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I Prof. Vishveshwara made very important contributions to
the subject of general relativity, and most notably to the
subject of black hole perturbation theory. He gave the
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across it in Borders in Santa Barbara during my PhD days.

I A book titled “Black Holes, Gravitational Radiation and the
Universe: Essays in Honour of C.V.Vishveshwara” edited
by Bala R. Iyer and Biplab Bhawal was published in 1999.
Roger Penrose, Jacob Bekenstein, Abhay Ashtekar,
Ashoke Sen etc., have contributed essays.
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reminiscences

I I met Prof. Vishveshwara only once, at IIT Kanpur, in 2008.
I was visiting India during the final stages of my PhD. We
were staying in the guest house.

I He spoke to me fondly about his work on stability of black
holes and about Chandrasekhar. He also gave me a copy
of his article from current science about Chandra.

I I explained him my work with Elvang and Emparan on
stability of black rings. He was interested, despite his old
age, and esoteric nature of the subject (5d, non spherical
horizons, instability).

I Afterwards I had a conversation with Roberto Emparan
about my interactions with Prof. Vishveshwara. He told me
that Prof. Vishveshwara had a visiting position in Spain
and he has heard a colloquium on black holes from him.
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Introduction

Stability of black holes, and the subject of black hole
perturbation theory, is a topic of much interest:

I astrophysical interest
I AdS/CFT and holography: features in discussions on near

equilibrium properties of strongly coupled gauge theories.
Intriguing connections between BH horizons and
hydrodynamics.

I GW astronomy: Ringdown plays an important role in
dynamics of merged black holes. Perturbation theory is
used to infer mass and angular momentum of BH

I bridge between classical and quantum gravity?
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Birth of QNMs

I Early 70s was a confusing time for black hole physics.

I Before the concept of black hole was introduced and
popularised by John Wheeler, Vishveshwara was studying
scattering of Gaussian wavepackets numerically off Schw
black hole.

I In 1970 he noticed that waveforms at later times consists
of a damped sinusoid, with ringing frequency independent
of the Gaussian wavepacket parameters. The subject of
QNMs was born.

I Another group in 1971 also noticed similar phenomenon
where they modelled radial infall of a particle in Schw in
BH perturbation theory.
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Milestones

I 1957: Regge-Wheeler analysed a special class of
gravitational perturbations to Schw geometry.

This marks
the birth of black hole perturbation theory. The issue of
boundary conditions was not clear.

I 1967: Wheeler understood the horizon boundary
conditions, and coined the term “black hole”.

I 1970: Zerilli extended the Regge-Wheeler analysis to
general perturbation.

I 1970: Vishveshwara studies those perturbation equations
numerically.

I 1975: Chandrasekhar and Detweiler computed numerically
some QNMs. They show that Regge-Wheeler and Zerilli
equations are iso-spectral.
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Milestones

I 1983: Chandrasekhar’s book of black hole perturbation
theory appears.

I 1989: Ringdown based test of no-hair theorem of GR are
shown to be possible.

I 1997: AdS/CFT era begins with Maldacena.
I 1998: Signal to noise ratio for ringdown waves is

potentially larger than the signal to noise ratio for inspiral
waves (both for LIGO and LISA).

I 1999: Horowitz and Hubeny computed QNMs of AdS BHs.



Milestones

I 2002: QNM spectra corresponds to poles of the retarded
thermal CFT correlation functions

I 2005: Pretorius achieves numerical simulations of BH
binary problem. Waveform indicates ringdown contribution
is substantial in terms of radiated energy.

I 2006-2010: Low lying modes, fluid/gravity correspondence,
BH membrane paradigm

Numerous Physical and Technical Result
BH perturbation theory has found numerous applications. Many
mathematical physics results. It is a subject of startling
complexity and richness.



