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Random interface

A random interface is a probability measure on the space of
. d
functions Q = R%°.

To each interface we associate an energy, which is given by an
Hamiltonian H(p).

Given N € Z9 we define

1
Pa(dp) = —e " TT do, S (doy).
Mde) = 7 g\ @ Xelz_d[\/\ 1 (dx)

ox = Py when x ¢ N. We shall assume ¢, = 0.



Some examples: DGFF

Discrete Gaussian free field arises out of discrete Dirichlet energy:
Favours flat configurations

Hp) = 35 3 Vo2 = oo S low — 00)

XEZd X~y

Here grad’.ent-' VSOX = (‘PX - SOX-‘rei);j:l'



Some examples: DGFF

Discrete Gaussian free field arises out of discrete Dirichlet energy:
Favours flat configurations

Hp) = 35 3 Vo2 = oo S low — 00)

xezd X~y
Here grad’.ent-' VSOX = (‘PX - SOX-&-ei):'j:l‘
Alternative form:

H(y) = Z ox(—Apx) = (o, (*A)90>Z2(Zd)

xezd

where 1
AQDX = ﬂ Z(Spy - SOX)-

y~x



Some examples: Membrane model

Used in modelling semiflexible membranes/polymers and takes
curvatures into account. Favours flat hyper-surfaces so penalizes
bending.

1
H(QO) = 5 Z ’A90X|2 - <907 A290>52(Zd)

xezd



Some examples: Mixed model

H(SO) =R Z |v§0x|2 + K2 Z |A90x‘2

xezd xezd

= <(pa (Kl(_A) + R2A2) (’D>62(Zd)
k1 is called lateral tension and ko is called the bending rigidity.

We shall also consider the case where k1 and k> depend on size of
A.



Elliptic operator

In all the examples,

H(p) = <90,£d@>z2(zd) :

where L4 :  — Q is a nice operator of form

‘Cdﬁpx = Z CaPx+ao-
@

Continuum elliptic operator:

Lf= ) ag,D'Pf, azeR
1BL,1yI<m

where for 8 = (B1, -, Bn)

pi_ (0N (9N
N 8X1 8X,, '




Green’s function

Under conditions of positive definiteness
» o, =0, for all x € Z9\N\, Pp-a. s.



Green’s function

Under conditions of positive definiteness
» o, =0, for all x € Z9\N\, Pp-a. s.

> (x)xen ~ N(0, Gp) with

Enloxey] = Ga(x,y), x,y €



Green's function
Under conditions of positive definiteness

» o, =0, for all x € Z9\N\, Pp-a. s.

> (x)xen ~ N(0, Gp) with

Enlpxey] = Ga(x,y), x,y €A

» For all x € A

,CdG/\(X,y):(SX(_)/), ye/\
G/\(X7y):07 y¢A



Lack of RW representations

DGFF
If Py is the law of a SRW (S,)n>0 started at x € 79, then

G/\(x,y) = EX |:Z ]L(Sny,n<H/\c)]

n>0

where Hye :=inf{n>0:5, € A°}.



Lack of RW representations

DGFF
If Py is the law of a SRW (S,)n>0 started at x € 79, then

G/\(x,y) = EX Z 1(5,,=y,n<H/\c)
n>0

where Hye :=inf{n>0:5, € A°}.

In case of Membrane or Mixed there is No random walk
representation known.



Infinite Volume measure for L4 = (r1(—A) + ko A?)

Does there exists a probability measure P on RZ’ such that
Pn= PasANt2Z9?

K1 Ko | dim Green's function
1 0 | d>3 | G(x,y)=To(x,y)
0 1 d25 G(Xay)zzzezd rO(Xaz)FO(Zay)

k>0 |1 | d>3|G(x,y)=>,cp¢Tk(x,2)l0(z,y)

Me(x,y) = Z (1+I1{)m+1px(5m =)

m=0



Scaling limit in d=1

In all three cases (DGFF+MM+ Mixed) the limit turns out to have
continuous paths. Let Ay = [1, N — 1] N Z. Consider the linear
interpolation of the interface model.

