochastic background. (PTAs)


2. Gravitational wave bursts from cusps, kinks and kink-kink collisions. 
(LIGO/LISA)


3. Repeated gravitational wave bursts. (LISA)



Key uncertainty: how many loops are there?

Three simulations, three results.

1. Nambu-Goto simulations — scaling loops.


2. Nambu-Goto simulations — small loops.


3. Field theory simulations — no loops. Hindmarsh & collaborators

Blanco-Pillado & Olum; ….

Ringeval, Sakellariadou & 
Bouchet;…



Evolution of constructed loop

Matsunami et al



Loop extracted from field theory simulation
Hindmarsh & collaborators



Field theory simulation conclusions

Loops decay by particle emission, not gravitational waves.

Constraints arise from cosmic ray observations and 
depend on the underlying particle physics model.

They find that the long strings in their simulations have lower 
velocities than expected and so only produce loops with small 

angular momentum.

Hindmarsh & collaborators



Nambu-Goto simulations
Blanco-Pillado et al, 2023

Confirm Nambu-Goto evolution very accurately 
except briefly in regions of high string curvature.

Figure 7. Snapshots of the evolution of a primordial loop. The loop starts from rest. We notice
how the evolution of the field theory (in blue) is very close to the NG (red) except towards the end
of evolution where the loop has shrunk by a large fraction and the NG predicts a complete overlap of
the extent of the string on itself.

– 18 –

FIG. 3. The loop number density during the radiation era for various values of the evaporation
rate �Gµ. Solid lines are computed from simulation data for f ; the dashed line is the analytic
approximation of Eq. (18) for �Gµ = 10�8. As discussed in the text, the non-scaling peak in loop
production is invisible here. The dotted line represents the simulation fit in Eq. (3) of RSB [57],
which agrees rather well with the results presented here.

In Fig. 3, we plot this nr(↵) and the loop spectrum computed from simulation data
without approximations. There are several universal features worth pointing out. For ↵ &
0.05, there are no (non-self-intersecting) loops, since none are produced larger than this size.
At smaller sizes (↵ . 10�3), the number density grows with a slope which is universal, given
by ↵n(↵) ⇡ 0.6↵�3/2. The peak number density per log ↵ occurs at ↵ = �Gµ/3, below
which ↵n(↵) / ↵.

Using Eq. (18), we can find the total loop number density in scaling units,

nr =

Z
nr(↵)d↵ ⇡ 0.97(�Gµ)�3/2

, (19)

the average loop mass,

h↵ir =
R
↵nr(↵)d↵R
nr(↵)d↵

⇡ �Gµ, (20)

and the loop matter density,

h↵inr ⇡ 0.97(�Gµ)�1/2
. (21)

The energy density in long strings [48] is about 44 in scaling units, so the energy density in
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Radiation era 
number 

density of 
loops

Loop size/t
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Gµ . 10�10

.(𝛿-function production of loops at ~0.1 t)

Obtain constraint:



Nambu-Goto simulations
Ringeval, Sakellariadou & Bouchet, 2007;


Ringeval & Suyama, 2017
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Figure 1. Relaxation of the loop distribution t4F(γ, z) from its scaling shape in the radiation era
(black dashed line at redshift z = 3059) towards the matter era attractor (solid line at redshift z = 2).
The values for γc in the matter and radiation era have been arbitrarily chosen for illustration purposes.

advantage of solving a Boltzmann equation for the loop distribution concerns the transition
from the radiation era to the matter era as we are able to include any relaxation effects on
the loop distribution. The loop distribution at various redshifts around the transition has
been represented in figure 1. For completeness, we have included the thermal history effects
on the expansion rate of the Universe as these ones have been shown to affect the spectrum
at high frequencies [32]. For this purpose, we have used the effective number of relativistic
degrees of freedom derived in Ref. [57] while considering that the loop scaling parameters
remain unaffected (which is a reasonable assumption).

Concerning the uncertainties associated with the number of kinks and cusps present on
the loops, we propose various well motivated scenarios that may be viewed as the remaining
theoretical errors on the spectrum. We discuss scenarios having a smooth microstructure and
only two cusps, others having a number of kinks ranging from zero to 102. For the latter, we
show that a new source of gravitational waves on the string could dominate the spectrum:
the collisions of left-moving and right-moving kinks. Although the collision amplitude decays
faster with frequency than cusps and kinks, it scales as ω−2, kink collisions emit gravitational
waves in all directions and the number of event per loop oscillations increases as the square
of the number of kinks. In all these scenarios, the number of cusps, kinks and collisions is
bounded from above as the total power emitted can never exceed Pgw = ΓGU2. As a result,
one can completely explore the range of the remaining theoretical uncertainties.

The paper is organized as follows. In section 2 we briefly introduce our notation before
deriving the main equations for computing the stochastic gravitational wave spectrum. We do
not give excessive details on GW emitted by one cusp and one kink as we follow in all points
the Damour and Vilenkin calculations [43, 58]. However, some intermediate results have
been provided for kink collisions since, up to our knowledge, they have not been considered
before for Nambu-Goto strings. Their importance has however been discussed for superstrings
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They find an 
overproduction of small 

loops and use the results 
of Polchinski & Rocha to 
extrapolate to smallest 

loop sizes.
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depending on  some 
assumptions.



Diversity of strings

Strings with junctions
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Global/axion strings

U(1) symmetry breaks. Global string solutions.

<latexit sha1_base64="nhwaclK8it+dDPnoDO0xAmxibFU="></latexit>

Sglobal =

Z
d4x


|@µ�|2 �

�

4
(|�|2 � ⌘2)2

�

↓
-

Goldstone boson cloud

wrapped around a core.

Zero core thickness approximation
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Can calculate spectrum of Goldstone radiation.

Vilenkin & TV, 1987



Global string loop evolution
Total energy; potential energy
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Axion string debate

Spectrum of radiated axions feeds into their abundance which 
affects their detectability.

Kalb-Ramond action gives a sharp spectrum peaked at k~1/L; 
numerical evolution gives a 1/k spectrum.

•Kalb-Ramond action assumes the dynamics is governed entirely 
by the core; 

•Numerical results are limited by dynamic range and need to be 
extrapolated.

Recent simulations:

Benabou et al, 2024


Blasi et al, 2022



Conclusions
• Cosmic strings occur in various high energy theories and have rich dynamics 

and interactions.

• Cosmic strings decay by gravitational radiation and particle emission.

• Observations of a stochastic background of gravitational radiation may be 

sourced by cosmic strings.

• Observations of gravitational wave bursts can lead to a direct detection of 

cosmic strings.

• Repeated gravitational wave bursts are a unique signature of cosmic strings.

• Diversity of strings — junctions; superconducting; non-Abelian; global.

• Evolution of global strings important for axion cosmology.