Scalar Perturbation

Consider scalar perturbation to Schw metric

2φ = 0. (1)

Mode decomposition (with frequency ω)

φ(t , r , θ ) =
∑
lm

e−iωt Ψ(r)

r
Ylm , (2)

Variable Ψ satisfies Schrödinger equation

d2Ψ

dr2
∗

+
(
ω2 − V

)
Ψs = 0 , (3)

where r∗ is the tortoise coordinate r∗ → −∞ at the horizon and
r∗ → +∞.
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Gravitational Perturbation

Now consider gravitational perturbation

gµν = gBG
µν + hµν (4)

and take the form

hµν = e−iωt h̃µν . (5)

I After appropriate gauge fixing (Regge Wheeler gauge)
perturbations fall into two classes: odd parity and even
parity.

I Perturbation problems reduce to Schrödinger equations.
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Regge-Wheeler class: Easier: 1957: Odd Parity

Odd parity perturbation can be put in the form

h̃µν =


0 0 0 h0(r)
0 0 0 h1(r)
0 0 0 0

h0(r) h1(r) 0 0

(sin θ
∂

∂θ

)
Yl0(θ) (6)

Einstein equations give 3 coupled ODEs. Combine h0(r) and
h1(r) into a single Regge-Wheeler variable Ψ−

Ψ− =
f (r)

r
h1(r) , h0 =

i
ω

d
dr∗

(
rΨ−) . (7)

Schrödinger equation

d2Ψ−

dr2
∗

+
(
ω2 − V−

)
Ψ− = 0 . (8)
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Zerilli: Much harder: 1970: Even Parity

Even parity perturbation can be put in the form

h̃µν =


H0(r)f H1(r) 0 0
H1(r) H2(r)/f 0 0

0 0 r2K (r) 0
0 0 0 r2K (r) sin2 θ

 Yl0(θ) . (9)

Einstein equations give 7 coupled ODEs.

Regge and Wheeler
were not able to do it. Variable Ψ+ can be found to give a single
Schrödinger equation.

d2Ψ+

dr2
∗

+
(
ω2 − V+

)
Ψ+ = 0 . (10)

I Although V+ and V− are different, Chandrasekhar et al
showed that the two potentials are isospectral.
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In this discussion Vishveshwara contributed in several
important ways:

I In a well known paper, he fixed various typos in the
Regge-Wheeler analysis Edelstein and Vishveshwara,
Phys. Rev. D1, 3514 (1970).

I Although V+ and V− are different, Vishveshwara observed
their iso-spectral nature in his numerical analysis.
Chandrasekhar et al showed that the two potentials are
isospectral, Chandrasekhar and Detweiler, Proc. R. Soc.
Lond. A. 344, 441 (1975). They acknowledged CVV in a
footnote.

I His key contribution was the idea of the Quasi Normal
Modes.
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Quasi Normal Modes

I Quasinormal modes as an eigenvalue problem.

Natural
solutions unforced ODE. Impose boundary conditions at
the horizon and at infinity.

I For most spacetimes of interest the potential V → 0 at the
horizon. Classically nothing should leave the: only ingoing
modes

Ψ ∼ e−iω(t+r∗) , r∗ → −∞ (r → r+). (11)

I For asymptotically flat spacetimes, the potential is zero at
infinity. Discard unphysical waves entering the spacetime
from infinity. Purely outgoing.

Ψ ∼ e−iω(t−r∗), r∗ → +∞ (r →∞). (12)
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Quasi Normal Modes: Stability

I QNMs generically have real and imaginary parts. The
modes depends on angular momentum quantum numbers
and overtone number: ωn,l,m.

Infinite, but countable
number of them.

I QNMs are organised such that as n increases absolute
value of the imaginary part of ω increases. The lowest
mode is at n = 0.

I They are usually not so easy to calculate. A complete
mathematical theory of such an eigenvalue problem is still
not fully developed.

I Stability: The numerical criteria of stability could be the
evidence that all QNMs are damped.
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Quasi Normal Modes: Stability

Table: Black Hole Mode Stability

Schwarzschild Vishveshwara, 1970
Reissner-Nordström Moncrief, Alekseev, 1974

Extreme Reissner-Nordström Aretakis, 2011
Kerr Press, Teukolsky, 1973-74

Extreme Kerr Lucietti, Reall, 2012
Kerr Newmann ???