For0<t<1,

Sn(t) = oine) + (NE— [Nt]) (o[ nej+1 — 2 neg) -



Scaling limit in d=1

In all three cases (DGFF+MM+ Mixed) the limit turns out to have
continuous paths. Let Ay = [1, N — 1] N Z. Consider the linear
interpolation of the interface model.

For0<t<1,

n(t) = o ey + (NE— [Nt]) (| nej+1 — @ e ) -
For DGFF & Mixed model (k1 =1, kp = 1)

Theorem (d=1, Cipriani, Dan, H. (2018))
In C[0,1],

(N_I/ZQN(t))te[o,l] = (Bf)te[o,l]

where (By)¢c[o,1] s the Brownian Bridge.
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Scaling limit in d=1: Membrane

Let X; %7 N(0, 1).

Yn=X1+ -+ X, (Random walk)

Z, = Y1+ -+ Yy = nXy+(n—1)Xo+- - -+ X, (Integrated random walk)

{Soi}lg,'gl\/ 4 (Z,')lg,'g/\/ conditionally on (YN, ZN) = (0, 0).

Let (Bt)tc[o,1] be the standard Brownian motion and I; = fot Bsds.

(Be, It)eeqo.1] = {(Bes Ie)eepo.n] Conditioned on (By, I) = (0,0)}.



Scaling limit in d=1: Membrane (contd.)

For0<t<l1,
n(t) = ey + (NE— [Nt]) (| nej+1 — @ e ) -

Theorem (Caravenna and Deuschel (2009))
on c[o,1],

o~

(N_3/2¢N(t))te[o,1] = (It)eefo,1)-



Scaling limit in d = 2,3: Membrane

Membrane Model is still in subcritical regime.
In these cases it turns out the limiting process has still continuous

paths.
Let Ay = (=N, N)NZ7.

_ 1
Wn(t) = N ppe t € Gz

Interpolate continuously on [—1,1]¢.



Theorem (Cipriani, Dan, H. (2018))
Suppose d =2 or 3. In C([-1,1]9)

\UN:>\U

where W = (W¢),c[_11}¢ is @ Gaussian process with continuous
paths and

E[V.V,] = Gp(t,s)

and Gp is the Green's function on D = [—1,1]9 satisfying the
following Dirichlet problem:

AgGD(Xv)/) = 5X(y)7 ye D
GD(X7y):07 y€8D
DGD(X,}/):O, yeaD



Consequences

» A consequence of the proof is that the process V is almost
surely Hélder continuous with exponent 1), for every n € (0, 1)
resp. n € (0, 1/2) ind =2 resp. d = 3.

» One can get the extremes in d = 2,3,

N% max goxi> sup W,
xe(=N,N)9 x€[-1,1]

» The extremes of Membrane in Z¢ for d > 5 was resolved in
Chiarini, Cipriani, Hazra (2017). Recentered tightness in
d = 4 was derived in the Thesis of Roy (2016).

» OPEN: Maxima and point process behaviour of membrane in
d = 4 should correspond to “log-correlated” models.
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Brief idea of the proof

Finite dimensional convergence follows from Green’s function
convergence.

Checking Kolmogorov criteria for tightness :
E[[Wn(t) — Wn(s)fP] < Cllt —s|***

If t and s are neighbours then we use some gradient bounds by
Miiller and Schweiger (2017).
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Brief idea of the proof

E [|\|1N(t) — \VN(t + el)\Q]
= Gn(t, t) + Gn(t + e, t+ e1) — 2Gp(t, t + e1)

=V, Gn(t+er,t)— Vi, Gn(t+ert+e)



Brief idea of the proof

E [|\|1N(t) — WN(t + e1)\2]
= GN(t, t) + G/\/(t +e,t+ 61) — 2GN(t, t+ e1)

=V, Gn(t+er,t)— Vi, Gn(t+ert+e)

=-V2_ VL, Gun(t+e,t)



Brief idea of the proof

E [|\|1N(t) — \VN(t + e1)\2]
= Gn(t, t) + Gn(t + e, t+ e1) — 2Gp(t, t + e1)
=V, Gn(t+er,t)— Vi, Gn(t+ert+e)

ClogN  ifd=2

= -V Vi Gn(t+e,t) < { c ifd=3"



Scaling limit in critical or super critical dimension

We specialise to the case when (px), 74 is the Membrane model.
Let D be a bounded domain with smooth boundary.

Dy,=DnNhZ? with h= %

Consider
Ry = {X € Dy : NQ(X) C Dh},

Na(x)= neighbours at distance 2 from x.
Consider
Ay = NRy C Z9 the blow up of R,



Ry, = {X € Dy : N2(X) C Dh},




Let (px) be the MM with zero boundary conditions on Ap.
Consider f € C°(D)

d 4
(Wp,f)i=h2 > eesnf(x).

xERy

Where does W, converge to?
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Facts

Fact
There exist eigenfunctions uy, uo, - -- of AT with corresponding
eigenvalues 0 < A\; < A\p < --- — 00 such that

1. {u;j}jen is an orthonormal basis for L?(D)

2. For each j € N one has uj € C>(D). (elliptic regularity)

3.\~ ¢i?™/d (Weyl's asymptotics, Beals (1967)).



Let f € C°(D), define
2 1 2
If]ls = Z 1s/2 (f, UJ>L2 .
Z1

_ =)



Let f € C°(D), define

1
IfFI2=3" <5 e (F. e

jz1

w5 — e )"

Random series: Let )\ be the eigenvalues of AT and u; be the

corresponding eigenfunctions. Define

X 11
Z i X N, 1).

J>1



Let f € C°(D), define

1
IfFI2=3" <5 e (F. e

jz1

_ =)

Random series: Let )\ be the eigenvalues of AT and u; be the
corresponding eigenfunctions. Define

X 11
Z i X N, 1).

J>1

Theorem (Cipriani, Dan H. (2018))
Form=1,2ands> ¢ 2’“ , Vp exists in

Hy® = H5(D)".



Scaling limit: Main result

Consider
Ay = NRy, C Z9 the blow up of Ry,

For f € H{(D) define.

d
(wha . +4 Z @X/hf(X

xXERy,

Theorem (Cipriani, Dan, H. (2018))
Suppose d > 4, then Wy, converges in distribution to WVp as h — 0
in the strong topology of H™*(D), s > sy where

o223 (291



Extensions to L4 = (r1(—A) + ko A?)

Consider
Ay = NRy, C Z9 the blow up of R,

For f € Hi(D) define.

whv = h* Z Sox/hf
XERp



L4 = (r1(—A) + roA?) [ Cipriani, Dan, H. (2018,
2019-+)]
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L4 = (r1(—A) + roA?) [ Cipriani, Dan, H. (2018,

2019+)]
K1 | K2 scaling(c) | H™°, s > sq | Limit dim
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L4 = (r1(—A) + roA?) [ Cipriani, Dan, H. (2018,
2019+)]

K1 | K2 scaling(c) | H™°, s > sq | Limit dim

1|0 h7 3 GFF d>2

0 |1 h2 shm MM d>4

1|1 h dy|g)+3| GFF d>2
2 | -0 MM

1 Ko > N h™ 2 Sd MM d>?2




L4 = (r1(—A) + roA?) [ Cipriani, Dan, H. (2018,

2019+)]
K1 | K2 scaling(c) | H™°, s > sq | Limit dim
1|0 -7 3 GFF d>2
0 |1 h2 shm MM d>4
1|1 h dy|g)+3| GFF d>2
1 | k> N2 | 50 | shm MM d>2
1 [ ko< N2 [ A7 41191+ GFF d>2