Contributions of Prof. Vishveshwara

Figure: A famous paper of Prof. C. V. Vishveshwara



Contributions of Prof. Vishveshwara

I In 1970 CVV contributed in PRD his classic paper titled
Stability of the Schwarzschild Metric.

I Gravitational perturbation modes with e−iωt dependence
were studied. Pure imaginary. Real. Complex.

I Boundary condition issues were fully address. Kruskal
coordinates were used. Contrast with cf. Regge-Wheeler.

I Perturbations growing in time (purely imaginary
ω = iα, α < 0) were ruled out on the grounds that they
diverge at the event horizon, if they fall at infinity.

I Stationary mode was identified to be deformation to the
Kerr family.
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Contributions of Prof. Vishveshwara

I Complex frequencies were analysed in the paper briefly,
and more thoroughly in the PhD thesis.

I Conceptual issues concerning mode stability vs stability
under generic initial data was also pointed out.

I A complete proof of linear stability has been reported in
2016 by Dafermos, Holzegel, and Rodnianski
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Contributions of Prof. Vishveshwara

I In 1970 CVV contributed in Nature a short letter titled
Scattering of Gravitational Radiation by a Schwarzschild
Black-hole.

I Infinite red-shift as well as one-way membrane nature of
Schwarzschild surface is fully understood.

I CVV studied scattering of Gaussian wave-packets through
the Schwarzschild potential.

I Ringdown waves were observed, and spacing of peaks
was related to Schwarzschild mass.
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Figure: Ringdown figure from the 1970 Nature paper.
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Instability of extremal black holes

I Extremal black holes are constant source of results from
quantum gravity investigation.

Have also been thorny from
classical point of view. Instability of classical extremal black
holes have argued by many authors.

I Aretakis in 2011 presented a precise calculation showing
them to be unstable.

I Initial data for the perturbation ψ intersecting horizon. One
can construct a certain conserved quantity on the horizon.
With this constant, it can be shown that the derivative ∂rψ
does not decay on the horizon. However, the field itself
decay, and all radial derivatives fall off outside the horizon.
This leads to blow up of ∂2

r ψ on the horizon at late times.
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Quasi Normal Modes: AdS

I AdS spaces.

Only a detailed discussion can do justice.
I Purely ingoing boundary conditions at the horizon.
I Dirichlet boundary conditions at infinity, for massless

scalar.
I For gravity and vector field there is no canonical choice.

AdS/CFT dictates the boundary conditions.
I Lorentzian AdS/CFT: certain retarded thermal correlation

functions in the CFT have poles at the location of bulk
QNMs for dual field.

I Lowest QNMs are closely related to hydrodynamic limit.
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Legacy

I Quasinormal modes of black hole spacetimes contain
wealth of information about classical and quantum
properties of spacetime. Stability. Relation to quantum
properties?

I Lorentzian AdS/CFT, QNMs contain information about
thermal correlation functions, and hence about spectrum
and dispersion.

I Ringdown waves: late time behaviour of merging black
holes.
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Legecy: Stability

I By now we know a lot about linear (and mode) stability of
various black holes and black branes, but far from
everything.

I Higher dimensional rotating black holes,
Gregory-Lafflamme instability of black branes.

I Non-linear stability of black holes is a topic about which not
much is known.
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Legacy: AdS/CFT

I QNMs remain an important tool in AdS-CMT discussions,
membrane paradigm discussions, hydrodynamics
discussions.

I In global AdS it has been argued that there are very long
lived QNMs, i.e., modes for which

ωI(l →∞)→ 0. (13)

The physics of these modes and there implications for
classical and quantum is not at all explored. Literature is
very confusing.



Legacy: AdS/CFT

I Non-linear stability of AdS and its understanding in
AdS/CFT is much debated.

I Relation between QNMs and unstable circular orbits is also
not fully explored. Now there are solutions with stable
circular orbits (Kerr-AdS, BH microstates).

I Mathematical physics literature of QNMs is there, but is
mostly application oriented. As far as I know, there is no
complete theory addressing topics such as QNM mode
expansion, completeness relations, mode sum, etc.

I ...a lot remains to be understood. Thank You!
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