Lg = (rki(—A) + kpA?) [ Cipriani, Dan, H. (2018,

2019+)]
K1 | K2 scaling(a) | H™°, s > sy | Limit dim
110 - 3 GFF d>2
0 |1 h2 shm MM d>4
Lt F g4+ 3| GFF d>2
2 | -2 MM
1 Ko > N h 2 S4 MM d>?2
1 | i< N2 | 5 41191+ GFF d>2
Ll ma~ N2 [ h2 s (A+42) | d>2
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|dea of proof (Membrane Case)

> First we prove: (W, f) = (Vp,f) for all f € C°(D)
> Apf(x) = & 20, (F(x + hej) + f(x — hej) — 2f(x))

> Forall x € Ry := +An

) 442
ALGh(x,y) = F(&(y), y € Ry

Gh(x,y) =0 y & Ry



|dea of proof

(Wh, ) =) hd?Sox/hf
xER,

var(Wa, 1)) = > h7 > h*G(x,y)f(y) F(x)

xXERy YERy

Hh(X)

=Y hHp(x)f(x)

xER,



|dea of proof
» Discrete Dirichlet problem:

A2Hy(x) = f(x), x € Ry
Hh(X) == 0, X ¢ Rh.
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A2u(x) = f(x), x€ D
u=20,
ou

8—Xi:00n8D.
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» Continuum Dirichlet problem

A2u(x) = f(x), x€D

u=20,
g;li:OonﬁD.
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|dea of proof

» Discrete Dirichlet problem:

A2Hy(x) = f(x), x € Ry
Hh(X) = 0, X ¢ Rh.

» Continuum Dirichlet problem

A2u(x) = f(x), x€D

u=20,
g;li:OonﬁD.

» Difference between continuum and discrete Dirichlet problem
solutions: ep(x) := u(x) — Hp(x) for x € Dy,
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|dea of proof

» Using an extension of result by V. Thomée(1964)

1
lenll2(r,) < Ch2.

var((Wp, f)) —>h_>0/Du(X)f(x)dx

u(x) = /D Go(x.y)F(y)dy.



|dea of proof

» Using an extension of result by V. Thomée(1964)

1
lenll2(r,) < Ch2.

var((Wp, f)) —>h_>0/Du(X)f(x)dx
ux) = | Gole.)F(y)ay.

var[(Wp, f)] = /D /D Go(x, y)f(x)f(y).



lenlli2(r,) < Ch'/?

» The operator A% is consistent with the operator A%:
u € C>(W) then

A?u(x) = A%u(x) + h™*Rs(x)

where |Rs(x)| < CMsh®.



lenlli2(r,) < Ch'/?

» The operator A% is consistent with the operator A%:
u € C>(W) then

A2u(x) = A%u(x) + h™*R5(x)
where |Rs(x)| < CMsh®.
> There are constants C > 0 independent of f and h such that

1/2

1Flli2ry) < Cllflaz:={ D ID°Flixg,)
18<2

for any grid function f vanishing outside Ry,.



Splitting of domain to define the Truncated operator

L~ ™~
\
A
\\ /
N 1/
/
— -




Truncated operator

Af(x) x€ER;
A,%Qf(x) =< h?A%f(x) x € B;
0 X & R.



Truncated operator

Af(x) x€ER;
AGof(x) =< RO (x) x€ B
0 X & R.

There exists a constant C > 0 such that for all grid functions f
vanishing outside Ry,

[£1[n,2 < CllAn2f [l 12(Ry):

where C is independent of h as well.



Extensions to boundary




Works for domains with UEBC

Image: Bramson et al. (2012)



Final Remarks

v

The method for getting the error in Membrane needs a
change in mixed model. For k» depending on N the
inequalities come with various factors of N.

Question: The level lines of mixed model converge to SLE4?
The case of kp < NY/2 s expected to be ko < N2.

The Green'’s function asymptotics is not known for Membrane
model in d = 4 and also

G\ 4(0,0) < oo

where A is a finite set 7

On-going works: Pinned membrane in d = 4, scaling limit of

integer GFF.
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